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1. Introduction

Let D be a commutative ring with an automorphism σ : D → D and let R = D( (x;σ) )
be the formal skew Laurent series ring over D, i.e., the ring that consists of the series ∑︁∞

i=k aix
i with k ∈ Z and ai ∈ D, and is subject to the rule xa = σ(a)x for all 

a ∈ D. Hilbert used this construction in 1899 to provide the first known example of a 
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centrally infinite division ring. This led several authors, including Dickson, Hahn, Schur, 
Mal’cev, and Neumann, to study this and similar rings. In [5, Section 14], Lam gives a 
detailed account of the early development of the skew Laurent series ring and similar 
constructions.

It is well known that if D is noetherian (resp., an integral domain, a field), then R
is also (left and right) noetherian (resp., a domain, a division ring) (see [5, Example 
1.8] and [17]). Several authors have studied extensions of various properties; Tuganbaev 
shows that R is right serial right artinian if and only if D is [18], Romaniv and Sagan 
show that R is ω-Euclidean if so is D [14], Mazurek and Ziembowski determine when 
R satisfies an ascending chain condition on principal right ideals [11] (while in [12] they 
also characterize generalized power series rings that are semilocal right Bézout; see also 
[2,15]), Letzter and Wang determine the Goldie rank of R [7], Majidinya and Moussavi 
study the Baer property of R [8,9], and Annin describes the associated primes of R
[1]. However, there are very few established results in the case where D is a Dedekind 
domain; in the commutative setting (i.e., if σ = id), [3, Ch 10.3, Ex 3] shows that R is 
also a Dedekind domain (see [13] for the generalized power series case).

A similar problem in the noncommutative setting is studied in [10, Section 7.9]. It is 
established that the skew polynomial ring S = D[x, x−1;σ], the subring of R consisting 
of all the series with only finitely many nonzero terms, is a noncommutative Dedekind 
domain if D is a Dedekind domain. Furthermore, there is a surjective map

ϕ : K0(D) → K0(S)

with the kernel generated by [Mσ]− [M ] for all finitely generated projective D-modules 
M . Here, K0(S) denotes the Grothendieck group of S, [M ] denotes the isomorphism 
class of M , and Mσ denotes the σ-skewed module we get from M (see Section 2 and [10, 
Section 12.5] for details). Also, note that the Grothendieck group of D splits as

K0(D) = G(D) ⊕ Z,

where G(D) is the ideal class group of D [6, Section 35].
We say that σ acts trivially on G(D) if σ(ℑ) is isomorphic to ℑ for any ideal ℑ◁D. 

In this paper, we will prove the following theorem.

Theorem A. If D is a commutative Dedekind domain with an automorphism σ, then the 
skew Laurent series ring R = D( (x;σ) ) is a noncommutative Dedekind domain. Further
more, if σ acts trivially on G(D), then

K0(R) ∼ = K0(D).

We will actually show something more about the ideal structure of R, namely, we will 
prove that every right ideal IR ≤ RR is isomorphic to the extended ideal ℑR for some 



D. Vitas / Journal of Algebra 685 (2026) 313--336 315

ℑ ◁ D (Proposition 3.1); yet not every right ideal of R is of this form (e.g., the ideal 
(2 + x)R for D = Z). With this we also get the following theorem.

Theorem B. Let D be a commutative Dedekind domain with an automorphism σ that 
acts trivially on G(D), and let R = D( (x;σ) ). Then any two stably isomorphic finitely 
generated projective R-modules are isomorphic.

Note that this is not in general true for all noncommutative Dedekind domains; the 
first Weyl algebra A1(k) is a simple noncommutative Dedekind domain, but has stably 
free modules that are not free [10, Corollary 11.2.11]. In the setting of classical maxi
mal orders in central simple algebras over number fields the situation is subtle: stable 
isomorphism implies isomorphism unless the algebra is a totally definite quaternion al
gebra. (This is a consequence of strong approximation.) In the exceptional case of totally 
definite quaternion algebras, on the other hand, there are only finitely many instances 
where stable isomorphism still implies isomorphism. These have all been classified [16].

Finally, we also compute a few invariants of R; namely, its right Krull dimension 
κ(R), right global dimension gld(R), general linear rank glr(R), and stable rank sr(R).

Theorem C. Let D be a commutative Dedekind domain, that is not a field, with an 
automorphism σ, and let R = D( (x;σ) ). Then κ(R) = 1, gld(R) = 1, and sr(R) = 2. If 
σ acts trivially on G(D), then glr(R) = 1.

2. Preliminaries

Let D be a commutative domain and K its field of fractions. We say that D is a 
Dedekind domain if every nonzero ideal ℑ ◁ D is invertible, i.e., there exists a finitely 
generated D-module 𝔏 ⊆ K (we call such modules fractional ideals) such that ℑ𝔏 = D. 
Throughout this paper, D will always denote a commutative Dedekind domain. Let 
σ : D → D be an automorphism of D. The skew Laurent series ring over D is the set

R = D( (x;σ) ) =
{︂ ∞ ∑︂

i=k 
aix

i
⃓⃓⃓
ai ∈ D, k ∈ Z 

}︂
with addition defined term-wise and multiplication defined by using the distributive 
property and the formula

xia = σi(a)x

for any a ∈ D and i ∈ Z. We will often write Q for K( (x;σ) ) (note that this is not the 
ring of fractions of R, but it is a division ring containing R).

For a Laurent series

f =
∞ ∑︂
i=k 

aix
i ∈ R (2.1)
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with ak ̸= 0 we define the lowest coefficient of f to be lowest(f) = ak and write 
lowest(f) = 0 if f = 0. For a right ideal IR ≤ RR the set

const(I) = { lowest(f) | f ∈ I }

is an ideal of D; we call it the constant ideal of I. The ideal const(I) plays an important 
role in studying the ideal I.

