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A B S T R A C T

For modern robotic applications that go beyond the typical industrial environment, absolute accuracy is one
of the key properties that make this possible. There are several approaches in the literature to improve
robot accuracy for a typical industrial robot mounted on a fixed frame. In contrast, there is no method to
improve robot accuracy when the robot is mounted on a mobile base, which is typical for collaborative robots.
Therefore, in this work, we proposed and analyzed two approaches to improve the absolute accuracy of the
robot mounted on a mobile platform using an optical measurement system. The first approach is based on
geometric operations used to calculate the rotation axes of each joint. This approach identifies all rotational
axes, which allows the calculation of the Denavit–Hartenberg (DH) parameters and thus the complete kinematic
model, including the position and orientation errors of the robot end-effector and the robot base. The second
approach to parameter estimation is based on optimization using a set of joint positions and end-effector
poses to find the optimal DH parameters. Since the robot is mounted on a mobile base that is not fixed, an
optical measurement system was used to dynamically and simultaneously measure the position of the robot
base and the end-effector. The performance of the two proposed methods was analyzed and validated on a
7-DoF Franka Emika Panda robot mounted on a mobile platform PAL Tiago-base. The results show a significant
improvement in absolute accuracy for both proposed approaches. By using the proposed approach with the
optical measurement system, we can easily automate the estimation of robot kinematic parameters with the
aim of improving absolute accuracy, especially in applications that require high positioning accuracy.
1. Introduction

Nowadays, robots are widely used in industry to automate manu-
facturing processes in order to increase efficiency and production. For
high-volume production processes, a typical programming strategy is
to move the robot to the desired position, which is recorded and then
repeated. In contrast, such programming would not be economically
viable for low-volume production, as it is usually very time-consuming.
On the other hand, offline programming strategies could be used to
bridge the gap, but they require absolute robot accuracy to perform
the task on a real robot. In this case, knowledge of robot kinematics
is essential. Usually, robot manufacturers provide a nominal kine-
matic model of the robots in the form of Denavit–Hartenberg (DH)
parameters, which differs from the actual model due to errors in
robot manufacturing, assembly, etc. Often the nominal parameters are
also not generally accessible because they are used internally by the
robot controller. All of this limits the practical use of robots in many
low-volume applications.
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To reduce the kinematic error between robots and thus enable wider
practical use, several online and offline methods have been described
in the literature, all aimed at improving the absolute accuracy of the
robot [1,2]. In general, we can divide kinematic calibration into two
groups based on the measurement method used. The open-loop method,
where the absolute position of the robot is measured, and the closed-
loop method, where the position of the robot is measured relative to the
reference frame. In general, however, both methods require a reference
measuring system to determine the kinematic parameters. Systems such
as, laser trackers [3,4], conventional or optical coordinate measuring
machines [5], ball bars [6], etc. can be used. The most typical of
them are listed in Table 1, where we compare their strengths and
weaknesses. Note that there are also generally no prescribed guidelines
or procedures to determine the quality of kinematic identification with
any of the measurement systems. Usually, open-loop calibration of
DH parameters with a laser tracker leads to higher accuracy, but it
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Table 1
Comparison of different measurement systems for kinematic identification.
Source: Adapted from [11].

Devices | Features Repeatability MC Port. EoU Cost MoB 6DP

Theodolite 5–10 mm Static High Low Medium No Static
Ultrasonic trilateration 1 mm Dynamic High Medium Low No Static
Machine vision 0.8–1 mm Dynamic High Medium Medium Yes Dynamic
Laser tracker 10 μm Dynamic High Medium High No Static
IR Motion Capture System 0.1 mm Dynamic Medium Medium Medium Yes Dynamic

MC: Measurement Characteristic, Port.: Portability, EoU: Ease of use, MoB: Mobile Base, 6DP: 6D DoF pose (position and orientation).
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is costly and not flexible [7,8]. The cheapest alternative is to use a
close-loop approach with precise measurement devices, but it requires
manual robot guidance. Consequently, such an approach is difficult to
automate, which affects the overall accuracy of the calibration [9,10].
The literature, procedures and measurement systems for kinematic
calibration of robots on mobile platforms are even sparser. As can be
seen from Table 1, only machine vision systems or motion capture
systems can be used when the robot is attached to a mobile base
since only these systems can simultaneously measure the positions
of the end-effector and the robot base. Due to increasing number of
collaborative robots, better accessibility and their introduction into
new areas ranging from production lines to our everyday environment,
improving absolute accuracy is still a challenge for robotics.

Recent research on kinematic calibration includes the iterative op-
timization process based on least-square theory for the typical 6-DoF
industrial robots [12]. An automatic algorithm for identifying DH
parameters of serial manipulators was also proposed in [13], where a
geometric operation and dual vector algebra were used to determine
the relative transformation matrices from which the DH parameters are
then calculated. In [14], they reported on the combination of geometric
and parametric identification methods to take advantage of both meth-
ods for industrial robots. They showed that their method works well
even when the workspace is constrained. Similarly, in [11], a general
formulation for identifying the kinematic parameters of an industrial
robot using a geometric approach was proposed when no prior infor-
mation about the robot kinematics is available. They used a monocular
camera to identify the parameters of a typical 6 DOF industrial robot.
In [9], an indexed measurement platform was used as a measurement
platform to identify kinematic parameters. The evaluation of accuracy
in the calibration of kinematic parameters of industrial robots was ana-
lyzed in [15], with the aim of improving on-site calibration. Similarly,
but with a rigid–flexible coupling error model consisting of geometric
and compliance errors for industrial robots with non-negligible flexibil-
ity was used in [16]. In addition to typical industrial robots, parameter
identification and calibration of a non-fully symmetric parallel delta
robot was reported in [7]. In most of these approaches, it is not possible
to measure the base and the end-effector at the same time, which is
also evident from Table 1. This would otherwise be possible with an
optical measurement system or a motion capture system. The literature
here is sparse, in [17] they have integrated a numerical least squares
algorithm for identifying kinematic parameters. However, none of these
methods address kinematic parameter identification for collaborative
robots, which typically have 7 DOF and are mounted on a mobile base.

To address this gap, we propose a kinematic calibration approach
for mobile collaborative robots. Although kinematic calibration is a
well researched field, most of the proposed methods require a fixed and
stationary base to perform measurements with external measurement
instruments, such as laser trackers or some kind of mechanical devices.
In contrast, the base of a mobile robot is never completely fixed.
Even if the base is stationary, the movement of the robot can cause
some movements of the base. Therefore, our goal was to calibrate
the robot attached to the mobile base, which requires measuring the
positions of the base and the end-effector simultaneously. Therefore, in
this work, we propose to use a optical motion tracking system similar
to [17], except that our system uses passive markers. Based on the
2

measurements, we analyzed and compared two approaches for the r
identification of DH parameters: one based on geometric operations
as in [13], but with an extension that takes into account the mobile
base, and a second in which the DH parameters are identified using
optimization.

