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1. Introduction

Let G = (V(G), E(G)) be a simple graph with vertex set V(G) = {1,...,n}, and
consider S(G), the set of all real symmetric n x n matrices A = (a;;) such that, for i # j,
a;j # 0 if and only if {7, j} € E(G). There are no restrictions on the diagonal entries of
A. The minimum number of distinct eigenvalues of a graph

q(G) = min{g(4): A € S(G)},

where g(A) denotes the number of distinct eigenvalues of a square matrix A, is one of
the parameters motivated by the Inverse Eigenvalue Problem for Graphs. The origins
of the study of this parameter can be found in several key texts [10,13,18], and many
papers have been published on the subject [4,6,11,14,19,21,22].

Since the diagonal elements of matrices in G are not restricted, it follows that, provided
G has at least one edge, we have ¢(G) = 2 if and only if S(G) contains an orthogonal
symmetric matrix. For this reason, we say in this case that G is orthogonalisable. Al-
though there is no general characterisation of orthogonalisable graphs, several families of
connected orthogonalisable graphs are known (see, e.g., [4,5,8,15,16,20,22]), and several
necessary conditions have been determined [2-4,7]. It is suspected that the complete
characterisation of orthogonalisable graphs is a difficult problem.

The minimum number of distinct eigenvalues of joins of graphs has been investigated
in several works, e.g., [1,2,4,23]. Recall that the join of two graphs G and H, denoted
GV H, is the graph formed by adding all possible edges between G and H to the disjoint
union G U H. Tt is known that ¢(G VvV H) = 2 for all connected graphs G and H such
that ||G| — [H|| < 2, [24, Theorem 3.4]; see also Ahmadi et al. [4, Theorem 5.2] for the
case G = H and Monfared and Shader [26, Theorem 5.2] for |G| = |H|. This implies
that there does not exist any set of forbidden subgraphs of graphs with ¢ = 2. It was
shown in [24, Example 3.5] that for trees G and H we have ¢(GV H) = 2 if and only if
|G| — |H|| < 2. In particular, q(Py, V P,) > 3 for [m — n| > 3, where P, is the path on
n vertices. Recently, joins of disconnected graphs were investigated in [2,3,23,24], where
particular attention was given to joins of unions of complete graphs and paths.

1.1. Notation and terminology

We write N = {1,2,3,...} and Ng = {0} UN. For k € N, we write [k] = {1,2,...,k}.
Vectors are written in boldface, and the ith component of a vector v is written as v;.
For integer tuples x € N{, we write «(x) = |{i € [t] : z; = 1}| and |x| = D iel Ti-
If ; > x;41 for all i < ¢, then we say that x is non-increasing. When necessary, we
extend integer tuples by appending zero parts at the end, and adopt the useful shorthand
(k%) .= (k,k,..., k), where k appears s times. At times we will use this notation for
subtuples, too, so that, for example (4,32,1%) = (4,3,3,1,1,1,1,1). We use standard
notation for conjugate partitions: for x € N§, we set 2 = [{i € [(] : ; > j}| and
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x* = (x;‘) We write =, for the weak majorisation order on non-increasing integer
tuples, defined by x =, y if and only if 3=,y @i < 30,4 % for all k € N If in addition
|x| = |y|, then we say that y majorises x and write x <y.

The notation e; is used for the jth standard basis vector (whose length will be clear
from the context) with every entry equal to 0 except for its jth entry, which is 1, and
1, is the vector with s entries, all equal to 1. If r,s € N and § C R, then §"** is the
set of r x s matrices with entries in S. The transpose of a matrix X is written as X .
If X = (z;;) and Y = (y;;) are real matrices of equal size and z;; < y;; for every ¢,7,
then we write X < Y. The notation v < w for real vectors v and w of equal size has
the same meaning.

The graphs considered in this work are all finite, simple, undirected graphs with at
least one vertex. We say that a graph G is sized by m € N* if G has k connected
components with sizes mq, ..., my, respectively, and a pair of graphs (G, H) is sized by
a pair (m,n) € N¥ x N* if G is sized by m and H is sized by n. Note that +(n) is then
the number of isolated vertices of H.

1.2. Owverview of the main results

In this work, we investigate pairs (m,n) € N¥ x N? for which any pair of graphs
(G, H) sized by (m,n) satisfies ¢(G V H) = 2. Our main results are summarised in the
following theorem.

Theorem 1.1. Let k < ¢, 1 = [{/k] and (m,n) € N*¥ x N*. The following statements
satisfy the implications (i) = (ii) < (iii)) = (iv):

(i) o] =n3 —nj < [m| < [nf+mj, +mj, m>@F) and

¥
> nj = o+ max{0,[n] — [m| = 0y =iy}
j=1

(ii) ¢(GV H) =2 for all graphs G, H which are sized by (m,n).

(iii) q(GV H) =2 for G =L, P, and H=J;_, P,,.

(iv) [n[ =n3 —n3 < |m| < [n[+my , +my,,, m> (Y*), and if k < £, then we also
have

t(n) < max {(1/) — 1)k, L(f - k‘)} .
P —1
This theorem will follow from Proposition 3.9, Theorem 3.6, Remark 3.3 and Corol-
lary 4.2. For an example, see Fig. 1.
We will prove in Corollary 5.1 that when k divides ¢ or ¢ + 1, all four statements
in Theorem 1.1 are equivalent, but in general, (ii) does not imply (i) and (iv) does not
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(a) 2P2\/(P2U2P1). (b) (PQUPl)\/(PQU2P1).