Remark 2.1. We will establish our first result only for right ideals. To invoke the left-right 
symmetry and use the same result for left ideals, we have to adjust our terms a little 
bit. We can write every element of R as in (2.1) in the left normal form as

f =
∞ ∑︂
i=k 

xibi

for bi = σ−i(ai). It is easy to check that elements in the left normal form multiply 
symmetrically to those in R (except applying σ−1 instead of σ to the elements in D). 
By defining the (left) lowest coefficient of f to be lowestl(f) = σ−k(ak) and writing

constl(J) = { lowestl(f) | f ∈ I }

for a left ideal RJ ≤ RR, we obtain a symmetric notion to const(I) defined for a right 
ideal IR ≤ RR. In this context, applying all the steps in future proofs symmetrically 
from the left will yield a symmetric result for the left ideals, despite the fact that the 
proofs are only written for the right ideals.

The following lemma is found in [17, Lemma 4.3] and will be important later on. In 
particular, it already shows that if D is a PID, then R is also a PID.

Lemma 2.2. Let IR ≤ RR be a right ideal and let

const(I) = a1D + · · · + anD

for some ai ∈ D. Then there exist f1, . . . , fn ∈ R with lowest(fi) = ai such that

I = f1R + · · · + fnR.

Let us recall a few notions. Let S be an arbitrary (unital) ring. We say that S is a 
noncommutative Dedekind domain if it is a domain, it is noetherian (i.e., both left and 
right ideals are finitely generated), it is hereditary (i.e., both left and right ideals are 
projective), and it is an Asano order (i.e., two sided nonzero ideals are both left and right 
invertible); see [6, Definition 23.5]. (The left hereditary property follows from the right 
hereditary property, as long as the ring S is left and right noetherian [4, Corollary 7.65].) 
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Note that for a commutative ring S, this notion coincides with the standard notion of a 
commutative Dedekind domain.

This type of rings admits factorization properties of modules, similar to those of com
mutative Dedekind domains (see [10, Section 5.7] or [6, Sections 33, 35]). In particular, 
every finitely generated module is a direct sum of a projective module and a torsion 
module. Furthermore, every finitely generated projective module M is isomorphic to

M ≃ I ⊕ Sn (2.2)

for some right ideal IS ≤ SS and n ∈ N0 = N∪{0}. Noncommutative Dedekind domains 
also admit a cancellation property. More precisely, if

I ⊕ Sn ≃ J ⊕ Sn

for some right ideals I and J and n ∈ N, then

I ⊕ S ≃ J ⊕ S. (2.3)

See [10, Corollary 11.7.14] for details.
For any ring S, not necessarily a Dedekind domain, we say that two right S-modules 

MS and NS are stably isomorphic if

M ⊕ Sn ≃ N ⊕ Sn

for some n ∈ N0. In general, the Grothendieck group K0(S) of any ring S is a group 
generated by stable isomorphism classes of finitely generated projective (right) modules 
MS (we denote the stable isomorphism class of M by [M ]), where the addition is given 
by

[M ] + [N ] = [M ⊕N ].

For a noncommutative Dedekind domain S, we can define the homomorphism

ψ : K0(S) → Z,

mapping an element of the form [I ⊕ Sn]− [J ⊕ Sm] for some nonzero ideals I and J to 
n−m. The kernel of ψ consists of elements of the form [I] − [S] (this follows from [10, 
Theorem 11.7.13(ii)]), where I is a right ideal of S; we denote it by

G(S) = kerψ

and call it the (right) ideal class group of S. Since Z is projective, the morphism ψ splits 
and we have
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K0(S) ∼ = G(S) ⊕ Z.

Note that if S is a commutative ring, then G(S) coincides with the usual ideal class 
group. See [10, Section 12.1] for details.

3. Extension proposition

Recall that D is a commutative Dedekind domain with an automorphism σ : D → D

and R = D( (x;σ) ) is the skew Laurent series ring. This section is dedicated to proving 
the following proposition.

Proposition 3.1. Let IR ≤ RR be a right ideal. Then

I ≃ ℑR

as right R-modules, where ℑ = const(I) ◁D.

Remark 3.2. In future, we will use the fact that

ℑR = ℑ( (x;σ) ) =
{︂ ∞ ∑︂

i=k 
aix

i
⃓⃓⃓
ai ∈ ℑ, k ∈ Z 

}︂
without any further reference. To check that this is true, note that the ideal ℑ ◁ D is 
generated by two elements, say g1 and g2 (in fact, since D is a commutative Dedekind 
domain, every ideal has the 11

2 -generator property: for every nonzero a ∈ ℑ there is an 
element b ∈ ℑ such that a and b generate ℑ). The left-to-right inclusion is obvious, so let 
us take an

a =
∞ ∑︂
i=k 

aix
i

with ai ∈ ℑ, and show that a ∈ ℑR. Since g1 and g2 generate ℑ, we can write each ai as

ai = g1ai1 + g2ai2

for some ai1, ai2 ∈ D. Thus,

a = g1

(︄ ∞ ∑︂
i=k 

ai1x
i

)︄
+ g2

(︄ ∞ ∑︂
i=k 

ai2x
i

)︄
,

which is now obviously an element of ℑR.



D. Vitas / Journal of Algebra 685 (2026) 313--336 319

From now on let IR ≤ RR be a right ideal, and write ℑ for const(I). Since D is a 
Dedekind domain, every ideal in D is generated by two elements; let a1, a2 ∈ D generate 
ℑ. Set

g0 = [a1 a2 ] and g⊥0 =
[︃

a2
−a1

]︃
.