While many proposed approaches address the calibration problem
by introducing corrections in the final end-effector pose, our approach
focuses on correcting the kinematic model of the robot, i.e. DH pa-
rameters. Accurate models are essential for human–robot and most
robot–robot collaborations, where the interaction between robots de-
pends heavily on the underlying method. The contribution of this work,
going beyond our preliminary report [18], may be summarized as
follows: (i) a geometric and numerical approach for the calibration
of collaborative robots mounted on a mobile base; (ii) analysis of the
influence of the accuracy of the motion tracking system on the accuracy
of DH parameter estimation; (iii) experimental evaluation of different
methods for DH parameter estimation.

The paper is organized as follows. In Section 2, we give an overview
of kinematic modeling of a robot and in Section 3 we give algorithms
for identification of DH parameters. In Section 4, we describe our ex-
perimental setup and measurement procedures. In Section 5 we provide
results and compare different calibration strategies. Conclusions can be
found in Section 6.

2. Kinematic model parameters

A serial robot manipulator consists of links connected by joints. The
joints can be of different types and have one or more degrees of freedom
(DOF). However, since most modern robots use only rotary joints, we
assume in the following that the robot has only rotary joints with one
DOF.

For the kinematic analysis, we add a coordinate frame to each link.
In particular, the frame 𝑖 with origin 𝒑𝑖 and orientation axes (𝒙𝑖, 𝒚𝑖, 𝒛𝑖)
s connected to the link 𝑖 and the joint 𝑖 connects the frames 𝑖−1
nd 𝑖. Note that 0 represents the base frame of the robot and 𝑛 is
onnected to the end-effector of the robot. The transformation between
he frames 𝑖−1 and 𝑖 is expressed by the homogeneous transformation

matrix 𝑖−1𝐓𝑖(𝑞𝑖), where 𝑞𝑖 is a common variable (position). Thus, the
transformation between the robot base and the end-effector is given as

0𝐓𝐸 (𝒒) =

[

𝐑𝐸 𝒑𝐸
𝟎 1

]

= 0𝐓𝑛(𝒒)𝑛𝐓𝐸 =

( 𝑛
∏

𝑖=1

𝑖−1𝐓𝑖(𝑞𝑖)

)

𝑛𝐓𝐸 , (1)

here 𝑛𝐓𝐸 is a fixed transformation matrix between the robot flange
nd the end-effector frame 𝐸 . Since the end-effector pose is the
osition and orientation of the end-effector frame 𝐸 , (1) represents
he forward kinematics mapping the joint variables 𝒒 to the end-effector
ose and can also be written in the form

(𝒒) = {𝒑𝐸 (𝒒),𝐸 (𝒒)} (2)

here 𝒑 is the position of the end-effector and  is a quaternion

epresenting the orientation of the end-effector 𝐑.
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Fig. 1. DH parameters for serial robot manipulators.

2.1. Denavit–Hartenberg parameters

Various models have been proposed to calculate the direct kine-
matic Eq. (1). However, the most commonly used approach is the
Denavit–Hartenberg (DH) convention [19], which provides a minimal
representation and an intuitive method for determining its parameters
using linear algebra.

According to the DH convention, the 𝑧-axes of the frames 𝑖 are
aligned with the corresponding joints and the 𝑥-axes are parallel to the
common normal of the successive joint axes, as shown in Fig. 1. Then, a
set of four parameters 𝑎, 𝛼, 𝑑 and 𝜃 is used to define the transformation
𝑖−1𝐓𝑖

𝑖−1𝐓𝑖(𝑞𝑖) = Rot𝒛𝑖−1 (𝜃𝑖) ⋅ Trans𝒛𝑖−1 (𝑑𝑖) ⋅ Trans𝒙𝑖 (𝑎𝑖) ⋅ Rot𝒙𝑖 (𝛼𝑖) , (3)

where Trans𝒂(⋅) and Rot𝒂(⋅) represent the translation and rotation along
vector 𝒂, respectively. The transformation matrix 𝑖−1𝐓𝑖 is a function of
the joint variable 𝑞𝑖 and for a revolute joint 𝑞𝑖 corresponds to 𝜃. So, 𝜃𝑖 is
actually the offset of the joint variable 𝑞𝑖. From (3) we therefore obtain

𝑖−1𝐓𝑖(𝑞𝑖) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

cos(𝑞𝑖) − cos(𝛼𝑖) sin(𝑞𝑖) sin(𝛼𝑖) sin(𝑞𝑖) 𝑎𝑖 cos(𝑞𝑖)

sin(𝑞𝑖) cos(𝛼𝑖) cos(𝑞𝑖) − sin(𝛼𝑖) cos(𝑞𝑖) 𝑎𝑖 sin(𝑞𝑖)

0 sin(𝛼𝑖) cos(𝛼𝑖) 𝑑𝑖
0 0 0 1

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, (4)

where

𝑖̂ = 𝑞𝑖 + 𝜃𝑖 . (5)

3. Identification of DH parameters

The manufacturer of a robot usually provides the nominal values of
the DH parameters or some other data that can be used to calculate
the DH parameters. However, the actual DH parameters of a robot
may differ from the nominal values due to manufacturing or assembly
errors. Therefore, to reduce the positioning errors of the end-effector,
it is necessary to identify the actual kinematic parameters of a robot,
in our case the exact DH parameters.

3.1. Geometric approach

A straightforward method for calculating DH parameters is a geo-
metric approach based on known joint axes and linear algebra. Assum-
ing that the joint axes 𝒛 , 𝑖 = 1,… , 𝑛 are known, the parameters can
3

𝑖

be determined in two steps: determining the relative frames for each
joint and computing the DH parameters using these two frames. The
procedure is recursive, starting from the base of the robot and moving
towards the end-effector. The pose (position and orientation) of the
frame 𝑖 is determined by the intersection or the nearest points of the
lines defined by the joint axes 𝒛𝑖−1 and 𝒛𝑖.

Knowing the frame 𝑖−1 and the line on which the axis of the next
joint (𝒛𝑖) lies, we first calculate the intersections or nearest points of the
lines defined by 𝒛𝑖−1 and 𝒛𝑖. Then the pose of the frame 𝑖 is determined
in the following way (see also Fig. 1):

1. Per definition, 𝒛𝑖−1 represents the axis of the 𝑖th joint.
2. The frame origins 𝒑′ and 𝒑𝑖 are located at the closest points on

the lines defined by 𝒛𝑖−1 and 𝒛𝑖, respectively.
3. Axis 𝒙𝑖 can be determined from the common normal to both joint

axes, i.e., it is in the direction from 𝒑′ to 𝒑𝑖.
4. Axis 𝒚𝑖 is directly determined once the 𝒛𝑖 and 𝒙𝑖 are known,

𝒚𝑖 = 𝒛𝑖 × 𝒙𝑖.

