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Abstract

In this follow-up to work of M.G. Cornet and P. Torres from 2023, where the k-tuple
domination number and the 2-packing number in Kneser graphs K (n,r) were studied,
we are concerned with two variations, the k-domination number, v (K (n,r)), and the k-
tuple total domination number, y;x (K (n,r)), of K(n,r). For both invariants we prove
monotonicity results by showing that vy (K (n,r)) > v, (K(n + 1,7)) holds for any n >
2(k+7r), and yix i (K (n, 7)) > yixk (K (n+1,r)) holds for any n > 2r+ 1. We prove that
(K (n,r)) = yixi (K (n,7)) = k+ 7 whenn > r(k + r), and that in this case every 7-
set and ¢ -set is a clique, while vy (r(k+r)—1,7) = Yexr (r(k+r)—1,7) = k+r+1, for
any k > 2. Concerning the 2-packing number, p2 (K (n,r)), of K (n,r), we prove the exact
values of po (K (3r — 3,r)) when r > 10, and give sufficient conditions for p2 (K (n,r)) to
be equal to some small values by imposing bounds on r with respect to n. We also prove a
version of monotonicity for the 2-packing number of Kneser graphs.
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1 Introduction

Letting n > 2r the Kneser graph K (n,r) has the r-subsets of an n-set as its vertices and
two vertices are adjacent in K (n, r) if the corresponding sets are disjoint. The interest for
Kneser graphs goes back to 1960s and 1970s when two classical theorems concerning their
independence and chromatic number were proved [7, 20]. Many other graph invariants have
been investigated in Kneser graphs, which makes them one of the most intensively studied
classes of graphs. In particular, several authors have considered the domination number of
Kneser graphs (see the most recent paper [21]), but only lower and upper bounds have been
found in general, while the exact values of (K (n,r)) were found only when n is suffi-
ciently large with respect to r. In three recent papers, the authors have considered Kneser
graphs in relation with some variations of domination, namely, Grundy domination [2],
Roman domination [24] and k-tuple domination [4]. This paper is a follow-up of the lat-
ter, where we extend our investigation from k-tuple domination to two similar variations,
which we next present.

A dominating set in a graph G is a set .S of vertices of GG such that every vertex outside
S is adjacent to at least one vertex in S. The domination number of G, denoted by v(G), is
the minimum cardinality of a dominating set in GG. A thorough treatise on dominating sets
can be found in the so-called “domination books” [13, 14, 15, 18].

Let G be a graph and k € N. A set D C V(G) is a k-dominating set of G if every
vertex u € V(G) \ D has at least k neighbors in D (or, equivalently, if |[Ng(u) N D| > k
for each v € V(@) \ D where Ng(u) denotes the open neighborhood of the vertex u in
). The k-domination number of G is the minimum cardinality of a k-dominating set of
G, and is denoted by v;(G). A ~g-set of G is a k-dominating set of cardinality v (G).
See [3, 8, 9, 11] for a selection of papers considering k-domination.

Aset D C V(QG) is a k-tuple dominating set of G if the closed neighborhood N¢ [u]
of each vertex v € V(G) has at least k vertices in D (or, equivalently, if [Ng[u] N D| > k
for each u € V(G)). The k-tuple domination number of G is the minimum cardinality
of a k-tuple dominating set of GG, and is denoted by yxx(G). A vxg-set of G is a k-tuple
dominating set of cardinality v« (G). See [11, 12] for a selection of papers on k-tuple
domination.

Finally, aset D C V(G) is a k-tuple total dominating set of G if the open neighborhood
of each vertex v € V(G) has at least k vertices in D (that is, if | Ng(u) N D| > k for each
u € V(Q)). The k-tuple total domination number of G is the minimum cardinality of a
k-tuple total dominating set of G, and is denoted by v;x(G). As usual, a y;xx-set of G
stands for a k-tuple total dominating set of G of cardinality v;xx(G). The k-tuple total
domination number was studied, for example, in [16, 17], while all three invariants were
studied for the case k = 2in [1].

E-mail addresses: bostjan.bresar @um.si (BoStjan Bresar), tanja.gologranc @ gmail.com (Tanja Dravec),
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Note that v, (G) is defined only in graphs G with §(G) > k — 1, while y;xx(G) is
defined only if 6(G) > k, where 0(G) denotes the minimum degree of vertices in G. One
can derive immediately from the definitions that

Y (G) < Yxk(G) < Yixi(G) (1.1)

holds for any graph G in which the corresponding invariants are defined. Clearly, when
k = 1, both v,1(G) and v, (G) correspond to the well-known domination number (G),
and ;<1 (G) corresponds to the total domination number 7;(G). In this paper, we denote
by Yk (n,7), Yxk(n,r) and vy« (n,r) the k-domination number, the k-tuple domination
number and the k-tuple total domination number, respectively, of the Kneser graph K (n, r).

