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1. Introduction

Mirror symmetry suggests that there is a relationship between Fano manifolds and
certain Laurent polynomials, cf. [9]. More precisely, if a Laurent polynomial f is mirror
to a Fano manifold Y, it is expected that a Fano manifold Y admits a Q-Gorenstein
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degeneration to a singular toric variety, whose fan is the spanning fan of the Newton
polytope A(f). Thus studying deformations of toric varieties is important for classifying
Fano varieties, which has become an extensive research area in recent years.

Altmann [1] constructed the miniversal deformation space of an isolated affine Goren-
stein toric singularity and in [6], [5] and [4] his work was generalized to some other cases
that will be described more in detail below. The deformations of the boundary 90X of a
toric variety (or more generally the deformations of toroidal crossing spaces, which are
locally isomorphic to boundary divisors of toric varieties) are studied using log geometry
and appear also in the Gross-Siebert program, cf. [13], [11].

Mirror symmetry also suggests to work with deformations of (X,0X), which means
deformations of a closed embedding X — X, instead of only working with deformations
of X or 0X, see e.g. [10], where Corti, Petracci and the author analyze the case when
X is a three-dimensional affine Gorenstein toric variety (having possibly non-isolated
singularities). In this case we state a conjecture that there is a canonical bijective corre-
spondence between the set of smoothing components of X (which is the same as the set
of smoothing components of (X,0X)) and the set of certain Laurent polynomials.

It is well known that Gorenstein toric Fano varieties are in correspondence with reflex-
ive polytopes. By a comparison theorem of Kleppe [15], the deformations of Gorenstein
toric Fano varieties can be obtained by (degree 0) deformations of their affine cones,
which are affine Gorenstein toric varieties. Some of the deformations of an affine toric
variety that we construct in this paper also induce deformations of the corresponding
Gorenstein toric Fano varieties as we will see below.

Let P C Ng be a lattice polytope in a finite-dimensional lattice N. From now on, let
X be an affine Gorenstein toric variety, given by a rational polyhedral cone o C NQ,
where N := N@Z, and o is the cone over P, embedded in the hyperplane Ng x 1 C Ng.
There exists R* € M := Hom(N, Z) such that the integral generators of o lic on an affine
hyperplane (R* = 1) and thus (R* = 1) N o is a lattice polytope that we denote by P.
The torus action on X induces a lattice grading on the tangent space Tk (resp. T(lX, 9 X))
and the obstruction space T% (resp. T, (QX’ ax)) of the deformation functor of X (resp.
(X,0X)). If X has an isolated singularity, then 7% is finite dimensional and lies in the
single lattice degree —R*. In the case where X has non-isolated singularities, the tangent
spaces Tk and T(lx, oax) are infinite-dimensional. For the definition and basic properties of
the miniversal deformation space of (X,9X) in the three-dimensional case, see e.g. [10,
Remark 2.1]. In this paper we focus on special finite-dimensional parts of the tangent
space T(1X7 2x) and thus avoid problems that come with infinite dimension. More precisely,

let B be the set of elements m € M such that m takes value 1 on some face G of P
and it has value strictly less than 1 for any lattice point on P lying outside G, cf. (10).
For any m € B we are going to construct a deformation of (X, 9X) which is maximal
with prescribed tangent space P,y T(IX,ax)(fkm) C T(1X73X), i.e. we cannot extend it
to a deformation of (X, 0X) with a larger base space by keeping its tangent space fixed.
We say that this deformation is miniversal in degrees —km, k € N, see Section 5. For
each k € N we thus get a homogeneous deformation in degree —km. We can also present
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those homogeneous deformations in functorial language and the differential graded Lie
algebra that controls it is the Harrison differential graded Lie algebra restricted to the
degree —km, see [12].

In the following we are going to emphasize the main differences between this paper
and the papers [1], [6], [5] which also construct some miniversal deformation spaces. Since
X is Gorenstein, the results of [1], [6], [5] can only be applied to the case when P has
edges of lattice length 1. More precisely, they all consider homogeneous deformations
in a primitive lattice degree —m € M , with m € ¢V and some assumptions on the
edges of o N (m = 1), which imply that the results in the Gorenstein case work only
for m = R* and P having all edges of lattice length 1, which is equivalent to X being
smooth in codimension 2. The assumption m € ¢V in [1], [6], [5] is very crucial, since
the homogeneous deformation in degree —m is constructed by proving flatness of some
semigroups and this cannot be obtained if m & oV. However, in the Fano classification
problems mentioned above, it is essential to understand deformations of X associated to
an arbitrary lattice polytope P.

In this paper we drop both of the assumptions made in the papers [1], [6], [5], which
means we consider also degrees m € oV and P arbitrary. Note that, when considering
deformations of the affine cone in order to deform the corresponding Fano Gorenstein
toric variety, we require that m ¢ ¢¥ and that m takes value 0 on the point (0,1) € N,
where 0 € P C Ng is the unique interior lattice point of P. In Remark 5.14 we describe
the cases where our deformations deform also the corresponding Fano Gorenstein toric
variety, which is not possible with the results obtained in [1], [6], [5].

The main result of this paper is the following:

Theorem 1.1. Let m € B, and let X be an affine Gorenstein toric variety associated to a
lattice polytope P. We construct a deformation of (X, 0X) which is miniversal in degrees
—km, for all k € N. The irreducible components of the reduced miniversal deformation
space are in one-to-one correspondence with maximal Minkowski decompositions of the
polytope PN (m =1).

For any m € B C M we construct a deformation of (X,0X) in Section 3. The main
result of this section is Theorem 3.7, where we prove that our constructed family is flat
directly by lifting relations among equations of X and not by bypassing the problem
to flatness of semigroups as it was done in [1], [6], [5]. This in particular enables us to
work also with homogeneous deformations in degrees —m with m ¢ . We describe the
tangent space T(lx, 9x) and the obstruction space T(2X, ax) in Subsection 4.1 and we show
that the tangent space of our base space equals @, . T(lXﬁX)(—km) in Subsection 4.2.
Since the edges of P might have lattice length greater than 1, we see that it is more
natural to consider homogeneous deformations in degrees —km for all £ € N. Note that
if P has edges of lattice length 1, then T(lx’ax)(—km) =T (—km) =0 for all k > 2 and
thus we only get a homogeneous deformation in degree —m.



422 M. Filip / Journal of Algebra 687 (2026) 419—445

Moreover, considering the deformations of (X, 9X) instead of only X in fact simplifies
the construction since the tangent space of the naturally constructed deformation family
has dimension

dime @ Tlx ox)(—km) = 1 + dime @ Tx (—km).
keN keN

In fact, even in the isolated case (with m = R*), the tangent space of the deformation
family constructed from the aforementioned semigroups has dimension 1 + dim¢ 7% =
1 + dim¢ T%(—R*). Thus, non-trivial computations are required to obtain a tangent
space of the correct dimension and to prove the bijectivity of the Kodaira—Spencer map.
In this paper we see that even if we are only interested in deformations of X it is better
to consider deformations of (X,0X) and then apply the obvious forgetful functor.