After calculating the coordinate frames 𝑖−1 and 𝑖, the DH parameters
used to describe each transformation 𝑖−1𝐓𝑖 are calculated as follows:

• angle 𝜃𝑖 between 𝑥-axes 𝒙𝑖−1 and 𝒙𝑖 around 𝑧-axis 𝒛𝑖−1

𝜃𝑖 = atan2 ((𝒙𝑖−1 × 𝒙𝑖) ⋅ 𝒛𝑖−1,𝒙𝑖−1 ⋅ 𝒙𝑖) (6)

• distance 𝑑𝑖 between the origins 𝒑𝑖−1 to 𝒑′ (to the common normal)

𝑑𝑖 = (𝒑𝑖 − 𝒑𝑖−1) ⋅ 𝒛𝑖−1 = (𝒑′ − 𝒑𝑖−1) (7)

• distance 𝑎𝑖 between the origins 𝒑′ and 𝒑𝑖 (length of the common
normal)

𝑎𝑖 = (𝒑𝑖 − 𝒑𝑖−1) ⋅ 𝒙𝑖 = (𝒑𝑖 − 𝒑′) (8)

• angle 𝛼𝑖 between 𝑧-axes 𝒛𝑖−1 and 𝒛𝑖 around 𝑥-axis 𝒙𝑖 (the common
normal)

𝛼𝑖 = atan2 ((𝒛𝑖−1 × 𝒛𝑖) ⋅ 𝒙𝑖), (𝒛𝑖−1 ⋅ 𝒛𝑖) (9)

Using Eqs. (6)–(9) we can compute only the DH parameter sets
(𝑎𝑖, 𝛼𝑖, 𝑑𝑖, 𝜃𝑖), 𝑖 = 1,… , 𝑛 − 1. The last set of parameters (𝑎𝑛, 𝛼𝑛, 𝑑𝑛, 𝜃𝑛)
can be computed using (1). Indeed, it is reasonably assumed that one
knows 𝑛𝐓𝐸 . Assuming that the position of the end-effector frame 𝐸
described by 0𝐓𝐸 is also known and using the transformation matrices
𝑖−1𝐓𝑖 obtained earlier, we obtain

𝑛−1𝐓𝑛(𝑎𝑛, 𝛼𝑛, 𝑑𝑛, 𝜃𝑛) =

( 𝑛
∏

𝑖=1

𝑖−1𝐓𝑖(𝑞𝑖)

)−1
0𝐓𝐸

(𝑛𝐓𝐸
)−1 . (10)

As 𝑛−1𝐓𝑛 has the form given in (3), the 𝑛th DH parameter set can be
calculated directly form 𝑛−1𝐓𝑛.

3.1.1. Determination of joint axes
As proposed by several authors [13,20,21], the rotation axis for

revolute joints can be easily determined by rotating only one joint at a
time. By measuring the 3D spatial position of a point, we obtain a set
of 3D points in space 𝒑𝑖, 𝑖 = 1,… , 𝑛. The obtained data set of points is
then fitted to a circle (see Fig. 2).

Among various available methods [13,20,22] we used a common
approach based on singular value decomposition (SVD). Let the plane
 be represented by a normal 𝒏 and an arbitrary point on the plane
𝒑𝑝. Without loss of generality, we can use as a point on the plane the
centroid of all points

𝒑𝑝 =
1
𝑛

𝑛
∑

𝑖=1
𝒑𝑖 . (11)

To find the normal, we have to minimize the orthogonal distance
between the set of points and the plane 

𝒉 = (𝒑 − 𝒑 ) ⋅ 𝒏 . (12)
𝑖 𝑖 𝑝
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Fig. 2. Captured 3D points (red dots) defining a circle, center point and normal. (For
interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

Using the Frobenius norm we define the problem as

𝒏 = argmax
𝒏

‖𝐏𝒏‖2 , (13)

where

𝐏 =

⎡

⎢

⎢

⎢

⎣

𝒑1 − 𝒑𝑝
⋮

𝒑𝑛 − 𝒑𝑝

⎤

⎥

⎥

⎥

⎦

. (14)

Using SVD we can factorize 𝐏 into

𝐏 = 𝐔Σ𝐕𝑇 , (15)

where Σ ia a diagonal matrix with singular values 𝜎𝑖, 𝑖,… , 3, in de-
creasing order. As 𝐔 is a unitary matrix, the problem (13) reduces to

𝒏 = argmax
𝒏

‖Σ𝐕𝑇 𝒏‖2 = argmax
𝒏

3
∑

𝑖=1
𝜎𝑖(𝐕𝑇 𝒏)𝑖 . (16)

As the smallest singular value in Σ is the last component 𝜎3, the
solution is

𝒏 = 𝐕[0, 0, 1]𝑇 (17)

Finally, we must check whether the normal is in the correct direction
of the joint axis and correct it if necessary

𝒏 =

{

𝒏 , for 𝒏 ⋅ (𝒑1 × 𝒑2) ≥ 0
−𝒏 , for 𝒏 ⋅ (𝒑1 × 𝒑2) < 0

(18)

where we use two points from the acquired data set, 𝒑1(𝒒1) and 𝒑2(𝒒2),
so that the rotation from 𝒒1 to 𝒒2 is a rotation in the positive direction.

Next, we determine the circle that best fits the captured points. It
is convenient to analyze the points in the coordinate frame defined by
the orthogonal vectors 𝒗1, 𝒗2, and 𝒏. Projecting the captured points to
the plane  using the mapping

[𝑥𝑖, 𝑦𝑖] = 𝒑𝑖[𝒗1, 𝒗2] (19)

we reduce the fitting problem to a two-dimensional problem. In (19),
the vectors 𝒗1 and 𝒗2 are respectively the first two columns of 𝐕. From
the obtained points on the plane [𝑥𝑖, 𝑦𝑖], 𝑖,… , 𝑛, the best fitting circle
can be easily determined. A 2D circle with center [𝑥𝑐 , 𝑦𝑐 ] and radius 𝑟
is represented as

(𝑥 − 𝑥𝑐 )2 + (𝑦 − 𝑦𝑐 )2 = 𝑟2 (20)

Rearranging this to a function of 𝑥 and 𝑦 yields

(𝑥2 + 𝑦2) 1 − 2𝑥
𝑥𝑐 − 2𝑦

𝑦𝑐 = 1, 𝑎 = 𝑟2 − 𝑥2 − 𝑦2 (21)
4

𝑎 𝑎 𝑎 𝑐 𝑐
Fig. 3. Two skewed lines in 3D space.

Using (21) for all projected points we get a system of linear equations
in form

𝐀𝒙 = 𝒃 (22)

where

𝐀 =

⎡

⎢

⎢

⎢

⎣

(𝑥21 + 𝑦21) −2𝑥1 −2𝑦1
⋮ ⋮ ⋮

(𝑥2𝑛 + 𝑦2𝑛) −2𝑥𝑛 −2𝑦𝑛

⎤

⎥

⎥

⎥

⎦

, 𝒙 = 1
𝑎

⎡

⎢

⎢

⎢

⎣

1
𝑥𝑐
𝑦𝑐

⎤

⎥

⎥

⎥

⎦

, 𝒃 = 𝟏1×𝑛 (23)

The solution of (22) in a least-squares sense is

𝒙 = (𝐀𝑇𝐀)−1𝐀𝑇 𝒃 (24)

From 𝒙, 𝒙 = [𝑥1, 𝑥2, 𝑥3]𝑇 , we get the circle center

𝑥𝑐 =
𝑥2
𝑥1

, 𝑦𝑐 =
𝑥3
𝑥1

(25)

and the circle radius

𝑟 =

√

1
𝑥1

+ 𝑥2𝑐 + 𝑦2𝑐 (26)

Finally, we calculate the 3D circle center as

𝒑𝑐 = 𝒑𝑝 + [𝒗1, 𝒗2]
⎡

⎢

⎢

⎣

𝑥𝑐
𝑦𝑐

⎤

⎥

⎥

⎦

. (27)

Point 𝒑𝑐 and normal 𝒏 define the location and the direction of the joint
axis in 3D space, respectively.