Concerning the domination number of Kneser graphs, it was shown to be monotonically
decreasing when r is fixed and n grows [10] and a similar result was proved for the k-
tuple domination number in [4]. In this vein we prove in Section 2 that v« (n,r) >
Yixk(n 4+ 1,7) and vk (n,r) > v (n + 1,7) hold for any positive integers n and r, where
n > 2r + 1, respectively n > 2(k + r). In Section 3, we obtain exact values for these
two invariants in K (n, ) when n is sufficiently large with respect to r. Notably, we prove
that v, (n,r) = vxk(n,r) = k + r as soon as n > r(k + r), and, in addition, every
~vi-set and y;x -set is a clique in this case. When n is one less, we also get exact values,
namely, if & > 2, we have v, (r(k +7) — 1,7) = yxp(r(k+7r) = 1,r) = k+r+ 1.
In Section 4, we study the 2-packing number, ps (K (n, r)), of Kneser graphs, which is the
largest cardinality of a set of vertices in the graph, which are pairwise at distance at least 3
apart. We continue the study from [4], where the 2-packing number was used for bounding
the k-tuple domination number of K (n,r), and p2 (K (3r — 2, 7)) was also determined for
all values of r. Here we go a step further by considering ps (K (3r — 3, r)), where we obtain
lower bounds when r < 8, prove that 4 is the exact value for » = 9, and that 3 is the exact
value when r > 10. We also give sufficient conditions for ps (K (n,)) being equal to 3,
resp. 4, by imposing bounds on r with respect to n. In addition, we prove a version of
monotonicity, by showing that pa (K (n+ 1,7+ 1)) > pa(K(n,r)) as soon as n > 2r + 2.

We conclude the introduction with several useful definitions. For r,n € N with r < n,
let [r..n] and [n] denote the sets {r,...,n} and {1,...,n} respectively. Given a set of
vertices D in K(n,r) and x € [n], the occurrences of the element x in D, denoted by
i (D), represent the number of vertices in D that contain the element . This is, i, (D) =
{u € D : x € u}|. For a positive integer a, we define X, (D) as the set of elements in
[n] such that their occurrences in D is equal to a, i.e., X,(D) = {x € [n] : i,(D) = a}.
Similarly, we define XZ(D) = {z € [n] : i,(D) > a}, and X5(D) = {z € [n] :
iz(D) < a}. When the set D is clear from the context, we shall omit it in the notation. Tt
is important to note that the sum of the occurrences of all elements in D is equal to r times

the cardinality of D, i.e., 3, () @x(D) = r|D|.

2 Monotonicity

In [4] it is proved that the function 7y (n,r) is decreasing with respect to n. Using the
same idea, we prove the analogous statement for the function ¢y x(n, 7). Regarding the
k-domination number, we show that v (n,r) is decreasing with respect to n from ng =
2(k+7).



4 Ars Math. Contemp. 25 (2025) #P4.02

Note that, using the standard notation for vertices of Kneser graphs, a vertex u &€
V(K (n,r)) also belongs to K(n + 1,r), since it is represented as an r-subset of [n] C
[n + 1]. When r is fixed, we will simplify the notation by writing NV, (u) for the neigh-
borhood N (5, (1), where u C [n] with |u| = 7. In this sense, the meaning of N, 1 (u)
should also be clear.

Theorem 2.1. For any positive integers n and v, where n. > 2r + 1,
'7t><k(”q T) > 'thk(n +1, 7')~
That is, yixk(n, 1) is decreasing with respect to n.

Proof. Let D be a y;x-set of K(n,r). Let us show that D is a k-tuple total dominating
setof K(n+1,r). Letu € V(K(n+1,7)). Ifu € V(K(n+1,7)) N V(K(n,r)), then
|INpt1(uw) N D] = |Ny(u)ND| > k. Ifue V(K(n+1,r))\ V(K(n,r)), then we have
u=aU{n+1}witha C [n], |a] =r — 1. Letx € [n] \ 4, and let w = & U {x}. Since
weV(K(n+1,r)NV(K(n,r)), then |[Nyt1(w) N D| > k. On the other hand,

Nppr(w)ND={veD:vNnw=0}C{veD:vNnu=0}={veD:vNu=0}

Thus, we have |Np4+1(u) N D| > |Npy1(w) N D| > k. Therefore, D is a k-tuple total
dominating set of K'(n + 1,r). Consequently, vixx(n + 1,7) < |D| = vixk(n, 7). O

Lemma 2.2. [fn > 2(k+r), D is a y,-set of K(n,r) and @ C [n] with |a| = r — 1, then
there exists x € [n] \ @ such that t U {z} ¢ D.

Proof. Let [n]\@ = {x1,%2,...,Zn_r+1}. Suppose that tU{x} € D foreach x € [n]\ 4,
and letu; = aU{z;} foreachi € [n—r+1]. Let D’ = (D\{u1, ..., up+1})U{v1,..., 08},
where v; = {Tgy2,. .., Thtr, Thtrti) for i € [k]. It is possible since n > 2(k + r).

Let us see that D’ is a k-dominating set of K(n,r). Let w € V(K (n,r)) \ D’ and
consider the following options:

eletwnNa = 0 (and w # w; for each ¢ € [k + 1]). Since |w| = 7, |lw N

{Zrt2y- s Tn_rt1}] < 7. Hence there exist |[{zx12, ..., Tn_ri1}|—r =n—2r—k
elements of {zx12,...,Zn_r+1} that are not contained in w. Denote those elements
with @, ... 2, o, lecwN {zg, ...z, } = 0. Hence w Nu,;, = () for
any j € [n — 2r — k] and thus wu,;, € E(K(n,r)). Since {z;,,...,%i,_,,_,} C
{®ry2, ..., Tp_ry1}, vertices u;;, j € [n — 2r — kJ, are contained in D’, which
implies that |[N(w) N D’| > n — 2r — k > k, where the last inequality holds as
n>2(k+r).

