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We consider deformations of a pair (X, ∂X), where X is an 
a�ine toric Gorenstein variety and ∂X is its boundary. We 
compute the tangent and obstruction space for the corre
sponding deformation functor and for an admissible lattice 
degree m we construct the miniversal deformation of (X, ∂X)
in degrees −km, for all k ∈ N. This in particular gener
alizes Altmann’s construction of the miniversal deformation 
of an isolated Gorenstein toric singularity to an arbitrary 
non-isolated Gorenstein toric singularity. Moreover, we show 
that the irreducible components of the reduced miniversal de
formation are in one to one correspondence with maximal 
Minkowski decompositions of the polytope P∩(m = 1), where 
P is the lattice polytope defining X.
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open access article under the CC BY license (http://
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1. Introduction

Mirror symmetry suggests that there is a relationship between Fano manifolds and 
certain Laurent polynomials, cf. [9]. More precisely, if a Laurent polynomial f is mirror 
to a Fano manifold Y , it is expected that a Fano manifold Y admits a Q-Gorenstein 
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degeneration to a singular toric variety, whose fan is the spanning fan of the Newton 
polytope Δ(f). Thus studying deformations of toric varieties is important for classifying 
Fano varieties, which has become an extensive research area in recent years.

Altmann [1] constructed the miniversal deformation space of an isolated a�ine Goren
stein toric singularity and in [6], [5] and [4] his work was generalized to some other cases 
that will be described more in detail below. The deformations of the boundary ∂X of a 
toric variety (or more generally the deformations of toroidal crossing spaces, which are 
locally isomorphic to boundary divisors of toric varieties) are studied using log geometry 
and appear also in the Gross-Siebert program, cf. [13], [11].

Mirror symmetry also suggests to work with deformations of (X, ∂X), which means 
deformations of a closed embedding ∂X ↪→ X, instead of only working with deformations 
of X or ∂X, see e.g. [10], where Corti, Petracci and the author analyze the case when 
X is a three-dimensional a�ine Gorenstein toric variety (having possibly non-isolated 
singularities). In this case we state a conjecture that there is a canonical bijective corre
spondence between the set of smoothing components of X (which is the same as the set 
of smoothing components of (X, ∂X)) and the set of certain Laurent polynomials.

It is well known that Gorenstein toric Fano varieties are in correspondence with reflex
ive polytopes. By a comparison theorem of Kleppe [15], the deformations of Gorenstein 
toric Fano varieties can be obtained by (degree 0) deformations of their a�ine cones, 
which are a�ine Gorenstein toric varieties. Some of the deformations of an a�ine toric 
variety that we construct in this paper also induce deformations of the corresponding 
Gorenstein toric Fano varieties as we will see below.

Let P ⊂ NQ be a lattice polytope in a finite-dimensional lattice N . From now on, let 
X be an a�ine Gorenstein toric variety, given by a rational polyhedral cone σ ⊂ ˜︁NQ, 
where ˜︁N := N⊕Z, and σ is the cone over P , embedded in the hyperplane NQ×1 ⊂ ˜︁NQ. 
There exists R∗ ∈ ˜︂M := Hom( ˜︁N,Z) such that the integral generators of σ lie on an a�ine 
hyperplane (R∗ = 1) and thus (R∗ = 1) ∩ σ is a lattice polytope that we denote by P . 
The torus action on X induces a lattice grading on the tangent space T 1

X (resp. T 1
(X,∂X)) 

and the obstruction space T 2
X (resp. T 2

(X,∂X)) of the deformation functor of X (resp. 
(X, ∂X)). If X has an isolated singularity, then T 1

X is finite dimensional and lies in the 
single lattice degree −R∗. In the case where X has non-isolated singularities, the tangent 
spaces T 1

X and T 1
(X,∂X) are infinite-dimensional. For the definition and basic properties of 

the miniversal deformation space of (X, ∂X) in the three-dimensional case, see e.g. [10, 
Remark 2.1]. In this paper we focus on special finite-dimensional parts of the tangent 
space T 1

(X,∂X) and thus avoid problems that come with infinite dimension. More precisely, 
let B be the set of elements m ∈ ˜︂M such that m takes value 1 on some face G of P
and it has value strictly less than 1 for any lattice point on P lying outside G, cf. (10). 
For any m ∈ B we are going to construct a deformation of (X, ∂X) which is maximal 
with prescribed tangent space 

⨁︁
k∈N T 1

(X,∂X)(−km) ⊂ T 1
(X,∂X), i.e. we cannot extend it 

to a deformation of (X, ∂X) with a larger base space by keeping its tangent space fixed. 
We say that this deformation is miniversal in degrees −km, k ∈ N, see Section 5. For 
each k ∈ N we thus get a homogeneous deformation in degree −km. We can also present 
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those homogeneous deformations in functorial language and the differential graded Lie 
algebra that controls it is the Harrison differential graded Lie algebra restricted to the 
degree −km, see [12].

In the following we are going to emphasize the main differences between this paper 
and the papers [1], [6], [5] which also construct some miniversal deformation spaces. Since 
X is Gorenstein, the results of [1], [6], [5] can only be applied to the case when P has 
edges of lattice length 1. More precisely, they all consider homogeneous deformations 
in a primitive lattice degree −m ∈ ˜︂M , with m ∈ σ∨ and some assumptions on the 
edges of σ ∩ (m = 1), which imply that the results in the Gorenstein case work only 
for m = R∗ and P having all edges of lattice length 1, which is equivalent to X being 
smooth in codimension 2. The assumption m ∈ σ∨ in [1], [6], [5] is very crucial, since 
the homogeneous deformation in degree −m is constructed by proving flatness of some 
semigroups and this cannot be obtained if m ̸∈ σ∨. However, in the Fano classification 
problems mentioned above, it is essential to understand deformations of X associated to 
an arbitrary lattice polytope P .

In this paper we drop both of the assumptions made in the papers [1], [6], [5], which 
means we consider also degrees m ̸∈ σ∨ and P arbitrary. Note that, when considering 
deformations of the a�ine cone in order to deform the corresponding Fano Gorenstein 
toric variety, we require that m / ∈ σ∨ and that m takes value 0 on the point (0, 1) ∈ ˜︁N , 
where 0 ∈ P ⊂ NQ is the unique interior lattice point of P . In Remark 5.14 we describe 
the cases where our deformations deform also the corresponding Fano Gorenstein toric 
variety, which is not possible with the results obtained in [1], [6], [5].

The main result of this paper is the following:

Theorem 1.1. Let m ∈ B, and let X be an a�ine Gorenstein toric variety associated to a 
lattice polytope P . We construct a deformation of (X, ∂X) which is miniversal in degrees 
−km, for all k ∈ N. The irreducible components of the reduced miniversal deformation 
space are in one-to-one correspondence with maximal Minkowski decompositions of the 
polytope P ∩ (m = 1).

For any m ∈ B ⊂ ˜︂M we construct a deformation of (X, ∂X) in Section 3. The main 
result of this section is Theorem 3.7, where we prove that our constructed family is flat 
directly by lifting relations among equations of X and not by bypassing the problem 
to flatness of semigroups as it was done in [1], [6], [5]. This in particular enables us to 
work also with homogeneous deformations in degrees −m with m ̸∈ σ∨. We describe the 
tangent space T 1

(X,∂X) and the obstruction space T 2
(X,∂X) in Subsection 4.1 and we show 

that the tangent space of our base space equals 
⨁︁

k∈N T 1
(X,∂X)(−km) in Subsection 4.2. 

Since the edges of P might have lattice length greater than 1, we see that it is more 
natural to consider homogeneous deformations in degrees −km for all k ∈ N. Note that 
if P has edges of lattice length 1, then T 1

(X,∂X)(−km) = T 1
X(−km) = 0 for all k ≥ 2 and 

thus we only get a homogeneous deformation in degree −m.
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Moreover, considering the deformations of (X, ∂X) instead of only X in fact simplifies 
the construction since the tangent space of the naturally constructed deformation family 
has dimension

dimC

⨁︂
k∈N

T 1
(X,∂X)(−km) = 1 + dimC

⨁︂
k∈N

T 1
X(−km).

In fact, even in the isolated case (with m = R∗), the tangent space of the deformation 
family constructed from the aforementioned semigroups has dimension 1 + dimC T 1

X =
1 + dimC T 1

X(−R∗). Thus, non-trivial computations are required to obtain a tangent 
space of the correct dimension and to prove the bijectivity of the Kodaira–Spencer map. 
In this paper we see that even if we are only interested in deformations of X it is better 
to consider deformations of (X, ∂X) and then apply the obvious forgetful functor.

