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Abstract
Link prediction is a fieldwithin social network studies that aims to forecast future connections based on the structure of a social
network. This paper introduces a link prediction method based on the strength and prominence of seed node pairs, referred to
as the strength prominence index. In this method, we get a consistent score for any pair of nodes, regardless of whether they
share a common neighbour. Several key characteristics have been identified. In our experiments, we used three well-known
estimators to evaluate the accuracy of link prediction algorithms: precision, area under the precision-recall curve, and area
under the receiver operating characteristic curve. A comparative study with existing methods is also presented, supported by
relevant graphs and tables. Validation using Facebook data sets demonstrates the effectiveness of the proposed method.
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Introduction

The power of social networks in designing and analyz-
ing a wide range of complex systems, including social,
biotechnological, and communication networks, has been
well-documented [30]. Research on social network systems
has gained significant traction and has become a valuable tool
across various scientific disciplines. One ongoing challenge
in this field is link prediction in multiple networks, which
has been extensively studied in recent years. The core idea
of the link prediction model is to estimate the edges that will
be added to a social media network between two time points,
t and t + 1. Increasing the number of edges within a social
network is a critical challenge. Numerous implementations
of link prediction exist in the literature. For example, online
shopping networks likeAmazon, Flipkart,Myntra, eBay, and
Alibaba use link prediction to suggest related items [18].
Similarly, social media platforms use it to recommend new
friends, and security applications use it to uncover networks
of terrorists and criminals.

Motivation

Complex methods can provide insights into network evolu-
tion, link formation, and link predictability [36]. While these
methods are praised for their elegance, they are often seen as
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proofs of concept rather than practical solutions. They typi-
cally estimate missing links based on the local graphical or
topological structure of links and nodes, without consider-
ing the strength, nature, or characteristics of ties and nodes.
In today’s world of manufactured relationships, it is essen-
tial to record specific characteristics, such as the depth of
relationships.

Therefore, research into efficient and reliable approaches
must continue. Traditionalmethods, such asCommonNeigh-
bor [29], Jaccard Coefficient [12], Resource Allocation,
Adamic Adar [1], and Preferential Attachment [5], focus on
the quantity of common neighbours. In 2013, Cannistraci et
al. [9] proposed an improved index called CAR, based on the
local (neighborhood)-community-paradigm. They demon-
strated that traditional neighborhood-based methods could
be significantly enhanced by incorporating the local commu-
nity link (LCL),which considers the number of links between
commonneighbours.However, in social networks, each actor
and tie has unique properties and characteristics. These fac-
tors are not equally measurable, and sometimes we need to
predict links between nodes with no common neighbours.
Metrics that accurately predict node similarity are encour-
aging. Recently, fuzzy graph network models have shown
essential characteristics visible in most real-life datasets,
highlighting the crucial role of fuzzy graphs in link building.
Fuzzy graphs can play a more generalized role and convey
specific score functions.

Important contributions of the study

This paper emphasizes the strength of nodes and ties over the
number of nodes or links, and demonstrates how fuzzy graphs
can help predict missing links. Fuzzy graphs are also useful
for dealing with vague information, such as when objects
or their relationships are not precisely defined. This study
introduces the Strength Prominence (SP) index for link pre-
diction, a new similarity index that provides a more realistic
and accurate score function compared to the CAR index.
Two types of score functions are defined for scenarios where
a common neighbor exists and where no common neighbor
exists between the seed nodes.

Framework of the study

The review of literature on link predictions in social networks
and improvements in their score functions is presented in
“Literature review” section. “Preliminaries” section provides
a list of notations and abbreviations (Table:1), preliminary
definitions related to fuzzygraphs andbasic similarity indices
of link prediction. “Strength prominence (SP) index for link
prediction in fuzzy graphs and evaluation metrics” section

introduces the SP-index with two types of score functions
for link predictions and describes some evaluation matri-
ces. “Description and implementation of an algorithm for
link prediction” section presents the algorithms and their
implementation with numerical illustrations, it also includes
a comparative analysis of existing score functions. “Area of
applications” section presents applications of link prediction
in different fields. Finally, “Conclusion” section concludes
the manuscript.

Literature review

Liben-Nowell et al. [17] specifically suggested a link predic-
tion approach to social networks. Each node on the network
represents a person or other entity, and edges represent the
connection or relationship between them. Based on the net-
work’s nodes’ degree of proximity to one another, various
link prediction methods are discussed. Hasan et al. [2] went
on to elaborate on this work and show that having more topo-
logical network information available significantly improves
prediction outcomes. They used supervised learning to per-
form binary classification tasks, which is comparable to
link prediction in their framework while taking into account
various similarity measures as features. A paper on link pre-
diction on collaboration networks in physics and biologywas
presented byM. E. J. Newman [29]. In these networks, multi-
ple authors are regarded as connected if they simultaneously
coauthor at least one paper. The results provide experimen-
tal support for previously hypothesized clustering as well as
power-law degree distribution throughout networks mecha-
nisms.

In recent years, numerous link prediction techniques have
been put forth in various contexts [3, 11, 16]. In this article,
we just focus on similarity-based techniques using the degree
of strength of the nodes and edges in social media networks.
Therefore, the main challenge is to appropriately define node
similarity. The network structure is the sole basis for one
subset of similarity indices. The preferential attachment [5]
index, which is merely the product of the degrees of two seed
nodes, is the most basic. The Jaccard [12] index is a normal-
ization of commonneighbours [29],which counts the number
of neighbours that seed nodes have in common. Adamic–
Adar [1] and Resource Allocation [38] are characterized by
utilizing the degree of information of common neighbours to
obtain a better resolution. Based on the idea that the likeli-
hood of a link existing between two nodes increases if their
mutual neighbours are also inhabitants of the same local com-
munity, Cannistrai–Alanis–Ravi [9] suggested an improved
index (CAR). Wu et al. [36] recently put forth a new kind
of score function that is based on node and link clustering
data. They tested their algorithms on three different cate-
gories of networks, including small-scale, middle-scale, and
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large-scale networks. In this follow-up, Kumar et al. [15]
defines the concept of a level-2 common node as well as its
associated clustering coefficient, which extracts clustering
data from level-2 common neighbours of the seed node cou-
ple and uses this data to compute the similarity score. The
aforementioned techniques primarily rely on common neigh-
bours and only count the number of commonnodes and edges
between them. There are also a few proposed global and
quasi-local techniques, including Kartz [14], Sim Rank [13],
Random walk [19], Local Paths [20], and others. Although
the aforementioned techniques can produce better outcomes
than typical neighborhood-based techniques, it can be chal-
lenging to use them on intricate and expansive networks. Few
related works on networks can be found in [10, 21, 28, 34].