* LetwnNa # 0 and w # u, foreachi € [k+1]. Then |[N(w)ND’| > |N(w)ND| > k,
since the vertices eliminated from D were not neighbors of w.

* Let w = u; for some ¢ € [k + 1]. Then we have |[N(w) N D'| > [{v1,..., v} = k.

Therefore, D’ is a k-dominating set of K (n,r) of size |D’'| = |D| — 1 = yx(n,r) — 1,
and we arise to a contradiction. Thus, there is at least one element € [n] \ @ such that
wU{z} ¢ D. O

Theorem 2.3. For any positive integers n and r, where n > 2(k + r),

’Yk(’nﬂr) Z ’Yk(n + 1aT)'



B. Bresar et al.: k-Domination invariants on Kneser graphs 5

Proof. Letn > 2(k + r) and let D be a ~y-set of K(n,r). Let us show that D is a k-
dominating set of K(n+ 1,r). Letu € V(K (n+ 1,7)) \ D. If u C [n], then | Np41(u) N
D| = |N,n(u) N D| > k. Otherwise, u € V(K (n+1,r)) \ V(K (n,r)). It follows that
u=uaU{n+ 1} witha = {a1,...,a,-1} C [n]. By Lemma 2.2 there exists z € [n] \ @
such that w = @ U {z} ¢ D. Thus, we have

Ny(w)ND=Np1(wyND={veD:vNnw=_0}=
={veD:vni=0Axz¢v}C{veD:vNa=0}=N,ri1(u)ND.

Consequently,
|Npt1(uw) N D| > [N, (w) N D| > k.

Therefore, D is a k-dominating set of K (n + 1,7) and we have
(n+1,7) <D= (n,7). B

Theorem 2.3 implies that v (n1,7) > g (n2,7) holds for any ny < no, if nq is large
enough. Anyway, monotonicity may not hold if n; is small. Consider the Kneser graphs
K(n,2), where 12(5,2) < 742(6,2), 72(6,2) = v2(7,2) and 72(7,2) > 72(8,2), see
Table 1.

3 Exact values for large n

In [4], the following result is stated.
Theorem 3.1 ([4]). For any n > 2r, yxi(n,r) = k + r if and only if n > r(k + r).

Moreover, it is shown that except in the case k = 1 and r = 2, every yxx-set of K (n, ),
where n > r(k+7),is aclique. If k = 1 and = 2, then in [19] it is proved that a . -set
of K (n,2) is either a clique or an independent set. In any case, if v« (n,r) = k + r, then
it is possible to obtain a 7y, -set that is a clique. As a by-product, we get the following for
the k-tuple total domination number.

Theorem 3.2. For any n > 2r, vixi(n,r) = k +r if and only if n > r(k 4 r). Moreover,
Sforany n > r(k +r), every vixi-set is a clique.

Proof. Letn,r,k € N.If n > r(k+r), then vixr(n,7) > yxx(n,r) = k+r. Since there
exists a vy -set D which is a clique on k + r vertices, it is also a k-tuple total dominating
set of K (n,r). Thus, y¢xx(n, r) = k+r. Conversely, if v¢xx(n, ) = k+r, then since any
Yexk-set D is a k-tuple dominating set, then yx (n, ) < |D| = k+r. Due to monotonicity
of yxx(n, r) with respect to n, we have vy (n, ) = k + r, and by Theorem 3.1 it follows
that n > r(k + r). Hence D is a yx-set of K(n,r) for n > r(k + r) and thus D is a
clique by the results described before the theorem. 0

Remark 3.3. If D is a k-dominating set of the Kneser graph K (n,r) and w € V(K (n,r))\
D, then w has nonempty intersection with at most |D| — k vertices of D. Otherwise,
|N(w) N D| < k contradicting the fact that D is k-dominating.
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Theorem 3.4. Ifk > 2and n > k + 2r, then
* vx(n,r) =k +rifand only if n > r(k + r); moreover, every yi-set is a clique;
* vi(n,r) > k+r+ lifandonly if n < r(k+7).
Proof. Letn,r, k € N such that n > k + 2r. We start the proof by showing that
ve(n,r) <k4+r=n>r-(k+r). (3.1

Thus, suppose that vy, (n,7) < k + r and let D be an arbitrary k-dominating set of
K(n,r) of cardinality |[D| = k + r (note that such a set exists, since n > k + 2r, and
thus we can obtain D by adding k + r — 5 (n, r) vertices to a v (n, r)-set). We will show
that D is a clique or, equivalently, that the vertices in D are pairwise disjoint. Assume D
contains two non-adjacent vertices u and v. Hence there exists j € [n] such that j € uNw
and consequently i;(D) > 2. Let a € [n] such that i, = max{i,(D) : = € [n]}.
Thus, i, > i; > 2. Let us see that i, = 2. Otherwise, let u,u2,u3 € D such that
a € up Nug Nug, and ug, ..., upry1 € D\ {ug, ug,us}. Letby, ..., b._1 be chosen in the
following way:

b1 = a,
b; € Uj4-2 \ {bl, .. -7bi—1}, fori € [27" — 1],

andletb = {by,...,b._1}. Observe that there is at least one element = € [n] \ b such that
bU{z} ¢ D,since |[n]\b|—|D|=n—-r+1)—(k+r)=n—(k+2r)+1>1 Let
w=>bU{x}. Wehave w ¢ D and w Nu; # () for every i € [r + 1] which cannot be true
because of Remark 3.3. Thus, 7, = 2. Let u; and uq be the two vertices of D that contain
the element a.