Finally, to prove miniversality, we prove that the Kodaira–Spencer map of our con
structed deformation family is bijective (which is proven in Section 4 in a completely 
different way than in the previously mentioned papers) and that the obstruction map is 
surjective (which is proven in Section 5). We conclude the paper by showing that the 
reduced irreducible components of the constructed deformation of (X, ∂X) are in one to 
one correspondence with maximal Minkowski decompositions of the polytope P∩(m = 1)
in Section 6.
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2. Preliminaries

2.1. The setup

We fix C to be an algebraically closed field of characteristic 0. Let P be a lattice 
polytope with vertices v1, . . . , vp in N , where N is a lattice. Putting P on height 1 gives 
us a rational, polyhedral cone

σ = ⟨a1, . . . , ap⟩ ⊂ ˜︁NQ = (N ⊕ Z) ⊗Z Q

with ai = (vi; 1) ∈ ˜︁N , i = 1, . . . , p. Let M denote the dual lattice of N and let us consider 
the monoid S = σ∨ ∩ ˜︂M = σ∨ ∩ (M ⊕ Z), where σ∨ := {r ∈ ˜︂MQ | ⟨σ, r⟩ ≥ 0}. Every 
a�ine Gorenstein toric variety is isomorphic to X := XP := SpecC[S] for some lattice 
polytope P , where C[S] :=

⨁︁
u∈S χu is the semigroup algebra.
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Let E1, E2, . . . , En be the edges of P . We denote the lattice length of an edge Ei by 
ℓ(Ei) ∈ N, for i = 1, . . . , n. We equip every edge Ei = [wi, zi], connecting two vertices 
wi and zi, with an orientation and present it as a vector

di := wi − zi ∈ N. (1)

Definition 2.1. For any face G ⊂ P (including G = P ) and for c ∈ M we choose a vertex 
vG(c) of G where ⟨c, ·⟩ becomes minimal on G. We define ηG(c) := −minv∈G⟨v, c⟩ =
−⟨vG(c), c⟩ ∈ Z, which is independent of the choice of vG(c). If G = P we also write η(c)
for ηP (c) and v(c) for vP (c).

The Hilbert basis of S = σ∨ ∩ ˜︂M is equal to

E :=
{︁
s1 = (c1; η(c1)), . . . , sr = (cr; η(cr)), R∗ = (0; 1)

}︁
, (2)

with uniquely determined elements ci ∈ M (see e.g. [1, Section 4.3]).

2.2. Equations of S and their linear relations

By (2), we obtain X = SpecC[u, x1, . . . , xr]/ℐS , where ℐS is the kernel of the map 
C[u, x1, . . . , xr] → C[S], u ↦→ R∗, xj ↦→ sj .

Note that we can write every element s ∈ S = σ∨ ∩ ˜︂M in a unique way as s =
∂(s) + nR∗, where n ∈ N and ∂(s) ∈ ∂(S) is an element of the boundary of S, defined 
as

∂(S) := {s ∈ S | s−R∗ ̸∈ S}. (3)

For every k = (k1, . . . , kr) ∈ Nr we define

ηG(k) := ηG(k1c1) + ηG(k2c2) + · · · + ηG(krcr) − ηG(k1c1 + k2c2 + · · · + krcr) ∈ N (4)

and we write sk :=
∑︁r

i=1 kisi ∈ S ⊂ ˜︂M and ck :=
∑︁r

i=1 kici ∈ M . We immediately see 
that there is a unique decomposition sk = ∂(k) + ηP (k)R∗ with ∂(k) = (ck; ηP (ck)) ∈
∂(S).

For every k ∈ Nr we choose bi ∈ N such that ∂(k) =
∑︁r

i=1 bisi and denote

xk :=
r∏︂

i=1
xki
i , x∂(k) :=

r∏︂
i=1

xbi
i .

We define the binomials

fk(u,x) := xk − x∂(k) uηP (k) ∈ C[u,x] := C[u, x1, . . . , xr] (5)

and the following lemma shows that they generate the ideal ℐS ⊂ C[u, x1, . . . , xr].



424 M. Filip / Journal of Algebra 687 (2026) 419--445 

Lemma 2.2. It holds that ℐS = (fk | k ∈ Nr) and the module of linear relations between 
the fk, which is the kernel of the map

ψ :
⨁︁

k∈Nr C[u, x1, . . . , xr]ek
ek ↦→fk −−−−→ ℐS ⊂ C[u, x1, . . . , xr],

is spanned by Ra,k := ea+k − xaek − uηP (k)e∂(k)+a, for a,k ∈ Nr.

Proof. The first statement follows immediately by definition, the proof of the second one 
is the same as the proof of [5, Lemma 5.6]. □
Example 2.3. Consider the polytope P = conv{(0, 0), (2, 0), (2, 2), (1, 3), (0, 2)}, where 
conv denotes the convex hull.

d3

d2 d1

d5

d4

v4 v5

v1

v2

v3

The following notation will be used in the examples that follow. We denote oriented 
edges of P by

d1 = (−1, 1), d2 = (−1,−1), d3 = (0,−2), d4 = (2, 0), d5 = (0, 2)

and vertices of P by

v1 = (2, 2), v2 = (1, 3), v3 = (0, 2), v4 = (0, 0), v5 = (2, 0).

The Hilbert basis E of S is in this case equal to

E = {(0, 1; 0), (−1, 0; 2), (−1,−1; 4), (0,−1; 3), (1,−1; 2), (1, 0; 0), (0, 0; 1)},

i.e. c1 = (0, 1), η(c1) = 0, c2 = (−1, 0), η(c2) = 2,. . . , c6 = (1, 0), η(c6) = 0.
Let k1 := e4 + e6 := (0, 0, 0, 1, 0, 1) ∈ N6, k2 = e3 + e6 and

k3 = e3 + e5, k4 = e2 + e5, k5 = e2 + e4, k6 = e2 + e6, k7 = e1 + e3,

k8 = e1 + e5, k9 = e1 + e4.

This gives us

fk1 = x4x6 − x5u, fk2 = x3x6 − x4u, fk3 = x3x5 − x2
4, fk4 = x2x5 − x4u,
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fk5 = x2x4 − x3u, fk6 = x2x6 − u2, fk7 = x1x3 − x2u
2, fk8 = x1x5 − x6u

2,

fk9 = x1x4 − u3.

Remark 2.4. By direct computer calculation, we can verify that the polynomials fki
, for 

i = 1, . . . , 9, are the generators of ℐS; for example, using the following Macaulay2 code:

A = matrix{{0 , -1 , -1 ,0 ,1 ,1 ,0} ,{1 ,0 , -1 , -1 , -1 ,0 ,0} ,{0 ,2 ,4 ,3 ,2 ,0 ,1}}
M = toricMarkov(A)
R = QQ[x_1 ,x_2 ,x_3 ,x_4 ,x_5 ,x_6 ,u]
I = toBinomial(M ,R)

2.3. The monoid ˜︁T (G)

Recall that E1, . . . , En are the edges of P , and without loss of generality, we assume 
that E1, . . . , EnG

are the edges of a face G ⊂ P , for some nG ∈ N.
Recall the vectors di from (1). In what follows, we construct an important vector 

space 𝒯 (G), which was already defined in [1, Section 2.2]. We choose an orientation for 
every 2-face ϵ of G: let δϵ(di) ∈ {0, 1,−1} with the property that δϵ(di) = 0 if di ̸∈ ϵ and 
δϵ(di) ∈ {−1, 1} if di ∈ ϵ and moreover we require 

∑︁
di∈ϵ δϵ(di) · di = 0. Since δϵ(di) is 

defined with respect to the face ϵ, such an orientation always exists, as the boundary of 
each 2-face is a closed polygonal cycle. We define the vector space

𝒯 (G) = {(t1, . . . , tnG
) ∈ QnG | 

∑︂
di∈ϵ

δϵ(di)tidi = 0 for every 2-face ϵ in G}.

Definition 2.5. We define the lattice 𝒯Z(G) ⊂ 𝒯 (G) by

(t1, . . . , tnG
) ∈ 𝒯Z(G) : ⇐⇒ tidi ∈ N for each i = 1, . . . , nG.

Moreover, let us define the monoid

T̃ (G) := SpanN{ℓ(d1)t1, . . . , ℓ(dn)tnG
} ⊂ 𝒯 ∗

Z (G),

where ℓ(di) = li denotes the lattice length of the oriented edge di, and 𝒯 ∗
Z (G) is the 

dual lattice of 𝒯Z(G). Note that the ti serve as coordinate functions on 𝒯 (G), and thus 
correspond to elements of the dual space 𝒯 ∗(G).

Without loss of generality assume that one of the vertices of G is equal to 0 ∈ N (note 
that this may require shifting P by a lattice vector). For c ∈ M , recall the vertex vG(c)
of G as defined in Definition 2.1.