Several fuzzy based link prediction techniques have been
discussed in this paragraph. Bastani et al. [6] introduced simi-
larity indices leveraging fuzzy logic and granular computing,
incorporating Yager’s clustering approach [37]. Bhawsar et
al. [7] developed indices based on fuzzy soft sets andMarkov
models, enhancing prediction accuracy in uncertain environ-
ments.On the basis of semi-supervised fuzzy clustering, Tran
et al. [35] proposed some new similarity measures for link
prediction. TheRSMindex for link predictionwas also devel-
oped by Mahapatra et al. [22], and it is based on the nature
of the common neighbor, which is determined by the degree
to which the common neighbor is a member of the fuzzy
graph. However, it does not account for the falsity and inde-
cency parameters often present in uncertain environments. To
address these limitations within neutrosophic fuzzy graphs,
again Mahapatra et al. [23] enhanced the RSM index by
incorporating additional parameters such as the nature of the
job, location, and others. An adaptive decision-making sys-
tem called learning automation learns how to select the best
course of action, which enhances performance. Behnaz et al.
[26] suggests amethod for link prediction in fuzzy social net-
works based on distributed learning automata. Fuzzy graphs
undoubtedly play a crucial part in the development of com-
plex networks. The aforementioned paragraph demonstrates
some research on link prediction, but more work needs to
be done. The research conducted in this study is also a step
toward the same objective.

Preliminaries

Here we define some key terms associated with the fuzzy
graphs and talk about the various similarity metrics that can
be used for link predictions.

Basic definitions

Definition 1 [39] Let X be a collection of objects represented
usually by x , then a fuzzy set A in X is a collection of ordered

tuples, such that

A = {(x, μA(x))|x ∈ X}, (3.1)

where μA : X → [0, 1] is a membership function (general-
ized characteristic function). μA(x) represent the degree of
membership of an element x in A.

Definition 2 [39] Let X be universe of discourse and A be a
fuzzy set in X , then core of a fuzzy set is defined as

Core(A) = {x |μA(x) = 1}. (3.2)

Definition 3 [24] A fuzzy graph G∗ = (V , μ, ν) over the
graphG = (V , E) is characterized bymembership functions
μ : V → [0, 1] and ν : V × V → [0, 1] such that

ν(v1, v2) ≤ μ(v1) ∧ μ(v2) ∀v1, v2 ∈ V , (3.3)

where μ is called the fuzzy vertex set of G and μ(v1) repre-
sents the membership value of the vertex v1. Similarly, ν is
called the fuzzy edge set of G and ν(v1, v2) represents the
membership value of the edge (v1, v2). Clearly ν is a fuzzy
relation on μ. We suppose that V is finite and non empty, ν
is reflexive and symmetric.

Definition 4 [25] A path between the pair of nodes x and
y in a fuzzy graph G∗ is a collection of distinct nodes
P : x = v0, v1, v2, . . . , vn = y such that μ(vi ) > 0 and
min{μ(vi−1), μ(vi )} ≥ ν(vi−1, vi ) > 0 for all i .

Definition 5 [25] The minimal membership degree of an
edge in the path is called the strength of the path that means
S(Pi ) = min1≤i≤n{ν(vi−1, vi )} is called the strength of P .
Strength of connectedness between two vertices x and y
is defined as the maximum of strengths of all paths in G∗
from x to y, represented byCONNG∗(x, y) = maxPi∈ρ[x,y]
S(Pi ), where ρ[x, y] is the collection of all paths between x
and y.

Definition 6 [27] Let G∗ = (V , μ, ν) be a fuzzy graph, then
degree of a vertex vi in a fuzzy graphG∗ is defined as d(vi ) =
∑

vi 	=v∈V ν(vi , v).

In this article, we refer to the degree of vi as prominence or
prominence degree of node vi .

Definition 7 [8] A fuzzy graph G∗ = (V , μ, ν) is said
to be strong if all the edges in a fuzzy graph take the
least membership value of their adjacent vertices. Such
that,

ν(x, y) = min{μ(x), μ(y)} ∀(x, y) ∈ E ⊂ V × V .

Definition 8 [27] A fuzzy graph G∗ = (V , μ, ν) is said to
be complete if ν(x, y) = min{μ(x), μ(y)} ∀x, y ∈ V .
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Table 1 List of notations and
abbreviations

Notation Meaning

G Graph

G* Fuzzy graph

V Set of vertices

E Set of edges

μ(vi ) Membership value of the vertex vi

ν(vi , v j ) Membership value of the edge (vi , v j )

S(vi , v j ) Score value of the link prediction between vi and v j

�(vi ) Collection of neighbours of the node vi

kz Degree of the common neighbour z

LCL(vi , v j ) Local community link between vi and v j

MAP Mean average precision

AUC Area under receiver operating characteristic curve

AUP Area under the precision-recall curve

Fig. 1 A graph and its link
prediction scores

Some basic similarity indices

• Common Neighbors(CN) [29]: The number of
common neighbours for a given pair of seed nodes vi
and v j in a particular network is determined as the size
of the intersection of the two nodes’ (vi&v j ) neighbor-
hoods.