Ifr > 2, letug,...,up11 € D\ {ug,us}. Let by, ..., b, be chosen in the following
way:

b1 = a,
bi € Uit \ {bl, .. -7bi—1}a fori € [2..T],

and let w = {by,...,b.}. We have w Nu; # () for every ¢ € [r + 1]. By Remark 3.3, it
follows that w € D and as a € w, then w is either u; or us. Without loss of generality,
w = uy. Note that b; € uy Nw,y; for every 4, and since 4, = max{i, : € [n]} = 2,
b; ¢ u; for every j different from 1 and ¢ + 1. Let us consider z € wus \ uj, and let
w = w\ {b2} U{x}. Wehave z € w’ \ uy and b, € w' \ uz. Thus, a € w’ and
w’ ¢ {u1,us} and therefore w’ ¢ D but w’ Nwu; # () for every i € [r + 1], arising to a
contradiction with Remark 3.3.

If r = 2, we have u; = {a,b} and us = {a,c} for some b,c € [n]. Since |D| =
k +r > 4, then we can choose uz € D such that uz # {b,c}. Let x € ug \ {b, c}. Since
io = 2, w = {a,z} ¢ Dand wNu; # @ for i € [3], contradicting the fact that D is
k-dominating.

Therefore, if y;(n,r) < k + 7 and D is a k-dominating set of K (n,r) of cardinality
k + r, then the vertices in D are pairwise disjoint and as a consequence, n > r|D| =
r(k + r). In particular, if v;(n,r) = k + r, thenn > r(k + ).
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Conversely, suppose that n > r(k + r). We have vi(n,r) < yxr(n,r) = k + 7.
Suppose that v, (n, r) < k+r and let D be a k-dominating set of cardinality |D| = k+r—1.
Let uqy,...,u, € D. Consider

b1 € ug,
b; € u; \ {blv' . .,bifl}, fori € [2..7’],

and let w = {b1,...,b, }. Let us note that w Nu; # () for every ¢ € [r]. So, by Remark 3.3
it follows that w € D. Let us note that we may assume that w = u; for some j € [r] by
changing our initial choice of the vertices u;. Notice that there exists = € [n] \ (U,ep v).
since |[n]\ (Uyepu)| 2n—rDl=n—r(k+r—1)>r Letw =w)\ {b;} U{z}.
We have w’ ¢ D due to our choice of x, and w’ Nu; # () for each i € [r] (note that
ujNw' = {by,...,b.}\ {b;}), arising to a contradiction with Remark 3.3.

Therefore, if n > r(k +r), then v (n,r) = k + 7.

The proof of the second statement follows directly from the first statement of the theo-
rem and from Equation 3.1. 0

Corollary 3.5. Ifk > 2 andn > r(k + ), then
Yi(n,7) = Yxk(n,7) = Yexr(n,r) =k + 1.
Moreover, every y-set, Y -set and i« g-set of K (n,r), where n > r(k + 1), is a clique.

Proposition 3.6. If k > 2, then
Ye(r(k+7r)—=1,7) =vxx(r(k+7) = 1,7) =wxp(r(k+r)—1,r) =k +r+ 1.

Proof. Letk > 2andn = r(k+r)—1. Since n > k4 2r, from Theorem 3.4 we have that
E+r+1<yMnr) <yxknr) < vyixk(n,r). We will give a k-tuple total dominating
set D of cardinality exactly k + r + 1.

It is enough to consider the set D = A U B, where

A= {[r], [r—=1U{r+1},[r.2r— 1]}
B={[2r.3r—1],3r.4r —1],...,[(k+7 — Dr.(k+r)r —1]}.

We have that A is an independent set of | A| = 3 vertices, B is a clique of |B| = k 4+ r — 2
vertices, and a is adjacent to b for eacha € Aand b € B. Letu € V(K (n,r)).