Definition 2.6. Let c ∈ M and let us choose a path along the edges of G, going through 
vertices w1 = 0, w2, . . . , wk = vG(c), where k − 1 is the number of edges in the path, 
i.e. [wj , wj+1] is an edge of G for every j = 1, . . . , k−1. We denote this path by pw1⤳wk .
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For every c ∈ M we define

η̃G(c) :=
k−1∑︂
j=1 

⟨wj − wj+1, c⟩ · t[wj ,wj+1] ∈ 𝒯 ∗
Z (G),

where 𝒯 ∗
Z (G) is the dual lattice of 𝒯Z(G) and t[wj ,wj+1] correspond to the edge [wj, wj+1], 

i.e. if Ei = [wj , wj+1], then ti = t[wj ,wj+1].
Similarly as in (4), for k = (k1, . . . , kr) ∈ Nr we also define

η̃G(k) := η̃G(k1c1) + η̃G(k2c2) + · · · + η̃G(krcr) − η̃G(k1c1 + k2c2 + · · · + krcr) ∈ 𝒯 ∗
Z (G).

Lemma 2.7. It holds that η̃G(k) ∈ ˜︁T (G).

Proof. Let c := k1c1 + · · · + krcr. For each j ∈ {1, . . . , r} we pick a path pvG(c)⤳vG(cj)
along the edges of G starting in vG(c) and ending in vG(cj):

v1
j = vG(c), v2

j , . . . , v
pj

j = vG(cj),

such that ⟨vlj − vl+1
j , cj⟩ ≥ 0 for all l ∈ {1, . . . , pj − 1}. Note that it is always possible 

to pick such a path since cj achieves minimum on G at v(cj). Thus for computing η̃G(c)
we choose an arbitrary path from 0 to v(c) and for computing η̃G(kjcj) we pick first the 
previous path from 0 to v(c) and then the above path pvG(c)⤳vG(cj), for all j = 1, . . . , r. 
Note that, by the definition of 𝒯 ∗

Z (G), every choice of the above paths yields the same 
element η̃G(k) ∈ 𝒯 ∗

Z (G). Thus we have

η̃G(k) =
r∑︂

j=1 

(︂ pj−1∑︂
l=1 

⟨vlj − vl+1
j , kjcj⟩t[vl

j ,v
l+1
j ]

)︂
. (6)

The coefficients before t[vl
j ,v

l+1
j ] are either zero or positive multiples of ℓ([vlj , vl+1

j ]), which 
proves the claim. □
Definition 2.8. We define the degree map deg : 𝒯 ∗

Z (G)⊗ZQ → Q, which maps all ti to 1.

For c ∈ M we see that

deg(η̃G(c)) =
k−1∑︂
j=1 

⟨vj − vj+1, c⟩ = −⟨vG(c), c⟩ = ηG(c) ∈ N, (7)

where we used that v1 = 0 and vk = vG(c) as in Definition 2.6.

Corollary 2.9. We can choose zi(k) ∈ N such that η̃G(k) =
∑︁nG

i=1 lizi(k)ti ∈ ˜︁T (G), where 
recall that li = ℓ(di) is the lattice length of the edge di. For any such choice of zi(k) it 
holds that
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ηG(k) =
nG∑︂
i=1 

lizi(k). (8)

Proof. It follows immediately by Lemma 2.7 and (7). □
Note that the choice of zi(k) from (8) is not uniquely determined, since we can for 

example choose different paths pvG(c)⤳vG(cj) in the proof of Lemma 2.7, from which we 
obtained zi(k).

Example 2.10. In Example 2.3 (where G = P and we write η̃ for η̃P ) we first choose

v(c1) = v4 = (0, 0), v(c2) = v5 = (2, 0), v(c3) = v1 = (2, 2),

v(c4) = v2 = (1, 3), v(c5) = v3 = (0, 2), v(c6) = v4 = (0, 0)

and thus

η̃(c1) = 0,  η̃(c2) = 2t4,  η̃(c3) = 2t4 +2t5,  η̃(c4) = 2t3 + t2,  η̃(c5) = 2t3,  η̃(c6) = 0.

Moreover, for k1 = e4 + e6 we have

η̃(k1) = η̃(c4) + η̃(c6) − η̃(c4 + c6) = η̃(c4) + η̃(c6) − η̃(c5) = t2.

For k2 = e3 + e6 we have

η̃(k2) = η̃(c3) + η̃(c6) − η̃(c4) = 2t4 + 2t5 − 2t3 − t2 = t2,

since η̃(c3) = 2t4 + 2t5 = 2t3 + 2t2 ∈ ˜︁T (P ). Note that we also obtain η̃(k2) = t2 by 
(6) since the path pv(c4)⤳v(c3) is going through v1

3 = v(c4) = v2, v2
3 = v(c3) = v1 and 

⟨v2 − v1, c3⟩ = 0 and moreover, the path pv(c4)⤳v(c6) is going through v1
6 = v(c4) = v2, 

v2
6 = v3, v3

6 = v(c6) = v4 and ⟨v2 − v3, c6⟩ = 1 and ⟨v3 − v4, c6⟩ = 0. In the same way we 
compute

η̃(k3) = 0, η̃(k4) = t1, η̃(k5) = t1, η̃(k6) = 2t4, η̃(k7) = 2t5, η̃(k8) = 2t3,

η̃(k9) = t2 + 2t3,

from which we see that z2(k9) = 1, z3(k9) = 1, zi(k9) = 0 for i = 1, 4, 5 and z3(k8) = 1, 
zi(k8) = 0 for i = 1, 2, 4, 5. Note that, with a different choice of paths, we may have 
η̃(c4) = 2t5 + t1 and thus η̃(k9) = t1 + 2t5, which leads to a different choice of zi(k9) as 
described above, since in this case we have z1(k9) = z5(k9) = 1 and zi(k9) = 0 for all 
i = 2, 3, 4.
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3. Flatness

In this section we construct a flat family that is deforming (X, ∂X). For the following 
definition see also [17, Section 3.4.4].

Definition 3.1. A deformation of X is a flat family of schemes f : 𝒳 → 𝒮 with 0 ∈ 𝒮
such that f−1(0) = X. A deformation of a pair (X, ∂X) is a deformation of a closed 
embedding ∂X ↪→ X, which is a diagram:

˜︁𝒴

˜︁𝒮

˜︁𝒳
.................................................................................................................................... ........

....
f1

............................................................................................................................................................................................................. ......................
......

..................................................................................................................................
....
............

f2

(9)

with fi flat for i ∈ {1, 2} and f−1
1 (0) = ∂X, f−1

2 (0) = X.

It is straightforward to define a deformation functor FX (resp. F(X,∂X)) to be the iso
morphism classes of deformations of X (resp. (X, ∂X)) over SpecA, where A is artinian 
local C-algebra with residue field C (see e.g. [17, Section 3.4.4]). The corresponding tan
gent spaces we denote by T 1

X and T 1
(X,∂X). We are going to analyze those tangent spaces 

as well as the obstruction spaces in Subsection 4.1.

3.1. Homogeneous deformations

Let m ∈ ˜︂M be such that (m = 1) ∩ (R∗ = 1) ∩ σ equals a face G of P , which is not 
a vertex (here we put P on height 1, i.e. P = (R∗ = 1) ∩ σ), and moreover, m has value 
< 1 for any lattice point on P lying outside G. If m = R∗, then G = P . Note that

m ∈ B := {R∗ − s | s ∈ ∂(S), (s = 0) ∩ P is a face of P , which is not a vertex} (10)

and thus every such m can be written as m = R∗ − ∑︁r
i=1 nisi ∈ ˜︂M for some ni ∈ N. 

Assume that one of the vertices of G ⊂ P ⊂ N is equal to 0 ∈ N . We are going to 
construct a deformation of an a�ine toric variety XP using the monoid ˜︁T (G) (with the 
deformation parameters having degrees km ∈ ˜︂M for k ∈ N).

We embed SpecC[ ˜︁T (G)] into SpecC[u1, . . . , unG
] = SpecC[u], where nG denotes 

the number of edges on G ⊂ P . We denote the kernel of the map C[u1, . . . , unG
] →

C[ ˜︁T (G)], ui ↦→ t̃i by

ℐ ˜︁T (G) ⊂ C[u1, . . . , un]. (11)

We choose zi(k) ∈ N such that η̃G(k) =
∑︁nG

i=1 lizi(k)ti ∈ ˜︁T (G), cf. Corollary 2.9, and 
denote
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uη̃G(k) := uηP (k)−ηG(k)
nG∏︂
i=1

u
zi(k)
i ∈ C[u, u1, . . . , unG

] = C[u,u]. (12)

Moreover, let us fix a representation m = R∗ −∑︁r
i=1 nisi ∈ ˜︂M with ni ∈ N and define

xm :=
r∏︂

i=1
xni
i .