S(vi , v j ) = |�(vi ) ∩ �(v j )|, (3.4)

where �(vi ) and �(v j ) are the collection of neighbours
of the nodes vi and v j respectively.

• Jaccard Coefficient (JC) [12]: The Jaccard index is
described to be the probability of selecting common
neighbours of paired seed nodes from all of their neigh-
bours. The amount of common neighbours between the
two seed nodes increases the pairwise Jaccard score.

S(vi , v j ) = |�(vi ) ∩ �(v j )|
|�(vi ) ∪ �(v j )| . (3.5)
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• Adamic/Adar Index [1]: Adamic and Adar proposed a
metric for calculating the degree of similarity between
two websites based on shared attributes, which can then
be used in link prediction after a few modifications. It is
founded on the idea that common neighbours with lower
degrees are given more weight. This makes sense in the
actual world as well; for instance, someone with more
friends will spend less time with each friend individually
than someone with fewer friends.

S(vi , v j ) =
∑

z∈�(vi ,v j )

1

logkz
, (3.6)

in this case, kz represents the degree of the common
neighbor z.

• Preferential Attachment (PA) [5]: Using the concept of
preferential attachment, an expanding scale-free network
is created. Following is a formula for computing the pref-
erential attachment value between two nodes.

S(vi , v j ) = kvi .kv j . (3.7)

Onmost networks, according to research in the literature,
this exhibits theworst efficiency. Themain benefits of this
metric are its simplicity (since it needs the least amount of
data to calculate the score) and computational speed. The
efficacy of the PA increases in assortative networks while
it deteriorates dramatically in disassortative networks.

• Salton Index (SI) [31]: The Salton index, formerly known
as Cosine similarity, can be used to calculate docu-
ment commonalities in a vector space. By computing the
cosine of the angle between two records, the similarity
score between them is determined. The main measure
here is orientation rather than magnitude. The Salton
score is calculated as

S(vi , v j ) = |�(vi ) ∩ �(v j )|
√
kvi .kv j

. (3.8)

• Sorensen Index (SI) [33]: This similarity index, devel-
oped by Thorvald Sorensen in 1948, is particularly useful
for ecological data specimens. This index calculates the
score as a ratio of two times the number of neighbours
that are common and the sum of the degrees of the nodes
vi and v j . It is very close to the Jaccard index. It is more
resistant to anomalies than Jaccard.

S(vi , v j ) = 2|�(vi ) ∩ �(v j )|
kvi + kv j

. (3.9)

• CAR-based Common Neighbour index (CAR) [9]: This
index is founded on the idea that as the number of links
among the common neighbours (local community links

(LCLs)) of the seed node pairs rises, so does the likeli-
hood that a link will exist between seed nodes.

S(vi , v j ) = CN (vi , v j ) × LCL(zi , z j ), (3.10)

where CN (vi , v j ) is the number of common neighbours
between seed nodes and LCL(zi , z j ) is the number of
links between common neighbours of seed nodes.

• RSM Index [22]: The fuzzy graph social network
defines this similarity index, which concentrates on the
nature/characteristics of common neighbours. The RSM
index is determined by averaging the nature (Ni ) of seed
node common neighbours. The following is the definition
of this index:

S(vi , v j ) =
n∑

i=1

Ni

n
, (3.11)

where Ni = min{ν(vi , zi ), ν(v j , zi )} and zi ∈ �(viv j ),
i=1,2,3,. . .,n.

Here is an example of link prediction using the basic simi-
larity indices in Fig. 1.

Strength prominence (SP) index for link
prediction in fuzzy graphs and evaluation
metrics

SP index

The SP index, a new similarity index, is described in this
section. This link prediction index is based on the strength
of links, common neighbours, strength of connectedness and
prominence degree of seed nodes, which is inspired by the
CARmodel. SP suggests that two seed nodes are more prob-
able to link along if their common first neighbours have a
good strength of connections to both seed node pairs and each
other, as well as in the absence of common neighbor / neigh-
bours SP uses the strength of path and prominence degree of
seed nodes. As a result of the following formulation, SP pro-
vides higher discriminative resolutions between candidate
connections with the same number of common-first neigh-
bours than CAR and RSM index, and this improvement in
resolution is unmistakably derived from the usage of the rela-
tionship strength perspective. The score value for two distinct
circumstances is calculated using SP index and is defined as
follows:
Case 1: Let G∗ = (V , μ, ν) be a fuzzy graph. If there is
a common neighbor between the seed nodes x and y or
euclidean distance (shortest path length) between seed nodes
is equal to 2 (see Fig. 2) then the similarity based SP index
is given by
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Fig. 2 The common neighbor (z1, z2, z3) approach to predict links in
a fuzzy graph

SP(x, y) =
∑

zi∈�(xy) min{ν(x, zi ), ν(y, zi )}
∑

zi∈�(xy) min{μ(x), μ(zi ), μ(y)}

+
∑

zi ,z j∈�(xy) ν(zi , z j )
∑

zi ,z j∈�(xy) min{μ(zi ), μ(z j )} . (4.1)

Specifically,�(xy) is the set of vertices that are neighbours to
both the x and y seed nodes. Thefirst part of theEq. (4.1), rep-
resents the degree of connection strength between seed nodes
and commonneighbours,while the second part represents the
connection strength between the common neighbours them-
selves. When taken together, they illustrate the degree of
“how likely it is that the seed nodes are connected". This
score function is premised on the idea that strong ties between
common neighbours increase the likelihood of a link existing
between seed nodes.

Example 1 We consider a fuzzy graph (Fig. 2) with 5 nodes,
in this network there exists common neighbours {z1, z2, z3}
between seed nodes.We can compute the score of link predic-
tion between seed nodes, SP(x, y) = 0.67 + 0.85 = 1.52.