Fig. 1. The graph in (a) is sized by (m, n) = ((22), (2,1?)) which satisfies condition (i) in Theorem 1.1, hence
it has ¢ = 2. The graph in (b) is sized by (m,n) = ((2, 1), (2, 1?)) which fails condition (iv) in Theorem 1.1,
so this graph has ¢ > 2.

imply (ii); see Proposition 4.1. Example 5.4 shows that (ii) and (iv) are also equivalent
for k=3 and ¢ = 4.

2. Compatible multiplicity matrices

Let G be a graph with k connected components Gy, ...,Gg. A matrix V with non-
negative integer entries fits G if V has k columns and the ith column of V has sum
|G;| for 1 < i < k. We say that V is a multiplicity matriz for G if there is a matrix
A € S(G) and real numbers A\; < --- < A, where r is the number of rows of V, such
that each matrix entry v, ; is the multiplicity of A; as an eigenvalue of A;, the submatrix
of A corresponding to the connected component G; of G. In particular, this implies that
the jth column of G is an ordered multiplicity list of some matrix in S(G;). (The zero
entries in the matrix correspond to multiplicity zero, and are ignored in the corresponding
ordered multiplicity list of A4;.) By a 0-1 matrix, we mean a matrix whose entries are all
in {0,1}. Monfared and Shader, [25, Corollary 4.3] and [26, Theorem 4.3], showed that
any 0-1 matrix which fits a graph G is a multiplicity matrix for G.

In [23] the authors defined the notion of compatible multiplicity matrices and proved
that the existence of compatible multiplicity matrices that fit graphs G and H is nec-
essary for ¢(G V H) = 2. Given a matrix X with at least 3 rows, we denote by X the
matrix obtained by deleting the first and last rows of X. We say that matrices V € Nj xk
and W € Ngxe are compatible if r > 3 and

V1, =W1, and VW € NF*!,

In other words, the row-sums of V and W agree, and no column of Vis orthogonal to a
column of W.

Theorem 2.1 (/2/, Corollaries 3.2 and 8.5]). If there exist compatible 0-1 matrices that
fit graphs G and H, then ¢(GV H) = 2. Moreover, if G and H are unions of paths, then
the converse holds.
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For r,s € N and r € N§, s € N§, we use the standard notation A(r,s) for the set of
r x s matrices X € {0,1}"** such that r and s are the row-sum and the column-sum
vectors of X, respectively. That is, X1, =r and X1, =s.

Definition 2.2. Let k,/ € N. We define sets

D(k,0) := {(m,n) € N¥ x N*: there exist s € N, ry,ryy € N5 and
compatible V € A(ry,m) and W € A(rw,n)}

and

D(k,?) := {(m,n) € N* x N*: there exist s € N, r € N§ and
V e A(r,m), W € A(r,n) with VW e N*¥*¢},

Remark 2.3.

(a) By symmetry, we may restrict attention to these sets in the case k < /.

(b) We have (m,n) € D(k,¥) if and only if there exist § € {0,1,2}* and € € {0,1,2}*
such that (m — d,n —¢) € 5(k,€). Indeed, if (m —d,n—¢) € ZS(k;,K), with cor-
responding matrices V, W, then we can write § as the sum of two 0-1 vectors and
extend V by appending these as a new first and final row, and similarly extend
W using e. These extended matrices show that (m,n) € D(k, ). Conversely, given
compatible V, W showing that (m,n) € D(k,¥), let § and € be the sum of the first
and final rows of V and W, respectively. By compatibility, we have r := ry, = ryy,
and since m’ ;= m — § and n’ := n — € are the column-sum vectors of V and W7
respectively, by compatibility m’ and n’ have no zero entries, so (m’,n’) € N* x N*.
Moreover, V € A(r,m’) and W € A(r,n’), so (m’,n’) € D(k,0).

(¢) If (m,n) € D(k,¢), then |m| = |n|. Indeed, if V € A(r,m) and W € A(r, n), then the
sum of all entries of V' is given by |r| = |m|, and similarly for W € A(r, n), so this is
immediate from the definition above. The same conclusion does not necessarily hold
for (m,n) € D(k,?); for example, if (m,n) = ((3,2),(2,2)), then (m,n) € D(2,2)
and |m| # |n|.

The following results give some sufficient conditions and some necessary conditions for
membership in D(k, ¢) that are motivated by Theorem 2.1, and are derived by considering
the existence of compatible 0-1 matrices.

Lemma 2.4. Let 1 < k < {. If (m,n) € 75(/4;,5), then for any p € NF, q € N§ with
Ip| = |a|, we have (m + p,n+q) € D(k, ).

Proof. Let (m,n) € 5(k,€), so that there exist s € N, r € N§, V € A(r,m) and
W € A(r,n) with VTW € N¥*¢_If |p| = |q| = 1, then let X be V with the extra row p
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appended, and let Y be W with the extra row q appended. Then X € A((r,1), m + p),
Y € A((r,1),n+q)and XY > VT W so XY € N¥*¢, Hence, (m+p,n+q) € D(k, 1)
If |p| = |q| > 1, then we can decompose p and g as sums of standard basis vectors, pair
them up in an arbitrary fashion and repeat the above argument |p| = |q| times. O

Lemma 2.5. Let 1 < k < ¢ and s > 1. If ¢ € N¢ with ¢ < (55) and |c| = ks, then
((s%),c) € D(k, ).