Note that if m = R∗, then xm = 1.
We also introduce variables Tij , i = 1, . . . , nG, j = 1, . . . , li = ℓ(Ei) of degrees 

deg Tij = jm ∈ ˜︂M for all i and define the maps

fu→T : C[u] → C[xm, u,T], fu→T(ui) := uli +
li∑︂

j=1 

(︂
xj
muli−jTij

)︂
. (13)

gu→T : C[u,u,x] → C[u,T,x], ui ↦→ fu→T(ui), xj ↦→ xj , u ↦→ u. (14)

Remark 3.2. The variables of our base space will be Tij and that this choice of ui is 
the most natural one will become clear in Section 4 (more precisely in the proof of 
Proposition 4.4) where we will see that the base space has the right dimension with this 
choice. From the same proof it will also become clear why we are working with m ∈ B. 
Note also that uli and xj

muli−jTij (for all j) have degree liR∗ and thus fu→T(ui) is 
homogeneous.

Let us denote

C[T] := C[Tij | i ∈ {1, . . . , nG}, (i, j) ∈ {(i, 1), . . . , (i, li)}]
= C[T11, . . . , T1l1 , . . . , TnG1, . . . , TnGlnG

]

and define

Fk(u,x) := xk − x∂(k)uη̃G(k) ∈ C[u,u,x]. (15)

Let ℐF := (Fk | k ∈ Nr) ⊂ C[u,u,x] be the ideal generated by Fk. We denote by 
𝒥 ˜︁T (G) ⊂ C[u,T,xm] (resp. 𝒥F ⊂ C[u,T,x]) the ideal generated by fu→T(ℐ ˜︁T (G)) (resp. 
gu→T(ℐF )).

Remark 3.3. Note that the ideals 𝒥 ˜︁T (G) and 𝒥F depend on m but we keep the notation 
simple and do not write additional subscript m.

Example 3.4. From Example 2.10 we see that

Fk1 = x4x6 − x5u2, Fk2 = x3x6 − x4u2, Fk3 = x3x5 − x2
4, Fk4 = x2x5 − x4u1,
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Fk5 = x2x4 − x3u1, Fk6 = x2x6 − u4, Fk7 = x1x3 − x2u5, Fk8 = x1x5 − x6u3,

Fk9 = x1x4 − u2u3

and we obtain fki
from Fki

if we write ui = uli . △

For an integer z ∈ Z we define

z+ :=
{︄

z if z ≥ 0
0 otherwise,

z− :=
{︄

−z if z ≤ 0
0 otherwise.

It is clear that

ℐ ˜︁T (G) =
(︂ nG∏︂

i=1
u

d
+
i
li
i −

nG∏︂
i=1

u
d
−
i
li
i | d ∈ 𝒯 ∗

Z (G) ∩ 𝒯 (G)⊥
)︂
⊂ C[u] = C[u1, . . . , unG

] (16)

with

𝒯 (G)⊥ = SpanQ
{︂(︂

δϵ(d1)⟨d1, c⟩, . . . , δϵ(dn)⟨dn, c⟩
)︂
| c ∈ MQ, ϵ a 2-face in G

}︂
. (17)

Let d ∈ 𝒯 ∗
Z (G) ∩ 𝒯 (G)⊥ (as in the equation (16)) and let

pd(u) :=
nG∏︂
i=1

u
d
+
i
li
i −

n ∏︂
i=1

u
d
−
i
li
i ∈ ℐ ˜︁T (G) ⊂ C[u]. (18)

Since pd(u) is homogeneous of degree gdR∗, where gd =
∑︁nG

i=1 d
+
i =

∑︁nG

i=1 d
−
i , we can 

write in a unique way

fu→T(pd(u)) =
gd∑︂
j=1 

xj
mugd−jp

(j)
d (T), (19)

where p(j)
d (T) ∈ C[T] are homogeneous of degree jm ∈ ˜︂M . We define the ideal

𝒥ℬ := ⟨p(j)
d (T) | d ∈ 𝒯 ∗

Z (G) ∩ 𝒯 (G)⊥, j = 1, . . . , gd⟩ ⊂ C[T],

i.e. 𝒥ℬ is generated by the polynomials p(j)
d (T) for all d ∈ 𝒯 ∗

Z (G) ∩ 𝒯 (G)⊥ and j =
1, . . . , gd.

Remark 3.5. Note that the term ugd gets cancelled in (19).

Example 3.6. Let us continue our Example 2.10. Using the notation from Subsection 3.1
we take m = R∗ and thus we have G = P . We see that the ideal ℐ ˜︁T (P ) is in this case 
generated by
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ℐ ˜︁T (P ) = ⟨u4 − u1u2, u5u1 − u2u3⟩.

The two generators are obtained from(︁⟨d1, (1, 0)⟩, . . . , ⟨d5, (1, 0)⟩)︁, (︁⟨d1, (0, 1)⟩, . . . , ⟨d5, (0, 1)⟩)︁ ∈ 𝒯 ∗
Z (P ) ∩ 𝒯 (P )⊥.

Thus C[u]/ℐ ˜︁T (P )
∼ = C[u1, u2, u3, u5]/(u5u1 − u2u3) and fu→T(u5u1 − u2u3) is(︁

u2 + T52 + uT51
)︁
(u + T11) − (u + T21)

(︁
u2 + T32 + uT31

)︁
=

= u2(︁T11 + T51 − T21 − T31
)︁

+ u
(︁
T11T51 + T52 − T32 − T21T31

)︁
+ T11T52 − T21T32.

Thus the ideal 𝒥ℬ of ℬ ⊂ SpecC[T11, T21, T31, T32, T51, T52] is given by

𝒥ℬ = (T11 + T51 − T21 − T31, T11T51 + T52 − T32 − T21T31, T11T52 − T21T32). (20)

3.2. The proof of flatness

Recall the ideals 𝒥ℬ and 𝒥F .

Theorem 3.7. The map

π2 : SpecC[u,T,x]/(𝒥ℬ + 𝒥F ) → SpecC[T]/𝒥ℬ

is flat.

Proof. Using (12) and (15) we see that

Fk(u,T,x) := gu→T (Fk(u,x))= xk−x∂(k)uηP (k)−ηG(k)
nG∏︂
i=1

(︂
uli+

li∑︂
j=1 

(︂
xj
muli−jTij

)︂)︂zi(k)
.

(21)
By (8) we see that Fk(u,T,x) is a lift of fk(u,x), which means Fk(u, 0,x) = fk(u,x). We 
are going to prove flatness by the lifting relations Ra,k = fa+k − xafk − uηP (k)f∂(k)+a
from Lemma 2.2. Let ˜︁Ra,k := gu→T

(︁
Fa+k(u,x) − xaFk(u,x) − uη̃G(k)F∂(k)+a(u,x)

)︁
and as before we see that ˜︁Ra,k is a lift of Ra,k.

We will show that ˜︁Ra,k is a linear relation between Fk(u,T,x). We compute

˜︁Ra,k = gu→T

(︂
−x∂(a+k)uη̃G(a+k) + uη̃G(k)x∂(a+∂(k))uη̃G(∂(k)+a)

)︂
. (22)

Immediately by definition we see that ∂(a + ∂(k)) = ∂(a + k) and thus x∂(a+∂(k)) =
x∂(a+k). In the following we are going to prove that

η̃G(a + ∂(k)) + η̃G(k) = η̃G(a + k) ∈ ˜︁T (G). (23)
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Let us write ∂(k) = (b1, . . . , br) ∈ Nr and thus using ∂(a + ∂(k)) = ∂(a + k) we get

η̃G(a + k) − (η̃G(a + ∂(k)) + η̃G(k)) = η̃G

(︄
r∑︂

i=1 
kici

)︄
−

r∑︂
i=1 

η̃G(bici) = 0 ∈ ˜︁T (G),

where the latter equality holds because by definition bi = 0 if v(
∑︁r

j=1 kjcj) ̸= v(ci) and 
moreover we have 

∑︁r
j=1 kjcj =

∑︁r
j=1 bjcj . Thus (23) holds and by applying the degree 

map, cf. Definition 2.8, to (23) we also see that

ηG(a + ∂(k)) + ηG(k) = ηG(a + k) ∈ N,

for any G ⊂ P (including G = P ). This implies that

uη̃G(∂(k)+a)+η̃G(k) − uη̃G(a+k) ∈ ℐ ˜︁T (G) ⊂ C[u].