Case 2: If there does not exists any common neighbor
between the seed nodes x and y or the euclidean distance
(shortest path length) between seed nodes is greater than 2
(see Fig. 3) then the similarity based SP index is determined
by strength of connectedness between seed nodes and there
prominence degrees which is defined as follows:

SP(x, y) = CONNG∗(x, y)

+ d(x) + d(y) + 2d(x)d(y)

2(1 + d(x) + d(y) + d(x)d(y))
, (4.2)

Fig. 3 Strength of connectedness approach to predict links in a fuzzy
graph

where CONNG∗(x, y) is the strength of connectedness
between seed nodes x and y, defined as the Max of the
strengths of all paths between x and y, also d(x), d(y)
denotes the prominence of the seed nodes, which is deter-
mined similar to the degree of nodes. This definition is based
on the assumption that there is a significant likelihood of a
link existing between prominent actors in a social network. If
the pair of seed nodes have different prominence degrees but
their sum is equal, then the likelihood of existence of a link
between seed nodes that have the same degree of prominence
is high.

From the above formulations (equation 4.1 and equa-
tion 4.2) it is clear that SP index is bounded and lies between
0 and 2 (0 ≤ SP(x, y) ≤ 2).

Example 2 We consider a fuzzy graph (Fig. 3) with 8 nodes,
in this network there does not exist any common neighbor
between seed nodes. We can find the strength of all the paths
between x and y and compute the score of link prediction
between seed nodes, P1 = x, c1, c6, y, S(P1) = 0.3, P2 =
x, c3, c5, y, S(P2) = 0.4, P3 = x, c2, c4, c6, y, S(P3) =
0.3. Now, CONNG∗(x, y) = max{S(P1), S(P2), S(P3)} =
0.4, also d(x) = 0.8, d(y) = 0.8. Thus the score of link
prediction between seed nodes, SP(x, y) = 0.844.

Further, for another network we assume that if we have
three seed node pairs (x, y), (g1, h1), and (g2, h2)with same
strength of connectedness and varying degrees of promi-
nence, d(x) = 0.8, d(y) = 0.8; d(g1) = 0.4, d(h1) = 1.2;
d(g2) = 0.6, d(h2) = 1.0, but their sums are identical
that is 0.8 + 0.8 = 0.4 + 1.2 = 0.6 + 1.0 = 1.6. In
this situation, the seed node pair with equal prominence
has the highest likelihood of a link, we observe that from
Eq. (4.2), SP(x, y) = 0.444, SP(g1, h1) = 0.415, and
SP(g2, h2) = 0.437. This signifies that if both individuals
are equally popular, i.e., have equal prominence degree, then
the SP index provides more score value as compared to the
other pairs of individuals who are not equally popular, how-
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ever, all these pairs of individuals have identical sum of their
prominence degrees.

The SP index, as stated in Eq. (4.1), is a generalization
of the RSM index. RSM index simply takes into account
the membership of links between seed nodes and common
neighbours and ignores node potential and the strength of
links between common neighbours, whereas SP index takes
into account both of these qualities. The following theorem
clarifies the concept of this generalization.

Theorem 1 Let G∗ = (V , μ, ν) be the fuzzy graph. Suppose
core of μ be the whole of V and if we omit the evaluation
of links between common neighbours then SP index (having
common neighbours) provides same prediction value as RSM
index.

Proof Given that core of the vertex fuzzy set μ be the whole
of V ,

μ(x) = 1 ∀x ∈ V . (4.3)

Suppose z′i s, i = 1, 2, 3 . . . n, are the common neighbor
between seed nodes a, b ∈ V , then

SP(a, b) =
∑n

i=1 min{ν(a, zi ), ν(b, zi )}
∑n

i=1 min{μ(a), μ(zi ), μ(b)}

+
∑n

i 	= j=1 ν(zi , z j )
∑

i 	= j=1{μ(zi ), μ(z j )}

Now, since μ(a) = μ(b) = μ(zi ) = 1, for all a, b, zi ∈ V .

SP(a, b) =
∑n

i=1 min{ν(a, zi ), ν(b, zi )}
n

+
∑n

i 	= j=1 ν(zi , z j )

n

Also, RSM index ignores the evaluation of links between
common neighbours then ν(zi , z j ) = 0, i, j = 1, 2, . . . n.

SP(a, b) =
∑n

i=1 min{ν(a, zi ), ν(b, zi )}
n

From equation 3.11 (RSM index), it can be clearly seen that
RHS is nothing but RSM(a,b). This completes the proof. ��
Theorem 2 Let G∗ = (V , μ, ν) be a strong fuzzy graph.
Then the score of link prediction between seed node pairs
(having common neighbours) possess the highest value.

Proof Given that G = (V , μ, ν) be a strong fuzzy graph. By
the definition of strong fuzzy graph

ν(x, y) = min{μ(x), μ(y)},∀(x, y) ∈ E ⊂ V × V . (4.4)

Suppose a and b are the seed nodes in the fuzzy graph and
z1, z2, . . . zn are the common neighbours between a and b,
then the score value of link prediction is calculated by

SP(a, b) =
∑n

i=1 min{ν(a, zi ), ν(b, zi )}
∑n

i=1 min{μ(a), μ(zi ), μ(b)}

+
∑n

i 	= j=1 ν(zi , z j )
∑n

i 	= j=1 min{μ(zi ), μ(z j )}

=
∑n

i=1 min{min{μ(a), μ(zi )},min{μ(b), μ(zi )}}
∑n

i=1 min{μ(a), μ(zi ), μ(b)}

+
∑n

i 	= j=1 min{μ(zi ),mu(z j )}
∑n

i 	= j=1 min{μ(zi ), μ(z j )}

=
∑n

i=1 min{μ(a), μ(zi ), μ(b)}
∑n

i=1 min{μ(a), μ(zi ), μ(b)}

+
∑n

i 	= j=1 min{μ(zi ),mu(z j )}
∑n

i 	= j=1 min{μ(zi ), μ(z j )}
= 2

Hence the score of link prediction in strong fuzzy graph takes
its highest value. ��
Remark 1 If G∗ = (V , μ, ν) is a strong fuzzy graph
with each node has an equal membership then SP index
approaches to the highest value whenever the prominence
degree of seed nodes are equal and tends to infinity.

Remark 2 A complete fuzzy graph is strong fuzzy graph.
Therefore, Theorem2’s conclusion also applies to a complete
fuzzy graph, ensuring that every pair of nodes in a complete
fuzzy graph has a maximum score.

The above remarks are applicable in both cases whether seed
nodes have common neighbours or not.

Theorem 3 Let G1 = (V1, μ1, ν1) andG2 = (V2, μ2, ν2) be
two isomorphic fuzzy graphs then the score (link prediction
value) for each corresponding node pair in G1 and G2 is
equal.

Proof Let G1 = (V1, μ1, ν1) be isomorphic to G2 =
(V2, μ2, ν2). Let f : V1 → V2 be the bijection such that

μ1(x) = μ2( f (x)) for all x ∈ V1,

μ1(x, y) = μ2( f (x), f (y)) for all x, y ∈ V1.

For case 1: When seed node pairs have common neighbours,

SP(x, y) =
∑

zi∈�(xy) min{ν1(x, zi ), ν1(y, zi )}
∑

zi∈�(xy) min{μ1(x), μ1(zi ), μ1(y)}

+
∑

zi ,z j∈�(xy) ν1(zi , z j )
∑

zi ,z j∈�(xy) min{μ1(zi ), μ1(z j )} ,

123



  307 Page 8 of 28 Complex & Intelligent Systems           (2025) 11:307 

=
∑

zi∈�( f (x) f (y)) min{ν2( f (x), f (zi )), ν2( f (y), f (zi ))}
∑

zi∈�( f (x) f (y)) min{μ2( f (x)), μ2( f (zi )), μ2( f (y))}

+
∑

zi ,z j∈�( f (x) f (y)) ν2( f (zi ), f (z j ))
∑

zi ,z j∈�( f (x) f (y)) min{μ2( f (zi )), μ2( f (z j ))} ,

= SP( f (x), f (y)).

For case 2:When seed node pairs do not have common neigh-
bours,

since G1 is isomorphic to G2, the strength of any path
between x and y in G1 is equal to the strength of any path
between f (x) and f (y) inG2. Therefore,CONNG1(x, y) =
CONNG2( f (x), f (y)) for all x, y ∈ V1, also by definition
d(x) = d( f (x)) for all x ∈ V1,

SP(x, y) = CONNG1 (x, y)

+ d(x) + d(y) + 2d(x)d(y)

2(1 + d(x) + d(y) + d(x)d(y))
,

= CONNG2 ( f (x), f (y))

+ d( f (x)) + d( f (y)) + 2d( f (x))d( f (y))

2(1 + d( f (x)) + d( f (y)) + d( f (x))d( f (y)))
,

= SP( f (x), f (y)).

Hence G1 and G2 have equal score values for link predic-
tions. ��
Theorem 4 (Boundedness of SP Index)For any pair of nodes
x and y in a fuzzy graph G∗ = (V , μ, ν), the SP index is
bounded between 0 and 2, i.e.

0 ≤ SP(x, y) ≤ 2.

Proof Case 1: When there are common neighbours between
x and y:

SP(x, y) =
∑

zi∈�(xy) min{ν(x, zi ), ν(y, zi )}
∑

zi∈�(xy) min{μ(x), μ(zi ), μ(y)}

+
∑

zi ,z j∈�(xy) ν(zi , z j )
∑

zi ,z j∈�(xy) min{μ(zi ), μ(z j )} .

Since ν andμ aremembership functionswith values in [0, 1],
each term in the SP index is bounded by 1. Therefore, the sum
of these terms is bounded by 2.

Case 2: When there are no common neighbours between x
and y:

SP(x, y) = CONNG∗(x, y)

+ d(x) + d(y) + 2d(x)d(y)

2(1 + d(x) + d(y) + d(x)d(y))
.

The strength of connectedness CONNG∗(x, y) is bounded
by 1, and the second term is a fraction that is also bounded
by 1. Hence, the sum is bounded by 2.
Therefore, 0 ≤ SP(x, y) ≤ 2. ��

Theorem 5 (Symmetry of SP Index) The SP index is sym-
metric for any pair of nodes x and y in a fuzzy graph
G∗ = (V , μ, ν), i.e.

SP(x, y) = SP(y, x).

Proof Case 1: When there are common neighbours between
seed node pairs x and y:

SP(x, y) =
∑

zi∈�(xy) min{ν(x, zi ), ν(y, zi )}
∑

zi∈�(xy) min{μ(x), μ(zi ), μ(y)}

+
∑

zi ,z j∈�(xy) ν(zi , z j )
∑

zi ,z j∈�(xy) min{μ(zi ), μ(z j )} ,

since min{ν(x, zi ), ν(y, zi )} = min{ν(y, zi ), ν(x, zi )} and
the sums are commutative, SP(x, y) = SP(y, x).
Case 2: When there are no common neighbours between x
and y:

SP(x, y) = CONNG∗(x, y)

+ d(x) + d(y) + 2d(x)d(y)

2(1 + d(x) + d(y) + d(x)d(y))
,

the terms CONNG∗(x, y) and d(x)+d(y)+2d(x)d(y)
2(1+d(x)+d(y)+d(x)d(y)) are

symmetric in x and y.
Therefore, SP(x, y) = SP(y, x). ��
Theorem 6 (Monotonicity with Respect to Strength of Con-
nections) If the strength of connections between nodes x and
y increases, the SP index also increases.

Proof Case 1: When there are common neighbours between
x and y:

SP(x, y) =
∑

zi∈�(xy) min{ν(x, zi ), ν(y, zi )}
∑

zi∈�(xy) min{μ(x), μ(zi ), μ(y)}

+
∑

zi ,z j∈�(xy) ν(zi , z j )
∑

zi ,z j∈�(xy) min{μ(zi ), μ(z j )} .