Proof. Since ¢ < (s°) and |c| = ks = |(s¥)|, the decreasing rearrangement of c is
majorised by (s*), which has conjugate partition (s*)* = (k*). By the Gale-Ryser theo-
rem [17,27] (see also [12, Theorem 2.1.3]), there is an s x £ matrix W € A((k®),c). Let
V be the s x k matrix with every entry equal to 1. Then V € A((k®), (s*)) and every
entry of VTW is an entry of ¢ € N, so ((s¥),¢) e D(k,¢). O

Lemma 2.6. If k < { are positive integers and (m,n) € D(k,£), then m > () where

¥ = [L/k].

Proof. Without loss of generality, suppose that the entries of m are arranged in de-
creasing order. We must show that my > 1, or equivalently, kmy > £. There exist r
and matrices V' € A(r,m), W € A(r,n) such that VT W is nowhere zero. By permut-
ing the rows of V and W if necessary, we may assume that the kth column of V is
(1™*.0,0,...)T. Since V and W are compatible, each of the ¢ columns of W must con-
tain at least one 1 in the first my, rows; for otherwise, V' W would have a zero entry.
On the other hand, each row-sum r; of W is equal to the corresponding row-sum of V,
which is at most k. Therefore

? < Z ri <kmyg. O

i€[my]

We now turn to a necessary condition for membership in YS(k, £) which involves the
number of isolated vertices (see Proposition 2.8). For natural numbers k < ¢, let

tmax (K, £) := max {(q/} — 1)k, %(f - k)}
where ¢ = [{/k].

Lemma 2.7. Suppose k < ¢ and s € N. Let ¢ € N§. If A((k*),c) # 0, then i(c) <
//max(kaé)'

Proof. Let ¥ = [£/k]. Under the given hypotheses, we will show that if «(c) > (¢ — 1)k,
then we have i(c) < %(6 — k). Since A((k®),c) # 0, by the Gale-Ryser theorem, c
is majorised by (k*)* = (s¥), which implies that |c| = ks and no entry of c exceeds s.
Hence
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t(c) <lc| =ks < (£ —u(c))s + t(c).

Rearranging and using ¢(c) > (¢ — 1)k > ¢ — k, which implies that ¢(c) + k — £ > 0, we
obtain

u(c)

— <s<

c t(c)
k

e)+k—10

Since (1) —1)k < ¢(c) and s is an integer, the left-hand inequality yields s > 4. The right-
hand inequality now implies that (¢(c) +k —£)¥ < ¢(c) and hence ¢(c) < %(6— k). O

Proposition 2.8. If k < ¢ and (m,n) € D(k, ), then t(n) < tmax(k, £).

Proof. We may assume that ¢(n) > 0 and n = (n’,1*™) where n’ € N‘~*(®)| There
exist h € N, r € N/ and matrices V € A(r,m), W € A(r,n) such that VW € Nk*¢,
Write W = (W’ W) where W has ¢(n) columns. Then W has a single non-zero entry
in each column, which together cover s rows, say, where s € [h]. By permuting the rows

of V and W, we may assume that the non-zero entries of W occur precisely in rows

1,...,s. Then we can partition W as W = ({22), where Wy is an s X £ 0-1 matrix

whose last ¢(n) columns include the vectors ey, ...,es. Since V' W has no zero entries,
T

it follows that V = <1§/1 k) for some matrix V5, hence the row-sum vector of Wy is
2

(k*). So Wy € A((k*),c) for some ¢ € N§. The last ¢(n) column-sums of W are all 1,
by construction, so ¢(c) > ¢(n). By Lemma 2.7, we have ¢(n) < i(c) < tmax(k,£). O

3. Join-orthogonalisability, strong and weak suitability

In this section, we establish one of our main results, Theorem 3.6, which relates two
simple combinatorial conditions to two properties related to the orthogonalisability of
joins of graphs. We start by defining and discussing these orthogonalisability properties.

Definition 3.1. Let (m,n) € N* x N’. We say that the pair (m,n) is always join-
orthogonalisable if for all pairs of graphs (G, H) that are sized by (m,n), we have ¢(G vV
H) =2

We say that (m,n) is sometimes join-orthogonalisable if there is some pair of graphs
(G, H) that is sized by (m,n), so that ¢(G Vv H) = 2.

Remark 3.2. By Theorem 2.1, the set of always join-orthogonalisable pairs in N¥ x N¢
coincides with D(k, £). In principle, this gives a combinatorial characterisation of always
join-orthogonalisability in terms of the existence or non-existence of certain pairs of 0-1
compatible multiplicity matrices. However, determining this existence or non-existence
seems a difficult combinatorial problem, and our motivation for the current work was to
find arithmetic conditions on a given pair (m,n) which make this simpler to check.
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Remark 3.3. By [24, Theorem 3.1 and Corollary 3.3], a pair (m,n) € N* x N* is always
join-orthogonalisable if and only if

q U P’rnLv U n; =

1€ k] JE[4]

Recall [9, Theorem 3.1] that any realisable eigenvalue list of a connected graph G of order
n is also realisable for the complete graph K, of the same order. It follows from [24,
Theorem 3.1 and Corollary 3.2] that (m,n) € N*¥ x N is sometimes join-orthogonalisable
if and only if

q| U Em v K, | =

i€ (k] Jjeld]

In light of this, we can state [23, Theorem 4.10] as the following characterisation of
sometimes join-orthogonalisability.