By Lemma 2.2, there are f1, f2 ∈ I with lowest(fi) = ai that generate I. Without loss 
of generality we may assume that

fi = ai +
∞ ∑︂
j=1 

aijx
j

for some aij ∈ D. Define

gj = [a1j a2j ]

for every j ∈ N and set

g =
∞ ∑︂
j=0 

gjxj = [f1 f2 ] .

Since the entries of g generate I, and the entries of g0 generate ℑ, we have the following 
relation on the rows gi.

Lemma 3.3. For every n ∈ N0 and

s0, s1, . . . , sn−1 ∈
[︃
D
D

]︃
such that

k∑︂
i=0 

giσi(sk−i) = 0 (3.1)

for every k = 0, 1, . . . , n− 1, we have

n ∑︂
i=1 

giσi(sn−i) ∈ ℑ.

Proof. Set s =
∑︁n−1

i=0 sixi. Since the entries of g generate I, we have

gs ∈ I.
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Computing this expression yields

gs =
(︄ ∞ ∑︂

i=0 
gixi

)︄(︄
n−1∑︂
i=0 

sixi

)︄

=
n−1∑︂
k=0 

k∑︂
i=0 

giσi(sk−i)xk +
∞ ∑︂

k=n

k∑︂
i=k−n+1

giσi(sk−i)xk.

By assumption (3.1), the first summand is zero, so we have that

gs =
n ∑︂

i=1 
giσi(sn−i)xn + hxn+1 ∈ I

for some h =
∑︁∞

i=0 hix
i with hi ∈ D. By definition of the constant ideal, this means that

n ∑︂
i=1 

giσi(sn−i) ∈ ℑ. □

The following lemma gives us sufficient conditions on gi for the ideal I to be isomorphic 
to ℑR.

Lemma 3.4. If there exist matrices Ai ∈ M2(D), with A0 being the identity matrix, such 
that

k∑︂
i=0 

giσi (Ak−i)σk(g⊥0 ) = 0 (3.2)

holds for all k ∈ N0, then I ≃ ℑR.

Proof. Recall that we write K for the field of fractions of D and Q for K( (x;σ) ). Set

A =
∞ ∑︂
i=0 

Aix
i ∈ M2(R)

and let

q = 1 +
∞ ∑︂
i=1 

qix
i ∈ Q,

where qi ∈ K have yet to be determined. We will define qi so that we have

qg0 = gA. (3.3)
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Since the matrix A is invertible [17, Proposition 4.4], the two entries of gA generate I. 
Therefore (3.3) implies that ℑR is isomorphic to I (via multiplication by q). The equation 
(3.3) is equivalent to the system

qkσ
k(g0) =

k∑︂
i=0 

giσi(Ak−i)

for k ∈ N. Since these are 2-dimensional rows and σk(g0) is nonzero, the existence of 
such qi ∈ K is equivalent to the condition (3.2). □

Now all that is left is to construct the matrices Ai from the previous lemma.

Proof of Proposition 3.1. We assume that ℑ ̸= 0, since otherwise I = 0 as well and 
the statement is clear. We will prove the existence of matrices Ai from Lemma 3.4 by 
induction. The equality (3.2) for k = 0 is trivial (since A0 is the identity matrix), so 
assume that n ≥ 1 and that there exist matrices A1, . . . , An−1 such that (3.2) holds for 
every k = 0, 1, . . . , n − 1. Since D is a Dedekind domain and ℑ is a nonzero ideal of D, 
there is a fractional ideal ℑ−1 ⊆ K (i.e., a finitely generated D-module) such that

ℑℑ−1 = D. (3.4)

We will first show that

n ∑︂
i=1 

giσi(An−i)σn(g⊥0 ) σn(ℑ−1) ⊆ ℑ. (3.5)

To prove this take a q ∈ ℑ−1 and let

si = Aiσ
i(g⊥0 )σi(q) ∈

[︃
D
D

]︃
for i = 0, 1, . . . , n− 1. Then (3.2) implies (3.1), and by Lemma 3.3, we have

n ∑︂
i=1 

giσi(sn−i) =
n ∑︂

i=1 
giσi(An−i)σn(g⊥0 ) σn(q) ∈ ℑ.

Since this holds for every q ∈ ℑ−1, inclusion (3.5) follows.
By multiplying inclusion (3.5) with the ideal σn(ℑ), we get

n ∑︂
i=1 

giσi(An−i)σn(g⊥0 ) σn(ℑ−1ℑ) ⊆ ℑσn(ℑ).

By (3.4), we have σn(ℑ−1ℑ) = D, which implies
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n ∑︂
i=1 

giσi(An−i)σn(g⊥0 ) ∈ ℑ σn(ℑ).

Since the entries of g0 and σn(g⊥0 ) generate ℑ and σn(ℑ), respectively, this means that 
there exists a matrix An ∈ M2(D) such that

−g0Anσ
n(g⊥0 ) =

n ∑︂
i=1 

giσi(An−i)σn(g⊥0 ).

This concludes the induction step. Applying Lemma 3.4 concludes the proof. □
4. Laurent series ring is a Dedekind domain

We are now in position to establish one of the main results.

Theorem 4.1. Let D be a commutative Dedekind domain with an automorphism σ. Then 
R = D( (x;σ) ) is a noncommutative Dedekind domain. Furthermore, the ring R is simple 
if and only if σ(ℑ) ̸= ℑ for every nonzero proper ideal ℑ◁D.