3.1.2. Spatial position of two lines
In general, two lines in 3D space intersect, are parallel, collinear,

or skewed to each other. There are several methods to determine their
relationship and the intersection or nearest points. In [23] a method
based on dual vector algebra is presented. A similar approach using
Plücker coordinates is presented in [13,24]. In [25], the problem is
solved using constraint optimization to find the minimum distance
between lines. A closed form solution can be obtained using a geometric
approach [26]. Any of the proposed methods can be used to determine
the closest points on two lines. In our work, we use the geometric
approach.

Consider two 3D lines as shown on Fig. 3 defined by a point 𝒑 and
a unit direction vector 𝒅 as
1 ∶ 𝒄1(𝜆1) = 𝒑1 + 𝜆1𝒅1
2 ∶ 𝒄2(𝜆2) = 𝒑2 + 𝜆2𝒅2

(28)

For these two line we need to find the distance ℎ between them and
the closest points 𝒄 and 𝒄 . The distance is minimal when the line 
1 2 𝑛
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Fig. 4. Two parallel lines in 3D space.

connecting these two points is perpendicular to both lines. This means
that the following two conditions have to be satisfied

𝒅1 ⋅ (𝒄2 − 𝒄1) = 0
𝒅2 ⋅ (𝒄2 − 𝒄1) = 0

(29)

Inserting (28) into (29) yields two linear equations

𝒅1 ⋅ (𝒑2 − 𝒑1 + 𝜆2𝒅2 − 𝜆1𝒅1) = 0
𝒅2 ⋅ (𝒑2 − 𝒑1 + 𝜆2𝒅2 − 𝜆1𝒅1) = 0

(30)

Solving them for 𝜆1 and 𝑠𝐿2 yields

𝜆1 =
𝑎1𝑛2 − 𝑎2𝑛12

𝑑
, 𝜆2 =

𝜆1𝑛12 − 𝑎2
𝑛2

(31)

where
𝑛1 = 𝒅𝑇

1 𝒅1, 𝑛2 = 𝒅𝑇
2 𝒅2, 𝑛12 = 𝒅𝑇

1 𝒅2,

𝑎1 = 𝒅𝑇
1 (𝒑2 − 𝒑1), 𝑎2 = 𝒅𝑇

2 (𝒑2 − 𝒑1)

𝑑 = 𝑛1𝑛2 − 𝑛212

(32)

Having the solution for location of closest points 𝜆1 and 𝜆2, the distance
between lines is calculated as

𝒉 = ‖𝒄2 − 𝒄1‖ = ‖𝜆2𝒅2 − 𝜆1𝒅1 + 𝒑2 − 𝒑1‖ (33)

When the points 𝒄1 and 𝒄2 coincide, the lines are intersecting and ℎ = 0.
When ‖𝒅1 × 𝒅2‖ = 0 the two lines are parallel. For parallel lines,

there is no unique solution for a common normal. A solution can be
determined by choosing a point on a line through which the common
normal passes. Let 𝒄1 be the selected point on 1 (see Fig. 4). Then we
define an auxiliary normal vector using any point on 2

𝒏′ = (𝒑2 − 𝒑1) × 𝒅1 . (34)

Next, the normal 𝒏 is calculated as

𝒏 =
𝒏′ × 𝒅1
‖𝒏′‖

. (35)

Now it is straightforward to calculate the distance between lines

𝒉 = (𝒑2 − 𝒑1) ⋅⋅⋅ 𝒏 (36)

and the point 𝒄2 on 2

𝒄2 = 𝒄1 + ℎ𝒏 . (37)

Points 𝒄1 and 𝒄2 are then used in Eqs. (7) and (8) as the points 𝒑′ and
𝒑𝑖, respectively.

3.2. Optimization approach

Another approach to estimating DH parameters is to use an opti-
mization method [27,28]. In this case, we try to find the best estimate
5

Fig. 5. A tool with four markers attached to the robot end-effector. Frame 𝐸 defines
the robot end-effector pose.

of the DH parameters that minimizes an objective function. By measur-
ing the robot configurations, i.e., joint positions 𝒒, we can compute the
end-effector poses using forward kinematics {𝒑𝐸 ,𝐸}. The differences
between the measured real end-effector positions {𝒑𝑀 ,𝑀} and the
calculated ones represent errors of the robot model and are used as
objective functions in the optimization process. Thus, we define the
optimization problem as

DH = argmin
DH

𝑚
∑

𝑖=1

(

‖𝒑𝐸 (𝒒𝑖,DH) − 𝒑𝑀,𝑖‖ + 𝜇‖2 log((𝒒𝑖,DH)−1
𝑀,𝑖)‖

)

,

(38)

where 𝜇 is the scaling factor between the position and orientation error
norms and 𝑚 is the number of data samples measured. A good choice
for the initial values of the DH parameters are the values of the nominal
DH parameters.

3.3. Validation of estimation methods

To validate the proposed method for estimating DH parameters,
we used a model of the Franka Emika Panda robot in the Haptix
simulation environment based on the general-purpose physics engine
MuJoCo, [29].

As explained in Section 3, to identify the DH parameters, the axes
of rotation of all joints must be determined. It is not difficult to see that
all rotational axes of a robot can be identified by measuring only the
position of an appropriate point on the end-effector while one joint is
moving and all other joints are fixed in any position. Note that it is not
even necessary to know the exact position of this point on the robot
body. The only requirement is that the measurement point is not on
the axis of rotation. An exception is the last set of DH parameters. To
identify this set, it is necessary to measure the position and orientation
of the end-effector.

We defined a rigid body with four simulated markers. This object
was attached to the end-effector of the robot. The frame of the end-
effector was determined using the markers, as shown in Fig. 5. In
Haptix, we used sensors that measured the position of the four markers
and the pose of the frame 𝐸 .

To obtain a circular motion, we defined trajectories in which only
one joint moved at a time. The range of motion included as much of the
available joint range as possible. During this motion, the other joints
were in fixed positions. The resulting circles and normals to circular
planes used to calculate the DH parameters are shown in Fig. 6. Using
the circle centers and normals as input to the method described in
Section 3.1, we obtained the DH parameters of the robot model. As
expected, they correspond to the nominal values given by the robot
manufacturer for both methods (geometric and optimization) and are
given in Table 2.
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Fig. 6. Measured circles and normals for all joints using Haptix simulation.

Table 2
Nominal DH parameters of Franka Emika Panda robot.