Theorem 3.4 (/23]). Let k < ¢, m = (m;) € N¥ and n = (n;) € N*. The pair (m,n) is

sometimes join-orthogonalisable if and only if one of the following is true:

(i) ¢(m) =0 and t(n) =0 and £ < |m]|;
(ii) ¢(m) #0 and k+ ¢ < |m| + ¢(m);
(iii) ¢(m) =0 and t(n) # 0 and either k+ ¢ < |m|, or 2k < ¢ <|m|, or £ < 2k < |n|.

We now define two combinatorial conditions of relevance to our problem.

Definition 3.5. Let k& < ¢ be natural numbers and write ¢ = [¢/k]. We say that a pair
(m,n) € N*¥ x N* is weakly suitable if there exist § € {0,1,2}* and ¢ € {0,1,2}* such
that

m—-46> @), n—eeN’ and lm—4|=|n—e| (1)
If in addition the inequality
P
Y (n—e); >k (2)
j=1
holds, then we say that the pair (m, n) is strongly suitable. We say that a pair (6, €) illus-

trates the weak or strong suitability of (m,n), as appropriate, when the corresponding
conditions above hold.



170 R.H. Levene et al. / Linear Algebra and its Applications 723 (2025) 162-181

Theorem 3.6. Let (m,n) € N* x N¢ where k < {. The following statements satisfy the
implications (i) = (1) = (iii)) = (iv):

(i) (
i) (
i) (
) (

,n) s strongly suitable;

s always join-orthogonalisable;
1s weakly suitable;

)

m, n)
m,n)
m,n)
m,n)

,n) is sometimes join-orthogonalisable.

Proof. Let ¢ = [¢/k] > 1. Then ¢ < kip. Suppose first that (m, n) is a strongly suitable
pair and that (4, €) illustrates the strong suitability of (m,n). By (2),

P
(<k Zn—s =|d*| = [d|,

where d := (min{¢,n; — €;});e;q € N*. Therefore we can decrease the entries of d to
obtain ¢ € N* with |c| = k1 such that ¢ < d < (¢*) and ¢ <d < n —e. By (1) we see
that p := m — & — (¢*) and q := n — € — ¢ have non-negative entries and satisfy

Ipl = m =8| — k¢ = |n —e| = |c[ = |q].

By Lemmas 2.4 and 2.5, (/%) + p,c + q) = (m — &,n — &) € D(k,¢). By Remark 2.3,
(m,n) is always join-orthogonalisable.

Suppose now that (m,n) is always join-orthogonalisable. By Remark 3.2, we have
(m,n) € D(k,£) and so there exist § € {0,1,2}*, e € {0,1,2}* so that (m — §,n —¢) €
D(k, ). Tt follows by Lemma 2.6 that (m,n) is weakly suitable.

Finally, suppose that (m, n) is weakly suitable, and let (4, €) illustrate this. To show
that (m,n) is sometimes join-orthogonalisable, it suffices to check that (1) implies that
one of the conditions (i), (ii) and (iii) in Theorem 3.4 holds. First note that m—4§ > (¢*)
implies that |[m — | = k¢ > £. Hence we have lm| > lm — 6| > ¢, and |n| > |n —¢g| =
lm — 8| > ¢. So if «(m) = 0, then either (i) or (iii) holds. If ¢(m) # 0, then since
m >m — & > (¢F), we must have 1) = 1, so £ = k. Hence

m| + ¢(m) = Z m; + 2e(m) > 2k =k + ¢,
1€[k]:m; >2

o (ii) holds. O

Determining whether a given pair is weakly or strongly suitable using the definitions
of these properties can be inconvenient, as it involves a search over various vectors d and
€. Our next goal (Proposition 3.9) is to find characterisations of these properties which
do not require such a search.
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The next technical lemma shows that among pairs (8, €) that could illustrate weak or
strong suitability for (m, n), it is enough to consider the pairs where either § = (0*) or
e = (0%), depending on which of |m| and |n| is larger.

Lemma 3.7. Let k < ¢ be positive integers, 1» = [(/k], m € N* and n € N*,

(i) If lm| > |n|, then the following are equivalent:
(a) m and n are weakly suitable (strongly suitable, respectively);
(b) there exists § € {0,1,2}* so that the pair (8,(0%)) illustrates weak suitability
(strong suitability, respectively) of (m,n).
(ii) If lm| < |n|, then the following are equivalent:
(a) m and n are weakly suitable (strongly suitable, respectively);
(b) there exists € € {0,1,2} so that the pair ((0F),€) idllustrates weak suitability
(strong suitability, respectively) of (m,n).
(iii) If |m| = |n|, then the following are equivalent:
(a) m and n are weakly suitable (strongly suitable, respectively);
(b) the pair ((0%), (0%)) idllustrates weak suitability (strong suitability, respectively)

of (m,n).

Proof. (i) By definition, (b) implies (a). Suppose (a) and let a pair (8’,€’) illustrate
weak suitability (strong suitability, respectively) for (m,n). In particular |§'| =
|m| — |n| + |&’| > |m| — |n|. Hence, we can choose § € {0,1,2}* with |§| = |m| —
|n| |6’ — |€’| and & < &’. Clearly, m —§ > m — &’ > (¢*) and n > n —
e’ > (1), and Zw n; > Zw(n — ¢€’)%. This implies that (6, (09)) illustrates the
weak suitability (strong suitability, respectively) of (m,n), and thus (b) follows. An
identical argument establishes the “moreover” claim.