If ν(x, zi ) or ν(y, zi ) increases, the numerator in the first
term increases, leading to an increase in SP(x, y). Simi-
larly, if ν(zi , z j ) increases, the numerator in the second term
increases, leading to an increase in SP(x, y).
Case 2: When there are no common neighbours between x
and y:

SP(x, y) = CONNG∗(x, y)

+ d(x) + d(y) + 2d(x)d(y)

2(1 + d(x) + d(y) + d(x)d(y))
.

If the strength of the path between x and y increases,
CONNG∗(x, y) increases, leading to an increase in SP(x, y).

��
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Theorem 7 (MonotonicitywithRespect toProminenceDegree)
If the prominence degree of a node x increases, the SP index
for any pair of nodes involving x also increases.

Proof Case 1: When there are common neighbours between
x and y:

SP(x, y) =
∑

zi∈�(xy) min{ν(x, zi ), ν(y, zi )}
∑

zi∈�(xy) min{μ(x), μ(zi ), μ(y)}

+
∑

zi ,z j∈�(xy) ν(zi , z j )
∑

zi ,z j∈�(xy) min{μ(zi ), μ(z j )} .

The prominence degree d(x) affects the membership values
μ(x). If μ(x) increases, the denominators in the SP index
decrease, leading to an increase in SP(x, y).
Case 2: When there are no common neighbours between x
and y:

SP(x, y) = CONNG∗(x, y)

+ d(x) + d(y) + 2d(x)d(y)

2(1 + d(x) + d(y) + d(x)d(y))
.

If d(x) increases, the second term in the SP index increases,
leading to an increase in SP(x, y). ��

Evaluationmetrics

The SP index is a novel similarity measure that incorporates
multiple factors such as the strength of links, common neigh-
bours, strength of connectedness, and prominence degree of
seed nodes. This comprehensive approach aims to provide a
more accurate prediction of potential links in a network.

To validate the SP index, we compared its performance
against established link prediction indices like Common
Neighbors (CN) and Jaccard Coefficient (JC) using theMean
Average Precision (MAP)metric.MAP is a robust evaluation
metric that considers the precision of predictions at different
ranks, providing a comprehensive measure of the prediction
quality.

The results (Fig. 4) showed that the SP index achieved a
competitive MAP score, indicating its effectiveness in accu-
rately predicting links. By plotting the MAP curves, we can
visually compare the precision of the SP index with CN and
JC indices across different ranks, further validating its per-
formance.

Overall, the SP index demonstrates validity as a reli-
able link prediction method, offering improved resolution
and accuracy by leveraging the strength of connections and
prominence of nodes in the network.

We use Precision, AUC and AUP three separate estima-
tors, to fully estimate the expected results. The fundamental
steps in the computation of these estimators are identical.
Let’s use E to denote the entire link set, which is arbitrarily

Fig. 4 Validation through MAP

split into Et and Ep. The probe set Ep is utilized for test-
ing, and none of the data from the probe set may be used
for prediction. The training set Et is utilized as the known
knowledge. Of course, E = Et ∪ Ep and Et ∩ Ep = null. In
this study, we use 15% of the links as test links. Our experi-
ments used an average of 1500 independent runs to determine
accuracy.

Following the similarity matrix calculation, we apply a
well-known technique to estimate how effective the sug-
gested approach is. First, all non-observed links (those that
are part of U − Et , where U stands for the collection of all
node pairs) are sorted in descending order. The precision is
then determined by dividing the number of relevant items
chosen by the total number of items chosen. This indicates
that the precision can be defined as equation (4.5) if we pick
the top-L connections as the predicted ones, among which
the Lr links are correct (i.e., there are Lr links in the probe
set Ep). Higher precision leads to greater accuracy in preci-
sion. For the sake of this paper, we set L to 21 (the size of
Ep).

Precision = Lr

L
(4.5)

Cannistraci et al. [9] proposed the area under precision curve,
which is designated as AUP. In this study, ten alternative
values of L are used to produce the precision curve. As stated
in the definition of precision above, the greatest value of L
is that value, and all other values are an arithmetic sequence
with a difference equal to one-fifth of the largest L.

An indicator of how accurately the prediction algorithms
perform is the area under the receiver operating characteristic
(AUC) curve. The likelihood that a randomly selected miss-
ing link (i.e., a link in Ep) will receive a higher score than
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a randomly selected non-existent link (i.e., a link in U − E)
can be understood as its meaning. In reality equation (4.6)’s
definition of the AUC computation is presented. where n
represents the number of independent comparisons, n′ rep-
resents instances in which the missing links have a higher
score and n′′ counts instances in which they have the same
score. The AUC value should be close to 0.5 if each score
was produced using a separate, identical distribution. As a
result, the values exceeds 0.5 reflects how much better the
algorithm performs than random chance. It is still a widely
used index in link prediction estimates, the AUC findings are
included in this article.

AUC = n′ + 0.5n′′

n
(4.6)

Description and implementation of an
algorithm for link prediction

Algorithm description for determining the
likelihood of link existence between seed nodes

Given a fuzzy graph G∗ = (V , μ, ν) with |V | = n. In [4],
Banerjee proposed an optimal algorithm for determining the
strength of connectedness between a pair of fuzzy graph ver-
tices, which may be utilized to calculate the score for link
prediction in the absence of common neighbor. Consider the
steps below:

Step 1: Input the adjacency matrix of training graph of G∗
and find the zero entries to identify the seed node
pairs.

Step 2: For each seed node pair (x, y), determine whether
they have common neighbours by checking non-zero
entries in their adjacency matrix rows.

Step 3: If common neighbours exist, compute as following
and stop; otherwise, proceed to Step 4.

SP(x, y) =
∑

zi∈�(xy) min{ν(x, zi ), ν(y, zi )}
∑

zi∈�(xy) min{μ(x), μ(zi ), μ(y)}

+
∑

zi ,z j∈�(xy) ν(zi , z j )
∑

zi ,z j∈�(xy) min{μ(zi ), μ(z j )} .

Step 4: (i) If there is no common neighbor between x
and y, determine the strength of connectedness
CONNG∗(x, y) by employing the algorithm in [4].
(ii) Find the prominence degree d(x) and d(y).
(iii) Compute the following,

SP(x, y) = CONNG∗(x, y)

+ d(x) + d(y) + 2d(x)d(y)

2(1 + d(x) + d(y) + d(x)d(y))
.

Following these procedures, one may determine the likeli-
hood of the existence of links between seed nodes in a fuzzy
graph.
Time complexity: The worst-case time complexity of the
algorithm’s is O(n3). This is primarily due to Step 4, which
involves computing the strength of connectedness using an
external algorithm (shortest path) [4].

• Step 1 (Identifying seed node pairs)
This step involves finding the seed node pairs in the adja-
cency matrix of the graph, which takes O(n2) time.

• Step 2 (Finding common neighbours)
For each pair of seed nodes, we check if they have any
commonneighbours by inspecting their adjacencymatrix
rows. This process takes O(n2�), where� is the average
node degree.

• Step 3 (Computing link prediction score)
If common neighbours are found, we calculate the link
prediction score using the provided formula. This step
has a time complexity of O(n2�2) in the worst case.

• Step 4 (For pairs without common neighbours)
If no common neighbours exist between a pair of nodes,
we calculate the strength of connectedness and promi-
nence degree. This step takes O(n3) time, if an all-pairs
shortest path algorithm is used.

Since O(n3) dominates other terms in dense graphs, it
represents the overall complexity. For sparse graphs, the com-
plexity reduces to O(n2).

Implementation of the algorithm on a fuzzy social
network

Consider the Facebook profiles of 20 people who are socially
connected (seeTable 2) and are included in the data from [32].
In the public profile, the number of friends is indicated. Each
participant was approached offline and requested to supply
information regarding the number of mutual friends she/he
had with other members in order to gather this data. Table 3
reflects this.

The primary network of 20 nodes and 85 edges (see
Table 2, Fig. 5) is used as an example of the suggested
approach.Thenormalizedvalue of the total number of friends
is the membership value of the nodes that are being con-
sidered. Additionally, if two nodes possess mutual friends
within the Facebook network, an edge connecting them is
presumed to be present. If x and y are the names of the indi-
viduals in the Facebook data, m is the number of mutual
friends, and k is the maximum number of mutual friends in
the data, the edgemembership value between x and y is given

by ν(x, y) = min{μ(x), μ(y)}m
k

(see Table 4).
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Fig. 5 Fuzzy social network (Facebook data)

Fig. 6 Training graph (Facebook data)
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Table 2 Facebook profile data

Sr. no Names Number of friends Normalized value Sr. no Names Number of friends Normalized value

1 AS 2379 0.479 11 M2 1005 0.201

2 AB 5000 1 12 MU 4931 0.986

3 CA 770 0.154 13 PG 2159 0.431

4 CD 408 0.081 14 PN 1372 0.274

5 DJ 4463 0.892 15 RC 3659 0.731

6 DS 1085 0.217 16 S1 566 0.1132

7 DV 1076 0.215 17 SN 2432 0.486

8 K1 3168 0.633 18 S2 2158 0.431

9 K2 1536 0.307 19 TS 2142 0.428

10 M1 4988 0.997 20 UM 1004 0.201

Links in the network are randomly separated into two
parts: probe set Ep and training set Et . In this article, Ep

has 21 edges, which are depicted in Fig. 6 (training graph) by
dashed lines. Now, an algorithm can only use the information
in the training graph to compute the score of the non-observed
links (i.e. U − Et ).

With the help of the training graph, we can easily calcu-
late the score of all node pairs that have common neighbours,
but there are many node pairs in this data that do not have
any common neighbour. In this case, we compute the max-
imum spanning tree (MST, Fig. 7) of the training graph to
determine the strength of connectedness between individu-
als. We also compute the degree of individuals to determine
their prominence.

Results and comparative analysis

Wenowcompute the link prediction of all non-observed node
pairs (See Table 5) using several similarity indices such as
the SP index, RSM index, Common neighbour index, CAR
index, Salton index, Jaccard index, Sorensen index, and Pref-
erential attachment index. In these tables, node pairs that do
not have common neighbours are highlighted. Table 5 shows
the link prediction results using eight different similarity
indices. The results that have been normalized are presented
in boldface. When compared from the classical indices, it
is clear that the SP index can only do the best discrimina-
tion of the link prediction score. The main reason for this
is that most of these indices focus solely on the number of
common neighbours and ignore the network’s other topolog-
ical properties, whereas the SP index can compute the score
of link prediction of seed node pairs, regardless of whether
common neighbours exist or not between them, and it also
emphasizes the strength of the relations and the prominence
of the individuals.

It has been observed that the SP index and RSM index
have the highest Score for the same seed node pair (5,8),

which contains four common neighbours and one LCL with
strong relationships. The CAR index has the best score for a
node pair (10,19) that contains six LCLs, but its strength is
quite low.CommonNeighbour, Jaccard, Salton and Sorensen
indices have the highest score for the node pair (6,17) since it
has six common neighbours, but its strength of relations with
seed node pairs is not very strong. PAhas the highest score for
the node pair (4,10) since both nodes have the highest degree.
However, when we sort these non-observed links according
to their score obtain from various similarity indices, the SP
index is the only one that can accurately discriminate all of
these node pairs for link prediction.

Here, we present the accuracy findings for a number of
similarity indices. Since it has been demonstrated that Salton,
Jaccard, Sorensen, PA, and CN work better than other tradi-
tional similarity indices, we only select these indices, along
with CAR and RSM, to compare with the SP index. Table 6
displays the link prediction results determined by AUC.
According to this estimation, Salton and SP perform better
on this data set than other similarity indices. We also provide
a column SP/similarity indices, which displays the relative
improvement over each other, for comparing SP with vari-
ous similarity indices. If the value is positive, SP outperforms
other similarity indexes, and vice versa. From the perspective
of the improvement ratio, SPmay boost each similarity index
by more than ten per cent, with the exception of the Salton
index. Here, we took into account a small network, but these
percentages can be improved in a big network. Table 6 also
shows the prediction results estimated based on precision;
still, SP outperforms other similarity indexes. According to
this estimation, SP can improve by several hundred percent
the RSM similarity index. In both of these estimations, SP
can outperform PA by more than forty per cent.

In Fig. 8, we also show the precision curve of these sim-
ilarity indices. The precision curve is obtained in this case
by utilizing ten alternative values of L, which are 5, 10, . . .,
50 for all similarity indices. Nearly for all similarity indices
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Fig. 7 Maximal spanning tree
of the training graph

Table 6 Link prediction
accuracy estimated by AUC and
Precision

Estimations AUC SP/similariy indices Precision SP/similariy indices

Salton 0.689 0 0.286 +33.22%

Jaccard 0.625 +10.24% 0.286 +33.22%

Sorensen 0.625 +10.24% 0.286 +33.22%

PA 0.491 +40.33% 0.238 +60.08%

CN 0.601 +14.64% 0.333 +14.41%

RSM 0.597 +15.41% 0.143 +166.43%

CAR 0.624 +10.42% 0.333 +14.41%

SP 0.689 0.381

have decreasing precision as L increases, with the exception
of the PA index, which has fairly steady prediction outcomes
despite L change. Overall, it supports the idea that raising L
makes the prediction problemmore complex. Figure 8 shows
that the SP index performs consistently and better than other
similarity indices. It suggests that the SP index is a solid sup-
plement to existing similarity indices of link prediction when
dealing with a typical network with strength of relationships
and no common neighbours.

Area of applications

Link prediction is an essential method for forecasting future
connections in complex networked systems. The literature
presents various similarity indices for link prediction, each
with distinct methodologies and applications. The Strength
Prominence Similarity Index (SP index) is a novel approach
in this domain, incorporating both the strengths and limita-
tions of relationships. Unlike conventional indices that rely
on common neighbours, the SP index ensures a consistent
scoring mechanism even when seed node pairs lack common
neighbours by considering the strength of path connectivity

and their prominence degrees. Through the analysis of exist-
ing structures and relationships, link prediction (SP index)
facilitates informed decision-making across multiple disci-
plines.

• Social Network Analysis: In social media platforms
like Facebook, Twitter, and LinkedIn, link prediction is
widely used to recommend new friends or professional
connections. The algorithm suggests connections based
on mutual friends, shared interests, or interaction his-
tory. Additionally, it helps in detecting influential users
and analysing community structures, which is beneficial
for marketing and user engagement strategies.

• Biological and Medical Networks: In bioinformatics
and healthcare, link prediction is used to forecast inter-
actions between proteins, which helps in understanding
biological functions and disease mechanisms. Similarly,
in drug discovery, it assists in identifying potential drug-
target interactions, which speeds up the development of
new treatments and minimizes experimental costs.

• Cybersecurity and Fraud Detection: In cybersecurity,
link prediction helps in identifying suspicious activities,
such as unusual patterns of communication thatmay indi-
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Fig. 8 Precision curve for
similarity indices on different
values of L

cate a cyber threat. It is also used in financial networks
to detect fraudulent transactions by predicting abnormal
links in banking and credit card networks, thereby pre-
venting financial crimes.

• Financial and Business Networks: Link prediction is
useful in analysing business partnerships by identifying
potential collaborations based on past trends and market
behaviour. In the financial sector, it helps assess credit
risk by predicting links between borrowers and finan-
cial institutions, ensuring better decision-making in loan
approvals and investment planning.

• Scientific Collaboration and Citation Networks: In
academia, link prediction helps in predicting future
collaborations between researchers based on their co-
authorship history and shared research interests. It also
assists in recommending relevant research papers by
analysing citation patterns, helping researchers stay
updated with important advancements in their field.

• Transportation and Communication Networks: In
transportation systems, link prediction is used to improve
route optimization and traffic flow by analysing move-
ment patterns. In communication networks, such as the

internet and telecommunication systems, it helps predict
future links between devices or nodes, ensuring better
connectivity and efficiency in data transfer.

Conclusion

Due to the present vast amount of network statistics in elec-
tronic form, various fields such as computer science, soci-
ology, information science, and anthropology have recently
given close attention to the topic of link prediction. All prior
link prediction approacheswere developedbased on the num-
ber of neighbours and the number of links between them. The
strength of the linkages and the significance of the seed node
pairs in link prediction were recorded in this study. We pro-
posed a new similarity index termed SP that may be used in
both circumstances, whether there are common neighbours
between seed node pairs or not. We used Facebook data to
test the algorithms on three estimations: Precision, AUP, and
AUC. Our experimental results show that the link predic-
tion algorithm performs consistently and delivers a better
discriminative score value for seed node pairs.
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The primary contribution of this work is that we discover
a score function based on the strength and prominence of
seed nodes, which is not normally included in other methods,
is particularly useful in forecasting missing links. Another
advantage of the SP index is the fact that it is parameters-
free, which makes it easier to apply to different types of
networks, as picking an acceptable parameter for a certain
network always requires additional information, which may
be difficult to obtain.

Nonetheless, our work has some limitations, such as not
taking into account the negative strength (weakness) of the
links and the negative prominence of the seed nodes. We
assume amodest-size network here, butmanually calculating
the score for complex or big networks is quite tough. For this
computation, we must devise an appropriate pseudo code.
These restrictions will be addressed in future research. Still,
we hope that our findings will help future researchers deal
with the uncertainty, strength, and weaknesses of ties in a
fuzzy social network.
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