As in (19) we thus see that (22) can be in a unique way written as

˜︁Ra,k = x∂(a+k)uηP (a+k)−ηG(a+k)

⎛⎝ηG(a+k)∑︂
j=1 

xj
muηG(a+k)−jp

(j)
a,k(T)

⎞⎠ , (24)

where p(j)
a,k ∈ 𝒥ℬ ⊂ C[T] are homogeneous of degree jm ∈ ˜︂M . Thus ˜︁Ra,k is indeed a 

linear relation, which finishes the proof by the well known flatness criterion, see e.g. [18, 
Section 1]. □

Let us consider the diagram

SpecC[u,T,x]/(𝒥ℬ + 𝒥F , u)

SpecC[T]/𝒥ℬ

SpecC[u,T,x]/(𝒥ℬ + 𝒥F )

....................................................................................................... ..........
..π1

............................................................................................................................................................................................................................................................................................................................................. ......................
...... i

..................................................................................................................
..

............ π2

(25)
where the maps πi are defined by T ↦→ T. We denote 𝒳 := SpecC[u,T,x]/(𝒥ℬ + 𝒥F )
and ℬ := SpecC[T]/𝒥ℬ and thus we have the flat map π2 : 𝒳 → ℬ that we are going to 
analyze in more detail in the upcoming sections.

Theorem 3.8. The above diagram is a deformation of (X, ∂X).

Proof. The fibers over 0 are π−1
1 (0) ∼ = ∂X and π−1

2 (0) ∼ = X and we have already proved 
that π2 is flat. Thus also π1 is flat (see e.g. [16, Lemma 3.10]). Note that we could also 
prove that π1 is flat directly by lifting the relations (the computations are the same as 
for proving that π2 is flat modulo u). □
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4. The Kodaira–Spencer map

In this section we are going to prove the following theorem.

Theorem 4.1. The Kodaira–Spencer map T0ℬ → ⨁︁
k∈N T 1

(X,∂X)(−km) ⊂ T 1
(X,∂X) of the 

deformation (25) is bijective and the Kodaira–Spencer map T0ℬ → ⨁︁
k∈N T 1

X(−km) ⊂
T 1
X of the map π2 in (25) is surjective.

4.1. The tangent space T 1
(X,∂X) and the obstruction space T 2

(X,∂X)

Since ∂X ↪→ X is a regular embedding we can use results in [8] to describe T 1
(X,∂X). 

Let us denote A = C[u,x]/ℐS and thus X = SpecC[u,x]/ℐS = SpecA. We know that 
∂X = SpecC[u,x]/(ℐS , u) = SpecA′ with A′ := A/(u) and ∂X ↪→ X ↪→ Cr+1.

We have the following exact sequence (see e.g. [8, Equation 11]):

0 → T∂X → TX|∂X
φ−→ N∂X|X

φ1 −→ T 1
(X,∂X) → T 1

X → H1(𝒩∂X|X) → · · · (26)

where T∂X = DerC(A′, A′) are derivations from A′ = A/(u) to A′, TX|∂X = DerC(A,A)⊗
A′ and N∂X|X = HomA′((u)/(u)2, A′). Recall the set B from (10).

Proposition 4.2. For r ∈ B, we have dimC T 1
(X,∂X)(−r) = 1 + dimC T 1

X(−r). Moreover, 
it holds that T 2

X
∼ = T 2

(X,∂X) and T 1
(X,∂X)

∼ = T 1
X

⨁︁
Im(φ1).

Proof. Note that as ∂X ↪→ X is a regular embedding, 𝒩∂X|X is a line bundle on the 
(a�ine) X. Hence, Hi(𝒩∂X|X) = 0 for i > 0. Thus, T 2

X
∼ = T 2

(X,∂X) and T 1
(X,∂X)

∼ = 
T 1
X

⨁︁
Im(φ1). For any r = R∗ − s ∈ B, we observe that the element u ↦→ χs in N∂X|X

does not lie in the image of φ, from which it follows that dimC T 1
(X,∂X)(−r) = 1 +

dimC T 1
X(−r). □

Remark 4.3. Note that any deformation of the (a�ine) X induces also a deformation of 
∂X by looking modulo u (see e.g. [16, Lemma 3.10]).

4.2. The dimension of ℬ

Recall that 𝒥ℬ is generated by the polynomials p(j)
d (T), appearing in (19). In par

ticular, we see that the tangent space T0ℬ of ℬ = SpecC[T]/𝒥ℬ ⊂ SpecC[T] at 0
is

{︂
(T11, . . . , T1l1 , . . . , TnG1, . . . , TnGlnG

) ∈ C
∑︁nG

i=1 li | 
∑︂

di;li≥j

δϵ(di)
li

diTij = 0,

for j ∈ N and 2-face ϵ in G
}︂
. (27)
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Indeed, fu→T(pd(u)) is modulo (T)2 equal to 
∑︁gd

j=1
∑︁

di;li≥j
δϵ(di)

li
⟨di, c⟩xj

mugd−jTij .
Recall by Remark 3.3 that ℬ depends on m.

Proposition 4.4. For m ∈ B ⊂ ˜︂M we have dimC T0ℬ = dimC
⨁︁

k∈N T 1
(X,∂X)(−km).

Proof. For j ∈ N we denote

T0ℬ(j) :=
{︂

(T1j , . . . , TnGj) ∈ CnG | Tij = 0 if li < j, 
∑︂

di;li≥j

δϵ(di)
li

diTij = 0,

for each 2-face ϵ in G
}︂
, (28)

where G = (R∗ = 1) ∩ (m = 1) ∩ σ as before. By a well-studied description of T 1
X (see 

[3, Theorem 4.1], where it is described precisely in terms of the vector space appearing 
in (28), denoted by V ′

C(jm) in that paper) and Proposition 4.2, we immediately see that 
for j ≥ 2 we have

dimC T0ℬ(j) = dimC T 1
X(−jm) = dimC T 1

(X,∂X)(−jm)

and

dimC T0ℬ(1) = dimC T 1
X(−m) + 1 = dimC T 1

(X,∂X)(−m). (29)

From the equation (27) we have T0ℬ =
⨁︁

j∈N T0ℬ(j), from which the proof follows. □
Example 4.5. In our Example 2.3 we have

dimC T 1
(X,∂X)(−R∗) = 3, dimC T 1

(X,∂X)(−2R∗) = 1, dimC T 1
(X,∂X)(−kR∗) = 0,

for k ≥ 3.

Remark 4.6. Note that with Proposition 4.4 we see that our choice of ui in (13) was 
natural since we obtain the right dimension of the tangent space and we also see why 
m needs to lie in B since otherwise we cannot apply formulas for computing T 1

X and 
Proposition 4.2 to get the right dimension of the tangent space. For example, we could 
also define fu→T(ui) = uli + xmTili but if li > 1 we only get a strict subset of 
dimC

⨁︁
k∈N T 1

(X,∂X)(−km) for the tangent space. If li = 1 for all i and m = R∗, then 
fu→T(ui) = u+ Ti1 so we are in the case of [1] by Altmann. Here we see that it is more 
natural to consider deformations of (X, ∂X) due to (29), which was also mentioned in 
the introduction. Now that we naturally obtain a flat family with the right dimension 
of its tangent space, the goal is to prove that this family is in fact miniversal in degrees 
−km, k ∈ N, by proving bijectivity of the Kodaira–Spencer map and surjectivity of the 
obstruction map.
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4.3. The Kodaira–Spencer map

We refer the reader to [14, Section 10] for the definition and the construction 
of a Kodaira–Spencer map. In the following we will construct the Kodaira–Spencer 
map T0ℬ → ⨁︁

k∈N T 1
X(−km) of the map π2, cf. (25). As before let us write A :=

C[u, x1, . . . , xr]/ℐS . The following exact sequence is well known:

0 → DerC(A,A) → Ar+1 ξ −→ HomA(ℐS⟋ℐ2
S
, A) −→ T 1

X = coker(ξ) → 0, (30)

where the map ξ maps an element (h, h1, . . . , hr) ∈ Ar+1 to

f̄ ↦→ h
∂f

∂u 
+

r∑︂
i=1 

hi
∂f 
∂xi

∈ HomA(ℐS⟋ℐ2
S
, A).

Computing Fk(u,T,x) from (21) modulo (T)2 gives us

Fk(u,T,x) = fk(u,x) +
nG∑︂
i=1 

li∑︂
j=1 

zi(k)Tijxj
m · x∂(k)uηP (k)−j ∈ C[u,T,x]/(T)2.