Finally, to prove miniversality, we prove that the Kodaira—Spencer map of our con-
structed deformation family is bijective (which is proven in Section 4 in a completely
different way than in the previously mentioned papers) and that the obstruction map is
surjective (which is proven in Section 5). We conclude the paper by showing that the
reduced irreducible components of the constructed deformation of (X, 9X) are in one to
one correspondence with maximal Minkowski decompositions of the polytope PN(m = 1)
in Section 6.
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2. Preliminaries
2.1. The setup

We fix C to be an algebraically closed field of characteristic 0. Let P be a lattice
polytope with vertices v',...,v? in N, where N is a lattice. Putting P on height 1 gives
us a rational, polyhedral cone

oc={(a',....a") CNg = (N®Z)®zQ

with a’ = (v¥;1) € ]\N/'7 1 =1,...,p. Let M denote the dual lattice of N and let us consider
the monoid S = ¢¥ N M = ¢¥ N (M & Z), where 6" := {r € Mg | (o,7) > 0}. Every
affine Gorenstein toric variety is isomorphic to X := Xp := Spec C[S] for some lattice
polytope P, where C[S] := @, g X" is the semigroup algebra.
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Let Eq, Eo, ..., E, be the edges of P. We denote the lattice length of an edge E; by
{(E;) € N, for i =1,...,n. We equip every edge E; = [w', 2], connecting two vertices
w' and z*, with an orientation and present it as a vector

d':=w"— 2" € N. (1)

Definition 2.1. For any face G C P (including G = P) and for ¢ € M we choose a vertex
va(c) of G where (c,-) becomes minimal on G. We define ng(c) := —min,eg(v,c) =
—(va(c),¢) € Z, which is independent of the choice of vg(c). If G = P we also write 7(c)
for np(c) and v(c) for vp(c).

The Hilbert basis of S = oV N M is equal to

E = {51 = (Cl;n(cl))’ sy Sp = (Cr;n(cr))vR* = (Q, 1)}7 (2)

with uniquely determined elements ¢; € M (see e.g. [1, Section 4.3]).
2.2. FEquations of S and their linear relations

By (2), we obtain X = SpecClu,z1,...,z,]/Zs, where Zg is the kernel of the map
Clu,z1,...,2,] = C[S], u— R*, zj —> s;.

Note that we can write every element s € S = oV N M in a unique way as s =
J(s) + nR*, where n € N and 9(s) € 9(S) is an element of the boundary of S, defined
as

0(S):={seS|s—R" ¢S5} (3)

For every k = (kq,...,k,) € N” we define
na (k) :=ng(kic1) + na(keca) + - - - + na(krer) —na(kicy + kaca + -+ + kper) € N (4)
and we write s, := >_, kis; € S C M and ¢ := Y, kic; € M. We immediately see
that there is a unique decomposition sx = 9(k) + np(k)R* with d(k) = (cx;np(ck)) €

().
For every k € N” we choose b; € N such that (k) = >.._, b;s; and denote

xX = fol, x2) .= Hmi’@
i=1 i=1
We define the binomials
fie(u, x) := x¥ — x990 12 &) ¢ Cly, x] := Clu, z1,. .., z,] (5)

and the following lemma shows that they generate the ideal Zg C Clu, z1,...,2,].
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Lemma 2.2. It holds that Ts = (fx | k € N") and the module of linear relations between
the fx, which is the kernel of the map

— 1
Y Dyenr Clu, o1, 20 ]ex GG T € Cluy ey, ...y 2,
is spanned by Rax := €atk — X%ex — u”P(k)ea(k)+a, fora,k € N",

Proof. The first statement follows immediately by definition, the proof of the second one
is the same as the proof of [5, Lemma 5.6]. O

Example 2.3. Consider the polytope P = conv{(0,0),(2,0),(2,2),(1,3),(0,2)}, where
conv denotes the convex hull.

02
d? d!
v3 vl
d3 dd
vt v°

The following notation will be used in the examples that follow. We denote oriented
edges of P by

d' = (-1,1), d* = (-1,-1), d* = (0,-2), d* = (2,0), d° = (0,2)
and vertices of P by
=(2,2), v*=(1,3), v*=(0,2), v*=(0,0), v°=(2,0).
The Hilbert basis E of S is in this case equal to
={(0,1;0),(-1,0;2), (-1, -1;4), (0, —1;3), (1, -1;2), (1,0;0), (0,0; 1)},

ie. cp =(0,1), n(c1) =0, ca = (—1,0), n(c2) = 2,..., s = (1,0), n(cg) = 0.
Letk1:—64—|—65—(00010 1) € N6, kg—eg—l—egand

ks =es+es5, ki=er+es, ks=ex+es, ks=er+es, kr=ei+es,

ks =e; +es, kg=e1+ey.
This gives us

2
fx, = 2426 — T5u,  fr, = TaTe — TaU, fk, = T3T5 — x5, [k, = Ta¥s — T4,
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2 2 2
Jis = oy — 13U,  fig = Tax6 —u”,  fi, =123 — Tau”,  fi, = 2125 — 26U,

fro = T124 — ud.

Remark 2.4. By direct computer calculation, we can verify that the polynomials fy,, for

i=1,...,9, are the generators of Zg; for example, using the following Macaulay2 code:
A = matrix{{o,-1,-1,0,1,1,0},{1,0,-1,-1,-1,0,0},{0,2,4,3,2,0,1}}

M = toricMarkov(A)

R =QQ[x_1,x_2,x_3,x_4,x_5,x_6,ul

I = toBinomial(M,R)

2.3. The monoid T(G)

Recall that E1,..., E, are the edges of P, and without loss of generality, we assume
that Eq, ..., By, are the edges of a face G C P, for some ng € N.

Recall the vectors d* from (1). In what follows, we construct an important vector
space T (G), which was already defined in [1, Section 2.2]. We choose an orientation for
every 2-face € of G: let d.(d") € {0,1,—1} with the property that §.(d’) = 0 if d* & € and
bc(d') € {—1,1} if d* € € and moreover we require Y ;i 0c(d") - d* = 0. Since d(d") is
defined with respect to the face €, such an orientation always exists, as the boundary of
each 2-face is a closed polygonal cycle. We define the vector space

T(G) ={(t1,...,tng) € Q™ | Z Sc(dM)t;d" = 0 for every 2-face € in G}.
dice

Definition 2.5. We define the lattice 7z(G) C T(G) by
(t1,.. . tng) € Tz(G) : <= t;d" € N for each i = 1,...,ng.
Moreover, let us define the monoid
T(G) = Spany {£(d")t1, ..., ((d")tng} C TZ(G),

where ¢(d’) = I; denotes the lattice length of the oriented edge d’, and T, (G) is the
dual lattice of 7z(G). Note that the t; serve as coordinate functions on 7(G), and thus
correspond to elements of the dual space 7*(G).

Without loss of generality assume that one of the vertices of G is equal to 0 € N (note
that this may require shifting P by a lattice vector). For ¢ € M, recall the vertex vg(c)
of G as defined in Definition 2.1.

Definition 2.6. Let ¢ € M and let us choose a path along the edges of G, going through

vertices w! =0, w?, ..., w* = vg(c), where k — 1 is the number of edges in the path,

i.e. [w/, w/T1] is an edge of G for every j = 1,...,k — 1. We denote this path by pi-,x-
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For every ¢ € M we define

e

-1
fig(c) := (wj — ij,c) i wit) € Tz (G),
=1

where 75 (G) is the dual lattice of 7z (G) and [, ys+1] correspond to the edge [w?, w’+1],
ie. if By = [w!,wT!], then t; = t[s wit1).
Similarly as in (4), for k = (k1,...,k,) € N" we also define

ﬁg(k) = ﬁg(/ﬁq) + ﬁg(kQCQ) + -+ ﬁg(k'rcr) — ﬁg(klcl + koco 4+ -+ + krcr) S 'TZ*(G)
Lemma 2.7. It holds that fic(k) € T(G).

Proof. Let ¢ := kici + -+ + kyc,. For each j € {1,...,r} we pick a path py;(c)wvs(e;)
along the edges of G starting in vg(c) and ending in ve(cj):

1 2 Pj

Vj :’UG(C), Vjyenr U5 :vG(Cj)a

such that <’u§ — vé“,cj} >0 for all [ € {1,...,p; — 1}. Note that it is always possible
to pick such a path since ¢; achieves minimum on G at v(c;). Thus for computing 7¢(c)
we choose an arbitrary path from 0 to v(c) and for computing 7 (k;c;) we pick first the
previous path from 0 to v(c) and then the above path p, (c)vg(c;), for all j=1,... 7.
Note that, by the definition of 7, (G), every choice of the above paths yields the same
element 7j¢ (k) € 7, (G). Thus we have

T pi—1
ﬁG(k) = Z ( Z <U§ — ’U;—H, k‘jcj>t[v;.¢v§v+1])' (6)
=1 =1

The coeflicients before t[vz_7vjl_+1] are either zero or positive multiples of K([vé, 1);,+1])7 which

proves the claim. O
Definition 2.8. We define the degree map deg : T, (G) ®z Q — Q, which maps all ¢; to 1.

For ¢ € M we see that

N

deg(iic(e) = 3 (0 — v ¢) = —(wa(e). <) = n6(c) € N, )

Jj=1

where we used that v' = 0 and v* = vg(c) as in Definition 2.6.

Corollary 2.9. We can choose z;(k) € N such that fig(k) = Y 1% lizi(k)t; € T(G), where
recall that l; = £(d) is the lattice length of the edge d'. For any such choice of z;(k) it
holds that
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Proof. It follows immediately by Lemma 2.7 and (7). O

Note that the choice of z;(k) from (8) is not uniquely determined, since we can for
example choose different paths p, (c)~uvg(c;) in the proof of Lemma 2.7, from which we
obtained z;(k).

Example 2.10. In Example 2.3 (where G = P and we write 7] for 7p) we first choose

v(er) = vt =(0,0), wv(ez) =v° =(2,0), w(cz) =v'=(2,2),

vicy) =02 = (1,3), wv(es) =v>=(0,2), w(cg) =2*=(0,0)
and thus

77](61> = 0, 77(02) = 2t4, 77(03) = 2t4+2t5, 77(04) = 2t3 +t2, ’F}(C5) = 2t3, ﬁ(CG) =0.

Moreover, for k; = e4 + eg we have

(k1) = 7j(ca) +7i(ce) — 7i(ca + c6) = 7(ca) +7i(cs) — 71(c5) = ta.

For ks = e3 + eg we have

ﬁ(kg) = 77(63) + 77(66) — 'fN](C4) = 2ty + 2t5 — 2t3 — to = to,

since 7j(cs) = 2tq + 2ts = 2t + 2t, € T(P). Note that we also obtain 7i(ks) = t5 by
(6) since the path py(c,)wv(cs) 18 going through vy = v(cs) = v?, v] = v(cz) = v' and

1 2

(v?2 — v', e3) = 0 and moreover, the path Du(es)ou(cg) 18 going through vg = v(cq) = V2,

v =03, v3 = v(cg) = v* and (v2 —v3,¢s) = 1 and (v® —v*, ¢c6) = 0. In the same way we

compute

i(k3) =0, n(ks)=t1, 7(ks)=1t1, 7(kes)=2ts, 7(ky)=2t5, 7(ksg)= 213,
f(ky) = ta + 2t3,

from which we see that za(kg) =1, 23(kg) = 1, z;(kg) = 0 for i = 1,4,5 and z3(ks) = 1,
zi(kg) = 0 for ¢ = 1,2,4,5. Note that, with a different choice of paths, we may have
fi(cs) = 2t5 + t1 and thus 7j(kg) = t1 + 2t5, which leads to a different choice of z;(kg) as
described above, since in this case we have z1(kg) = 2z5(kg) = 1 and z;(kg) = 0 for all
i=2,34.
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3. Flatness

In this section we construct a flat family that is deforming (X, 0X). For the following
definition see also [17, Section 3.4.4].

Definition 3.1. A deformation of X is a flat family of schemes f : X — S with 0 € S
such that f=1(0) = X. A deformation of a pair (X,0X) is a deformation of a closed
embedding 0X — X, which is a diagram:

Y € X

RA P

S (9)

with f; flat for i € {1,2} and f;'(0) = 90X, f;'(0) = X.

It is straightforward to define a deformation functor Fx (resp. F(x sx)) to be the iso-
morphism classes of deformations of X (resp. (X,0X)) over Spec A, where A is artinian
local C-algebra with residue field C (see e.g. [17, Section 3.4.4]). The corresponding tan-
gent spaces we denote by T3 and T(lx’ 2x)" We are going to analyze those tangent spaces
as well as the obstruction spaces in Subsection 4.1.

3.1. Homogeneous deformations

Let m € M be such that (m=1)N(R* =1)No equals a face G of P, which is not
a vertex (here we put P on height 1, i.e. P = (R* = 1)N o), and moreover, m has value
< 1 for any lattice point on P lying outside G. If m = R*, then G = P. Note that

me B:={R"—s]|se€d(S), (s=0)NPisa face of P, which is not a vertex} (10)

and thus every such m can be written as m = R* — 22:1 n;8; € M for some n; € N.
Assume that one of the vertices of G C P C N is equal to 0 € N. We are going to
construct a deformation of an affine toric variety X p using the monoid T(G) (with the
deformation parameters having degrees km € M for k € N).

We embed Spec C[T(G)] into SpecCluy, ..., un.] = SpecC[u], where ng denotes
the number of edges on G C P. We denote the kernel of the map Clug,..., un,] —
C[T(G)], u; — 1; by

e C Clugy ..., up). (11)

We choose z;(k) € N such that (k) = > 1% Lizi(k)t; € T(@), cf. Corollary 2.9, and
denote
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nag
uie k) .— e -nac(k) Hufi(k) € Clu,u1, ..., upn.] = Clu,ul. (12)
i=1

Moreover, let us fix a representation m = R* — 22:1 n;s; € M with n; € N and define

T
Xy 1= H x
i=1

Note that if m = R*, then x,,, = 1.
We also introduce variables Tj;, ¢ = 1,...,ng, j = 1,...,l; = £(E;) of degrees
degT;; = jm € M for all i and define the maps

l;
fuot : Clul = Clxpm, u, T},  fuor(u;) = ub + (X%u“_jTij). (13)
j=1

guot : Clu,u,x] = Clu, T, x|, u; — fusr(w), xj—xj, u—u (14)

Remark 3.2. The variables of our base space will be T;; and that this choice of u; is
the most natural one will become clear in Section 4 (more precisely in the proof of
Proposition 4.4) where we will see that the base space has the right dimension with this
choice. From the same proof it will also become clear why we are working with m € B.
Note also that u' and xJ u!=IT;; (for all j) have degree [;R* and thus fu_7(u;) is
homogeneous.

Let us denote

[Tij ‘ (AS {1,...711@}, (17]) € {(ivl)a"'v(iﬂli)}]
[Tits.. o Tty Togts- .o T

ﬂGlnG]
and define
Fi(u,x) := x¥ — x9®0uc®) ¢ Cy, u, x]. (15)

Let Zp := (Fx | k € N") C Clu,u,x] be the ideal generated by Fx. We denote by
Ty C Clu, T, Xy,] (resp. Jr C Clu, T, x]) the ideal generated by Just(Zf(@)) (resp.
Ju—1(ZF)).

Remark 3.3. Note that the ideals jT(G) and Jr depend on m but we keep the notation
simple and do not write additional subscript m.

Example 3.4. From Example 2.10 we see that

2
Fy, = x4x6 — w5u2, Fk, = 306 — Tau2, Fi; = 13705 — 7y, Fk, = T2T5 — 241,
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Fy, = vowy — w3u1, Fig = X226 — us, Fk, = 2123 — 22us, Fiy, = 2175 — Teus,

5

Fyy = 124 — ugug
and we obtain fi, from F, if we write u; = uli. A

For an integer z € Z we define

L {z ifz>0 _ {—z if2<0
z = z =

0 otherwise, 0  otherwise.

It is clear that

_ (Hu Hu T e TG NT(G)) CClul = Clur,... ung] - (16)
i=1
with
T(G)* = Spang { (3(d)(d",c), ... 6.(d")(d",c)) | ¢ € M, e a 2-face in G }.  (17)

Let d € T;(G)NT(G)* (as in the equation (16)) and let

Hu Hu Ly C C[u]. (18)

Since pg(u) is homogeneous of degree goR*, where gq = > 1.5 df = Y"1'° d;, we can

write in a unique way
fuorr(pa(u Zxﬂ = Ip{(T), (19)

where p(j )( T) € C[T] are homogeneous of degree jm € M. We define the ideal

Ts = (T) |d e T;(G)NT(G)*Y, j=1,...,90)  C[T],

i.e. Jg is generated by the polynomials pg)(T) for all d € T;(G)NT(G)* and j =
1, <5 9d-

Remark 3.5. Note that the term u92 gets cancelled in (19).

Example 3.6. Let us continue our Example 2.10. Using the notation from Subsection 3.1
we take m = R* and thus we have G = P. We see that the ideal IT(P) is in this case
generated by
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IT(P) = (ug — urug, UsU — UU3).

The two generators are obtained from
((d", (1,0)),...,(d°,(1,0))),  ((d",(0,1)),...,(d°,(0,1))) € TZ(P)NT(P)*.
Thus (C[u]/I:;(P) ~ Cluy, ug, us, us]/(usu; — ugug) and fu_yr(usur — ugus) is

(u2 + 150 + UT51) (U + Tll) — (u + Tgl) (U2 + T35 + UT31) =
= u?(T11 + Ts1 — Tor — Ta1) + u(T11Ts1 + Tso — Tz — TorTs1) + T11Tso — To1Tso.

Thus the ideal Jg of B C Spec C[T11, To1,T51, T32, Ts1, T52] is given by
I = (Th1 + Ts1 — To1 — T31, T1aTs1 + Tse — Tao — To1T31, T11T52 — To1T52).  (20)
3.2. The proof of flatness

Recall the ideals J5 and Jg.
Theorem 3.7. The map
7y : Spec Clu, T, x]/(Jp + Jr) — Spec C[T]/Tn

is flat.

Proof. Using (12) and (15) we see that
U b 2 (k)

Fie(u, T, %) := gust (Fie(u, x)) =xX —x90) (k)= (k) H (ul +Z (x{nuliﬂTij)> .
, =

=1
(21)
By (8) we see that Fi(u, T, x) is a lift of fi(u, x), which means Fy(u,0,x) = fi(u,x). We
are going to prove flatness by the lifting relations Ra x = fatkx — X*fx — we (k) fok)+a
from Lemma 2.2. Let ank ‘= GuoT (Fa+k(u,x) —x2Fx(u,x) — uﬁG(k)Fa(kHa(u, X))
and as before we see that f{a,k is a lift of Ra k.
We will show that ank is a linear relation between Fi(u, T,x). We compute

Rax = Guot (_Xa(a+k> wic@+k) | uﬁc<k>xa<a+a<k>)uﬁc<a<k>+a>) . (22)

Immediately by definition we see that d(a + d(k)) = d(a + k) and thus x?@+9(k) —
x9@+k) n the following we are going to prove that

iic(a+ 0(k)) + ia(k) = ic(a+ k) € T(G). (23)
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Let us write 9(k) = (b1,...,b,) € N” and thus using d(a + d(k)) = 9(a + k) we get
ﬁG@*JQ—(ﬁﬂa+5aﬂf+ﬁ%m)=ﬁG(E:kwo-—E:ﬁﬂ@%)ZOEiYG%
i=1 i=1
where the latter equality holds because by definition b; = 0 if U(Z;Zl kjcj) # v(c;) and

moreover we have Y7, kjc; = 37 bjc;. Thus (23) holds and by applying the degree
map, cf. Definition 2.8, to (23) we also see that

na(a+0(k)) +na(k) = ne(a+k) €N,
for any G C P (including G = P). This implies that
ue@E)+a)tic(k) _ yiclatk) o IT(G) C Clu).
As in (19) we thus see that (22) can be in a unique way written as
_ na(atk)

R = x0@+0 e @+ —nc (a+k) Z xJ unc(a-i—k)—jpéﬂ;{((T) , (24)
j=1

where pg {( € Jg C C[T] are homogeneous of degree jm € M. Thus Ea,k is indeed a
linear relation, which finishes the proof by the well known flatness criterion, see e.g. [18,
Section 1]. O

Let us consider the diagram

Spec Clu, T, x]/(Ts + Jr,u) ¢

T k///%;//

Spec C[T]/Ts

Spec Clu, T,x]/(Js + Jr)

(25)
where the maps m; are defined by T — T. We denote X := Spec Clu, T,x]|/(Js + JTr)
and B := Spec C[T]/Jp and thus we have the flat map m5 : X — B that we are going to
analyze in more detail in the upcoming sections.

Theorem 3.8. The above diagram is a deformation of (X,0X).

Proof. The fibers over 0 are ;1 (0) = 90X and 7, *(0) = X and we have already proved
that mo is flat. Thus also 7 is flat (see e.g. [16, Lemma 3.10]). Note that we could also
prove that m; is flat directly by lifting the relations (the computations are the same as
for proving that ms is flat modulo u). O
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4. The Kodaira—Spencer map

In this section we are going to prove the following theorem.

Theorem 4.1. The Kodaira—Spencer map ToB — @, o T(lx ox)(—km) C T(IX ox) of the
deformation (25) is bijective and the Kodaira—Spencer map ToB — @cn Tx (—km) C
T of the map ma in (25) is surjective.

4.1. The tangent space T(lxﬁx) and the obstruction space T(QX,ax)

Since 0X — X is a regular embedding we can use results in [8] to describe T(lx’ ax)"
Let us denote A = Clu,x]/Zs and thus X = Spec C[u,x]/Zs = Spec A. We know that
0X = SpecCu,x]/(Zs,u) = Spec A’ with A’ := A/(u) and X — X — C"+1,

We have the following exact sequence (see e.g. [8, Equation 11]):

0= Tox = Txjox 2 Noxix —= Tixox) = Tx = H' (Nox|x) =+ (26)

where Tpx = Derc (A’, A’) are derivations from A’ = A/(u) to A, Tx|sx = Derc (4, A)®
A" and Nyx|x = Hom ((u)/(u)?, A). Recall the set B from (10).

Proposition 4.2. For r € B, we have dimc T(lx ox)(—7) =1+ dimc T%(—r). Moreover,
it holds that T3 = Ty 5xy and Ty 5y = Tx @ Im(p1).

Proof. Note that as X — X is a regular embedding, Ny x|x is a line bundle on the
(affine) X. Hence, H'(Nyx|x) = 0 for i > 0. Thus, T} = T(ZX,E)X) and T(lx,ax) =
Tx @ Im(py). For any r = R* — s € B, we observe that the element u — x* in Nyx|x
does not lie in the image of ¢, from which it follows that dimg¢ T(lx,ax)(fr) =1+

dime Tk (—r). O

Remark 4.3. Note that any deformation of the (affine) X induces also a deformation of
0X by looking modulo u (see e.g. [16, Lemma 3.10]).

4.2. The dimension of B

Recall that Jg is generated by the polynomials péj)(T), appearing in (19). In par-

ticular, we see that the tangent space ToB of B = SpecC[T]|/Jg C SpecC[T] at 0
is

Se(d)

3

nG .
{(Tu,...,T1117...,Tncl,...,TnGlnG)E(CZizlll | Z
di;l; >y

d'Ti; =0,

for j € N and 2-face € in G}. (27)
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Indeed, fu_1(pa(u)) is modulo (T)? equal to Z?il dodid; > %(dﬂc)x%ugi_ﬂ'ﬂj.
Recall by Remark 3.3 that B depends on m.

Proposition 4.4. For m € B C M we have dim¢ TyB = dimc PBren T(lxyax)(—km).
Proof. For j € N we denote

5e(d)

7

T()B(j) = {(le, A aTTLcj) e Cre | Tij =0if lz < j, Z dz:z'vl] = 0,

disli>j

for each 2-face € in G}, (28)

where G = (R* = 1) N (m = 1) N o as before. By a well-studied description of T% (see
[3, Theorem 4.1], where it is described precisely in terms of the vector space appearing
n (28), denoted by V¢ (jm) in that paper) and Proposition 4.2, we immediately see that
for 7 > 2 we have

dime ToB(j) = dime Tx (—jm) = dime Tx 5x)(—jm)
and
dime ToB(1) = dimg Ty (—m) + 1 = dimc Ty 5x)(—m). (29)

From the equation (27) we have ToBB = @, . ToB(j), from which the proof follows. O

jeN
Example 4.5. In our Example 2.3 we have

dime Ty gxy(—R*) =3, dimg Ty gx)(—2R*) =1, dime Ty yx)(—kR*) =0,
for k > 3.

Remark 4.6. Note that with Proposition 4.4 we see that our choice of w; in (13) was
natural since we obtain the right dimension of the tangent space and we also see why
m needs to lie in B since otherwise we cannot apply formulas for computing 7% and
Proposition 4.2 to get the right dimension of the tangent space. For example, we could
also define fu_r(u;) = ub + x,, Ty, but if I; > 1 we only get a strict subset of
dime @Pjen T(lx’aX)(—km) for the tangent space. If [; = 1 for all ¢ and m = R*, then
fuoT(u;) = u+ T;1 so we are in the case of [1] by Altmann. Here we see that it is more
natural to consider deformations of (X,9X) due to (29), which was also mentioned in
the introduction. Now that we naturally obtain a flat family with the right dimension
of its tangent space, the goal is to prove that this family is in fact miniversal in degrees
—km, k € N, by proving bijectivity of the Kodaira—Spencer map and surjectivity of the
obstruction map.
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4.3. The Kodaira—Spencer map

We refer the reader to [14, Section 10] for the definition and the construction
of a Kodaira—Spencer map. In the following we will construct the KodairafSpencer
map ToB — @ ey Tx(—km) of the map my, cf. (25). As before let us write A :

Clu,x1,...,2.:]/Is. The following exact sequence is well known:
0 — Derc (A, A) — A" 5 Hom 4 (IS/Ig, A) = T% = coker(¢) — 0, (30)
where the map ¢ maps an element (h, hy,...,h,) € A" to

f haf + Zh 3f € HOIHA(IS/IQ A).

Computing Fi(u, T, x) from (21) modulo (T)? gives us

ng I;
Fx(u, T,x) = fx(u,x) ZZ (K)Tyx7 - x9Wyne)=i ¢ C[u, T, x]/(T)%

Thus the Kodaira—Spencer map of the flat map 72 is given by ToB EiER T}, where

T) = (fk = Zizi(k)Tinfn - x 0 yne (=i ¢ A) €Ty

i=1 j=1

and we look on T% as a cokernel of the map &, cf. (30). Now the image of £ in degree
—m is one-dimensional and the image of £ in degrees —km, for k > 2, equals zero. By
restricting the codomain to @,y Tx (—km) C Tk we see that K is surjective and
has one-dimensional kernel. This one-dimensional kernel of Ty induces one-parameter
deformation of (X, 0X) that non-trivially deforms 0.X and trivially deforms X. Its image
under the Kodaira-Spencer map K : ToB — @,y T, XE)X)( km) C T(lx,ax) equals
im(ep1), cf. Proposition 4.2. Using Proposition 4.4 we thus proved Theorem 4.1.

5. The miniversal deformation
5.1. The obstruction map

In the following we are going to show that the map 7y (appearing in the deformation
diagram (25)) is surjective. This implies that the deformation (25) of (X, 9X) is maximal
with the prescribed tangent space P,y T(lX,ax)(fkm), i.e. we can not extend it to a
deformation of (X,0X) with a larger base space (by keeping the tangent space fixed).
In this case we also say the deformation diagram (25) is miniversal in degrees —km for
all k € N.
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Remark 5.1. The justification for using the term miniversal in degrees —km is that if the
miniversal deformation of (X,0X) exists (which is the case if X is three-dimensional,
see [10]), then we get the miniversal deformation in degrees —km, k € N, by restricting
it to only those variables coming from P, T(lx, ox)(—km). In particular, we obtain
the miniversal deformation in degree —km (for some k € N) by restricting to only those
variables coming from T(lx, ax)(—km).

We briefly recall the definition of the obstruction map from [14, Section 10]. Let R be
the module of linear relations between the equations fx € Zg defining X = Spec A. The
module R contains the submodule R of the so-called Koszul relations and we have

T2 . HOID(R/RQ, A)
X

. Hom(@Pycn- CIx, ulfx, A) (31)

Since we will no longer use the total number of edges of P, we denote by n := ng the
total number of edges of G for simplicity. From (18) recall pg(u) € Iy cC [u] with

d=d,, = (6.(d")(d"c).....0(d") ("%, )} € TF(G) N T(G)* (32)
for some ¢ € Mg and some 2-face € in G. Recall also that Jp is generated by pgij)(T)7
cf. (19). We consider the ideal

Js = Js - (T) + J5C[T] C C[T],
where
JTp = (pgc)(T) | pgc) (T) contains a monomial aT;; for some a € C \ {0} and 4, j € N)

denotes the ideal generated by only those pglk) (T) that contain a monomial aT;;. We

define a Z-graded vector space W := \75/:773 with W = @ cny W

Remark 5.2. If all edges appearing in G = P have lattice length 1, then [J} is generated
by degree R* elements in Jg.

Example 5.3. In our example we computed the generators of the ideal Jp in (20). The
ideal \7[/3 is in this case equal to (Tll + T51 — T21 — Tgl, T11T51 + T52 — T32 — T21T31). A

From (24) recall }NBa,k, where pSL(T) € Jp are defined in (19). Recall R,k from
Lemma 2.2. Let 0 € Hom(R /Ry, A ® W) be defined by

na(a+k)
o( Raxe) = Xa(a+k)unP(a+k)*ﬂG(a+k)< Z xk unG(aJrk)*kpgfl){(T)) cARW. (33)
k=1
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It holds that

0 € Hom(R/Ro,A®@ W) = Hom(R/Ro, A) @ W = T2 @ W = Hom((T%)*, W)
and o : (T%)* — W is called the obstruction map of the map .
5.2. Toric description of the obstruction map

The following definitions already appeared in [1, Section 6]. Recall the Hilbert basis
E of S =0 N M from the equation (2) and for R € M we consider

Ef = Ef:={ec E|(de) < (a',R)}.

For a subface 7 of o (denoted 7 < o) let EE := N .. Ef. The Z-module of all linear

ateT 1
relations among elements in EX we denote by L(EL).

Proposition 5.4.

, ker (@i Le(EE) — Le (E))
1image (@(ai7ak>§o- L(C (EZR N Ellj) - @i LC (EZR))

Proof. See [7, Propositions 5.4, 5.5]. O

By v. we denote the vertex 0 of G = PN (m = 1) C P for some m € B, cf. (10). From
now on we will work only with G (instead of P), and for simplicity we write n := ng for
the number of edges of G and v(c) := vg(c) for ¢ € M. The following we recall from [5,
Definition 3.6].

Definition 5.5. Let E1, ..., E, be the edges of G, oriented by direction vectors d', ..., d".
For a path p = p,1.,+ along the edges of G we define its edge-count vector

#(p) == (1(p), ..., vu(p)) € Z",

where v;(p) is the signed number of times the path p traverses the edge E; (with orien-
tation given by d). Thus #(p) records, for each edge, how often and in which direction
the path passes through it.

For a,c € M we set

A(a) = #(pv*f\»v(a)>7 Hc(a) = #(pv(a)«»v(c))a

where in the second case the path is chosen such that pé(a) (c,d') <0 for all d'. Finally
we define

A(a) == Aa) + p“(a).
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Recall pg(u) from (18) and p&k)(T) from (19). As in (32), for any p = (u1,. ..

Z™ satisfying > i, uid' = 0, we define

d(p,¢) = ({md",c),..., (pad", ) € TZ(G) NT(G)*,

k
p(:©) = Paguey(w),  p™ (p,¢) = pé()ﬁ,c)(T),

(k)

iy c)(T) is homogeneous of degree km, cf. (19). We define the map

where p
w@(k) : LC (E(]:Zn) — Wk,

q— Z a;p™ (A9 (v7) = Av(ey)), ¢5).

Lemma 5.6. p(k)(ﬁ, c) € Wy, is a bilinear map:

M (p1 + pa, €) = p™ (u1, €) + p™ (pa, ¢) € Wi and
p(k) (Ma c1+ 02) = p(k) (,U/7 Cl) + p(k)(:u‘a 02) € Wk:~

Proof. Straightforward computation shows that

1 n af noody 1 n et nooer
T 1, i [
spa)(JTw" + [Tw") + gpe)(JTw + ] w")
=1 1=1 =1 =1
ndaf n f nood; N e
e s T 1
=[Tw" ITw' —ITw" ITw"
i=1 i=1 =1 =1
e d; at et
:pd+§(u)Huil Huzz Huz1 Huzi’
1€S5 i€ S2 1€S3 1€Sy

where

Si={ie{l,...,n} |d; >0, ¢ <0, d; +¢; >0},
Sy={ie{l,...,n}|d;i <0, e; >0, d; +e; >0},
Ss={ie{l,...,n} |d; >0, ¢ <0, d; +e; <0},
Se={ie{l,...,n} |d;i <0, >0, d; +¢; <0}.

Now our claim easily follows because W is a quotient space W = J/ :7;. O

wun) €

Proposition 5.7. w;k) induce the linear map 1*) T%(—km)* — Wy and the map

=Y " PTI(~km)* - W

keN keN
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1s the obstruction map of the flat map 5.

Proof. The idea of the first part of the proof is similar to [1, Lemma 7.7]. Let p¥ denote
the path consisting of the single edge running from v’ to v7. For q€ L(Ef}” N Efjm) we
see by Lemma 5.6 that

q/}(k)( (k) qup(k A(aj)erij’Cl)+qup(k)(ﬁcl(ai)iﬁcl (@)= pi, cy).
I=1

We want to show that the above expression is equal to 0. The first sum is zero
by Lemma 5.6 using Y ;_, ¢¢; = 0. For the second sum, we observe that for ev-
ery q € L(E*E" n EFEY), the following holds: if ¢ # 0, then (c;;n(¢)) € E sat-
isfies ((c;;m(cr)),a’) < (kR*,a') = k. Using the identity a® = (v;;1), this implies
(cr,v3) — (e, v(¢r)) < k, and similarly, (¢;,v;) — (¢, v(¢;)) < k. From this, it follows
that the degree of p(u“(a’) — p“(a’) — p,¢;) is zm for some z < k. Therefore,
p®) (e (a?) — pct(a?) — p¥,¢;) = 0, which concludes the proof that wgk) induce the
linear map ¢*) : T2 (—km)* — Wy.

The proof that v is the obstruction map is similar to [5, Proposition 7.5] or [1, Propo-
sition 7.8] so we just highlight the main idea: using [2, Theorem 3.5] we can find an
element of Hom(R/Ro, A ® Wy,) representing ¢)*). It sends the relation Rgy to

o (Br) = (050, (0 = 000) = ¥, L (k= D(K)) ) 22755 i pp(a+ k) > k,

, otherwise.

(36)
This element induces the same element in Hom(R/Rg, A ® W}) as o from (33). O

5.8. Surjectivity of the obstruction map

In this section we prove the surjectivity of the obstruction map . The idea of the
proof is new, with the previous techniques we were not able to obtain the surjectivity
of the obstruction map even in the single Gorenstein degree —R*, if P has at least one
edge of lattice length > 2, cf. [5, Example 6.5, Remark 7.9].

Let € be a 2-face in G = (m = 1) N (R* = 1) No C P with cyclically ordered vertices
vl .. 0", where we set v ! := vl Let a’ = (v%;1) and define d* := vi™! —v’. Then we
have 3", d' = 0. For R € M we denote

Kf‘:j = KZ-R ={res|{a',r) < (@, R)}

and KH+1 = K ﬂKﬁ-H.

(K)

Let @c == pcn e » where

A0 (Mspang KL/ Spang(V KEL)) - Wi

7
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(¢;m) € M pgk) (c) := p(k) (1., 0).

Note that we have already oriented €, which is a 2-face, and thus we can simply take
i := 1., meaning that it takes the value 1 on every edge of € and 0 elsewhere. Let us

check that the map cpgk) is well defined: we need to show that

M (c) =0 Wy force KM, (37)
i
For ¢ € M we denote
d(c) == max{(v',c) | i=1,...,n} —min{(v’,¢c) | i=1,...,n}. (38)

We immediately see that the degree of the homogeneous polynomial
PaW) € Ty, d = (d )., (d",)),
is equal to d(c)m, cf. (18). Thus (37) follows from the following lemma.
Lemma 5.8. There exists z € Z such that (c;z) € [, Kf,ﬁ1 if and only if d(c) < k —1.

Proof. It follows immediately by definitions: note that a® = (v%;1) and that r €
ﬂle;’j_l =, Kk if and only if 0 < (a’,r) <k —1foreveryi=1,...,n. O

Corollary 5.9. The map ¢, is well defined.
Remark 5.10. We will see from the proof of Theorem 5.12 that the maps ¢, play a
crucial role in proving the surjectivity of the obstruction map . Moreover, if Xp is
three-dimensional (with P =€), then v is the C-linear extension of ¢..
Lemma 5.11. For an edge d* = vt — v* it holds that
ce (d)*t (39)

if and only if there exists z € N such that

(¢;2) € (a') " N (@™*h)* (40)
Proof. Recall that o = (v,1) € N and thus (40) follows from (39) by picking z :=
—(c,v") = —{c,v"™h). From (40) it follows that {(c,v%) = (c,v**!), from which (39)

follows. O

Theorem 5.12. The map ¥ : @ cn Tx (—km)* = Py Wi is surjective.
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Proof. Recall the description of T% from (34). We need to show that p((ik)(T) are in the
image of 1*) for d = d. . (for every two face €), cf. (32). -

Let us fix a 2-face e (with vertices v*, i = 1,...,n). Starting from (c;z) €
Ni_,(Spang K f?}rl) we obtain the corresponding element

L(c) € ker (EB Le(BF™) - L(C(E))

=1

as follows: we can write

c= Z%,jcj +@(0,1), (41)

Jj=1

where ¢; ; # 0 implies that (c;;7(c;)) € EA™ := E¥™ 0 EF1, . Let

L(c)i = (¢ij — qi-1,,)(cjin(¢;)) + (g — gi—1)(0,1) =0
J
be an element in L(EF™), which defines L(c) := Y, L(c); € @;—, L(EF™).
To show that 9 *)(L(c)) = gogk) (c) = pgk)(c)7 we need to verify that

Z Z(Qi,j - qifl,j)p(k) (ch (Ui) - A(U(Cj))a Cj) = ng)(c)-

i=1 j=1

Using Lemma 5.6 and the path p% from the proof of Proposition 5.7, this is a straight-
forward computation, similarly as in [1, Section 7.9(iii)].
Thus we show that for any ¢ € (), (Spang K[7%,), there is »®*(c) € Wy To finish

the proof, it is enough to show that if

for each z € Z it holds that (c; z) & ﬂ Spang Kfﬁ_l, (42)

i=1

then pgk) (¢c) =0 € Wy. For k > 2 we immediately see that

S M N (a')t N (a1t it ((d') > k
Spang Kch7y, = | SPanz (M0 (@)t (@yhm) it ) 2 )
M if £(d’) < k.

For ¢ # 0 we see by Lemma 5.11 and (43) that if (42) holds, then (c,d') # 0 for some d"
with £(d?) > k, from which it follows that p*)(c) = 0 € W}, since the coefficient in front
of Ty in p*¥)(c) is non-zero. O

Thus we proved the following.
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Theorem 5.13. The deformation diagram (25) is the miniversal deformation of the pair
(X,0X) in degrees —km, k € N. Moreover, the flat map

7y : Spec Clu, T, x]/(Jp + J5) — Spec C[T]/Ts,
is a versal deformation of X in degrees —km, k € N.

Proof. This follows from Theorem 5.12 (surjectivity of the obstruction map ) and
Theorem 4.1 (bijectivity of the Kodaira—Spencer map in the case of deforming (X, 0X),
and surjectivity of the Kodaira—Spencer map in the case of deforming X); see, e.g., [14,
Corollary 10.3.20]. O

Remark 5.14. Let P be a reflexive polytope and
mEMOZ{(C;O)EM|CEM},

ie., Mg consists of those m that their projection to the last component is 0, i.e. For such
m the deformations in degree —m are called degree 0 deformations and by a comparison
theorem of Kleppe [15] those deformations induce deformations of the toric Gorenstein
Fano variety Y associated to the face fan of P. Moreover, the tangent space of deforma-
tions of Y is isomorphic to €D, ¢ 7. T (—m), where X = Xp is the affine cone of Y, the
obstruction space of deformations of Y is also isomorphic to &, .57 T%(—m).

Corollary 5.15. A versal deformation of X in degrees —km, for all k € N and m € Mo,
induces a versal deformation of Y in the same degrees.

6. Irreducible components of the reduced miniversal space

In this section we show that irreducible components of our constructed reduced
miniversal space of Xp in degrees —km, k € N, are in one to one correspondence
with maximal Minkowski decompositions of G = P N (m = 1). This is a generalization
of Altmann’s result in [1], where it was shown that if P has edges of lattice length 1,
then the components of the miniversal space in degree —R* of Xp are in one to one
correspondence with maximal Minkowski decompositions of P = PN (R* = 1). In our
result it is interesting that the Minkowski decompositions of PN (m = 1) do not encode
the components of miniversal space in degree —m but in fact encode the components of
the whole miniversal space in degrees —km, for all £ € N. However, this is not surprising
since this happens already in the two dimensional case, which we cover in the following
remark.

Remark 6.1. The two dimensional affine Gorenstein toric varieties are A, -singularities
given by the equation zy — 2" C CJz,y,2]. The polytope P that is defining X =
SpecClz,y, z]/(xy — z™) is a line segment of lattice length n (say P = [0,n]). The
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miniversal deformation of (X,0X) (or X) is very well known since X is a hypersur-
face: the deformations of (X,0X) (resp. X) are unobstructed with the dimension of
the miniversal base space equal to n (resp. n — 1). Note that this follows also from our
construction since, if P is a line segment, we do not have equations of the base space.
Moreover, we know that dim¢ Tx (—kR*) = 1 for all k = 2,3,...,n and it is 0 for all
other lattice degrees (see e.g. [3, Theorem 2.5] or [5, Proposition 2.5]). From Proposi-
tion 4.2 then follows that dim¢ T% (—kR*) = 1 for all k = 1,2,...,n and it is 0 for all
other lattice degrees. Since P = [0,n] = (R* = 1) N o we see that we have only one
maximal Minkowski decomposition P = [0,1] + - - - + [0, 1] = n[0, 1] which correspond to
the only component of the miniversal base space. A

Let Q1 + --- + @, be a Minkowski decomposition G = P N (m = 1) (where Qy are
lattice polytopes for k € {1,...,p}) and let n;; € N be the lattice length of the part of
the edge d' that lies in Qj, for i € {1,...,ng}, k € {1,...,p}, ie. £(d") = 1; = > ¥ _, n.

Let C[Z]) := C|[Zy,...,Z,]. Recall (16) and define the map

ngG
h : SpecC[Z] — Spec(C[u]/If(G) by wu; — H Z".
i=1

Clearly this map is well defined (by definition of I’f(G) we immediately see that
h*(Iq:(G)) = 0) and the kernel of h* is a prime ideal, because the image of h* is an
integral domain.

Proposition 6.2. The irreducible components of the reduced space of Spec(C[u]/I:;(G) are
in one to one correspondence with maximal Minkowski decomposition of G = Q1+ -+
Qp- Intersection of components is obtained by the finest Minkowski decompositions of G
that are coarser than all the maximal ones involved. This correspondence is given by the
map h.

Proof. It follows immediately from [1, Section 2 and 3] just observe that instead of one
variable u;, which correspond to the edge d* with lattice length [;, we have [; variables
w;1, Wiz, - .., W;, that correspond to a line segment % (of lattice length 1) and u; =
Wil Wi2 * -« - Wy, O
Moreover, we define the map
g :SpecC[Z] — B =SpecC[T]/Js by
sending T;; to the degree j part of the polynomial

1+ Z0)" - (1+ Z,)" € C[Z4, ..., Z,).

Writing explicitly
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* n; n; s .
g*(Ty;) = Z (rll) ( P)Zln..‘zpzp,

. T
rikENSY D Tik=] P

From the construction of our miniversal deformation we see that ¢ is well defined. The
kernel of g* is a prime ideal, because the image of g* is an integral domain.

Proposition 6.3. The irreducible components of the reduced space of B = Spec C[T]/Jn
are in one to one correspondence with mazimal Minkowski decomposition of G = Q1 +
-+ Qp. Intersection of components is obtained by the finest Minkowski decompositions
of G that are coarser than all the mazximal ones involved. This correspondence is given

by the map g.

Proof. This follows from Proposition 6.2 using the following: Js C C[T] C C[Xn, u, T
is the smallest ideal that contains fy_,T <I:;(G)> C Clxm,u, T] and is generated by
polynomials from C[T|. O

Corollary 6.4. Irreducible components of our constructed reduced miniversal space of Xp
in degrees —km, k € N, are in one to one correspondence with mazimal Minkowski
decompositions of G = P N (m = 1), where the summands are lattice polytopes.

Remark 6.5. If X is three-dimensional, then Corollary 6.4 is the first step towards de-
scribing all reduced irreducible components (see [10, Conjecture A] for a conjecture on
smoothing components) since in particular it says that all reduced irreducible compo-
nents in degrees —kR*, k € N are in one to one correspondence with maximal Minkowski
decomposition of the polygon P (defining X) into lattice polytopes.

Example 6.6. Recall the ideal Jz of B from (20) in Example 3.6. We can compute that
B has two irreducible components given by the following two ideals:

I = (T — To1, T3y — T51, 132 — T52)
Iy = (Tyy —Tor — Ta1 +Ts1, T2 — Ts1Ts1 — Ty + To1 Ty — 2Ts0 + Tso, Ty — Tor Tsy + Tsz).

We have two maximal lattice Minkowski decompositions of P.

A+I+IQI§.+A+I

We first consider the Minkowski decomposition on the left. The map ¢* is in this case
given by:
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T Zo, Torwr Zo, Ts10> Z1+ 2o, Tsg > Z1Zy Ts1 v Zy+ Za, Tso v Z125.

Thus the kernel of g* equals the ideal I;. The map g* is for the second Minkowski
decomposition given by:

Ty Zo, To1—= 2y, 31w Zo+2Za, T ZoZay, Ts1 v Zi+ 2o, Tso v Z125.

Thus the kernel of g* equals the ideal I. The first component (corresponding to I7) is
thus isomorphic to Spec C[Ti1, T31, T52] and the second component (corresponding to Is)
is thus isomorphic to Spec C[T%1, T51, T51]-

Data availability
No data was used for the research described in the article.
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