Proof. The fact that R is a domain is a standard result. The ring R is noetherian due 
to Proposition 3.1. To see that R is hereditary, first we prove that it is flat as a left 
D-module. Indeed, direct products of flat modules are flat over a noetherian ring D, and 
R can be written as a union of

Rk =
{︂ ∞ ∑︂

i=k 
aix

i
⃓⃓⃓
ai ∈ D 

}︂
≃

∞ ∏︂
i=k

D

as left D-modules. In fact, R is a direct limit of Rk with the natural embeddings and is 
thus itself flat. Now take any right ideal IR ≤ RR and let ℑ = const(I). Proposition 3.1
shows that I ≃ ℑR. Since R is a flat D-module, we have that ℑR ≃ ℑ ⊗D R. The 
projective property is preserved by tensoring with flat modules, hence I is projective. 
This shows that R is right hereditary; the left hereditary property follows by symmetry 
(or, alternatively, it follows from [4, Corollary 7.65]).

Now, we will prove that R is an Asano order. Take a nonzero two-sided ideal I ◁ R. 
Since I is (in particular) a right ideal, Proposition 3.1 implies that there is a q ∈ Q and 
an ideal ℑ ◁ D such that I = qℑR. Consider the left fractional ideal J = Rℑ−1q−1R.
Since RI = I, we see that

JI = R. (4.1)

Similarly, since I is also a left ideal, the left symmetric version of Proposition 3.1 implies 
that there is a p ∈ Q and an ideal 𝔏◁D such that I = R𝔏p. For a right fractional ideal 
J ′ = Rp−1𝔏−1R, we have
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IJ ′ = R. (4.2)

Multiplying equation (4.1) from the right by J ′ and considering (4.2), yields J = J ′. 
Therefore J is a two sided fractional ideal with IJ = JI = R.

Finally, if I ◁ R is a two-sided ideal of R, then xI = I, which implies that σ(ℑ) = ℑ

for the ideal ℑ = const(I)◁D. So if there are no such nonzero proper ideals, then either 
I = 0 or I = R. Conversely, if ℑ ◁ D is a nonzero proper ideal with σ(ℑ) = ℑ, then 
I = ℑR is a nonzero proper two-sided ideal of R. □

For the ring R, we will now determine its Krull dimension κ(R), right global dimen
sion gld(R), and stable rank sr(R). For definitions see [10, Sections 6.2.2, 7.1.8, 11.3.4].

Theorem 4.2. Let D and R be as in the previous theorem, and assume that D is not a 
field. Then κ(R) = 1, gld(R) = 1, and sr(R) = 2.

Proof. By Theorem 4.1, R is hereditary, noetherian, and prime, and thus by [10, Corol
lary 6.2.8], we have κ(R) ≤ 1. If κ(R) = 0, then R would be (right) artinian, hence D
would be an artinian Dedekind domain, and thus a field. Therefore κ(R) = 1.

By Theorem 4.1, R is (right) hereditary, and thus gld(R) ≤ 1. Since R is not (right) 
artinian, as before, we have gld(R) = 1.

By [10, Corollary 6.7.4], we have that sr(R) ≤ κ(R) + 1 = 2. We will prove that 
sr(R) ≥ 2 by finding a two dimensional unimodular row a that is not stable, i.e.,

a = [a1 a2 ] ∈ [R R ]

such that

a1R + a2R = R,

but a1 + a2r is not invertible for any r ∈ R. To find such an a, let a ∈ D be a nonzero 
element that is not invertible. For b = 1 + σ(a), the row

a =
[︁
a + x a2 + bx

]︁
has the wanted properties. Indeed, a is unimodular, since

(a + x)a− (a2 + bx) = (σ(a) − b)x = −x

is an invertible element of R. We will prove that a is not stable. For contradiction, assume 
that there is an r ∈ R such that

f = (a + x) + (a2 + bx)r ∈ R
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is invertible. Clearly r ̸= 0, so write r =
∑︁∞

i=k rix
i for some ri ∈ D and k ∈ Z with 

rk ̸= 0. The lowest coefficient

lowest(f) =

⎧⎪⎪⎨⎪⎪⎩
a2rk k < 0
a + a2r0 k = 0
a k > 0

cannot be invertible or zero (since neither is a), but this contradicts the invertibility of 
f . □

We have yet to compute the general linear rank of R, defined in [10, Section 11.1.14]. 
In the following section we will show that glr(R) = 1.

5. Computing the ideal class group

Since, by Theorem 4.1, R is a Dedekind domain, we have that K0(R) ∼ = G(R) ⊕ Z, 
where G(R) denotes the (right) ideal class group of R. Therefore, determining K0(R) is 
the same as determining G(R). We can verify that G(R) is isomorphic to the group of 
stable isomorphism classes [I] of (right) ideals IR ≤ RR, where the addition is given by

[I] + [J ] = [K] if and only if [I ⊕ J ] = [K ⊕R].

Proposition 3.1 shows that the natural map ϕ : G(D) → G(R), mapping [ℑ] to [ℑR], 
is surjective. The kernel of ϕ obviously contains all the elements of the form

[σ(ℑ)] − [ℑ], (5.1)

since σ(ℑ)R ≃ ℑR via multiplication by x−1. Note that in a commutative Dedekind 
domain D stable isomorphism classes are exactly the same as isomorphism classes, while 
in a noncommutative Dedekind domain R the former can be strictly larger than the 
latter.

Throughout this section assume that σ acts trivially on the ideal class group of D, 
i.e., σ(ℑ) is isomorphic to ℑ for any ideal ℑ◁D. This is equivalent to 𝔏−1σ(𝔏) being a 
principal fractional ideal for any nonzero fractional ideal 𝔏. In this case, the elements in 
(5.1) vanish. The following theorem, that we will prove at the end of this section, states 
that the kernel of ϕ is then trivial.