» Ifu € A, then u is adjacent to every vertex in B, so |[N(u) N D| > k+r —2 > k.
 If u € B, then u is adjacent to every other vertex in D, so |N(u) N D| > k+r > k.

e Ifu ¢ Dand |un[2r —1]| > 2, then |u N [2r..n]| < r — 2 and u has at least
|B| — (r — 2) = k neighbors in B. So, |[N(u) N D| > k.

e Ifu ¢ Dand |[un[2r —1]| = 1, then |u N [2r..n]| = r — 1 and u has at least
|B| — (r — 1) = k — 1 neighbors in B. On the other hand, since there is no element
contained in every vertex of A, we have that u has at least one neighbor in A. So,
IN(w)N D| = |N(u)NA|+ |N(u)NB| > k.
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e Finally, if v ¢ D and |u N [2r — 1]| = 0, then |u N [2r..n]| = r and u has at
least |B| — r = k — 2 neighbors in B, and w is adjacent to every vertex in A. So,
INw)ND|=|Nuw)NAl+|Nu)NB|>k+1>k. O

Combining the results of this section with results from [4], we obtain the table of values
of the three types of k-domination invariants of K (n, ) in the case k = 2 and r = 2; see
Table 1.

n 72(7172) 7><2(n72) Yixa(n,2)
4 6 6 -3
5 4 6 8
6 5 6 6
7 5 5 5
>8 4 4 4

Table 1: Domination invariants with k = 2 for K (n, 2).

4 2-packing number

The 2-packing number of Kneser graphs was considered in [4]. Note that diam(K (n,r)) =
2 as soon as n > 3r — 1, and in such cases pa (K (n,r)) = 1; see [23]. In [4], the authors
studied the case, which is in a sense the closest to diameter 2 Kneser graphs, and this is
when n = 3r — 2. They obtained the exact values of the 2-packing number for all these
Kneser graphs. In this paper, we consider the next case, which is when n = 3r — 3. We
again simplify the notation by writing pa(n, ) instead of p2 (K (n,r)).

We start by recalling a useful observation from [4], which follows from the fact that a
set S is a 2-packing of a graph G if and only if no two vertices of S’ are adjacent nor have
a common neighbor.

Observation 4.1 ([4, Remark 3]). Let 2r +1 < n < 3r — 2. A set S is a 2-packing in
K (n,r) if and only if for every pair u,v € S we have 1 < |[unwv| < (3r — 1) — n.

Note that any two vertices of a 2-packing S are at distance at least 3, thus Observa-
tion 4.1 directly follows also from [23, Lemma 2].

From Observation 4.1 we derive that .S is a 2-packing of the Kneser graph K (n,r) if
and only if S is an r-uniform family of subsets of [n] whose pairwise intersections have
cardinalities in the range [1..37 — 1 — n]. Intersecting families with such properties have
been studied independently by several authors, and some of the known results yield upper
bounds for the 2-packing number of K(n,r). In particular, from [22, Theorem (Ray-
Chaudhuri-Wilson, 1975)] we infer that

pa(n.r) < <(3r 1 n) @)

In addition, from [5, Theorem 3.1] (see also [6]) we infer the bound
m—1)(n—-2)...2n—3r—1)
(r—=1)(r—-2)...(n—2r+1) "

In the case of K (3r — 3,r), Observation 4.1 yields that S is a 2-packing in K (n,r) if
and only if for every pair u,v € S we have

P2 (n7 T) <

1<|unu| <2
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Besides, by 4.1, p2(n,7) < (5) = 2(n? — n). We obtain lower bounds for ps(3r — 3,7)
when r < 9, and exact values for p2(3r — 3, 7) when r > 9. See Table 2. The lower bounds
in Table 2 follow from constructions of the corresponding 2-packings, which we present in

Table 3.

p2(3r —3.7)
>12
> 12
> 10
> 6
>5
=4

> 10 =3

© 00~ O O3

Table 2: 2-packing numbers of K (3r — 3, 7).

Consider the Kneser graph K (3r — 3,7), where r > 2. Since a set S of three vertices
u,v,w € V(K(B3r —3,r)) with juNvNw| = |uNuv| =|unNw| =vNw =2isa
2-packing (say u = [L..r],v = {1,2} U [r + 1..2r — 2],w = {1,2} U [2r — 1..3r — 4]), we
infer po(3r — 3,r) > 3. The next result proves the last line of Table 2.

Proposition 4.2. If r > 10, then p2(3r — 3,7) = 3.

Proof. Let P be a 2-packing of K (3r — 3,r), where r > 10, and let {u1, u2,us} C P.
Since |u; Nwj| < 2 forall {4,j} C [3], we infer that |[3r — 3] \ (u1 U ug Uug)| < 3.
Suppose that |P| > 4, and let z € P be distinct from all w;. Since z € P, |z Nuy| < 2,
lzNug| < 2,|zNusl < 2,and |z N ([3r — 3]\ (u1 Uuz Uug))| < 3. We derive that

|z| <24 242+ 3 =9, which is a contradiction, since r > 10. Hence, |P| = 3. O
T 2-packing of K (3r — 3,7)
4 {1, 2,3, 5}, {1, 2,6, 9}, {1, 2,7, 8}, {1, 3,4, 6}, {1, 4,5, 8}, {1, 4,17, 9},
{2’ 35 4’ 7}7

{2,4,5,6},{2.4,8,9},{3.5.7.9}, {3.6.8,9}, {5.6,7. 8}
5 {1.2.3.4,8}.{1,2,5,10, 11}, {1,2,6,9, 12}, {1, 3,7, 9, 10}, {1, 4,5, 7, 12},
{1,6,7,8,11},{2,3,5,6,7}, {2.4,7,9, 11}, {2, 7,8, 10, 12}, {3, 4. 6, 10, 11}
{3.5.9, 11,12}, {4,5,6,8,9}

