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Abstract. In bilevel optimization, an upper level (UL) decision maker
seeks to optimize an objective function while considering the optimal
solutions of a lower level (LL) optimization problem. This hierarchical
structure poses modeling and solution challenges, especially when the LL
problem has multiple solutions. In such a case, the UL needs to make
assumptions about the LL reaction. In the optimistic approach, the UL
assumes that the LL reaction will be favorable, while in the pessimistic
approach the opposite is true. In this study, we consider the case of a
multiobjective bilevel optimization problem, where the UL has multiple
objectives, while the LL has a single objective, but multiple optimal so-
lutions for any given UL decision. Given that the LL can choose any
solution from its optimal set, and in case the UL is not aware of the LL
choice function, it leads to the possibility of two Pareto-optimal fronts at
the UL, i.e. the optimistic and the pessimistic frontiers. To approximate
both Pareto-optimal fronts, a §-perturbation approximation is proposed
in this paper, where the LL objective is perturbed by a small § by uti-
lizing the UL objectives at the LL. The perturbed reformulated bilevel
problem is then solved via an extension of m-BLEAQ, an evolutionary
bilevel algorithm that can deal with bilevel problems with multiple ob-
jectives at the UL and a single objective at the LL. The application of
the m-BLEAQ algorithm to the reformulated bilevel problem leads to
the identification of the optimistic and pessimistic frontiers for the mul-
tiobjective bilevel problem. In this proof-of-concept study, the proposed
reformulation strategy is demonstrated on two test problems, showing
the effectiveness of the proposal in accurately finding the optimistic and
pessimistic frontiers.
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1 Introduction

A bilevel optimization problem (BOP) constitutes a distinctive category of opti-
mization problems, characterized by two interconnected optimization levels: the
upper level (UL) and the lower level (LL). The two levels control different sets
of variables and have their own objective functions and constraints. Due to its
hierarchical nested nature, the LL problem is part of the UL constraints, which
requires that every feasible UL solution satisfies the optimality conditions of
the LL optimization problem. Related overviews for bilevel optimization can be
found in [10, 26, 2]. In case both or one of the levels have multiple objectives, we
have a multiobjective bilevel optimization problem (MBOP). The readers can
find a comprehensive review on these problems in [11].

In bilevel optimization problems, when the LL has multiple solutions for
each UL solution, it implies that a set of efficient LL decision vectors exists for
each given UL vector. This means that for a given UL decision, the optimal
LL solution is not a singleton, but a set. This creates ambiguity about which
LL solution should be used by the UL while searching for the bilevel optimal
solution(s). To address this uncertainty, two approaches are commonly taken: the
optimistic and pessimistic approach [26]. When taking an optimistic perspective,
the UL assumes that the LL will choose that solution from its optimal set, which
is the best for the UL. In the pessimistic approach, the UL aims to optimize their
objective by assuming that the LL may make a worst-case choice for the UL.

For most situations, the UL does not have knowledge of the choice function of
the LL, meaning the LL may select any solution from its set of optimal solutions
for a given UL decision. In the case of multiobjective bilevel optimization, this
can result in two distinct Pareto-optimal fronts for the UL and also raises a
number of decision making difficulties. These fronts correspond to the best and
worst-case scenarios, respectively, for the objectives of the UL, and finding these
frontiers is the focus of this study.

In recent years, evolutionary approaches (EAs) have been developed to ad-
dress the multiobjective bilevel problem, such as [12,14,9]. The authors of [9]
suggested an evolutionary local-search algorithm for multiobjective bilevel prob-
lems that handles multiple objectives at both levels. The work was an improve-
ment over the older versions of their algorithm [8,22]. Further improvements in
multiobjective bilevel solution methods were made in [20] by approximating the
LL Pareto-optimal set.