Theorem 5.1. Let D be a commutative Dedekind domain with an automorphism σ that 
acts trivially on G(D), and let R = D( (x;σ) ). Then ϕ : G(D) → G(R), sending [ℑ] to 
[ℑR], is an isomorphism. In that case,

K0(R) ∼ = K0(D).
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Let us also point out a corollary to this theorem, which shows that in R stable iso
morphism yields an isomorphism.

Corollary 5.2. Let D and R be as in Theorem 5.1. Then any two stably isomorphic finitely 
generated projective R-modules are isomorphic.

Proof. Take M and N to be stably isomorphic finitely generated projective right R
modules. If either M or N are zero, the statement trivially follows, so assume that they 
are both nonzero. Since R is a noncommutative Dedekind domain, by (2.2), there are 
nonzero (right) ideals IR, JR ≤ RR such that

M ≃ I ⊕Rn and N ≃ J ⊕Rm (5.2)

for some n,m ∈ N0. By computing the uniform dimension, since N and M are stably 
isomorphic, we see that n = m. By Proposition 3.1, there are ideals ℑ,𝔏◁D such that

I ≃ ℑR and J ≃ 𝔏R. (5.3)

Since M and N are stably isomorphic, in particular, ℑR and 𝔏R are also stably iso
morphic, which implies that [ℑ] − [𝔏] lies in the kernel of ϕ. Since ϕ is injective by 
Theorem 5.1, we have ℑ ≃ 𝔏. The modules M and N are then clearly isomorphic by 
(5.2) and (5.3). □

In particular, the above corollary states that every finitely generated stably free R
module is actually free. The following observation follows from [10, Proposition 11.1.12].

Corollary 5.3. Let D and R be as in Theorem 5.1. Then glr(R) = 1.

The rest of this section is dedicated to the proof of Theorem 5.1. We will require a 
few auxiliary definitions and lemmas. Let IR ≤ RR be a nonzero right ideal of R. By 
I−1 denote the set

I−1 = (R :l I) = { q ∈ Q | qI ⊆ R }.

For example, if we consider the ideal I = ℑR for some ideal ℑ◁D, we have

I−1 =
{︂ ∞ ∑︂

i=k 
σi(qi)xi

⃓⃓⃓
qi ∈ ℑ−1, k ∈ Z 

}︂
.

Let J be another right ideal of R. Essentially by [10, Proposition 3.1.15], we have that 
Hom(I, J) ∼ = JI−1 and we can identify Hom(R ⊕ I,R ⊕ J) with 2 × 2 matrices with 
entries in
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[︃
R I−1

J JI−1

]︃
.

In particular,

End(R⊕ I) ∼ = 

[︃
R I−1

I II−1

]︃
,

where the right-hand-side ring is a unital ring as well.
We will say that a row a ∈ [︁

R I−1 ]︁ is invertible if there is another row b ∈ [︁
I II−1 ]︁

such that the matrix

A =
[︃
a
b

]︃
∈
[︃
R I−1

I II−1

]︃
is invertible (in this ring).

Lemma 5.4. Let I be a nonzero right ideal of R. A row a ∈ [︁
R I−1 ]︁ is invertible if and 

only if there is an invertible matrix

T ∈
[︃
R I−1

I II−1

]︃
such that aT = [1 0].

Proof. Assume that a is invertible and let A be the matrix from the definition before 
the lemma. Set T = A−1 and note that T is an invertible matrix. Since a is the first row 
of the matrix A, we have aT = [1 0] as required.

Now assume that there is an invertible matrix

T ∈
[︃
R I−1

I II−1

]︃
with aT = [1 0]. Multiplying this equation by T−1, we see that a is the first row of 
T−1, which proves that a is invertible. □

We will say that a row a ∈ [︁
R I−1 ]︁ is unimodular if there is a column

t ∈
[︃
R
I

]︃
with

at = 1.

The following lemma provides a sufficient condition for a right ideal IR ≤ RR to have 
the property that any stable isomorphism yields an isomorphism (see [10, Proposition 
11.1.12] for the case where I = R).
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Lemma 5.5. Let I be a nonzero right ideal of R such that every unimodular row a ∈[︁
R I−1 ]︁ is invertible. Then, if R⊕ I ≃ R⊕ J for some other right ideal JR ≤ RR, we 

must have I ≃ J .

Proof. Assume that R⊕ I ≃ R⊕J . By computing the uniform dimension, we see that J
is nonzero. Therefore, by the identification with 2 × 2 matrices mentioned before, there 
exist matrices

A ∈
[︃
R I−1

J JI−1

]︃
and B ∈

[︃
R J−1

I IJ−1

]︃
,

which are inverse to each other, i.e., AB = BA = I2×2. Denote by a the first row of 
A and by t the first column of B. Since at = 1, the row a is unimodular, and thus, by 
assumption, it is invertible. By Lemma 5.4, there is an invertible matrix

T ∈
[︃
R I−1

I II−1

]︃
such that aT = [1 0]. Then the matrix A′ = AT is a lower triangular matrix with the 
inverse B′ = T−1B, which is also lower triangular, since R is a domain. In particular, 
for the bottom right entry of A′, say a′ ∈ JI−1, and the bottom right entry of B′, say 
b′ ∈ IJ−1, we have a′b′ = b′a′ = 1, which implies I ≃ J . □

To prove Theorem 5.1 we will prove that any unimodular row a ∈ [︁
R I−1 ]︁ is 

invertible. By Proposition 3.1, it is enough to consider ideals of the form I = ℑR for 
some nonzero ℑ◁D. We have a =

∑︁∞
i=k aixi for some

ai ∈
[︁
D σi(ℑ−1)

]︁
.