(ii) Again, suppose (a) and let a pair (§’,¢’) illustrate weak suitability for (m,n).
By choosing € < &’ with |¢| = |n| — |m|, we can prove ((0%),¢) illustrates weak
suitability of (m,n) by a symmetric argument as in (a). Moreover,

ans ZHZ )i > J}|
]

JElY JEM]
>Z|{z n—¢’) >j}|:Z(n—€');,
JEM] JEM]

which implies that whenever (8’,€’) illustrate strong suitability for (m,n), so does
the pair ((0%), ).
(iii) clearly follows by (i) and (ii). O

The following lemma is elementary, and we omit its easy proof.
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Lemma 3.8. Consider integers i, n, e, e’ where e € {0,1,2} and

2 n>yY+2
=491 n=y+1
0 n<a.

Then
min{n —¢,¢¥} = min{n, ¥} + min{e, e’} —e.
Proposition 3.9. Let k < ¢ and ¢ = [{/k].
(i) A pair (m,n) € N* x N* is weakly suitable if and only if m > (1)*) and
In| —n3 —nz < |m| <[n|+my,q +my . (3)
Moreover, (3) is equivalent to
n =, (34 m|—¢,3"Y) and n| > |m| — My 1 — Moy yo- (4)

(i) A pair (m,n) € N* x N¥ is strongly suitable if and only if it is weakly suitable and
P

Zn; > kv + max{0, |n| — [m[ —nj ., —ny o} (5)
j=1

Proof. First suppose that |n| < |m|. By Lemma 3.7, (m,n) is weakly suitable if and
only if there is § € {0,1,2}* so that (8,0) illustrates weak suitability:

m—§ > (¢*), n> (1), lm - 4| = [n|. (6)

Observe that m — & > (¢*) is equivalent to m > (%) and § < D1 ©
D s w2 € that [ Do, S €205 Suye €] = my  +mi o, and that [m—4| =
In| is equivalent to |§] = [m| — |n|. We conclude that there exists § € {0,1,2}* so that
(6) holds, if and only if m > (1/*) and |m| — |n| < My, +my,. By Lemma 3.7, (m,n)
is strongly suitable if and only if there is § € {0,1,2}* so that (4, 0) illustrates strong
suitability. Hence, (m,n) is strongly suitable if and only if it is weakly suitable and (5)
holds.

Now suppose that |n| > |m|. In this case (m, n) is weakly suitable if and only if there
is € € {0,1,2}* so that (0, ¢) illustrates this:

m > (¢*), n—e > (1), jm| = |n —¢|.

Equivalently,
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m> (PF), e<e:= D e+ Y e e[ =[n|—|m| (7)

ing; >2 Jin;>3

Since |e| = n} + n}, there exists e € {0,1,2}* so that (7) holds for some ¢ € {0, 1,2}* if
and only if m > (¢*) and |n| — |m| < n3 + nj.

For strong suitability, we first use Lemma 3.7 and our arguments above to assert:
(m,n) is strongly suitable if and only if there exists e € {0,1,2}* so that (7) and (2)
hold. Within the set of £ that satisfy (7), we aim to identify those for which Z}b:l (n—e);

o . . r
attains its maximum value. To this end we define e’ := 3, ., € +2j:w+2gnj e; and
/!

€ =3 pi1on>2€ t D jprosn, >3 €, SO that e = €' +€” and [e'] = nj_; +ny,.
Note that any € satisfying € < e can be written as € = &’ + €’ with €’ := min{e, e’}
and €’ = € — €’. By Lemma 3.8, we have
P 14 14
Z(n —€); = Zmin{nj —e;, Y} = Z(min{nj,w} + min{e, e} — &)
j=1

j=1 j=1

P
_ * 7
= E nj | — "]
i=1
Hence this quantity is maximised when |€”’| is as small as possible, i.e., when & satisfies

e <é'if In| — |m| < |€’|, and €’ < & < e otherwise. (8)

For such € we have Zle(n—s)j = Z?’:l n; —max{0, [n|—[m[—nj , —ny_ o} It follows

that the existence of € € {0, 1, 2} satisfying (7) and (2) is equivalent to condition (5).
Finally, we prove that (3) is equivalent to (4). Without loss, we may assume that n

is non-increasing. Since nj = ¢, observe that [n| —n} —ni < |m| in (iii) is equivalent to

> np<|m| - (9)

i>4

If n satisfies (9), let p = (n},n,...)*. Then |p| < |m|—¢, and we have n = (3%,2°,1¢)+p
where a = nj, b = nj —n% and ¢ = £—n}. In particular, since n < (3°) +p, it follows that
n =, (3°) 4+ (jm| - £,0°71) = (3+ |m| — ¢,3°~!) and so (iii) implies (iv). Conversely, let
n <, u:= (3+|m|—¢,31). If n} = 0, then (9) clearly holds. Otherwise, let j = n} > 1,
so that n; > 4 and n;41 < 3. Then we have

3j+an:Zni§Zui:3j+|m|—€

i>4 i€lj] i€lj]

which implies (9). Thus (iv) implies (ili). O
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4. Equivalence and non-equivalence

In this section, we show that while the various implications in Theorems 1.1 and 3.6
cannot generally be reversed, they may be under certain additional hypotheses.