Joint 𝑎 [mm] 𝑑 [mm] 𝛼 [deg] 𝜃 [deg]

1 0 333 −90 0
2 0 0 90 0
3 82.5 316 90 0
4 −82.5 0 −90 0
5 0 384 90 0
6 88 0 90 0
7 0 107 0 0

3.3.1. Estimation reliability
When calculating the kinematic model parameters for a real robot, it

is important to know the accuracy of the obtained DH parameters. From
the equations in Section 3.1.1 it follows that only the position of points
(markers) on the robot end-effector is important for the estimation of
joint axes. Thus, the key factor affecting the accuracy of the parameters
is the accuracy of the external system used to measure the position
of the end-effector. Theoretically, the position of a point on the end-
effector is always on a plane when only one rotary joint is moving.
In other words, the position component in the direction of the plane
normal 𝒏 is 0. In practice, the points are not in the plane because of
the measurement noise, elasticity of the robot structure or mechanical
tolerances in gears (if the motion is such that the gravity influences are
changing during the motion).

To quantify the deviation of the measured points from the circular
plane, we propose a quality measure using the singular values obtained
from (15)

𝜉 = 𝜎3 max(𝑼 3) (39)

where 𝜎3 is the smallest singular value and max(𝑼 3) is the maximum
value of the components in the corresponding column of the matrix 𝐔.
Note that 𝜉 is the maximum position deviation of the measured points
in the direction 𝒏.

In simulation, it is easy to change the noise level of the marker
position measurement and then estimate the sensitivity of the DH
parameters to the inaccuracy of the marker position. So we added noise
with normal (Gaussian) distribution 𝑁(0, 𝜎𝑁 ) to the marker position
measurement. We ran a series of simulations in which we changed
the level of noise 𝜎𝑁 = [0,… , 1 mm]). For each 𝜎𝑁 , we repeated the
whole estimation procedure 50 times. First, we analyzed the effect of
measurement noise on the quality measure 𝜉. In Fig. 7, we can see that
𝜉 depends linearly on the noise level (for normally distributed noise, the
maximum deviation in the 𝒏 direction is about three times the standard
deviation).
6

Fig. 7. Measurement quality measure 𝜉 versus the marker position measurement noise
(𝜎𝑁 ).

Next, we checked the influence of measurement noise on the cal-
culation of DH parameters. Fig. 8 shows the standard deviation of
the DH parameters as a function of the noise level. We can see that
the reliability of the calculated DH parameters is in the range of the
measurement noise.

4. Experimental identification of DH parameter

The objective was to verify that the DH parameters of the Franka
Emika Panda collaborative robot conform to specifications. To estimate
the kinematic model parameters of the robot, the joint positions and the
poses in the task space have to be measured.

Additionally, we wanted to show, that it is possible to calibrate a
robot in its working environment. Therefore, we used a robot mounted
on a mobile platform. Although, the mobile platform was not supposed
to move during the calibration process, some motion of the mobile
platform and the robot mounting plate can occur due to the mechanical
structure of the whole system (e.g., due to the wheel suspension).
Therefore, we measured not only the pose of the robot end-effector but
also the pose of the robot base.

4.1. Experimental setup

Our experimental setup consists of a Franka Emika Panda robot
mounted on a plate on a mobile platform PAL Tiago-base. To measure
the position of the robot base, we mounted six markers on the plate.
The robot was equipped with a specially designed tool with markers
attached to the end-effector. As an external measurement system, we
used an optical motion capture system (MoCap), as shown in Fig. 9.
The robot is controlled by a control system based on Matlab and ROS,
which allows easy motion programming and the acquisition of robot
states.

The actual pose of the tool in Cartesian space was measured using
the MoCap system. More specifically, we used a passive marker-based
OptiTrack system that can localize the positions of markers and track
their motion in space in real time. Our MoCap system consists of 16
Prime 13 W IR cameras, which are arranged throughout the space to
cover a measurement range larger than the robot’s working range. In
experiment we use ten markers with diameter 14 mm, which are placed
on the robot base and on the robot tool. When properly calibrated,
the OptiTrack system has a marker position measurement accuracy of
better than +∕−0.3 mm in the measurement volume [30,31]. It can
capture marker positions at a rate of up to 240 Hz.

With the OptiTrack system, a rigid body can be defined as a collec-
tion of three or more fixed markers on an object connected to each
other, where the distance from marker to marker does not deviate
beyond the allowable tolerance. With a rigid body, the system can
measure the pose (position and orientation) with better accuracy (up
to +∕−0.15 mm).
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Fig. 8. Standard deviation of calculated DH parameters versus the marker position measurement noise (𝜎𝑁 ) (thicker lines are the trends) — Note that the worst camera reprojection
of used MoCap system was up to 0.373 mm.
Fig. 9. MoCap scene: Franka Emika Panda with marker tool (left), IR image captured by MoCap camera (right).
4.2. Mapping between optical and robot frame

To estimate the kinematic model, we need to determine the position
of the robot end-effector in the robot frame, which is generally aligned
with the robot base. During the calibration of the MoCap system,
we determine the optical frame that can be used as the world frame
without loss of generality. Since this frame W is not aligned with the
robot frame, we need to define the mapping between the world frame
and the robot frame.

To determine the position of the robot base in world space we
have equipped the robot base with six markers at specific positions
(see Fig. 10) and defined a MoCap virtual rigid-body. These markers
were used to determine the position of the robot base (origin of 0).
Using the positions of the markers M1, M2, M5 and M6 as input for
Eqs. (11)–(17), we obtain the plane of the robot base  and its normal
7

0

𝒛0. The markers M3 and M4, placed on two precision holes of the robot
mounting plate (parallel to the base plane), determine the position 𝒑0
and the rotation of the robot base

𝒚0 =
𝒑M4

− 𝒑M3

‖𝒑M4
− 𝒑M3

‖

𝒙0 = 𝒚0 × 𝒛0

𝒑0 =
𝒑M3

+ 𝒑M4

2

⎡

⎢

⎢

⎢

⎣

1 0 0
0 1 0
0 0 0

⎤

⎥

⎥

⎥

⎦

+ 𝑏𝒙0

(40)

where 𝑏 is the offset of the robot frame origin from the precision holes.
Since the robot manufacturer did not specify this offset we had to
estimate its value.
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Fig. 10. Markers and body frame on robot base (left); Robot footprint with location of markers M3 and M4 locations and robot base origin 𝒑0 (right).
Then, the captured positions W𝒑 can be mapped to robot frame using

0𝒑 = 0𝐓W
W𝒑 (41)

where the transformation matrix representing the mapping from world
frame W to robot base frame 0 is defined as

0𝐓W =

[

𝒙0 𝒚0 𝒛0 𝒑0
0 0 0 1

]−1

(42)

Note that the marker positions used to calculate 0𝐓W are defined in the
world frame.