Without loss of generality, we may assume that k = 0 and a0 ̸= 0. Indeed, a row a is 
unimodular if and only if x−ka is. To see this, let

t ∈
[︃
R
I

]︃
be such that at = 1. Then

txk ∈
[︃
R
I

]︃
and we have 

(︁
x−ka

)︁ (︁
txk

)︁
= 1, proving that x−ka is unimodular. The reverse implication 

follows by symmetry. Similarly, a row a is invertible if and only if x−ka is. Thus, we can 
really assume that k = 0 and a0 ̸= 0.

We start with a very general definition. It might not be clear at first why this definition 
is needed (namely, why is the ideal 𝔄 appearing in the definition), but it turns out to be 
a crucial generalization for proving the wanted theorem.
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Definition 5.6. Let n ∈ N0, and let 𝔄 ◁ D be a nonzero ideal. For each i ∈ N0, let 
ai ∈

[︁
σi(𝔄−1) σi(ℑ−1𝔄)

]︁
. We say that a =

∑︁∞
i=0 aixi is n-unimodular with respect to 

𝔄 if and only if there is a column t =
∑︁∞

i=0 tixi with

ti ∈
[︃

𝔄
ℑ𝔄−1

]︃
such that

at = xn +
∞ ∑︂

i=n+1
hix

i

for some hi ∈ D.

Lemma 5.7. If a row a =
∑︁∞

i=0 aixi ∈ [︁
R I−1 ]︁ is unimodular, it is n-unimodular with 

respect to 𝔄 = D for some n ∈ N0.

Proof. Assume that a is unimodular, i.e., there is a vector

t =
∞ ∑︂

i=−n

tixi ∈
[︃
R
I

]︃

such that at = 1. Let t′ = txn =
∑︁∞

i=0 ti−nx
i. Since

ti−n ∈
[︃
D
ℑ

]︃
for every i and

at′ = xn,

this shows that a is n-unimodular with respect to 𝔄 = D. □
We can define a generalization of invertibility of a row in a similar way.

Definition 5.8. Let n ∈ N0, and let 𝔄 ◁ D be a nonzero ideal. For each i ∈ N0, let 
ai ∈ [︁

σi(𝔄−1) σi(ℑ−1𝔄)
]︁
. We say that a =

∑︁∞
i=0 aixi is n-invertible with respect to 

𝔄 if and only if there is a row b =
∑︁∞

i=0 bix
i with bi ∈

[︁
ℑσi(𝔄−1) ℑσi(ℑ−1𝔄)

]︁
and a 

matrix T =
∑︁∞

i=0 Tix
i with

Ti ∈
[︃

𝔄 σi(ℑ−1)𝔄
ℑ𝔄−1 ℑσi(ℑ−1)𝔄−1

]︃
such that
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[︃
a
b

]︃
T =

∞ ∑︂
i=n 

Hix
i

for some matrices

Hi ∈
[︃
D σi(ℑ−1)
ℑ ℑσi(ℑ−1)

]︃
with det(Hn) generating ℑσn(ℑ−1).

Lemma 5.9. If a row a =
∑︁∞

i=0 aixi ∈ [︁
D I−1 ]︁ is n-invertible with respect to 𝔄 = D

for some n ∈ N0, then it is invertible.

Proof. Assume that a is n-invertible with respect to 𝔄 = D. Take b, T and Hi to be as 
in the previous definition. Let μ = 1/ det(Hn), denote M = diag(1, μ), and let

S =
[︃
a
b

]︃
Tx−nM = HnM +

∞ ∑︂
i=1 

Hi+nσ
i(M)xi.

Since

HnM ∈
[︃
D ℑ−1

ℑ ℑℑ−1

]︃
has determinant 1, it is an invertible matrix in this ring, and thus, the matrix S is 
invertible in [︃

D I−1

I II−1

]︃
.

Therefore, T ′ = Tx−nMS−1 is an inverse of the matrix

A =
[︃
a
b

]︃
,

which shows that a is invertible. □
In our next step we will, for a row a, define the row ˜︁a. We will show that if a is 

n-unimodular, then ˜︁a is n − 1-unimodular, and that if ˜︁a is n − 1-invertible, then a is 
n-invertible (with respect to a certain ideal). This will enable us to prove that R satisfies 
the assumption of Lemma 5.5 by a simple induction on n. But before that, we need to 
decompose rows in a suitable way.

For a row c =
[︁
c(1) c(2)

]︁ ∈ [K K ], denote by c⊥ the orthogonal column

c⊥ =
[︃

c(2)

−c(1)

]︃
,
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which satisfies cc⊥ = 0. Let a =
∑︁∞

i=0 aixi with ai ∈
[︁
σi(𝔄−1) σi(ℑ−1𝔄)

]︁
for i ∈ N0

and a0 ̸= 0. Then a0 = [s q ] for some s ∈ 𝔄−1 and q ∈ ℑ−1𝔄. Let

𝔅 = s𝔄 + qℑ𝔄−1 ◁D.

Since s𝔄𝔅−1 + qℑ𝔄−1𝔅−1 = D, there is a row a0 ∈ [︁
ℑ𝔄−1𝔅−1 𝔄𝔅−1 ]︁ such that

det
[︃
a0
a0

]︃
= a0a⊥0 = 1.