Proposition 4.1. None of the five implications in Theorems 1.1 and 3.6 is an equivalence
in general.

Proof. Theorem 3.6: (ii) does not imply (i), and Theorem 1.1: (ii) does not imply (i).
To see that the converse of the first implication in Theorem 3.6 is not true, consider the
pair (m,n) = ((22),(3,1%)) € N3 x N*. We have |m| = |n|, so it follows easily using
Lemma 3.7(iii) that (2) is not fulfilled, and hence (m, n) is not strongly suitable. On the
other hand, for r = (3,13), the matrices

and W = (10)

S O = =
O = O =
_= o O =
_ = = O
o O O =
o O O
[ R R R

satisfy V € A(r,m), W € A(r,n) and VTW € N34 5o (m,n) € D(3,4) C D(3,4),
hence (m,n) is always join-orthogonalisable by Remark 3.2. Moreover, the same pair
(m,n) = ((2%),(3,1%)) does not fulfil the last inequality in Theorem 1.1(i) since in this
case the left-hand side of the inequality is equal to 5 and the right-hand side is equal to
6, therefore Theorem 1.1(ii) does not imply (i).

Theorem 3.6: (iii) does not imply (ii). Observe (either by definition or using Propo-
sition 3.9) that the pair (m,n) = ((2%),(3,1%)) € N* x N6 is weakly suitable. How-
ever, it is not always join-orthogonalisable. To see this, suppose to the contrary; then
(m,n) € D(4,6). By Remark 2.3(b), there exist vectors  and e with non-negative en-
tries such that (m — &,n — &) € D(4,6). Since |m| = |n|, by Remark 2.3(c) we have
le| = |8]. By Lemma 2.6 we have m = (2¢) < m — §, so § = 0 and hence € = 0, so
(m,n) € D(4,6). However, tmax(4,6) = 4 < (n), which contradicts Proposition 2.8. For
an example, see Fig. 2.

Theorem 3.6: (iv) does not imply (iii). It is easy to see that (m,n) = ((4,1),(1,1)) is
not weakly suitable, but it satisfies property (ii) in Theorem 3.4, so (m, n) is sometimes
join-orthogonalisable.

Theorem 1.1: (iv) does not imply (iii). It is straightforward to check that (m,n) :=
((29),(3,2,1%)) € N® x N7 satisfies (iv); we claim that this pair is not always join-
orthogonalisable. To see this, suppose to the contrary that (m,n) € D(5,7). By a similar
argument as above, Remark 2.3(b), (c) and Lemma 2.6 imply that (m,n) € D(5,7), so
there are 0-1 matrices V' and W with equal row-sums such that the column-sum vectors
of V.and W are m = (2°) and n = (3,2,1°), respectively, and VW € N°*7. Five
columns of W have sum 1; we call such columns elementary. By permuting rows of V'
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LIERLD
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7 L/

SEFRIR
7 LS AXS

Fig. 2. The pair (m,n) = ((2%), (3,1°)) is sometimes but not always join-orthogonalisable (see the proof of
Proposition 4.1). This figure shows two graphs, both sized by (m, n) and differing by only one edge, where
the graph in (b) has ¢ = 2, but the graph in (a) does not. This follows immediately from Remark 3.3.

and W, we may assume that e] is a column of W, and since VW has no zero entry,
this implies that the first row of V is full of ones. Hence, the first row-sum of W is 5.
Since there are only two columns of W with a sum of more than one, at least three
columns of W must be equal to e/ . If any of the elementary columns of W were different
from e] , then by the same argument, there would be at least three such columns. Then
W would contain at least six elementary columns, whereas we know it has exactly five.
Therefore, W has five columns which are all equal to e] and the first row of V is full of
ones. Let V’ be the 0-1 matrix with column-sum vector (1, 1,1, 1, 1) obtained by deleting
the first row of V, and let W’ be the 0-1 matrix with column-sum vector (3,2) obtained
by deleting the first row of W and the five columns equal to e{ . Since V' and W' are
compatible, it follows that ((3,2), (19)) € D(2,5), which contradicts Lemma 2.6. O

We now investigate the influence the parameter «(n) can have on whether or not
a pair (m,n) is always join-orthogonalisable. Roughly speaking, our next result (which
completes the proof of Theorem 1.1) shows that always join-orthogonalisability of (m, n)
implies that ¢(n) is not too large. Then in Proposition 4.3 we show that in some cases,
a converse result holds.

Corollary 4.2. If k < ¢ and (m,n) € N* x N¢ 4s always join-orthogonalisable, then
L(n) < Lmax(k7£)'

Proof. By Remark 2.3(b), there exist § € {0,1,2}* and € € {0,1,2}* such that we have
(m—6,n—¢) € D(k,¢). Hence, t(n) < t(n — &) < imax(k, ), by Proposition 2.8. O
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Proposition 4.3. Let k < ¢, ¢ = [¢/k] and suppose (m,n) € N* x N* is weakly suitable,
illustrated by (8,€). If t(n — €) < 20 — Yk, then (m,n) is strongly suitable and always
join-orthogonalisable.

Proof. By Theorem 3.6, we need only establish strong suitability. Conditions (1) hold,
and we need to show that the inequality (2) is satisfied.