The multiobjective bilevel evolutionary algorithm (m-BLEAQ) was proposed
in [24, 27] to solve problems with multiple objectives at the UL and a single objec-
tive at the LL. A value function, representing the preferences of the LL decision
maker, models LL optimization when both levels have multiple objectives. This
value function selects a single preferred solution from the LL Pareto front, ef-
fectively reducing the multiobjective LL problem to a single-objective one. This
reduction assumes that the preference structure of the LL decision maker is
known to the UL decision maker. The algorithm’s principle relies on estimating
LL decisions as a function of UL decisions, utilizing local quadratic approxi-
mations to reduce computational costs. Similar bilevel mapping-approximation
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ideas are used to solve single objective bilevel optimization problems as well
[21,19]. In cases of single objective at the LL, if the LL returns a singleton, an
optimistic or pessimistic position does not arise.

Most multiobjective methods [9,12] assume an optimistic approach, mostly
due to the ease in finding the Pareto-optimal front compared to the pessimistic
case. In the context of the pessimistic approach, additional levels of complexity
arise from the intricate decision-making interactions between UL and LL. How-
ever, the solutions on an optimistic Pareto-optimal frontier are not always real-
istic since the UL cannot control the choices of the LL. Moreover, the pessimistic
Pareto front is essential as it provides a bound for worst-case LL responses. By
identifying this front, the decision maker ensures robustness, i.e., by choosing
a point from the pessimistic frontier, the UL decision maker’s actual realized
solution can never be in the region dominated by the frontier, irrespective of the
choices of the LL decision maker. In [1], the authors focused on semivectorial 4
bilevel problems and suggested that, apart from optimistic and pessimistic so-
lutions, an UL may also aim for intermediate (moderate) solutions based on the
level of risk they are willing to take.

Recently, Deb et al. [7] introduced an evolutionary approach for such hier-
archical problem solving, allowing UL decision makers to minimize deviations
from their expectations caused by independent LL decisions by identifying a set
of pseudopessimistic solutions. To our best knowledge, there is no study that
approximates both the optimistic and pessimistic Pareto-optimal fronts of the
multiobjective bilevel optimization problem, where the UL contains multiple ob-
jectives and the LL contains a single objective with multiple optimal solutions.

In the classical bilevel optimization literature, approximation methods ex-
ist for addressing problems with specific mathematical structures- e.g. linearity
or convexity- where pessimistic formulations are perturbed and reformulated to
facilitate solvability [17,18]. Using an appropriate perturbation strategy for op-
timistic or pessimistic formulations, it is possible to ensure that the LL problem
contains a unique (approximate) optimal solution for any given UL decision. In
our previous work [3], we introduced the é-perturbed formulation for bilevel op-
timization, designed to handle the challenge of multiple optimal solutions at the
LL. This approach modifies the LL objective by incorporating the UL objective
by introducing a small perturbation parameter §. We provided theoretical proofs
that establish error bounds and computational results that validate the theoret-
ical findings. The perturbation approach is able to solve bilevel problems with
both optimistic and pessimistic formulations by forcing a single optimal solution
from the LL optimization problem. The approach thus enables standard bilevel
algorithms to be applied to the optimistic as well as the pessimistic formulations.

Building on this foundation, in the present work we extend the d-perturbed
approach for multiobjective bilevel optimization problems that contain multiple
objectives at the UL and single objective with multiple optimal solutions at the
LL. Our contributions lie in reformulating such a bilevel optimization problem in

4 In semivectorial bilevel optimization, the UL problem is single objective, while the
LL problem is multiobjective.
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a form so that the LL returns a singleton for optimistic and pessimistic positions.
This enables our approach to identify both the optimistic and pessimistic Pareto-
frontiers for the problem. In this proof-of-concept study, we use the m-BLEAQ
algorithm [24] to solve the reformulated problem, demonstrating the effectiveness
of the proposed J-perturbation method in identifying optimistic and pessimistic
Pareto-optimal fronts.

The remainder of this paper is organized as follows: In Section 2, we pro-
vide definitions of the MBOP and its optimistic and pessimistic Pareto-optimal
fronts. Section 3 introduces the proposed d-perturbation approach for MBOPs.
Section 4 presents the evaluation of the proposed method on two test problems.
Finally, Section 5 concludes the paper and outlines potential directions for future
research.