Fix such an a0. Note that the matrix

A = a⊥0 a0 − a⊥0 a0 (5.4)

satisfies a0A = a0 and a0A = a0, and since a0 and a0 are linearly independent, this 
implies that A is the identity matrix. This enables us to decompose rows in a suitable 
manner, namely, we can write rows ai ∈

[︁
σi(𝔄−1) σi(ℑ−1𝔄)

]︁
as

ai = aiσi(A) = aiσ
i(a0) − aiσ

i(a0)

with ai = aiσi(a⊥0 ) ∈ σi(𝔅−1) and ai = aiσi(a⊥0 ) ∈ σi(ℑ−1𝔅).
Fix a λ ∈ K such that

λD = ℑ𝔅−1σ(ℑ−1𝔅) (5.5)

and denote

˜︁ai =
[︁
ai ai+1/σ

i(λ)
]︁ ∈ [︁

σi(𝔅−1) σi(ℑ−1𝔅)
]︁
.

Let ˜︁a =
∑︁∞

i=0 ˜︁aixi. The next two lemmas connect the previously defined properties of a 
row a to the row ˜︁a.
Lemma 5.10. Let n ≥ 1. If a row a is n-unimodular with respect to 𝔄, then ˜︁a is n − 1
unimodular with respect to 𝔅.

Proof. Assume that a is n-unimodular with respect to 𝔄, i.e., there is a column t =∑︁∞
i=0 tixi with

ti ∈
[︃

𝔄
ℑ𝔄−1

]︃
such that

at = xn +
∞ ∑︂

i=n+1
hix

i
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for some hi ∈ D. This is equivalent to the system of equations

k∑︂
i=0 

aiσi(tk−i) = δkn (5.6)

for k = 0, 1, . . . , n. Here, δkn = 1 if k = n, and δkn = 0 otherwise. For the matrix A from 
(5.4), we have

ti = Ati = a⊥0 ti + a⊥0 ti

for ti = a0ti ∈ 𝔅 and ti = −a0ti ∈ ℑ𝔅−1. Then, the system of equations (5.6) can be 
written as

k∑︂
i=0 

aiσ
i(tk−i) + aiσ

i(tk−i) = δkn (5.7)

for k = 0, 1, . . . , n. In particular, taking into account that a0 = 1 and a0 = 0, the k = 0
equation of (5.7) states

t0 = 0.

Considering this, we can rewrite the system (5.7) as

k−1∑︂
i=0 

aiσ
i(tk−i) + ai+1σ

i+1(tk−i−1) = δkn (5.8)

for k = 1, . . . , n. For λ from (5.5), let

˜︁ti =
[︃

ti+1
λ σ(ti)

]︃
∈
[︃

𝔅
ℑ𝔅−1

]︃
.

Then, we can write the system of equations (5.8) as

k∑︂
i=0 

˜︁aiσi(˜︁tk−1) = δk,n−1

for k = 0, 1, . . . , n− 1, which shows that ˜︁a is n− 1-unimodular with respect to 𝔅. □
Lemma 5.11. Let n ≥ 1. If ˜︁a is n− 1-invertible with respect to 𝔅, then a is n-invertible 
with respect to 𝔄.

Proof. Assume that ˜︁a is n − 1-invertible with respect to 𝔅, i.e., there is a row ˜︁b =∑︁∞
i=0

˜︁bix
i with ˜︁bi ∈

[︁
ℑσi(𝔅−1) ℑσi(ℑ−1𝔅)

]︁
and a matrix ˜︁T =

∑︁∞
i=0

˜︁Tix
i with
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˜︁Ti ∈
[︃

𝔅 σi(ℑ−1)𝔅
ℑ𝔅−1 ℑσi(ℑ−1)𝔅−1

]︃

such that

[︃˜︁a˜︁b
]︃ ˜︁T =

∞ ∑︂
i=n−1

˜︁Hix
i

where

˜︁Hi ∈
[︃
D σi(ℑ−1)
ℑ ℑσi(ℑ−1)

]︃

with det( ˜︁Hn−1) generating ℑσn−1(ℑ−1). This is equivalent to the system of equations

k∑︂
i=0 

[︃˜︁ai˜︁bi

]︃
σi( ˜︁Tk−i) = ˜︁Hn−1δk,n−1 (5.9)

for k = 0, 1, . . . , n− 1. Write ˜︁b(1)i and ˜︁b(2)i for the entries of ˜︁bi. For λ from (5.5), let

bi = ˜︁b(1)i and bi = ˜︁b(2)i−1σ
i−1(λ)

for i ∈ N0 with b0 = 0, and set

bi = biσ
i(a0) − biσ

i(a0) ∈
[︁
ℑσi(𝔄−1) ℑσi(ℑ−1𝔄)

]︁
.

The row 
∑︁∞

i=0 bix
i will turn out to be the row b from Definition 5.8. We have yet to 

construct the matrix T from the definition. For this purpose, let μ be a generator for 
ℑσ(ℑ−1) and denote M = diag(1, μ). Write ˜︁t(1)i and ˜︁t(2)i for the rows of ˜︁Ti. Let

ti = ˜︁t(1)i−1σ
i−1(M) and ti = σ−1(˜︁t(2)i /λ)σi−1(M)

for i ∈ N0 with t0 = 0, and set

Ti = a⊥0 ti + a⊥0 ti ∈
[︃

𝔄 σi(ℑ−1)𝔄
ℑ𝔄−1 ℑσi(ℑ−1)𝔄−1

]︃
.

For k = 0, 1, . . . , n− 1 we can compute
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k+1∑︂
i=0 

[︃
ai
bi

]︃
σi(Tk+1−i) =

k+1∑︂
i=0 

[︃
aiσ

i(tk+1−i) + aiσ
i(tk+1−i)

biσ
i(tk+1−i) + biσ

i(tk+1−i)

]︃

=
k∑︂

i=0 

[︃
aiσ

i(tk+1−i) + ai+1σ
i+1(tk−i)

biσ
i(tk+1−i) + bi+1σ

i+1(tk−i)

]︃

=
k∑︂

i=0 

[︃˜︁ai˜︁bi

]︃
σi

(︃[︃
tk+1−i

λ σ(tk−i) 

]︃)︃
,

(5.10)

where in the second line we used the fact that a0 = b0 = 0 and t0 = 0. Since we have[︃
tk+1−i

λ σ(tk−i) 

]︃
= ˜︁Tk−iσ

k−i(M),

the system of equations (5.10) can be written as

k+1∑︂
i=0 

[︃
ai
bi

]︃
σi(Tk+1−i) =

(︄
k∑︂

i=0 

[︃˜︁ai˜︁bi

]︃
σi( ˜︁Tk−i)

)︄
σk(M) = ˜︁Hn−1σ

k(M)δk,n−1

for k = 0, 1, . . . , n− 1. Let

Hn = ˜︁Hn−1σ
n−1(M) ∈

[︃
D σn(ℑ−1)
ℑ ℑσn(ℑ−1)

]︃
and note that det(Hn) generates ℑσn(ℑ−1). Using[︃

a0
b0

]︃
T0 = 0,

we see that [︃
a∑︁∞

i=0 bix
i

]︃ ∞ ∑︂
i=0 

Tix
i = Hnx

n +
∞ ∑︂

i=n+1
Hix

i

for some matrices

Hi ∈
[︃
D σi(ℑ−1)
ℑ ℑσi(ℑ−1)

]︃
,

which proves that a is n-invertible with respect to 𝔄. □
This final lemma before the proof of the main theorem essentially shows that the ring 

R satisfies the assumption of Lemma 5.5.

Lemma 5.12. If a is n-unimodular with respect to 𝔄, then it is n-invertible with respect 
to 𝔄.
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Proof. We proceed by induction on n, where 𝔄 varies over all nonzero ideals of D and 
a over all suitable rows. First consider the n = 0 case. Assume that a is 0-unimodular 
with respect to 𝔄, i.e., there is a column t =

∑︁∞
i=0 tixi with

ti ∈
[︃

𝔄
ℑ𝔄−1

]︃
such that

at = 1 +
∞ ∑︂
i=1 

hix
i

for some hi ∈ D. Take any nonzero s ∈ ℑ and b ∈ 𝔄. Then sb ∈ 𝔄. Since D is a Dedekind 
domain, there is an a ∈ 𝔄 such that a and sb generate 𝔄 (this is the 11

2 -generator 
property). Then there exist p, q ∈ 𝔄−1 such that

ap + sbq = 1.

Thus, the matrix

T0 =
[︃

a b
−sq p

]︃
∈
[︃

𝔄 ℑ−1𝔄
ℑ𝔄−1 𝔄−1

]︃
has determinant 1. Let b0 ∈ [︁

ℑ𝔄−1 𝔄
]︁

be a row such that

t0 = b⊥
0 .

Taking T = T0 and b = b0, we see that

[︃
a
b

]︃
T =

[︃
a0
b0

]︃
T0 +

∞ ∑︂
i=1 

Hix
i

for some matrices

Hi ∈
[︃
D σi(ℑ−1)
ℑ ℑσi(ℑ−1)

]︃
,

and since

det
(︃[︃

a0
b0

]︃
T0

)︃
= a0t0 det(T0) = 1,

this shows that a is 0-invertible with respect to 𝔄.
Now let n ≥ 1 and assume that the lemma holds for n − 1 (and all nonzero ideals 

𝔄 and suitable rows a). Let a be n-unimodular with respect to 𝔄. By Lemma 5.10, ˜︁a
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is n − 1-unimodular with respect to 𝔅. By induction hypothesis, ˜︁a is n − 1-invertible 
with respect to 𝔅, and finally, by Lemma 5.11, a is n-invertible with respect to 𝔄. This 
concludes the induction step. □

We are now in position to prove the main theorem.

Proof of Theorem 5.1. Take any nonzero ideal ℑ ◁ D and denote I = ℑR. First, we 
will show that we can use Lemma 5.5, i.e., we will show that any unimodular row 
a ∈ [︁

R I−1 ]︁ is invertible. As pointed out in a paragraph before Definition 5.6, we can 
assume that a =

∑︁∞
i=0 aixi for some ai ∈ [︁

D σi(ℑ−1)
]︁

and a0 ̸= 0. By Lemma 5.7, 
a is n-unimodular with respect to 𝔄 = D for some n ∈ N0, by Lemma 5.12, a is then 
n-invertible with respect to 𝔄 = D, and finally, by Lemma 5.9, a is invertible. This shows 
that the assumption of Lemma 5.5 is satisfied.

Take any other ideal 𝔏 ◁ D and denote J = 𝔏R. Assume that I and J are stably 
isomorphic in R. Since R is a noncommutative Dedekind domain, the cancellation prop
erty (2.3) implies that R ⊕ I ≃ R ⊕ J . Lemma 5.5 shows that I ≃ J , i.e., there is a 
q =

∑︁∞
i=k qix

i ∈ Q with qk ̸= 0 such that

qI = J .

In particular, this implies that qkσk(ℑ) = 𝔏. Therefore, we have σk(ℑ) ≃ 𝔏, but since σ
acts trivially on G(D), this shows that ℑ ≃ 𝔏. Therefore, the map ϕ : G(D) → G(R) is 
injective, and thus, by Proposition 3.1, an isomorphism. □
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