In addition, we can check the position of the robot frame 𝒑0 and the
orientation of the axis 𝒛0 using the rotation axis of the first joint 𝒂1 and
correct it if necessary. Namely, the intersection of the rotation axis of
the first joint with the base plane 0 is the correct origin of the robot
base, and the rotation axis of the first joint 𝒂1 must be aligned with the
𝑧 axis of the frame 0. If this is not the case, then the transformation
matrix 0𝐓W has to be corrected

0𝐓′
W =

[

0𝐑′
0

0𝒑′0
𝟎 1

]−1
0𝐓W (43)

where 0𝒑′0 is the intersection of the joint axis 𝒂1 with the plane 0,
expressed in the frame 0, and 0𝐑′

0 is the rotation matrix that rotates the
axis 𝒛 = [0, 0, 1]𝑇 so that it is aligned with 𝒂1, which can be calculated
using Rodrigues’ rotation formula

0𝐑′
0 = 𝐈+[𝒗]×+(1−cos𝜑)

[𝒗]2×
‖𝒗‖2

, 𝒗 = 𝒛0×𝒂1 , cos𝜑 = 𝒛0 ⋅𝒂1 , (44)

where [⋅]× is a skew-symmetric operator.
In practice, it is not always possible to place markers on the mount-

ing plate in such configuration that they define the pose of the robot
frame 0. Sometimes, it is even not possible to define the base plane 0
plane. Without known pose of 0, we cannot estimate DH parameters 𝑑1
and 𝜃1. In this case, we propose to use markers fixed to the robot base
to define an auxiliary frame 𝐴 and the corresponding transformation
matrix 𝐴𝐓W. Of course, this is not the correct transformation matrix
to map from world to robot frame. It has to be augmented with
transformation to robot base frame similar as in (43)

0𝐓W =

[

𝐴𝐑0
𝐴𝒑0

𝟎 1

]−1
𝐴𝐓W (45)

If we assume that the actual parameters 𝑑1 and 𝜃1 are equal to the
nominal parameters, then we can determine 0𝒑𝐴 from the rotation axes
of the first two joints 𝒂1 and 𝒂2. As already explained, the rotation axis
of the first joint 𝒂1 is the 𝑧 axis of the frame 0. Assuming that 𝒂1 and
𝒂 are not parallel, from (7) follows that 0𝒑 is at distance 𝑑 from the
8

2 𝐴 1
common normal between 𝒂1 and 𝒂2. Using Eqs. ((28)–(33)) we obtain
the closest points 𝒄1 and 𝒄2 on rotation axes 𝒂1 and 𝒂2. Then
𝐴𝒑0 = 𝐴𝒄1 − 𝑑1

𝐴𝒂1 (46)

where 𝑑1 is the nominal value of DH parameter. The orientation of 0
can be determined using (6) and nominal value of DH parameter 𝜃1.
When joint axes 𝒂1 and 𝒂2 are perpendicular the rotation matrix can
be calculated as
𝐴𝐑0 =

[(𝐴𝒂2 × 𝐴𝒂1
)

,
(𝐴𝒂1 ×

(𝐴𝒂2 × 𝐴𝒂1
))

, 𝐴𝒂1
]

(47)

The mobile platform on which the robot was mounted was not
supposed to move during the measurements. However, due to the
mechanical structure of the mobile platform, there was still a small
movement of the robot base relative to the fixed world frame. Fig. 11
shows the position and orientation deviations of the robot base dur-
ing an experiment. Some small deviations can be observed since the
platform is not very rigid. The deviations were larger when the lower
(heavier) links are moved. To compensate for these deviations, we
calculated the transformation matrix 0𝐓W for each sample.

Fig. 11 shows that the measurement noise of the OptiTrack system
is below 0.1. This is in accordance with results in [31] where it
is reported that OptiTrack system assures measurement precision of
motionless markers below 0.1 mm and the average standard deviation
below 0.05 mm. Note that Fig. 11 shows the displacement of almost
motionless markers (at least the first 50,000 samples).

In the following, we omit the superscripts denoting the frame when
the variables are specified in the robot frame.

4.3. Tool object frame

To improve the accuracy of the end-effector pose measurement,
we defined another MoCap virtual rigid body with four markers on a
custom-designed tool, as shown in Fig. 5. The end-effector frame 𝐸
was defined at specific positions using the markers

𝒙𝐸 =
𝒑M2

− 𝒑M1

‖𝒑M2
− 𝒑M1

‖

𝒚𝐸 =
𝒑M4

− 𝒑M3

‖𝒑M4
− 𝒑M3

‖

𝒛𝐸 = 𝒙𝐸 × 𝒚𝐸

𝒑𝐸 =
(𝒑M1

+ 𝒑M1
)

2

(48)

The transformation matrix representing the mapping from MoCap rigid-
body frame Eo to tool frame 𝐸 is defined as

𝐸𝐓Eo =

[

𝒙𝐸 𝒚𝐸 𝒛𝐸 𝒑𝐸
0 0 0 1

]−1

(49)

where the marker positions used to calculate 𝐸𝐓Eo are defined in the
frame  .
Eo
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Fig. 11. Example of position and orientation deviation of the robot base during measurement.
4.4. Trajectories

We used three motion schemes to estimate DH parameters in exper-
iments and then verified the identified DH parameters.

For geometric estimation of DH parameters, we generated trajecto-
ries in which only one joint moved at a time, resulting in a circular
trajectory of the tracked point (referred to as C-trajectories). We have
used joint position control strategy. The joint motion occurred at low
speed (∼10% of the robot’s maximum speed), and the range of motion
included almost the entire available joint range. During this motion,
the other joints were at fixed positions in an optimal configuration
with respect to external influences on measurement accuracy. Fig. 12(a)
shows the joint positions for the C trajectory. Due to time scale and
faster movements to optimal configuration before each sequence, this
can part of motion looks on Fig. 12(a) like a jump in positions.

The second type of motion was used for verification and also
for estimation of DH parameters by optimization. The robot moved
between 80 random configurations throughout the robot’s workspace
(referred to as R-trajectory). Fig. 12(b) shows the joint positions for
the R-trajectory.

Last, we defined a grid of 42 Cartesian space points with a point-to-
point spacing of 0.2 m or 0.3 m distributed in the robot’s workspace.
The trajectory was defined such that the path passed through all of
these points (referred to as the G-trajectory), as shown in Fig. 12(c).
At each point, the robot stopped for a short time. This trajectory was
also used to verify the improvement in accuracy with the estimated DH
parameters.

4.5. Identification of DH parameters using measured data

The geometric approach can only be used for circular C trajecto-
ries. From the measured data, we extracted sets of end-effector point
motions needed to estimate the position of all joint axes. Each set con-
tained only points at which a joint moved. To minimize the influence of
measurement errors of the MoCap system, we measured 3000–14,000
points for each joint, depending on the range of each joint. Fig. 13
shows the acquired points for the circular motion of joint 1 along with
the best-fit circle obtained using Eqs. (11)–(27). The acquired points
were not in a plane due to measurement noise. Note that the scatter
of the points looks larger in the 𝑧 direction because the scale of the 𝑧
axis on the figure is not as large as that of the 𝑥 and 𝑦 axes. Due to the
limitations of the joint, it is not possible to rotate the joint 360 degrees.
In our experiments, the joint positions ranged from about 75 degrees for
9

joint 4 to 300 degrees for joint 7. Therefore, the mean position of the
acquired points 𝒑𝑝 is eccentric with respect to the center of the circle
𝒑𝑐 . In general, this is not a problem for circle fitting.

Using the acquired data as input to the estimation procedure de-
scribed in Section 3.1, we calculated the circles and axes for all joints,
as shown in Fig. 6. In the next step, we identified the DH parameters
(referred to as DH𝐺𝐶 ). To analyze the influence of measurement noise,
the estimation procedure was repeated 16 times for 3 different initial
poses (altogether 48 measurements). The final estimated values of
DH𝐺𝐶 parameters were calculated as the average of all runs. The
obtained parameters, their standard deviation, and maximum deviation
are given in Table 3.