6 | {1.2.3.4.5 11},{1,2,7.8,9, 14}, {1, 3,6,9, 10, 15}, {1, 5, 6, 12, 13, 14},
{2,4,6,7, 13,15}, {2, 5,8, 10, 12, 15}, {3, 4,8, 10, 13, 14}, {3, 6, 7. 8, 11, 12},
{4,9,11,12, 14,15}, {5, 7,9, 10, 11, 13}

7 {1,2.3,4,6, 11, 14}, {1,3,5,8, 16, 17, 18}, {2. 4.5, 7, 12, 15, 17},
{2.8,9, 12,13, 14, 16}, {3,7,8,9, 10, 11, 15}, {4, 5,6,9, 10, 13, 18}

8 {1,2.3,4.5,6,9,18},{1,2,7, 11, 12, 14,20,21}, {3. 7. 8,9, 13, 15, 16, 20},
{4,5,10, 12,13, 15,17,21}, {5, 6,8, 10, 11, 14, 16, 19}

Table 3: 2-packings in K (3r — 3,r), forr < 8.
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We suspect that the lower bounds in Table 2 are in fact exact values of p2(3r — 3,7),
and leave this as an open problem. The proof for the penultimate line in Table 2, as well as
an alternative proof of Proposition 4.2, are given afterwards in Theorem 4.8.

We continue with several general results concerning the behavior of the 2-packing num-
ber in Kneser graphs.

Proposition 4.3. If n, r and a are positive integers such that 2r +1 < n < 3r — 2 and
a>n—2r+1, then
pa(n + 2,7+ a) = 2p2(n, 7).

Proof. Let S be a 2-packing of K (n, r) with |\S| = p2(n,r). Consider the following set:
T = {v Uln+1)..(n+a),vUl(n+a+1)..(n+2a)]: ve S}.

Clearly, T C V(K (n + 2a,r + a)) and |T| = 2p2(n,r). Note that since 2r + 1 < n <
3r —2,itfollows 2(r +a) + 1 < n+2a < 3r + 2a — 2 < 3(r + a) — 2. To prove that T
is a 2-packing in K (n + 2a,r + a), we need to prove, by Observation 4.1, that

1<junov|<@B(r+a)—1)—(n+2a)=3r—1—-—n+a

for any two vertices u,v € T. Letu,v € T, andletd = uN[n], o = vNn]. Ifa # 0,
then as @,0 € S, by Observation 4.1, we have 1 < |a N 9| < 3r — 1 — n, and since
laNd| < |unuv| < |aNd|+ a, wehave 1 < JuNwo| < 3r — 1 —mn+ a. On the other
hand, if & = 0, then [u Nw| = r and it follows 1 < |[uNv| =7 < 3r — 1 —n + a since
a>n-—2r+1. O

By applying Proposition 4.3 several times (note that if K (n,r) is an odd graph, then
K(n+ 2a,r + a) is also an odd graph) we get the following.

Corollary 4.4. If n, r and a are positive integers such that n = 2r + 1 and a > 2, then
pa(n+2a,7 +a) > 2L 2] py(n, 7).

We follow with a version of monotonicity of the 2-packing number in Kneser graphs,
which turns out to be non-decreasing when both n and r increase by the same value.

Theorem 4.5. If n and r are positive integers such that n > 2r + 2, then
pa(n+ 1,7+ 1) > pa(n,r).

Proof. Note that if n > 3r — 1, then pa(n,r) = 1 and the result is straightforward. Thus,
let us assume 27 + 2 < n < 3r — 2. Let S be a 2-packing of K (n,r) of size pa(n,r).
Consider the set:

T= {vU{n—i—l}: UES}.

Wehave T C V(K (n+ 1,7+ 1)) and |T| = p2(n,r). Let us prove that T is a 2-packing
of K(n+ 1,7 +1). In order to do so, since 2(r + 1) + 1 < n+1 < 3(r+ 1) — 2, by
Observation 4.1 it is enough to see that 1 < |[uNv| < (3(r+1)—1)—(n+1) =3r+1—n
for any pair of vertices in 7. In fact, let u,v € T, and let & = u N [n], ¥ = v N [n]. Since
4,0 € S,wehave 1 < |aNv| < 3r—1—n. As|uNv| = |[aNd|+1, the result follows. [



B. Bresar et al.: k-Domination invariants on Kneser graphs 11

Lemma 4.6. Let r and t be positive integers such that r > 3 and 2 < t < T'§3. If
p2(3r — t,r) > 4, then there exists a 2-packing S of K(3r —t,r) with |S | 4 and
i(S) < 2 for every x € [n).

Proof. Let n = 3r — t and let S be a 2-packing of K (n,r) with cardinality |S| =
Note that since r > 3, we have % < r—1. Thus 2 < t < r — 1 and it follows that
2r +1 < n < 3r — 2. So, by Observation 4.1, we have that every pair of vertices in S
intersect in at most 3r — 1 — n = ¢ — 1 elements. Let us assume XBZ(S) # () and let
xe X5 (S).