If v =1 then k = ¢, so k¢p = ¢ = (n — €)F, which implies (2). So we may assume that
1 > 2. Now

W
Z(n—s)}fZ(n—s)i‘—l—(n—s)é‘=€+(€—L(n—€)):2€—L(n—s)21/)]6.

j=1
The result follows. O

Corollary 4.4. If k divides either £ or £ + 1, then conditions (i), (i) and (iii) in The-
orem 3.0 are equivalent and conditions (i), (ii), (iii) and (iv) in Theorem 1.1 are
equivalent.

Proof. Let ¢ = [£/k]. If k divides ¢, then «(n’) < £ = 2¢ — 1k for any n’ € N*.

If £ > 1 and k divides £ + 1, then ¥k = £ 4+ 1. Suppose (8, ¢) illustrates the weak
suitability of (m,n) € N¥ x N*. Then ¢+ 1 = ¢k = |(¥*)] < |/m — §| = |n — €], so
n—c#(19),s01n—¢) <l —1=20— k.

The result now follows by Proposition 4.3 and Proposition 3.9. O

Note that Corollary 4.2 is independent of Theorem 3.6. For example, the pair (m,n) =
((2%),(3,1%)) € N* x N6 considered in the proof of Proposition 4.1 is not always join-
orthogonalisable, and this follows immediately from Corollary 4.2 since tmax(4,6) =4 <
t(n) = 5. Since (m,n) is weakly suitable, we cannot draw the same conclusion from
Theorem 3.6. This example may be generalised as follows.

Example 4.5. Let 4 < k < ¢ and suppose £ = 2 mod k, so that £ = (¢v» — 1)k + 2 where
Y = [£/k]. We have tyax(k,£) > (¢ — 1)k = £ — 2. By Corollary 4.2, (m,n) € N* x N*
is not always join-orthogonalisable if ¢(n) > ¢ — 1. By Remark 3.3, we have

¢| U P, VP, u-1)P) | >3
i€[k]
for any m € N*¥ and n; € N.

5. Orthogonalisability of joins of graphs

In the final section of this work, we return to our main motivation of determining
conditions for a pair of graphs G and H to have ¢(G VvV H) = 2. Results that follow from
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Section 3 are already summarised in Theorem 1.1. The next result is a direct consequence
of Theorem 1.1, Proposition 3.9 and Corollary 4.4.

Corollary 5.1. Suppose k divides either £ or £+ 1. Let (m,n) € N* x N¢ and ¢ = [¢/k].
The following are equivalent:

(i) ¢(GV H) =2 for all gmphs G, H which are sized by (m,n);
(ii) ¢(GV H) =2 for G = UZ 1 P, and H = U 1 Pnjs
(1) m > () and [n] —n5 — i < mn| < [n] ]y +
(iv) m > (¢*) and n =<, (3 + |m| — 4,371 and |n| > |m| — My =M.

Note that Corollary 5.1 completely characterises the always join-orthogonalisable pairs
(m,n), when k < 2, i.e., m € N or m € N2, In the next example, we explain the case
k=1

Example 5.2. Bjorkman et al. [11, Example 4.5] proved that q(P, V Py) = [21] for

m > 2. In particular, ¢(P,, V P1) = 2 if and only if 1 < m < 3. Taking k¥ = 1 in
Corollary 5.1, the latter fact generalises as follows: if m, ¢ € N and n € N¥, then

i€[(]

for all connected graphs G of order m and all graphs H which are sized by n, if and only
if

In| —n3 —nz <m <[n|+2,
or, equivalently
(<m<|n|+2and n =, (3+m—¢3"").
In particular, when n < (3¢), we have ¢ (Pm VUien Pni) =2ifand only if ¢ < m < |n|+
2. All such graphs with |n| < 3 are illustrated in Table 1. Therefore q (P, V (¢(Py)) = 2

if and only if £ <m < ¢+ 2.

Example 5.3. In [24, Theorem 3.4] it was shown that if G; and H; are connected graphs

q UG\/UH =2.

i€[k] i€[k]
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Table 1
All graphs of the form P, V Uﬁzan], having |n| < 3 and ¢ = 2. Note that there are
no such graphs for m > 6.

[n] =1 [n] =2 In| =3

S

o0
m =2 I:

B
S

L1

Taking ¢ = k in Corollary 5.1, we obtain a stronger result: ¢(G vV H) = 2 for all pairs of
graphs (G, H) which are sized by (m,n) € N¥ x N¥ if and only if

3
Il
~

| —n5 —ng < |jm| <[nf +m; +m;. (11)

If |m; — n;| < 2 for each i € [k], then (11) holds, because
lm| — |n| = Zmi_ni§ Z mi —n;
1€[k] mg >n;
=Hi:m; =n; + 1} +2|{i : m; =n; + 2}
=Hi:m; > ni + 1} + {7 :m; = n; + 2}

<mj3+ms,

and the other inequality holds by symmetry. So we recover [24, Theorem 3.4] as a special

case.

Example 5.4. Consider the smallest case not covered by Corollary 5.1, when (k,¢) =
(3,4). We will show that conditions (ii) and (iv) in Theorem 1.1 are equivalent in this
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case. However, observe that in the case m = (23) and n = (3,13), condition (iv) is
satisfied, but (i) is not; see also the proof of Proposition 4.1.