To verify the improvement in accuracy of task-space positions and
orientations we compared the position and orientation difference be-
tween the calculated task space poses and the poses captured by MoCap
system. When performing R and C trajectories we have used joint
position control and for G trajectory the robot was controlled using
kinematic controller with redundancy resolution at velocity level. The
redundant DOF was used to avoid joint limits. Although the robot has
one redundant DOF, this does not influence the validation process.
Namely, to calculate the task space pose of the robot end-effector we
have captured joint positions and used them as input to the kinematic
model based on DH parameters.

The end-effector position error is defined as

𝛥𝒑(DH, 𝒒) = ‖𝒑𝐸 (DH, 𝒒) − 𝒑𝑀‖ (50)

where parameter DH can be the nominal or estimated DH parameters
used to calculate the end-effector position, and 𝒑𝑀 are captured posi-
tion of the tool MoCap rigid-body. Similarly, the orientation error is
defined as

𝛥(DH, 𝒒) = ‖2 log((DH, 𝒒)−1
𝑀 )‖ (51)

where  and 𝑀 are the quaternions representing the calculated and
measured orientation of the end-effector, respectively.

Fig. 14 show the comparison of the position and orientation errors
for one C, R and G type trajectory obtained by nominal DH param-
eters and estimated DH𝐺𝐶 parameters. The error histogram plots for
C trajectory shown in Fig. 14(a) show a significant improvement of
position and orientation errors when DH𝐺𝐶 parameters are used. For
verification we have used the estimated DH𝐺𝐶 parameters on R and
G trajectories. The error histograms shown in Figs. 14(b) and 14(c)
show accuracy improvement. In addition, the 3D error plots in the
two figures on the right show the distribution of position errors in the
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Fig. 12. Three motion schemes. (a) joint trajectory resulting in circular motion of robot end-effector; (b) joint trajectory via random points and (c) task space trajectory via a grid
of points.
Fig. 13. Captured points and fitted circle for joint 1.
Table 3
Estimated DH𝐺𝐶 parameters of Franka Emika Panda robot.

Joint Mean value Standard deviation Maximal deviation

𝑎 [mm] 𝑑 [mm] 𝛼 [deg] 𝜃 [deg] 𝑎 [mm] 𝑑 [mm] 𝛼 [deg] 𝜃 [deg] 𝑎 [mm] 𝑑 [mm] 𝛼 [deg] 𝜃 [deg]

1 −0.2 333.0 −90.03 0.00 0.14 0.11 0.020 0.026 0.30 0.23 0.050 0.065
2 0.2 −0.4 89.99 −0.38 0.16 0.06 0.021 0.030 0.32 0.11 0.043 0.054
3 82.3 316.0 89.96 0.27 0.17 0.12 0.012 0.020 0.37 0.23 0.029 0.057
4 −82.6 0.0 −89.98 −0.22 0.13 0.17 0.026 0.011 0.27 0.53 0.065 0.023
5 0.1 384.9 89.63 0.75 0.11 0.17 0.029 0.019 0.21 0.33 0.066 0.041
6 88.0 −0.7 90.07 −0.36 0.05 0.12 0.057 0.035 0.10 0.35 0.117 0.058
7 0.1 107.1 −0.10 −0.29 0.08 0.15 0.058 0.039 0.18 0.31 0.108 0.061
robot’s workspace. As we can see, there are some motion parts for the

nominal DH parameters where the error is significantly larger. These
10
parts do not depend on the position in the workspace but on the joint

configurations. By using the estimated DH parameters, the error is
𝐺𝐶
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Fig. 14. Position and orientation errors with nominal and estimated DH parameters using geometric approach (DH𝐺𝐶 ) for (a) a C trajectory; (b) an R trajectory; and (c) a P
trajectory. The position and orientation error histograms for the acquired points are on the left. The position errors of a subset of the acquired points in the 3D task space are
shown for nominal DH parameters in the middle and for DH𝐺𝐶 in the right figure (color indicates the magnitude of the error). (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)
improved in all regions. The same improvement can also be seen for
G trajectory shown on 3D plots in Fig. 14(c). Note that the standard
deviation of the difference between the estimated DH𝐺𝐶 parameters
and the nominal ones is almost within the accuracy range of the MoCap
system (see Table 5).

4.6. Results using optimization

The identification of DH parameters with optimization is indepen-
dent of the shape of the trajectory, as it only requires simultaneous
robot kinematics data and external MoCap measurement data for the
robot end-effector pose. Therefore, it is possible to apply the opti-
mization to all three types of trajectories, C, R, and G, respectively.
This allows us to determine which trajectory is better for estimating
kinematic parameters. Comparing all types of used trajectories, it is
obvious that the R trajectory covers the largest part of the robot
workspace. Hence, it excites the most different states (see Fig. 12).
11
On the other hand, G trajectory is a representative of a typical motion
pattern used for movements in the task space.

We identified the DH parameters by using the measured trajectory
data as input to the estimation procedure described in Section 3.2.
To analyze the influence of the measurement noise, we used 48 mea-
surements for C, and 16 measurements for R and G type trajectories.
The typical time for the optimization for the R trajectory with 300,000
points was 4 h on an i7 processor with 8 cores. We performed optimiza-
tion for each measurement separately, and the final estimated values
of DH parameters were calculated as the average of all runs for each
trajectory type. So, we obtained three sets of DH parameters: DH𝑂𝐶 ,
DH𝑂𝑅 and DH𝑂𝐺, respectively. For example, the DH𝑂𝑅 parameters
obtained for R trajectories, their standard deviation, and maximum
deviation are given in Table 4. Similar to what was in the case with
the geometric approach, the error standard deviation for the estimated
DH parameters is also almost within the accuracy range of the MoCap
system.
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Table 4
Estimated DH𝑂𝑅 parameters of Franka Emika Panda robot.

Joint Mean value Standard deviation Maximal deviation

𝑎 [mm] 𝑑 [mm] 𝛼 [deg] 𝜃 [deg] 𝑎 [mm] 𝑑 [mm] 𝛼 [deg] 𝜃 [deg] 𝑎 [mm] 𝑑 [mm] 𝛼 [deg] 𝜃 [deg]

1 −0.3 331.6 −90.03 0.01 0.06 0.09 0.007 0.022 0.13 0.25 0.016 0.053
2 0.4 −0.4 90.00 −0.40 0.03 0.04 0.003 0.005 0.06 0.11 0.008 0.012
3 82.6 316.7 89.95 0.31 0.03 0.08 0.004 0.012 0.05 0.14 0.008 0.025
4 −82.5 0.7 −90.01 −0.23 0.03 0.09 0.006 0.003 0.07 0.19 0.012 0.009
5 0.1 385.2 89.65 0.73 0.05 0.07 0.004 0.006 0.11 0.15 0.007 0.010
6 88.1 −0.6 90.05 −0.44 0.05 0.01 0.004 0.002 0.11 0.03 0.007 0.007
7 0.1 106.9 −0.05 −0.20 0.02 0.07 0.002 0.005 0.04 0.17 0.005 0.009
Fig. 15. Position and orientation errors with nominal and optimized DH parameters (DH𝑂𝑅) using R trajectory. Position and orientation error histograms for acquired points are
on the left. The position errors of a subset of the acquired points in the 3D task space are shown for nominal DH parameters in the middle and for DH𝑂𝑅 in the right figure (color
indicates the magnitude of the error). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 16. Deviation of estimated DH parameters from the nominal DH parameters using different methods.
Fig. 15 show the position and orientation errors for one R trajectory
obtained by nominal DH parameters and estimated DH𝑂𝑅 parameters
using optimization, and the position errors along the 3D trajectory. We
can see a significant improvement in position and orientation errors
when DH𝑂𝑅 parameters are used.