If £ € X5(5), let uy, uq, ug be the vertices in S that contain the element x and w4 the
vertex in S which does not contain z. Note that

’ulﬂXQZ(S)‘: U nui)| <
< 1+ [(ur Nug) \{z} + [(ur Nuz) \ {z} + Jur Nug| <3(E—1) - 1.
<t—2 <t-2 <t—1

Thus, since ¢ < ’“J3r3, or equivalently » > 3(¢t — 1), there is at least one element z; €
uy N X1(5). Analogously, there exist x5 € ug N X1(S) and z3 € ug N X;1(S). Let us
consider S" = {vy,vs,v3, v4}, where

v = (up \{z})U{z2}, wvo=(uw\{z})U{zs}, wv3=(us\{z})U{z1}, wv4=us.

It is easy to see that for every i # j we have |u; N u;| = |v; N v;|. Thus, S” is a 2-packing
of K (n,r) of size 4 and | X5 (S")| = | X5 (S)| — 1.
If 2 € X4(S5), let S = {u1, us, us, us }. Now we have

(U1 N ul)

4
ST+ |(urnu) \{a}[ <3(—1) -2

‘ul mXZ?(S)] - O
= i=2

<t—2

Thus, since 7 > 3(t — 1), there is at least two elements z1, 23 € u; N X1 (S). Analogously,
there exist x}, 22 € w; N X1(9) for i = 2,3,4. Let us consider S’ = {vy,v2,v3,v4},
where

= (uw \ {z}) U {z}},
= (uz \ {2}) U {z1},
= (us \ {z,23}) U {af, 23},
ve = (ug \ {z,23}) U {23, 23}.
It is easy to see that for every ¢ # j we have |u; N u;| = |v; N v;|. Thus, S’ is a 2-packing
of K (n,r) of size 4 and | X35 (S")| = | X5 (S)| — 1.
In any case, if X5 (S) # 0, we build a 2-packing S’ of size 4 with | X5 (S")| <

| X5 (S)]. If X5 (S") # 0, we repeat the procedure until we get a 2-packing of four vertices
for which each element occurs at most twice. O

We can prove, analogously, the following lemma.
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Lemma 4.7. Let r and t be positive integers such that r > 4 and 2 < t < ";'1’4. If
p2(3r — t,1) > b, then there exists a 2-packing S of K (3r —t,r) with |S| = 5 and
i(S) < 2 forevery x € [n).

Proof. Let n = 3r — t and let S be a 2-packing of K (n,r) with cardinality |S| = 5.
Note that since » > 3, we have %4 <r—1 Thus 2 <t < r —1 and it follows that
2r +1 < n < 3r — 2. Then, by Observation 4.1, every pair of vertices in S intersect in at
most 3r —1 —n =t — 1 elements. Let us assume XBZ(S) #Dandletx € XSZ(S).

If x € X5(5) U X4(S), let ug, us, us be vertices in S that contain the element  and
uy, uy the remaining vertices in .S such that z ¢ ;. Note that

5
’ul ﬂXQZ(S)‘ = U(ul Nug)| <
1=2
<1+ Z [(ur Nu) \ {x} + Z lug Nug| <4(t—1) — 1.
=23 o, =5 o

Thus, since ¢ < Tj‘l, or equivalently r > 4(¢ — 1), there is at least one element x; €
uy N X1(S). Analogously, there exist x5 € ug N X71(S) and x3 € ug N X;1(S). Let us

consider S" = {vy,vs, v3, v4, v5 }, where

v = (ui\{zHh)U{z2}, wve = (u\{zh)U{zs}, vs = (us\{z})U{z1}, vi=wu4, vs=us.

Note that if © € X4(5), then z € X;(S5’). It is easy to see that for every ¢ # j we have
lu; N ;| = |v; N w;|. Therefore, S’ is a 2-packing of K (n,r) of size 5 and | X5 (S')| =
XZ(5)| - 1.

If € X5(95), let S = {u1, uz, us, uq, us }. We have

ST+ [(ur nu) \ {x}] <4t -1) - 3.

’ul nxg(S)] -
=2

U (U1 N ul)
=2

<t—2

Thus, since » > 4(t — 1), there are at least three elements x1, 2%, 23 € uy N X1(S).
Analogously, there exist x}, 22, 23 € u; N X1(9) for i = 2,3,4,5. Let us consider " =

R ]
{v1,v2,v3,v4,v5}, where

v = (u1 \ {2}) U {a3},
vz = (up \ {z}) U {21},
vs = (us \ {z,23}) U {af, 23},
vg = (ug \ {xvm?}vxi}) U {xiﬁx%, xil*;}7
U5 = (’LL5 \ {I,I?,Ig}) U {1‘3, Iga Iéll}
It can be easily checked that for every i # j we have |u; Nu;| = |v; Nv;|. It turns out that
S’ is a 2-packing of K (n,r) of size 5 and |X32(S’)| = |X32(S)\ - 1L
In any case, if X5 (S) # 0, we get a 2-packing S’ of size 5 with | X5 (S")| < | X5 (S)].

If X 32 (S") # (), we repeat the procedure until we get a 2-packing of five vertices for which
each element occurs at most twice. O
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From Proposition 4.2, and some other results of similar nature, one can suspect that
p2(n, r) will be small if n is close to 3r. The following result describes how close n has to
be to 3r — 3 in order to have ps(n, ) equal to 3 or 4.