Observe that if ¢(GV H) = 2 for all graphs G, H which are sized by (m,n) € N3 x N4,
then Theorem 1.1 implies that

m > (23), In| — ny —ni < |m| < |n|+mji+m; and ¢(n) < 3. (12)

Let us prove that (12) is a sufficient condition for ¢(G vV H) = 2 for all graphs G, H
which are sized by (m,n) € N? x N4, Assume without loss of generality that m and n
are non-increasing. Observe first that by (12) we have

In| > [m| —mj —mj =mj +mj+ Y mj>6.
j=>5

It follows that n > b for some b € {(3,1%),(22,1%)}. Moreover, both possible values of
b have ((23),b) € D(3,4) (see the proof of Proposition 4.1 for the first case; the second
is easy to check).

(a) If |m| > |n|, then by (12) we have 0 < |m| — |n| < m} + m} < 6, so we can choose
§ € {0,1,2}3 with 6 < (m3,m})* and |§| = |m| — |n|. Let p := m — (23) — & and
q := n — b. Observe that p > (mZ,m§,...)* and so p € N3 and q € N§ with
Ip| = |q|. By Lemma 2.4 we have (m — &,n) = ((23) + p,b +q) € D(3,4).
Similarly, if |m| < |n|, we aim to prove that (m,n) = ((2%) + p,b + q + €) for one
of b € {(3,1%),(22,12)}, some p € N§ and q € N§ with |p| = |q|, and € € {0,1,2}*.
Then, by Lemma 2.4 we will have (m,n — &) = ((23) + p,b + q) € D(3,4). Since
le| = |n| — |m]|, we need to show:

—~
o
~

n>band (n—b)] +(n—Db); > |n| - |m|

for one of b € {(3,1%),(22,1%)}. Using (12) and |m| > 6, the difference |n| — |m| is
bounded by two inequalities:

In| — [m| <nj +ny

In| = |m| < nj+n5+ > ni -2,
j>4

where the second inequality is weaker in most cases. Consider the following cases:

o If n > (3,1%) and nf > 1, then (n — b); + (n — b)5 =nj +nj for b= (3,13).

o Ifn>(3,1%), nt =0, and nj < 1, then |n|—|m| < n}+nj+nj—2 (by the second
inequality above), and (n — b); + (n — b); = n3 + nj} +n} — 2 for b = (3,1%).

e If n > (3,1%), n = 0, and n} > 2, then n > (22,12) and (n — b)} + (n — b); =
nj +nj} for b = (22,12).
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o If n # (3,1%), then n > (22,12) and nj = 0. In this case |n| — |m| < nj + nj — 2,
and (n—b)} + (n—b)s =nj +ni — 2 for b = (22,12).

In both case (a) and case (b) we have (m,n) € D(3,4) by Remark 2.3(b) and thus (m, n)
is always join-orthogonalisable by Remark 3.2.

Question 5.5. We end with an open question: for which pairs (k, ¢) are the conditions (ii)
and (iv) in Theorem 1.1 equivalent? We have seen that if k& divides £ or £+ 1, or (k,¢) =
(3,4), then they are; for (k,¢) = (5,7) they are not (see the proof of Proposition 4.1).

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal
relationships that could have appeared to influence the work reported in this paper.

Acknowledgements

Polona Oblak and Helena Smigoc received funding from the Slovenian Research
Agency, research core funding no. P1-0222. The authors wish to thank the anonymous
referee for their valuable comments.

Data availability
No data was used for the research described in the article.

References

[1] A. Abiad, S.M. Fallat, M. Kempton, R.H. Levene, P. Oblak, H. Smigoc, M. Tait, K.N. Vander
Meulen, Bordering of symmetric matrices and an application to the minimum number of distinct
eigenvalues for the join of graphs, Linear Algebra Appl. 679 (2023) 104-126.

[2] M. Adm, S.M. Fallat, K. Meagher, S. Nasserasr, S. Plosker, B. Yang, Achievable multiplicity parti-
tions in the inverse eigenvalue problem of a graph, Spec. Matrices 7 (2019) 276-290.

[3] M. Adm, S.M. Fallat, K. Meagher, S. Nasserasr, S. Plosker, B. Yang, Corrigendum to “Achiev-
able multiplicity partitions in the inverse eigenvalue problem of a graph” [Spec. Matrices 2019;
7:276-290.], Spec. Matrices 8 (1) (2020) 235-241.

[4] B. Ahmadi, F. Alinaghipour, M.S. Cavers, S.M. Fallat, K. Meagher, S. Nasserasr, Minimum number
of distinct eigenvalues of graphs, Electron. J. Linear Algebra 26 (2013) 673-691.

[5] R.F. Bailey, R. Craigen, On orthogonal matrices with zero diagonal, Electron. J. Linear Algebra 35
(2019) 307-318.

[6] W. Barrett, S.M. Fallat, H.T. Hall, L. Hogben, J.C.-H. Lin, B.L. Shader, Generalizations of the
strong Arnold property and the minimum number of distinct eigenvalues of a graph, Electron. J.
Comb. 24 (2) (2017) 2.40.

[7] W. Barrett, S.M. Fallat, V. Furst, F. Kenter, S. Nasserasr, B. Rooney, M. Tait, H. van der Holst,
Sparsity of graphs that allow two distinct eigenvalues, Linear Algebra Appl. 674 (2023) 377-395.

[8] W. Barrett, S.M. Fallat, V. Furst, S. Nasserasr, B. Rooney, M. Tait, Regular graphs of degree at
most four that allow two distinct eigenvalues, Linear Algebra Appl. 679 (2023) 127-164.

[9] W. Barrett, A. