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1. Introduction

Matchings form a central graph concept that is also relevant and useful in many other fields. From our point of view, the most rele-
vant application of matchings is in chemistry, since matchings naturally manifest double bonds in chemical compounds. In chemistry,
matchings are also known as Kekulé structures, see the book [1] solely devoted to the Kekulé structures in benzenoid hydrocarbons.
As a rule of thumb, the more matchings a molecular graph has, the more stable the molecule is.

From the above reasons, the enumeration of k-matchings is a fundamental problem. In particular, the number of perfect matchings
of a molecular graph quantifies aromaticity and aids in analyzing resonance energy and chemical stability [2]. The total number of
matchings in a graph is called the Hosoya index of a graph, sometimes also called Z-index. It was introduced in [3], and studied from
then on in different directions. We refer to the 2010 survey article [4] and the following selected subsequent papers [5-11].

In a couple of papers [12,13], Polansky, Randié, and Hosoya, used what is now known as the transfer matrix technique to compute
the Hosoya index, the matching polynomial, and the Wiener index of benzenoid chains. The idea is to assign a vector to a benzenoid
system such that with successive multiplications with a transfer matrix (reflecting additions of hexagons) the value of the desired
invariant is obtained.

To compute the Hosoya index of catacondensed hexagonal systems, Cruz et al. [14] invented the so-called Hosoya vector and
adopted the transfer matrix method for this situation. Oz and Cangul [15] followed by introducing the so-called k-matching vector
in order to get the number of k-matchings in benzenoid chains. The approach has been extended to cyclooctatetraene chains [16], to
arbitrary cyclic chains [17], to branched benzenoid systems [18], and elsewhere [19-21]. In this paper, we develop the k-matching
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vector based transfer matrix method for arbitrary graphs which can be built up from smaller ingredients using amalgamations over
vertex sets of cardinality two. In this way, we broadly generalize the approaches described above.

In the following section we first introduce key concepts and review existing results. Then we define a family U of graphs which,
roughly speaking, contains graphs that alow a decomposition into two subgraphs that are amalgamated over a vertex sets of cardinality
two. We end the section by formulating our main result (Theorem 1) and discuss how it can be applied. Theorem 1 is proved in
Section 3. In the final section we give two examples demonstrating how the developed method can be applied, the second one being
an elaborated chemical example.

2. Known and new concepts, the main theorem

A matching of a graph G = (V(G), E(G)) is a set of edges M C E(G) such that no two edges from M are adjacent. We further say
that M is a k-matching if |M| = k. The total number of different matchings, including the empty set, of G is the Hosoya index of G,
denoted by Z(G). Setting p(G, k) to denote the number of k-matchings of G, the Hosoya index can be written as follows:

Z(G) = Y p(G,k).
k>0

In the following, we will use explicitly and implicitly the following well-known, simple lemmas, see [22].
Lemma 1. If ab is an edge of a graph G, then
p(G.k)=p(G—ab.k)+p(G—a—bk—1).

Lemma 2. If G is the disjoint union of connected graphs G, and G,, then

k
PG, 1K) = PGy U Gy k) = ) p(G,Dp(Ga k= 1)
i=0
The transfer matrix method is based on the following concept. If « and b are vertices in a graph G, then the k-matching vector
DPap)(G, k) of G with respect to ab is the vector

PG, k)
p(Gk—1)

p(G,0)
p(G —a, k)
p(G—a,k—1)

(G — a,0)
p(G — b, k)
p(G—=bk—1)

P(a,b)(Gs k)=

p(G —b,0)
p(G —a—b,k)
G —a-bk-1)

p(G —a—b,0)
Based on the concept of the k-matching vector, for our purposes the following definition is crucial.

Definition 1 (Family of graphs 7). A graph G belong to a family U if there exists a proper subgraph G’ of G, and vertices x, y, a, b,
such that

e x,y € V(G') and G — {x, y} has at most two components, and
e {a.b} #{x,y}.
The main result of this paper now reads as follows.
Theorem 1. If G € U, and G/, x, y, a, and b are as in Definition 1, then there exists a transfer matrix A such that
Pap)(G k) = A-pi. (G k).

The real power of Theorem 1 is in applications where the graphs under consideration can be constructed by a repetitive amal-
gamation of graphs from the family 7/. Oz and Cangul [15] first applied it to benzenoid chains and in [18] extended the method
to catacondensed benzenoid systems. In [16] the method was elaborated on chains consisting of 8-cycles. Finally, in [17] it was
demonstrate that the method can be extended to arbitrary cyclic chains. Theorem 1 thus widely extends these earlier results. In Fig. 1
we give an example which demonstrates that we can get intrinsically different and more complicated examples of this sort.

2
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Fig. 2. The graph G and notation used in the proof.

3. Proof of Theorem 1

In order to write our transfer matrices compactly, we will use the following abbreviations. First, set

PG, A,i)= Y p(G—a,i)
acA

for any A C V(G) of a graph G. Let now k > 1 be fixed. Then M(G), M(G, A), OM (G, A), and 00M (G, A) denote the upper triangular

Toeplitz matrices of order (k + 1) whose first rows are, respectively:

[p(G,0), p(G, 1),p(G,2), ..., p(G, k)],
[P(G, A,0), P(G, A, 1), P(G,A,2),..., P(G, A k)],
[0, P(G, A,0), P(G, A, 1),..., P(G, A k- 1)],
[0,0, P(G, A,0), P(G,A,1),..., P(G, A, k —2)].
Next let G € U and let G’, x, y, a, and b be as in Definition 1. Then G — {x, y} consists of two components H’ and H”, where H’
is a subgraph of G’. Define H to be the subgraph of G induced by V(H") U {x, y}, and let a,b € V(H), where {a,b} # {x, y}, so that

one of a and b can be equal to x or y. Let further X = {x;,x,,... }, Y = {y,»,,... }, and Z = {z},z,, ... } denote the sets of vertices

which are adjacent to x but not y, to y but not x, and to both x and y, respectively. See Fig. 2.
The proof of Theorem 1 will consider three cases depending on the position of vertices a and b related to the neighborhoods of x

and y. For this sake we also define the set of edges

E=EyUEyUE,,

where Ey ={xu: ue X}, Ey={y: ueY},and E, ={xu: ue Z}U{yu: ue Z}. The first case considered is the following.

Case 1: a,b € V(H")\ (Ng(x) U Ng(»)).
Consider the first component of p, (G, k), that is, p(G, k). We split the k-matchings of G into those that contain no edge of £, and
those that contain at least one edge of £. In the latter situation we distinguish the cases when an edge of the k-matching lies in Ey,
in Ey, or in E, (where such edges are of two types), and the cases when the k-matching contains two edges from & (there are three
typical situations when this can happen). Setting N = p(G, k) and applying Lemmas 1 and 2 we can compute as follows:

N=p(G—Ue,k)

ee&

+ Z p(G—x—x,-—Ue,k—l)+ Z p(G—y—yj—Ue,k—l)

x;€X ee& yjeY eef

3
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+ Z p(G—x—zA—Ue,k—1)+ Z p(G—y—zA—Ue,k—l)

z,€Z ee& z,€Z ee€

+ Z p(G—x—xi—y—yj—Ue,k—Z)
(x;,y))EX,Y) e€€

+ z p(G—x—x,-—y—zA—Ue,k—Z)
(x;.2,)E(X.Z) ees

+ 2 p(G—x—zA—y—yj—Ue,k—Z)
(z3.))E(Z.Y) ee€

+ Z p(G—x—zA—y—z/l/—Ue,k—Z)
(z3.21)€(Z.Z) ec€

Azl

=pG'UH" k)

+ ) PG =x)UH" —x) k= 1)+ Y p(G' =y U(H" =y),k—1)

x;€X V€Y

+ Z PG =x)U(H" = 2)), k=1 +p(G' = UH" —z)),k=1)

z,€Z
+ ) PG =x=)UH"=x;—y),k=2)
(x129,)EX,Y)

+ ) (G =x=yUH" —x;—z)),k=2)
(x;,2))EX,Z)

+ Y PG =x=)UH" =z, =y).k=2)
(z49)EZ,Y)

+ Y G —x— U~z 20 k= 2).

(z).21)E(Z.2)
Al
Setting
P(H", X k)= ) p(H" = x;.k),
x;€X
and
P(H",(X,Y,Z), k)= Y p(H"=x; -y, k) +
(x;-9))EX.Y)

p(H" —x; —z,,k) +
(xj,2,)E(X,Z)

P(H" =z, =y, k) +
(29)EZ.Y)

"
p(H" —z; —zy,k),
(2302,0)E(Z,2)
oy

we can conclude that

N = (p(H”,O),p(H", D, p(H",2), ..., p(H", k),

0,P(H"”,X,00+ P(H",Z,0),...,P(H", X, k—=1)+ P(H",Z,k - 1),
0,P(H",Y,00+ P(H",Z,0),...,P(H",Y k= 1)+ P(H",Z, k- 1),

0,0, PC(H", (X, Y, Z),0), .. PUH", (X, Y, Z),k = 2) ) -y (G- K)

Applied Mathematics and Computation 510 (2026) 129703

The obtained vector corresponds to the first row of the matrix A = M (H, ab, xy) as presented in Fig. 3.

The above proof similarly holds for the remaining k components of the form p(G, i), where 0 < i < k — 1. In this way we obtain the
four upper triangular Toeplitz matrices of order k + 1 which lie above in the matrix M (H, ab, xy).

Since a,b & Ng(x) U Ng(»), the computation of the components p(G — a, k), p(G — b, k) and p(G — a — b, k) proceeds along the same
lines. In this way we arrive at an analogous result, the only difference being that the graph H” is accordingly altered to H” —a,
H" —band H"” — a — b. Thus, we obtain the remaining parts of the matrix A = M(H, ab, xy) from Fig. 3.

Case 2: a,b € V(H"), |{x,y,a,b}| = 4.

The subcase when a,b & N;(x) U N (p) is covered by Case 1, hence we can assume that at least one of a and b lies in N;(x) U Ng(»).
Without loss of generality assume that « € X and that a = x,. The first component p(G, k) remains the same as in Case 1 because the
vertex a does not influence it. This observation extends to the first k + 1 components and even to the components p(G — b, i) for some

i € [k] later on.
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M(H") J OM(H", X U Z) J OM(H",Y UZ) J 00M(H",(X,Y,Z))

M(H" —a—-0b) ' OM(H" —a—b,XUZ) | OM(H" —a—-bYUZ) | 00OM(H"” —a—b,(X,Y,Z2))
Fig. 3. Matrix A = M(H, ab, xy) of Case 1.

M(H”) ! OM(H".XUZ) | OM(H".YUZ) | 00M(H" (XY, Z))
| | |
B S TR o R SN o Lt 2
| | |
M(H"” —b) | OM(H" —b,XUZ) | OM(H” —b,Y UZ) | 00M(H" —b,(X,Y, Z))
7777777 /\-------—-—-"—-"—-"-"r--~"—"7="7>">""=7=-""=""~""*™-~"“~"~>"~>"~>""~”"=>"="=7”"=7”"”/”°
0 w M(H" — b) w 0 | OM(H" —b,Y U Z)

Fig. 4. The matrix A = M(H, ab, xy) for the case a = x.

The component p(G — a, k) changes only in the summation over the set X which is replaced by X \ {x,} or equivalently X \ {a}. The
same holds for the summation over sets (X,Y) and (X, Z). The component p(G — a — b, k) changes in the same manner as p(G — a, k).

Therefore, by identifying the position of vertices a and b relative to sets X, Y and Z, we can construct a matrix M (H, ab, xy), such
as the one in Fig. 3, with minor modifications.

Case 3: a,b € V(H"), {a,b} # {x, ).

Due to Case 2 it suffices to consider the case |{x, y, a, b}| = 3. Assume first that a = x. The first component p(G, k) remains the same as in
Case 1, as the vertex a does not influence it. This observation extends to the first k + 1 components and even to components p(G — b, i)
for some i € [k] later on. We now proceed to compute p(G — a, k). Setting N, = p(G — a, k) and P(H",Y k) = Zyjey p(H" = y;, k) we
can compute as follows:

Na:p(G—a—Ue,k)

eef
+ Zp(G—a—y—yj—Ue,k—l)
y;€Y ee&
+ 2 p(G—a—y—zA—Ue,k—l)
z,€Z ee&

=p(G' = x)u H" k)
+ PG = x =y UH" =y k=1

ijY
+ ) PG = x =y UH" —z;),k—1)
z,€Z

:(o, 0, 0, .., 0,

p(H",0), p(H", 1), p(H",2), ..., p(H", k),
0, 0, 0, ..., 0,

0, PCH".Y,0)+ P(H", Z,0), .. PCH", Y k= 1)+ PCH", Z,k = 1)) - ey (G ).

The computation is similar for all components p(G — a,i) and p(G — a — b, i) for some i € [k]. In this way we have computed the
matrix A = M(H, ab, xy) for the case where a = x, it is presented in Fig. 4.

The cases when a =y or b € {x,y} are treated similarly, the corresponding matrices are respectively presented in Figs. 5-7.
Considering all the cases on the position of the vertices a and b, the proof of Theorem 1 is completed.

4. Two examples

To demonstrate how the method developed in this paper works, we present in this section two examples.

5
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,,%@flj,9¥gffﬁ¥@,‘,@@?ﬁi%@,‘,@??fﬁ%???,,
0 | 0 | M(H") | OM(H",XUZ)
M(H" —b) : OM(H"” —b,X U Z) : OM(H"” —b,Y UZ) : 00M (H" —b,(X,Y, Z))
0 ; 0 jr M(H" —b) IT OM(H"” —b,X U Z)
Fig. 5. The matrix A = M(H, ab, xy) for the case a = y.
M(H") OM(H", X UZ) ; OM(H",Y UZ) ; 00M (H",(X,Y, Z))

,,V?TlJ,P%?TB@%@,L,@@?Q{%@,‘,@%?fﬁ????,,
M(H"” —a) | OM(H" —a,X UZ) | OM(H" —a,Y UZ) | 00M(H" —a,(X,Y, Z))
0 1 0 1 M(H") . oM(H",XUZ)
0 : 0 ] M(H" - a) i OM(H" — a,X U Z)

Fig. 7. The matrix A = M(H, ab, xy) for the case b = y.

Y

U2
Uy
U1
a x
U3
Fig. 8. The graph G.
b (
zZ
a i

Fig. 9. The graph T.

4.1. A sporadic example

In the first example we compute the Hosoya index of the graph G from Fig. 8.

For our purposes, the graph G can be decomposed into a hexagon (left), a graph T as shown in Fig. 9, and a pentagon (right).

Consider first the graph T, and let x, y, a, and b be its vertices as marked in Fig. 9. According to the setup of the proof of
Theorem 1, Case 1 of the proof applies to this situation. Note that using the notation from the proof, X =Y =@ and Z = {z}. Setting
T" =T — x — y, the transfer matrix M (T, ab, xy) can be written as follows:

6
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M@y L OM@T.(z) | OMT.{z) | 0OM(T”,@.6(z))
M(T" - a) : OM(T" - a,{z}) : OM(T" - a,{z}) : 00M(T" — a, (8,8, {z}))
———————— e mm m mm m e m bk m —m — m m e — ik —— ——————— -
MT"=b) | OMT"=b{z}) | OMT"=b{z}) | O00M(T" —b @0 (z})
M —a=b) | OMT" —a—b.(z)) : OM(T" - a—b,{z}) : 00M(T” — a~ b, 8.8, {z})

Clearly, 7" —a=T" — b~ P; and T — a — b = P,. Note further that M(G, (#,%, Z)) = 0 and M (G, {z}) = M(G - z). Using these facts
we can write:

M@T"”) | OM(K;) | OM(K3) | 0

R el e i

M(Py) | OM(P,) | OM(Py) | 0

M(T,ab,xy)=|- - — -+ - — = —l—- — — — + — -
MP) | OMPy) | OM(Py) ! 0

B e T e

0

M(Py,) | OM(P) | OM(P) !
Setting the first row of the matrices M (a, b, c), OM (a, b, c), and 00M (a, b, ¢) as

[a,b,c,0,...,0],
[0,a,b,c,0,...,0],
[0,0,a,b,c,0,...,0],

the matrix M(T, ab, xy) can be written as follows:

M(1,4,1) | 0M(1,3,0) | OM(1,3,0) | O

77777 + - - ==+ — -
M(1,2,0) | OM(1,1,0) | OM(1,1,0) | 0
M(T,ab,xy)=|- - - - - +----- == === + - -l
M(1,2,0) ' OM(1,1,0) | OM(1,1,0) I O
77777 tmm——m e — === — -

M(1,1,0) ' 0M(1,0,0) ! 0M(1,0,0) ! 0

Following a similar approach, we construct the transfer matrices for the hexagon and pentagon.

M(1,3,1) | 0M(1,2,0)

0M(1,2,0) | 00M(1,1,0)

M(1,1,0) | OM(1,0,0) | OM(1,1,0) | 00M(1,0,0)
,,,,, [ e e

[
[
[

M(Cq, v 0p,ab) = |- — = — — +-=-==-= == === +--—-=---
|
|

M(1,0,0) | 0M(1,0,0) ! 0M(1,0,0) ! 00M(1,0,0)

I I I

M(1,2,0) | 0M(1,1,0) | 0M(1,1,0) ! 00M(1,0,0)
————— Bl i JElh
M(1,1,0) ! 0 I 0M(1,0,0) ! 0
M(Cs,xy,v304) =|- = — = — + === == === +-=-=-=-=- .
M(1,0,0) | OM(1,0,0) | 0M(1,0,0) | 00M(1,0,0)
77777 I e e
M(1,0,0) ! 0 I 0M(1,0,0) ! 0

We note that the first matrix is the same as matrix Q from [15] and both matrices can also be deduced from [17, Theorem 1]. Since
we have decomposed G into a hexagon, T, and pentagon, we obtain:

p(l}],vz)(Gs 6) = M(Cg,v10p,ab) - M(T, ab,xy) - M(Cs,xy, v304) « 17(03,1;4)(1)2, 6)
=26, 177, 336, 261, 95, 16, 1, ...17,

and conclude from here that

Z(G)=26+1774+3364+2614+95+16+1=0912.
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Fig. 10. Graph G.

Fig. 12. Decomposition of phenalene.

4.2. A chemical example

As the second example of how the method developed in this paper applies to chemical graphs, consider the molecular graph G
from Fig. 10. In this way we demonstrate that the developed method allows us to deal also with certain classes of pericondensed
benzenoid systems as well as other non cyclic structures.

The graph G can be decomposed in many different ways such that Theorem 1 can be applied. One possible decomposition is
shown in Fig. 11.

The decomposition in Fig. 11 may appear to be the most natural one, but computing the transfer matrix for the phenalene P, that
is, the left graph from the figure’s decomposition, can be challenging. This is why we consider a smaller further decomposition of P
as presented in Fig. 12. This indicates that the main advantage and motivation behind our method is the ability to break down the
graph into smaller parts.

Given that the graph G contains 22 vertices, we know that its matching number is at most 11. Therefore, we set k = 11. In the
decomposition from Fig. 12, we calculate the transfer matrix of the phenalene P as follows:

M(P,ab, fg) = M(Ps,ab,cd)- M(T,cd,ed)- M(Ps,ed, fg),
where T is the graph of the toluene molecule. Denoting the molecular graph of the methylcyclopentane by F, and the molecular
graph of the 1,2-dimethylcyclopentene by F,, we can compute as follows:
Pay)(G,11) = M(P,ab, fg) - M(F, fg, hi) - M(F,, hi,xy) - p(y 5,(P5, 11)
= [3, 182,2098,9036, 18676, 21476, 14867, 6425, 1740, 286,26, 1] .
We can conclude that

k+1
Z(G) =Y (p(a)(G. 11)); = 74816.

i=1
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