5. Discussion

The methods proposed in this paper have been validated with many
experiments. In this section we summarize them and highlight the main
findings.

Initially, the estimation of kinematic parameters was performed
using a typical geometric approach similar to that of [14] but extended
12
with a methodology applicable to robots mounted on a mobile base.
The results show that the position and orientation errors were signifi-
cantly reduced compared to the nominal DH parameters. By analyzing
the effects of noise measurement on the identification of DH parameters
in Section 3.3.1, we have also shown that the identification quality is
within the capabilities of the MoCap measurement system. It is clear
that the results obtained with the MoCap system are slightly inferior
to other very expensive measurement devices such as laser trackers.
Nevertheless, it opens the possibility of using a commonly available
measurement device that can also be used online for other possible
applications in collaborative robotics [32]. Note that the MoCap system
usually has a larger working range and can measure multiple objects
simultaneously, which is important when calibrating robots on a mobile



Robotics and Computer-Integrated Manufacturing 79 (2023) 102446L. Žlajpah and T. Petrič
Fig. 17. Comparison of histograms for position errors (upper part) and orientation errors (lower part) for DH parameters obtained by different identification methods (rows) applied
to test trajectories (columns): C (left), R (middle), and G (right). (*) and yellow background indicate that DH parameters used were estimated using the same trajectory as for
validation. Note that the second and third rows show the results using the DH parameters obtained by the geometric approach, and all others below are obtained by optimization.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
platform, when it is necessary to measure simultaneously the robot
base and the robot end-effector pose. From the evaluation results it is
evident that the approach proposed in this paper significantly improves
the accuracy of collaborative robots on a mobile platform by using the
corrected (estimated) kinematic model of the robot.
13
An analysis of the manipulator’s workspace was performed using
different initial configurations of the robot for identification. The re-
sults show that the orientation of the base has a negligible effect
on the identification of the DH parameters. We conclude that this is
because in our proposed method, the position of the robot base is taken
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Table 5
R trajectory: position and orientation errors for nominal and estimated DH parameters
using geometric approach and optimization (in [mm] and [deg]).

DH parameters 𝛥𝑝 𝜎(𝛥𝑝) max(𝛥𝑝) 𝛥𝑄 𝜎(𝛥𝑄) max(𝛥𝑄)

DH𝑁𝑜𝑚 5.37 2.36 10.75 1.18 0.24 2.28
DH𝐺𝐶 1.06 0.40 2.54 0.19 0.08 1.40
DH𝑂𝐶 0.96 0.39 2.66 0.16 0.07 1.33
DH𝑂𝑅 0.63 0.27 1.95 0.14 0.06 1.37
DH𝑂𝐺 3.12 1.65 7.89 0.24 0.10 1.33

into account at each step of the measurement, compensating for any
movement caused by the robot’s own motion.

Fig. 16 shows position and orientation errors for all estimated DH
parameters sets that were applied to one trajectory from each set of
trajectories. For comparison, the first row shows the results obtained by
the nominal DH parameters. Then next two lines present the results for
DH𝐺𝐶 parameters, and the rest are for optimized DH parameters. For
ach method we give results for mean values of estimated DH param-
ters and also for estimated parameters obtained using the particular
rajectory, which is used for verification (marked with ‘‘*’’).

For all estimation methods, the position and orientation errors for
ean estimated DH parameters applied to one trajectory are slightly
orse compared to the errors when DH parameters were used, which
ere calculated using the same trajectory. The reason is the measure-
ent noise.

When comparing different methods applied to different verification
rajectories, we can see the best results are obtained when the same
ype of trajectory is used for DH parameter estimation and verification.
ctually, the error is not significantly worse when the type of trajectory

or estimation and verification is not the same. An exception are
he DH𝑂𝐺 parameters, which were obtained by optimization using G
rajectories, which show very bad results for other types of trajectories
last two rows on Fig. 16). The reason is that the G trajectory covers a
ery limited joint range (see Fig. 12(c)).

On the other side, the overall best results were obtained when the
H parameters were optimized using the R trajectory (DH𝑂𝑅), i.e. op-

imized DH𝑂𝑅 parameters are not very good only for R trajectories but
re also very good for other types of trajectories. This is expected as R
rajectory has the highest number of points (∼300,000 points), which

were captured during motion between random points distributed over
the entire workspace of the robot. Therefore, R trajectory is the most
general set of measured points. In Table 5 we give mean position and
orientation errors, their standard deviations, and maximum errors for
all acquired points for R trajectory using the nominal DH parameters
(DH𝑁𝑜𝑚), estimated DH𝐺𝐶 parameters obtained by geometric approach
nd optimized DH parameters DH𝑂𝐶 , DH𝑂𝑅 and DH𝑂𝐺 are given As al-

ready mentioned, the best results were achieved with DH𝑂𝑅 parameters
(see Fig. 17).

The final accuracy of the robot after using estimated DH parameters
presented in this paper is within the range of the MoCap measurement
system, regardless of the method used, geometric or optimization. At
the same time, the limitation of the geometric approach is that it can
only be used for the identification of DH parameters with circular
trajectories (C trajectory). In contrast, the optimization approach can
be used to identify DH parameters for any trajectory. Additionally, the
rule that more is better applies to the optimization approach, which
in turn leads to more extended measurements and time-consuming
calculations.

6. Conclusion

In this paper, we present two approaches using the MoCap system
to determine the DH parameters of a collaborating robot on a mobile
platform. Compared to other calibration strategies, such as the use
14

of laser tracker-based systems or mechanical measurement systems,
the MoCap measurement system can simultaneously measure both the
robot base positions and the end-effector positions. This allows to
calibrate robot in its working environment without mounting it on a
dedicated basement for calibration. It is also less expensive and more
flexible. On the other hand, the main drawback of MoCap systems is
that the measurement accuracy is not in the same order of magnitude
as a typical laser tracking system. Nevertheless, our presented exper-
imental results with the identified DH parameters show a significant
improvement in the position and orientation accuracy. Such improve-
ment in accuracy of calibrated robot allows easier transfer of offline
generated motion sequences to a real robot, especially when absolute
task space accuracy is essential. We also show that slightly better results
are obtained with the optimization approach when a larger data set
is used than with the geometric approach. Finally, since the MoCap
system allows dynamic simultaneous measurement of many points, it
is possible to perform calibration even when the robot base is not fixed.
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