Thus the Kodaira–Spencer map of the flat map π2 is given by T0ℬ K2 −−→ T 1
X , where

K2(T) =
(︂
fk ↦→

nG∑︂
i=1 

li∑︂
j=1 

zi(k)Tijxj
m · x∂(k)uηP (k)−j ∈ A

)︂
∈ T 1

X

and we look on T 1
X as a cokernel of the map ξ, cf. (30). Now the image of ξ in degree 

−m is one-dimensional and the image of ξ in degrees −km, for k ≥ 2, equals zero. By 
restricting the codomain to 

⨁︁
k∈N T 1

X(−km) ⊂ T 1
X we see that K2 is surjective and 

has one-dimensional kernel. This one-dimensional kernel of T0ℬ induces one-parameter 
deformation of (X, ∂X) that non-trivially deforms ∂X and trivially deforms X. Its image 
under the Kodaira–Spencer map K : T0ℬ → ⨁︁

k∈N T 1
(X,∂X)(−km) ⊂ T 1

(X,∂X) equals 
im(φ1), cf. Proposition 4.2. Using Proposition 4.4 we thus proved Theorem 4.1.

5. The miniversal deformation

5.1. The obstruction map

In the following we are going to show that the map π2 (appearing in the deformation 
diagram (25)) is surjective. This implies that the deformation (25) of (X, ∂X) is maximal 
with the prescribed tangent space 

⨁︁
k∈N T 1

(X,∂X)(−km), i.e. we can not extend it to a 
deformation of (X, ∂X) with a larger base space (by keeping the tangent space fixed). 
In this case we also say the deformation diagram (25) is miniversal in degrees −km for 
all k ∈ N.
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Remark 5.1. The justification for using the term miniversal in degrees −km is that if the 
miniversal deformation of (X, ∂X) exists (which is the case if X is three-dimensional, 
see [10]), then we get the miniversal deformation in degrees −km, k ∈ N, by restricting 
it to only those variables coming from 

⨁︁
k∈N T 1

(X,∂X)(−km). In particular, we obtain 
the miniversal deformation in degree −km (for some k ∈ N) by restricting to only those 
variables coming from T 1

(X,∂X)(−km).

We briefly recall the definition of the obstruction map from [14, Section 10]. Let ℛ be 
the module of linear relations between the equations fk ∈ ℐS defining X = SpecA. The 
module ℛ contains the submodule ℛ0 of the so-called Koszul relations and we have

T 2
X := Hom(ℛ/ℛ0, A) 

Hom(
⨁︁

k∈Nr C[x, u]fk, A) . (31)

Since we will no longer use the total number of edges of P , we denote by n := nG the 
total number of edges of G for simplicity. From (18) recall pd(u) ∈ ℐ ˜︁T (G) ⊂ C[u] with

d = dc,ϵ =
(︂
δϵ(d1)⟨d1, c⟩, . . . , δϵ(dnG)⟨dnG , c⟩

)︂
∈ 𝒯 ∗

Z (G) ∩ 𝒯 (G)⊥ (32)

for some c ∈ MQ and some 2-face ϵ in G. Recall also that 𝒥ℬ is generated by p(j)
d (T), 

cf. (19). We consider the ideal

˜︂𝒥ℬ := 𝒥ℬ · (T) + 𝒥 ′
ℬC[T] ⊂ C[T],

where

𝒥 ′
ℬ :=

(︁
p
(k)
d (T) | p(k)

d (T) contains a monomial aTij for some a ∈ C \ {0} and i, j ∈ N
)︁

denotes the ideal generated by only those p(k)
d (T) that contain a monomial aTij . We 

define a Z-graded vector space W := 𝒥ℬ/˜︂𝒥ℬ with W =
⨁︁

k∈N Wk.

Remark 5.2. If all edges appearing in G = P have lattice length 1, then 𝒥 ′
ℬ is generated 

by degree R∗ elements in 𝒥ℬ.

Example 5.3. In our example we computed the generators of the ideal 𝒥ℬ in (20). The 
ideal 𝒥 ′

ℬ is in this case equal to (T11 +T51 −T21 −T31, T11T51 +T52 −T32 −T21T31). △

From (24) recall ˜︁Ra,k, where p(j)
a,k(T) ∈ 𝒥ℬ are defined in (19). Recall Ra,k from 

Lemma 2.2. Let o ∈ Hom(ℛ/ℛ0, A⊗W ) be defined by

o(Ra,k) = x∂(a+k)uηP (a+k)−ηG(a+k)
(︂ ηG(a+k)∑︂

k=1 
xk
muηG(a+k)−kp

(k)
a,k(T)

)︂
∈ A⊗W. (33)
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It holds that

o ∈ Hom(ℛ/ℛ0, A⊗W ) = Hom(ℛ/ℛ0, A) ⊗W = T 2
X ⊗W = Hom((T 2

X)∗,W )

and o : (T 2
X)∗ → W is called the obstruction map of the map π2.

5.2. Toric description of the obstruction map

The following definitions already appeared in [1, Section 6]. Recall the Hilbert basis 
E of S = σ∨ ∩ ˜︂M from the equation (2) and for R ∈ ˜︂M we consider

ER
ai

:= ER
i := {e ∈ E | ⟨ai, e⟩ < ⟨ai, R⟩}.

For a subface τ of σ (denoted τ ≤ σ) let ER
τ :=

⋂︁
ai∈τ E

R
i . The Z-module of all linear 

relations among elements in ER
τ we denote by L(ER

τ ).

Proposition 5.4. 

T 2
X(−R)∗ ∼ = 

(︄ ker
(︂⨁︁

i LC(ER
i ) → LC(E)

)︂
image

(︂⨁︁
⟨ai,ak⟩≤σ LC(ER

i ∩ ER
k ) → ⨁︁

i LC(ER
i )

)︂)︄. (34)

Proof. See [7, Propositions 5.4, 5.5]. □
By v∗ we denote the vertex 0 of G = P ∩ (m = 1) ⊂ P for some m ∈ B, cf. (10). From 

now on we will work only with G (instead of P ), and for simplicity we write n := nG for 
the number of edges of G and v(c) := vG(c) for c ∈ M . The following we recall from [5, 
Definition 3.6].

Definition 5.5. Let E1, . . . , En be the edges of G, oriented by direction vectors d1, . . . , dn. 
For a path p = pw1⤳wk along the edges of G we define its edge-count vector

#(p) := (ν1(p), . . . , νn(p)) ∈ Zn,

where νi(p) is the signed number of times the path p traverses the edge Ei (with orien
tation given by di). Thus #(p) records, for each edge, how often and in which direction 
the path passes through it.

For a, c ∈ M we set

λ(a) := #
(︁
pv∗⤳v(a)

)︁
, μc(a) := #

(︁
pv(a)⤳v(c)

)︁
,

where in the second case the path is chosen such that μc
i (a) ⟨c, di⟩ ≤ 0 for all di. Finally 

we define

λc(a) := λ(a) + μc(a).
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Recall pd(u) from (18) and p(k)
d (T) from (19). As in (32), for any μ = (μ1, . . . , μn) ∈

Zn satisfying 
∑︁n

i=1 μid
i = 0, we define

d(μ, c) := (⟨μ1d
1, c⟩, . . . , ⟨μnd

n, c⟩) ∈ 𝒯 ∗
Z (G) ∩ 𝒯 (G)⊥, 

p(μ, c) := pd(μ,c)(u), p(k)(μ, c) := p
(k)
d(μ,c)(T), (35)

where p(k)
d(μ,c)(T) is homogeneous of degree km, cf. (19). We define the map

ψ
(k)
i : LC(Ekm

ai ) → Wk,

q ↦→
r∑︂

j=1 
qjp

(k)(λcj (vi) − λ(v(cj)), cj).

Lemma 5.6. p(k)(μ, c) ∈ Wk is a bilinear map:

p(k)(μ1 + μ2, c) = p(k)(μ1, c) + p(k)(μ2, c) ∈ Wk and 

p(k)(μ, c1 + c2) = p(k)(μ, c1) + p(k)(μ, c2) ∈ Wk.

Proof. Straightforward computation shows that

1
2pd(u)

(︁ n ∏︂
i=1

u
d
+
i
li
i +

n ∏︂
i=1

u
d
−
i
li
i

)︁
+ 1

2pe(u)
(︁ n ∏︂
i=1

u
e
+
i
li
i +

n ∏︂
i=1

u
e
−
i
li
i

)︁
=

n ∏︂
i=1

u
d
+
i
li
i

n ∏︂
i=1

u
e
+
i
li
i −

n ∏︂
i=1

u
d
−
i
li
i

n ∏︂
i=1

u
e
−
i
li
i

= pd+e(u)
∏︂
i∈S1

u
e
−
i
li
i

∏︂
i∈S2

u
d
−
i
li
i

∏︂
i∈S3

u
d
+
i
li
i

∏︂
i∈S4

u
e
+
i
li
i ,

where

S1 = {i ∈ {1, . . . , n} | di > 0, ei < 0, di + ei > 0}, 
S2 = {i ∈ {1, . . . , n} | di < 0, ei > 0, di + ei > 0},
S3 = {i ∈ {1, . . . , n} | di > 0, ei < 0, di + ei < 0}, 
S4 = {i ∈ {1, . . . , n} | di < 0, ei > 0, di + ei < 0}.

Now our claim easily follows because W is a quotient space W = 𝒥ℬ/˜︂𝒥ℬ. □
Proposition 5.7. ψ(k)

i induce the linear map ψ(k) : T 2
X(−km)∗ → Wk and the map

ψ =
∑︂
k∈N

ψ(k) :
⨁︂
k∈N

T 2
X(−km)∗ → W
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is the obstruction map of the flat map π2.

Proof. The idea of the first part of the proof is similar to [1, Lemma 7.7]. Let ρij denote 
the path consisting of the single edge running from vi to vj . For q ∈ L(Ekm

ai ∩ Ekm
aj ) we 

see by Lemma 5.6 that

ψ
(k)
i (q)−ψ

(k)
j (q) =

r∑︂
l=1 

qlp
(k)(λ(ai)−λ(aj)+ρij , cl)+

r∑︂
l=1 

qlp
(k)(μcl(ai)−μcl(aj)−ρij , cl).

We want to show that the above expression is equal to 0. The first sum is zero 
by Lemma 5.6 using 

∑︁r
l=1 qlcl = 0. For the second sum, we observe that for ev

ery q ∈ L(EkR∗
ai ∩ EkR∗

aj ), the following holds: if ql ̸= 0, then (cl; η(cl)) ∈ E sat
isfies ⟨(cl; η(cl)), ai⟩ < ⟨kR∗, ai⟩ = k. Using the identity ai = (vi; 1), this implies 
⟨cl, vi⟩ − ⟨cl, v(cl)⟩ < k, and similarly, ⟨cl, vj⟩ − ⟨cl, v(cl)⟩ < k. From this, it follows 
that the degree of p(μcl(ai) − μcl(aj) − ρij , cl) is zm for some z < k. Therefore, 
p(k)(μcl(ai) − μcl(aj) − ρij , cl) = 0, which concludes the proof that ψ(k)

i induce the 
linear map ψ(k) : T 2

X(−km)∗ −→ Wk.
The proof that ψ is the obstruction map is similar to [5, Proposition 7.5] or [1, Propo

sition 7.8] so we just highlight the main idea: using [2, Theorem 3.5] we can find an 
element of Hom(ℛ/ℛ0, A⊗Wk) representing ψ(k). It sends the relation Ra,k to

ψ(k)(Ra,k) =

⎧⎨⎩
(︂
ψ

(n)
v(ck)(k − ∂(k)) − ψ

(k)
v(ca+ck)(k − ∂(k))

)︂
xa+k−km, if ηP (a + k) ≥ k,

0, otherwise.
(36)

This element induces the same element in Hom(ℛ/ℛ0, A⊗Wk) as o from (33). □
5.3. Surjectivity of the obstruction map

In this section we prove the surjectivity of the obstruction map ψ. The idea of the 
proof is new, with the previous techniques we were not able to obtain the surjectivity 
of the obstruction map even in the single Gorenstein degree −R∗, if P has at least one 
edge of lattice length ≥ 2, cf. [5, Example 6.5, Remark 7.9].

Let ϵ be a 2-face in G = (m = 1) ∩ (R∗ = 1) ∩ σ ⊂ P with cyclically ordered vertices 
v1, . . . , vn, where we set vn+1 := v1. Let ai = (vi; 1) and define di := vi+1 − vi. Then we 
have 

∑︁n
i=1 d

i = 0. For R ∈ ˜︂M we denote

KR
ai

:= KR
i := {r ∈ S | ⟨ai, r⟩ < ⟨ai, R⟩}

and KR
i,i+1 := KR

ai ∩KR
ai+1 .

Let φϵ :=
∑︁

k∈N φ
(k)
ϵ , where

φ(k)
ϵ :

(︂⋂︂
i 

(SpanZKkm
i,i+1)/ SpanZ(

⋂︂
i 
Kkm

i,i+1)
)︂
→ Wk
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(c;m) ∈ ˜︂M ↦→ p(k)
ϵ (c) := p(k)(1ϵ, c).

Note that we have already oriented ϵ, which is a 2-face, and thus we can simply take 
μ := 1ϵ, meaning that it takes the value 1 on every edge of ϵ and 0 elsewhere. Let us 
check that the map φ(k)

ϵ is well defined: we need to show that

φ(k)
ϵ (c) = 0 ∈ Wk for c ∈

⋂︂
i 
Kkm

i,i+1. (37)

For c ∈ M we denote

d(c) := max{⟨vi, c⟩ | i = 1, . . . , n} − min{⟨vi, c⟩ | i = 1, . . . , n}. (38)

We immediately see that the degree of the homogeneous polynomial

pd(u) ∈ ℐ ˜︁T (P ), d = (⟨d1, c⟩, . . . , ⟨dn, c⟩),

is equal to d(c)m, cf. (18). Thus (37) follows from the following lemma.

Lemma 5.8. There exists z ∈ Z such that (c; z) ∈ ⋂︁
i K

km
i,i+1 if and only if d(c) ≤ k − 1.

Proof. It follows immediately by definitions: note that ai = (vi; 1) and that r ∈⋂︁
i K

km
i,i+1 =

⋂︁
i K

km
ai if and only if 0 ≤ ⟨ai, r⟩ ≤ k − 1 for every i = 1, . . . , n. □

Corollary 5.9. The map φϵ is well defined.

Remark 5.10. We will see from the proof of Theorem 5.12 that the maps φϵ play a 
crucial role in proving the surjectivity of the obstruction map ψ. Moreover, if XP is 
three-dimensional (with P = ϵ), then ψ is the C-linear extension of φϵ.

Lemma 5.11. For an edge di = vi+1 − vi it holds that

c ∈ (di)⊥ (39)

if and only if there exists z ∈ N such that

(c; z) ∈ (ai)⊥ ∩ (ai+1)⊥ (40)

Proof. Recall that ai = (vi, 1) ∈ ˜︁N and thus (40) follows from (39) by picking z :=
−⟨c, vi⟩ = −⟨c, vi+1⟩. From (40) it follows that ⟨c, vi⟩ = ⟨c, vi+1⟩, from which (39)
follows. □
Theorem 5.12. The map ψ :

⨁︁
k∈N T 2

X(−km)∗ → ⨁︁
k∈N Wk is surjective.
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Proof. Recall the description of T 2
X from (34). We need to show that p(k)

d (T) are in the 
image of ψ(k) for d = dc,ϵ (for every two face ϵ), cf. (32).

Let us fix a 2-face ϵ (with vertices vi, i = 1, . . . , n). Starting from (c; z) ∈⋂︁n
i=1(SpanZKkm

i,i+1) we obtain the corresponding element

L(c) ∈ ker
(︂ n ⨁︂

i=1 
LC(Ekm

i ) → LC(E)
)︂

as follows: we can write

c =
r∑︂

j=1 
qi,jcj + qi(0, 1), (41)

where qi,j ̸= 0 implies that (cj ; η(cj)) ∈ Ekm
di := Ekm

ai ∩ Ekm
ai+1 . Let

L(c)i :=
∑︂
j

(qi,j − qi−1,j)(cj ; η(cj)) + (qi − qi−1)(0, 1) = 0

be an element in L(Ekm
i ), which defines L(c) :=

∑︁
i L(c)i ∈

⨁︁n
i=1 L(Ekm

i ).
To show that ψ(k)(L(c)) = φ

(k)
ϵ (c) = p

(k)
ϵ (c), we need to verify that

n ∑︂
i=1 

r∑︂
j=1 

(qi,j − qi−1,j) p(k) (︁λcj (vi) − λ(v(cj)), cj
)︁

= p(k)
ϵ (c).

Using Lemma 5.6 and the path ρij from the proof of Proposition 5.7, this is a straight
forward computation, similarly as in [1, Section 7.9(iii)].

Thus we show that for any c ∈ ⋂︁n
i=1(SpanZKkm

i,i+1), there is p(k)
ϵ (c) ∈ Wk. To finish 

the proof, it is enough to show that if

for each z ∈ Z it holds that (c; z) ̸∈
n ⋂︂

i=1
SpanZKkm

i,i+1, (42)

then p(k)
ϵ (c) = 0 ∈ Wk. For k ≥ 2 we immediately see that

SpanZKkm
i,i+1

∼ = 

{︄
SpanZ

(︂˜︂M ∩ (ai)⊥ ∩ (ai+1)⊥,m
)︂

if ℓ(di) ≥ k˜︂M if ℓ(di) < k.
(43)

For c ̸= 0 we see by Lemma 5.11 and (43) that if (42) holds, then ⟨c, di⟩ ̸= 0 for some di

with ℓ(di) ≥ k, from which it follows that p(k)(c) = 0 ∈ Wk since the coefficient in front 
of Tik in p(k)(c) is non-zero. □

Thus we proved the following.
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Theorem 5.13. The deformation diagram (25) is the miniversal deformation of the pair 
(X, ∂X) in degrees −km, k ∈ N. Moreover, the flat map

π2 : SpecC[u,T,x]/(𝒥ℬ + 𝒥 ˜︁S) → SpecC[T]/𝒥ℬ,

is a versal deformation of X in degrees −km, k ∈ N.

Proof. This follows from Theorem 5.12 (surjectivity of the obstruction map ψ) and 
Theorem 4.1 (bijectivity of the Kodaira–Spencer map in the case of deforming (X, ∂X), 
and surjectivity of the Kodaira–Spencer map in the case of deforming X); see, e.g., [14, 
Corollary 10.3.20]. □
Remark 5.14. Let P be a reflexive polytope and

m ∈ ˜︂M0 = {(c; 0) ∈ ˜︂M | c ∈ M},

i.e., ˜︂M0 consists of those m that their projection to the last component is 0, i.e. For such 
m the deformations in degree −m are called degree 0 deformations and by a comparison 
theorem of Kleppe [15] those deformations induce deformations of the toric Gorenstein 
Fano variety Y associated to the face fan of P . Moreover, the tangent space of deforma
tions of Y is isomorphic to 

⨁︁
m∈˜︂M0

T 1
X(−m), where X = XP is the a�ine cone of Y , the 

obstruction space of deformations of Y is also isomorphic to 
⨁︁

m∈˜︂M0
T 2
X(−m).

Corollary 5.15. A versal deformation of X in degrees −km, for all k ∈ N and m ∈ ˜︂M0, 
induces a versal deformation of Y in the same degrees.

6. Irreducible components of the reduced miniversal space

In this section we show that irreducible components of our constructed reduced 
miniversal space of XP in degrees −km, k ∈ N, are in one to one correspondence 
with maximal Minkowski decompositions of G = P ∩ (m = 1). This is a generalization 
of Altmann’s result in [1], where it was shown that if P has edges of lattice length 1, 
then the components of the miniversal space in degree −R∗ of XP are in one to one 
correspondence with maximal Minkowski decompositions of P = P ∩ (R∗ = 1). In our 
result it is interesting that the Minkowski decompositions of P ∩ (m = 1) do not encode 
the components of miniversal space in degree −m but in fact encode the components of 
the whole miniversal space in degrees −km, for all k ∈ N. However, this is not surprising 
since this happens already in the two dimensional case, which we cover in the following 
remark.

Remark 6.1. The two dimensional a�ine Gorenstein toric varieties are An-singularities 
given by the equation xy − zn ⊂ C[x, y, z]. The polytope P that is defining X =
SpecC[x, y, z]/(xy − zn) is a line segment of lattice length n (say P = [0, n]). The 
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miniversal deformation of (X, ∂X) (or X) is very well known since X is a hypersur
face: the deformations of (X, ∂X) (resp. X) are unobstructed with the dimension of 
the miniversal base space equal to n (resp. n− 1). Note that this follows also from our 
construction since, if P is a line segment, we do not have equations of the base space. 
Moreover, we know that dimC T 1

X(−kR∗) = 1 for all k = 2, 3, . . . , n and it is 0 for all 
other lattice degrees (see e.g. [3, Theorem 2.5] or [5, Proposition 2.5]). From Proposi
tion 4.2 then follows that dimC T 1

X(−kR∗) = 1 for all k = 1, 2, . . . , n and it is 0 for all 
other lattice degrees. Since P = [0, n] = (R∗ = 1) ∩ σ we see that we have only one 
maximal Minkowski decomposition P = [0, 1] + · · ·+ [0, 1] = n[0, 1] which correspond to 
the only component of the miniversal base space. △

Let Q1 + · · · + Qp be a Minkowski decomposition G = P ∩ (m = 1) (where Qk are 
lattice polytopes for k ∈ {1, . . . , p}) and let nik ∈ N be the lattice length of the part of 
the edge di that lies in Qk for i ∈ {1, . . . , nG}, k ∈ {1, . . . , p}, i.e. ℓ(di) = li =

∑︁p
k=1 nik.

Let C[Z] := C[Z1, . . . , Zp]. Recall (16) and define the map

h : SpecC[Z] → SpecC[u]/ℐ ˜︁T (G) by ui ↦→
nG∏︂
i=1

Z
nip

i .

Clearly this map is well defined (by definition of ℐ ˜︁T (G) we immediately see that 
h∗(ℐ ˜︁T (G)) = 0) and the kernel of h∗ is a prime ideal, because the image of h∗ is an 
integral domain.

Proposition 6.2. The irreducible components of the reduced space of SpecC[u]/ℐ ˜︁T (G) are 
in one to one correspondence with maximal Minkowski decomposition of G = Q1 + · · ·+
Qp. Intersection of components is obtained by the finest Minkowski decompositions of G
that are coarser than all the maximal ones involved. This correspondence is given by the 
map h.

Proof. It follows immediately from [1, Section 2 and 3] just observe that instead of one 
variable ui, which correspond to the edge di with lattice length li, we have li variables 
wi1, wi2, . . . , wili that correspond to a line segment di

ℓi
(of lattice length 1) and ui =

wi1wi2 · · ·wili . □
Moreover, we define the map

g : SpecC[Z] → ℬ = SpecC[T]/𝒥ℬ by

sending Tij to the degree j part of the polynomial

(1 + Z1)ni1 · · · (1 + Zp)nip ∈ C[Z1, . . . , Zp].

Writing explicitly
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g∗(Tij) =
∑︂

rik∈N;
∑︁p

k=1 rik=j

(︃
ni1

ri1

)︃
· · ·

(︃
nip

rip

)︃
Zri1

1 · · ·Zrip
p .

From the construction of our miniversal deformation we see that g is well defined. The 
kernel of g∗ is a prime ideal, because the image of g∗ is an integral domain.

Proposition 6.3. The irreducible components of the reduced space of ℬ = SpecC[T]/𝒥ℬ
are in one to one correspondence with maximal Minkowski decomposition of G = Q1 +
· · ·+Qp. Intersection of components is obtained by the finest Minkowski decompositions 
of G that are coarser than all the maximal ones involved. This correspondence is given 
by the map g.

Proof. This follows from Proposition 6.2 using the following: 𝒥ℬ ⊂ C[T] ⊂ C[xm, u,T]
is the smallest ideal that contains fu→T

(︂
ℐ ˜︁T (G)

)︂
⊂ C[xm, u,T] and is generated by 

polynomials from C[T]. □
Corollary 6.4. Irreducible components of our constructed reduced miniversal space of XP

in degrees −km, k ∈ N, are in one to one correspondence with maximal Minkowski 
decompositions of G = P ∩ (m = 1), where the summands are lattice polytopes.

Remark 6.5. If X is three-dimensional, then Corollary 6.4 is the first step towards de
scribing all reduced irreducible components (see [10, Conjecture A] for a conjecture on 
smoothing components) since in particular it says that all reduced irreducible compo
nents in degrees −kR∗, k ∈ N are in one to one correspondence with maximal Minkowski 
decomposition of the polygon P (defining X) into lattice polytopes.

Example 6.6. Recall the ideal 𝒥ℬ of ℬ from (20) in Example 3.6. We can compute that 
ℬ has two irreducible components given by the following two ideals:

I1 = (T11 − T21, T31 − T51, T32 − T52)

I2 = (T11 −T21 −T31 +T51, T
2
51 −T51T31 −T 2

21 +T21T31 −2T52 +T32, T
2
21 −T21T51 +T52).

We have two maximal lattice Minkowski decompositions of P .

+ + = = + + 

We first consider the Minkowski decomposition on the left. The map g∗ is in this case 
given by:
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T11 ↦→ Z0,  T21 ↦→ Z0,  T31 ↦→ Z1 +Z2,  T32 ↦→ Z1Z2 T51 ↦→ Z1 +Z2,  T52 ↦→ Z1Z2.

Thus the kernel of g∗ equals the ideal I1. The map g∗ is for the second Minkowski 
decomposition given by:

T11 ↦→ Z0,  T21 ↦→ Z1,  T31 ↦→ Z0 +Z2,  T32 ↦→ Z0Z2,  T51 ↦→ Z1 +Z2,  T52 ↦→ Z1Z2.

Thus the kernel of g∗ equals the ideal I2. The first component (corresponding to I1) is 
thus isomorphic to SpecC[T11, T31, T32] and the second component (corresponding to I2) 
is thus isomorphic to SpecC[T21, T31, T51].

Data availability

No data was used for the research described in the article.
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