2 Background

In this section, we present the mathematical formulation of the multiobjective
bilevel optimization problem. Moreover, we define the optimistic and pessimistic
Pareto-optimal fronts.

2.1 Multiobjective Bilevel Optimization Problem

The general mathematical definition of a multiobjective bilevel optimization
problem is as follows:

“I?iyn” F(Ivy) = (Fl(l',y), BERE) FM(xay))

subject to
RS arg;mn{f(x,y) = <f1<x7y)a'~-afN(x7y)> g](ﬂf,y) S O’ j: 1a7J}

Gi(z,y) <0, k=1,....K

Gr : R" xR™ = R, k = 1,..., K, denotes the k** UL constraint, and
g; :R" xR™ =R, j=1,...,J, denotes the jt" LL constraint. For simplicity,
we do not include equality constraints. Any variable bounds on z and y are
included in the inequality constraint set.

In this study, we are interested in the following case of multiobjective bilevel
optimization problems, where the UL has multiple objectives while the LL has
a single objective:

“r;liyn” F(z,y) = (Fi(z,y),...,Fu(z,y)) (1)
subject to

yeargmin{f(x,y):gj(x,y)SO,jzl,...,J} (2)
Y

Gr(z,y) <0, k=1,....K (3)
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The problem under consideration in this paper can also be expressed in terms
of set-valued mapping, ¥ : R® = R™ as follows, where g(z,y) and G(z,y)
represent vector-valued constraints:

¥ (x) =arg;nin{f(w7y) cg(z,y) <0}

The multiobjective bilevel optimization problem, in terms of ¥(z), can be for-
mulated as a constrained optimization problem in the following manner:

“Icrvlin”F((E,y) = (Fl(xvy)v ERR) FM(xay))

subject to
y € ¥ (x)
G(z,y) <0

Note that we are using quotations in our formulations as we have not yet defined
the position that we take, i.e. optimistic or pessimistic, while solving the problem.
Without stating the position, the above formulations are ill-posed.

2.2 Optimistic vs. Pessimistic Pareto Front

As discussed, when the LL contains multiple optimal solutions for a given UL
decision, we have to make some assumptions. If the UL anticipates that the LL
will select that optimal solution from its set that suits the UL, we state that the
UL is taking an optimistic position. In such cases, the UL desires to identify an
optimistic Pareto-optimal front. The optimistic Pareto-front corresponds to the
solution of the following problem.

min F(x,y) = (Fi(z,y), ... Fu(z,y))

subject to

y € WO (x)
G(z,y) <0

where WO (z) is a subset of ¥(x), which provides the optimistic UL feasible
solutions and is defined as follows:

vO(z) = arg;nin{(Fl(w,y), o Fu(zy) |y € (2)}

Optimistic Pareto Front Definition: The Pareto front P© consists
of those solutions (z*,y*) from 2° = {(z,y) : y € ¥°(x),G(z,y) < 0}
for which there is no solution (z/,y’) that simultaneously satisfies the
following conditions:

Vi=1to M, Fj(z',y) < Fi(z*,y*) for (z*,y*) € 29, (z',y) € N°
3 j such that Fj(z',y) < Fj(z*,y*) for (z*,y*) € 2°,(2,y) € 2°




6 M. Antoniou et al.

If the UL anticipates the worst-case from LL, we take the pessimistic approach
and converge to the pessimistic Pareto front. The solutions here are:

subject to

y e v’ (x)
G(z,y) <0

where WP (z) is a subset of ¥(x), which provides the pessimistic UL feasible
solutions and is defined as follows:

v (z) = argglax{(Fl(x,y% o Fu(e,y)) |y € U(a)}

Pessimistic Pareto Front Definition: The Pareto front P” consists
of those solutions (z*,y*) from 2F = {(z,9) : y € ¥F(x),G(z,y) < 0}
for which there is no solution (z’,y’) that simultaneously satisfies the
following conditions:

Vi=1to M, Fiz',y) < Fi(z*,y*) for (z*,y*) € 2F (2/,y) € 2F
3 j such that Fj(2',y) < Fj(z*,y*) for (z*,y%) € 27, (2',y') € QF

The relationship between the objective space (F-space) and the decision
space ¥(x) — x for a multiobjective bilevel optimization problem (two UL ob-
jectives and one LL objective with multiple optimal solutions) is shown through
Fig. 1. For simplicity, assume that there are no UL constraints, G(z,y) < 0.
On the left, the decision space ¥(z) — z is shown, where the shaded gray re-
gion represents the full set of feasible y for each z. The blue curve represents a
subset of optimistic feasible solutions, ¥ (z), that contribute to the optimistic
Pareto front, while the red curve represents a subset of pessimistic feasible so-
lutions, ¥¥(z), that contribute to the pessimistic Pareto front. Optimistic and
pessimistic solutions for a few z are shown as blue and red circles, respectively.
The gray points denote solutions that are part of ¥(x) but do not lie on either
the optimistic or the pessimistic Pareto fronts.

On the right, the objective space is illustrated, where the functions F} and F3
represent the UL objectives. Once again, the blue curve represents the optimistic
Pareto front (P?), and the red curve represents the pessimistic Pareto front (PT)
for a minimization case. The red, blue, and gray points from the left-hand side
figure map on to the corresponding points in the right-hand side figure.

The left figure also shows a special UL solution, x°, for which all the LL
optimal solutions are shown in green. On the green line, the blue point corre-
sponds to a solution on the optimistic Pareto front, the red point corresponds
to a solution on the pessimistic Pareto front, and the gray point corresponds
to neither of the two. All the solutions on the green line in the left figure are
mapped to the green curve in the right figure.
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It is important to note that in some sense the pessimistic Pareto front can
be regarded as an upper bound (in the case of minimization) for the UL de-
cision maker. If a UL decision maker chooses a decision (say (z°,y’)) from the
pessimistic Pareto front, then no matter which solution among the multiple opti-
mal solutions is picked up by the LL decision maker (say y” for 2°), the solution
(2°,9") will lie somewhere between the pessimistic and optimistic frontiers. The
figure illustrates one such scenario using green lines. However, note that it is not
necessary that there will always be an optimistic Pareto point corresponding to
a UL decision made from the pessimistic Pareto front (as in the case of UL de-
cision x! for which LL decisions are shown with yellow lines). Since the realized
solution may lie anywhere between the two frontiers, the problem considered in
this paper raises a number of decision making difficulties.

1 0
x x e F2

Fig. 1: Tllustration of the UL decision space ¥(x) — z (left) and the UL objective
space F' (right).

3 J4-perturbation of MBOPs

In this section, we explain the d-perturbed formulation of the MBOP. For better
understanding, let us first introduce the §-perturbed formulation of the single-
objective bilevel problem,
“min”  F(x,y)
T,y

st. G(z,y) <0
y € argmin{f(z,y)|g(z,y) <0}

which has been thoroughly analyzed in [3]. For a small positive §, the perturbed
optimistic and pessimistic bilevel formulation is obtained by adding or subtract-
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ing 0F (x,y), respectively, as follows:

st. G(z,y) <0 (5)
ye arg;nin{f(x, y) £6F(z,y) | g(x,y) <0} (6)

When § is extremely small, the above formulation leads to an approximate opti-
mistic/pessimistic solution depending on the sign that is chosen. In this paper,
we extend this idea for multiobjective bilevel problems where the UL has multi-
ple objectives, while the LL has a single objective but multiple optimal solutions
corresponding to a UL decision.

Theorem 1. For a bilevel optimization problem with multiple objectives at the
UL and a single objective at the LL, approximate optimistic and pessimistic
Pareto-fronts can be obtained by solving the following bilevel problem with a ‘+’
and -’ sign, respectively.

min - F(z,y) = (Fi(2.),.... Fa(z,y)) (7)
s.t. G(z,y) <0 (8)
ye arg;nin{f(x, y) £0V(w, F(z,y)) | g(z,y) <0} (9)

where V(.) represents a suitable scalarization scheme such as weighted sum
scalarization [13], weighted Chebyshev [28], conic scalarization [16] or Benson’s
scalarization [5] techniques with w being the preference vector, which is consid-
ered to be an UL variable.

Proof. Let us write the problem in (1)-(3) into a single objective problem at the
UL for a given preference vector w.

“I,I.L?liynﬂv(w7F1(x’y)"”’FM(J;7y)) (10)
subject to

y € argmin {f(z,y) : g;(x,y) <0, j=1,...,J} (11)
Yy

Gi(z,y) <0, k=1,....K (12)

Using (4)-(6), one can find the approximated optimistic and the pessimistic
solutions for (10)-(12) by solving the following problem.

min V(w;Fl(xay)7aFM(x’y))
st. G(x,y) <0
y € arg;nin{f(m,y) £V (w, F(z,y)) | g(z,y) <0}

If the above problem is solved for all possible values of w, it leads to all the
(approximate) optimistic and (approximate) pessimistic solutions corresponding
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to w. Therefore, one can solve the multiobjective problem in (7)-(9) to get an
approximation of the entire optimistic and pessimistic Pareto-fronts by choosing
the appropriate signs (+/-).

4 Proof-of-Concept Results

In this section, we briefly describe the m-BLEAQ algorithm, the test problems,
and the results obtained from applying the proposed approach. It is impor-
tant to note that the focus of this work is not on developing or testing a new
algorithm but rather on reformulating bilevel optimization problems using the -
perturbation method. The m-BLEAQ algorithm is utilized as an existing solver
to demonstrate the feasibility and effectiveness of the reformulated problem.

4.1 m-BLEAQ Algorithm and Experimental Settings

The multiobjective BiLevel Evolutionary Algorithm based on Quadratic approx-
imations, known as m-BLEAQ [24], is a model-based evolutionary method that
utilizes insights from parametric optimization theory to reduce computational
costs. It is an extension of BLEAQ [21], which was developed for solving single
objective bilevel problems and was later extended to BLEAQ-II [19]. BLEAQ
utilizes only the reaction set mapping in its implementation, while BLEAQ-
IT utilizes both the reaction set mapping and value function mapping to solve
bilevel problems. In this paper, we employ both the reaction set mapping and
value function mapping in our m-BLEAQ implementation, following BLEAQ-II’s
approach.

With approximations of the mappings in bilevel optimization, the algorithm
quickly converges to the Pareto-optimal solutions of the multiobjective bilevel
problem. The algorithm has been applied and found to approximate successfully
the Pareto fronts to problems with known LL value function in both test prob-
lems [24] and applications, such as transportation policy [25] and agricultural
policy [4]. Given its capability to handle bilevel problems with multiobjective UL
problems and single-objective LL problems, it can serve as a baseline algorithm
to validate our proposal in this paper.

The parameters used in m-BLEAQ were maintained at their default settings,
with the exception of the population size and generation size, both of which were
set to 500. These values were chosen to ensure a sufficiently large population for
testing the perturbation method, without any parameter tuning. The pertur-
bation value § was set to 0.01, chosen as a small enough value based on our
previous work [3]. The weighted-sum scalarization technique was used, with the
weight parameter w sampled from [0, 1]. For each test problem, we conducted
20 independent runs on an Intel(R) Core(TM) i5-8365U CPU @ 1.60GHz with
16 GB of RAM running Windows 10 and MATLAB R2023b.
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4.2 Test Problems

The first problem in our study, referred to as Test Problem 1, is taken from
[8], where it originally includes two objectives at both the UL and LL. In our
formulation, we modify the LL problem to have a single objective with multiple
optimal solutions, as shown below:

min - Fy(z,y) = (1 = 1)* +y3 + 27
Fy(w,y) = (y1 = 1)* + 93 + (2 = 1)°

st. y€ argmin{\/y% +ys + \/(y1 —x)+yi -1 <y, <2}
Y

—1<z<2

The optimistic PF is obtained when = € [0.5,1] and y; = z,y2 = 0. In contrast,
the pessimistic PF is derived for « € [0,1] and y; = yo = 0.

T T T T
—— Optimistic Pareto Front
|_|— — Pessimistic Pareto Front
©  Pessimistic Dominated
*  Optimistic Dominated

3 o
1 | 2 " e -~ "‘*:ﬁl"#ﬁ‘“#d 1/‘2}9" -
0 o T
p~ AR +=
0 g/yl *7;?/ 1 1 1 1 1
0.5 1 15 2 25 3 35 4 45 5

F1

(a) Optimistic and pessimistic Pareto (b) Optimal LL solutions for various x by
fronts in the UL objective space. varying y; and keeping y2 = 0.

Fig. 2: Illustration of the optimistic and pessimistic feasible solutions in the UL
objective space for Test Problem 1.

We illustrate the characteristics of Test Problem 1 through Fig. 2, which
shows the relationship between optimistic and pessimistic solutions in the UL ob-
jective space. If for any fixed z, the LL has multiple optimal solutions to choose
from, then we refer to the non-dominated solution(s) with respect to the UL
objectives as optimistic solution(s). Conversely, for that z, the solutions in the
subset of pessimistic feasible space are referred to as pessimistic solution(s), with
the non-dominated solutions among them forming the pessimistic Pareto front.
For certain problems, for any given x, the optimistic/pessimistic solution(s) may
coincide. Our objective is to find the best (with respect to UL objectives) opti-
mistic and pessimistic fronts, i.e. optimistic and pessimistic Pareto fronts. Fig. 2a
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shows the optimistic and pessimistic feasible solutions in the UL objective space.
The solid line represents the optimistic Pareto front, while the dashed line cor-
responds to the pessimistic Pareto front. The black points represent pessimistic-
dominated solutions, while the ‘x’ markers denote optimistic-dominated solu-
tions. Naturally, all pessimistic solutions, including both the Pareto front and
the dominated solutions, are dominated by the optimistic Pareto front. Fig. 2b
illustrates the range of LL optimal solutions for a fixed value of = in the UL
decision space. The multiple LL optimal solutions for any x can be generated by
fixing y» = 0 and varying y;.

The second problem considered in our study is Test Problem 2, which com-
bines modified SMD1 at the UL and SMDG6 at the LL [23]. SMDG is selected for
the LL due to its multimodal structure. The description of Test Problem 2 is as
follows:

min - Fi(z,y) = a7 +y7 +y5 + a5 + (12— ys)’
Fo(w,y) =1~ |o1| + 23 + 47 + 93 + (22 — y3)°
st. ye€ argmin{x% + (y2 — y1)2 + (29 — y2)2 : =5 <wy,y2 < 10}
Y

-5 < 21,270,723 < 10

The optimistic PF is obtained when zy € [—5,10] and 29 = y; = y2 = y3 = 0,
while the pessimistic PF is derived for 21 € [-5,10] and 22 = y5 = 0,41 = y2 =
10.

4.3 Results and Discussion

To evaluate the performance of the algorithm, it is essential to choose an appro-
priate performance indicator to assess the quality and diversity of the solutions
obtained. Commonly used indicators in multiobjective EAs include hypervolume
(HV)[29], inverted generational distance (IGD)[6], and others. While using EAs
with a perturbation strategy, the Pareto-optimal solutions obtained are an ap-
proximation of the true optima. Therefore, a better Pareto front in terms of HV
may not necessarily indicate superior algorithm performance, as an inaccurate
solution at the LL may provide an artificially better UL solution. Instead, IGD
calculates the sum of distances between each point of the true Pareto front and
the nearest non-dominated set found by the algorithm. Smaller IGD values indi-
cate that the approximated points are closer to the Pareto front of the problem.
IGD+ [15], a Pareto-compliant alternative, modifies IGD by incorporating dom-
inance relationships to exclude dominated solutions, ensuring a more accurate
assessment. Both IGD and IGD+ are used in this study to analyze the quality
of the approximated Pareto front.

We report four IGD values, IGDo, IGDo4, IGDp, and IGDp., for the
optimistic and pessimistic Pareto fronts in Table 1, calculated as the median of
20 runs. For the first problem, all values are of the order 0.001, while for the
second problem, they are of the order 0.01. This difference can be attributed to
the higher dimensionality and complexity of the second problem. In all cases,
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IG D+ values are slightly higher than IGD due to the exclusion of dominated
solutions, which can artificially improve IGD by reducing the apparent distance
to the true Pareto front. Both results demonstrate that the algorithm effectively
approximates the true Pareto fronts.

Table 1: Median IGD and IGD+ values for the Test Problems over 20 runs.
IGDo IGDos 1GDp IGDpy
Test Problem 1 2.218e-03 2.699e-03 2.652e-03 2.653e-03
Test Problem 2 6.097e-02 6.30e-02 5.930e-02 6.091e-02

To further illustrate the performance, we display in Fig. 3 the true optimistic
(blue line) and pessimistic (red line) Pareto fronts, alongside the final population
solutions (blue and red) and the Pareto fronts derived from these solutions for
the two Test Problems after one run. The black circles indicate the pessimistic-
nondominated solutions from the final population, while the black crosses show
the optimistic-nondominated solutions. In Fig. 3a, which corresponds to Test
Problem 1, the solutions found are densely distributed and spread well, closely
approximating the true Pareto fronts. In Fig. 3b, which corresponds to Test Prob-
lem 2, the solutions are less densely distributed, which aligns with the slightly
higher IGD values observed above.

8 T T T T T T T T 400 T T T T NN True Opt PF
I True Pess PF
7k - 350 - 7 Pop (Pess)
Pop (Opt)
6l - 300 - T < Found Pess PF
o Found Opt PF
5 . 250 p 4
&
&l i 200 S b

p
0 “ -
ULL 1 1 1 1 I I 1 ———
0.5 1 1.5 2 25 3 35 4 4.5 5 50 1 1 1 1

F1 0 100 200 300 400 500
F1

(a) Test Problem 1. (b) Test Problem 2.

Fig. 3: True and algorithm-obtained Pareto fronts for optimistic and pessimistic
cases and algorithm’s final population.

For both test problems, the optimistic and pessimistic Pareto fronts can
become valuable tools for decision-makers. For example, in both test problems,
the optimistic and pessimistic solutions deviate significantly. From a decision-
maker’s perspective, the risk of adopting the optimistic assumption may result
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in surprises and substantial costs to the UL decision maker. This makes such a
kind of analysis critically important. Also note that identifying the optimistic
and pessimistic Pareto fronts does not completely solve the decision making
challenges for these problems.

As a final remark, it is important to highlight that, as previously mentioned,
we used the weighted sum scalarization, and it worked well since the specific
Pareto fronts are convex. In the case of nonconvexity, other suitable methods
should be selected.

5 Conclusion and Future Work

In this paper, we investigated the multiobjective bilevel optimization problem,
where the UL has multiple objectives, and the LL has a single-objective but
multiple optimal solutions for any given UL decision. We first defined the prob-
lem, introducing both optimistic and pessimistic Pareto-fronts in the context
of multiobjective bilevel problems. To approximate these fronts, we developed a
perturbation technique that perturbs the lower-level objective by a small § based
on the weighted values of the UL objectives. The reformulated bilevel problem
was then addressed using m-BLEAQ), an evolutionary algorithm capable of han-
dling multiple objectives at the UL. The effectiveness of the proposed method
was demonstrated through tests on two benchmark problems, successfully cap-
turing both optimistic and pessimistic Pareto fronts.

As part of our ongoing research, we plan to extend this work by testing the
proposed approach on a wider range of benchmark problems and exploring real-
world applications. Additionally, a theoretical investigation of the J-perturbation
method, including the derivation of error bounds, will be valuable for further
refinement. We also aim to expand this approach to scenarios where both levels
involve multiobjective optimization, potentially offering decision-makers richer,
more informed solution landscapes in multiobjective bilevel problems.
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