Theorem 4.8. If r, n and t are positive integers such that2 <t <r —1landn = 3r — t,
then:

1) ift < %, then pa(n,r) = 3;

(2) if =5 <t < 289 then py(n,r) = 4.

Proof. (1) Letus suppose t < TJgS, which is equivalent to r > 5(¢t—1). Assume po(n,r) >

4 and let S be a packing of K (n, r) of cardinality 4. Note that since r > 5(t—1) > 3(t—1),
we have 2 < t < % and r > 3. Thus, by Lemma 4.6, we may consider a 2-packing S
for which i,(S) < 2 for every € [n]. Let us note that by Observation 4.1 we have
|luNwv| <t—1foreach u,v € S, and it follows

4
1% (8)] = ers“f_f' < (3)e-n=o-0.
uFv =

On the other hand, since | X1(S)| < n —|X2(S)|, we have
4r = |S|r = Z i (S)

2|X2(S)] + [X1(9)]

z€[n]
< A4 |Xa(9)]
< n+6(t—1)
< 3r+5t—6.

Thus, r < 5(t — 1) — 1 and we arise to a contradiction since © > 5(¢ — 1). Therefore
p2(n, ) < 3. In order to see that it is equal to 3 it is enough to consider the set S given by
S = {uy, uz,us} where

ur =[], up=[t=1U[(r+1)u2r —t+ 1)), uz={1}U[2r —t+2).3r —1)].

We have |u; Nug| =t — 1 and |Ju; Nug| = |ug Nug| = 1. So, S is a 2-packing and
pa(n,r) = 3.

(2) Now, let us suppose “£2 < ¢ < 2559 which is equivalent to (¢t — 1) < r < 5(t — 1).
Assume pa(n,r) > 5 and let S be a packing of K (n,r) of size 5. Note that since r >
2(t—1) >4t —1), wehave 2 < t < “ and r > 3. Thus, by Lemma 4.7, we may
consider a 2-packing S for which i,(S) < 2 for every x € [n]. By Observation 4.1 we
have |u Nv| <t — 1 for each u,v € S. Consequently,

1X2(S) = D Junu| < (5> (t—1)=10(t — 1).
u'UES\V-/ 2
1;751) <t-—1
It follows that
5r=1[Slr=>Y_i,(9)

z€[n]

2| X5 (S)| + | X1(9)]

n+ |Xa(9)]
n+10(t — 1) = 3r + 9t — 10.

INIA
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Thus, 7 < 5(t — 1) — $ and we arise to a contradiction since r > (¢ — 1). Therefore
p2(n,r) < 4. In order to see that it is equal to 4 it is enough to consider the set S given by

S = {u1, ua,us, us} where

u = Ao UA3UA14UB;
Uy = A9 U Agz3 U Aoy U By
uz = A1z U Ag3 U Azq U Bs
uy = A14 U Aoy U A34 U By

where the sets in {{A;;}ix; U {B;}i,} are pairwise disjoint with [4;;| = ¢ — 1, and
|B;| = r — 3(t — 1). Note that this is possible since

6t—1)+4(r—-3¢t—-1)=4r—-6(t—-1)=Br—t)+(r—(5t—6)) <n.
=n <0

We have |u; Nu;| =t — 1 forevery ¢ # j. So, S is a packing and pa(n,r) = 4. O
Corollary 4.9. If15—47’ —1<n<3r—2 then pa(n,r) = 3.
Corollary 4.10. If 2r — 1 <n < ¥r — 1, then ps(n,r) = 4.

S5 Concluding remarks

In Section 2, we proved that v, is monotonically decreasing, where r is fixed and n >
2(k + r) is growing. We wonder if the lower bound on n could be improved, and pose the
following question.

Problem 5.1. Is there an integer ng, where ng < 2(k -+ r), such that for any n > ng, we
have v¢(n,r) > v (n+ 1,7)?

In Section 3, we established exact values of v (n, ) and v¢xx(n,r) for all n, where
n > r(k+r) — 1. It is thus natural to ask what are the values of these two invariants when
n is smaller than r(k + ) — 1. In particular, the most interesting case seems to be that of
odd graphs, that is, when n = 2r + 1.

Problem 5.2. Determine or provide upper and lower bounds on g (2r + 1, 7), v« (2r +
1,7) and yixx(2r + 1,7), for r > 2.

We mentioned an open problem in Section 4, which is concerned with the exact values
of pa(3r — 3,7) where r < 8 (recall that for r > 9, we already established the values of

p2(3r —3,7)).

Problem 5.3. Is it true that the lower bounds in Table 2 are in fact exact values of pa(3r —
3,r), where r < 8.

Regarding the 2-packing number of odd graphs K (2r + 1, ), we have proved in Corol-

' —r

lary 4.4 that po (20" 4+ 1,7') > C - p2(2r + 1,7) when v’ > r + 1, where C' = 2L 2 J In
[4] it is shown that p2(7,3) = 7 and p3(11,5) = 66. So, we wonder whether this C' could
be improved.

Problem 5.4. Given an integer r > 2, is there some C'(a) > 2 L5 such that p2(2(r+a)+
1I,r+a) > C(a)pa(2r +1,7)?
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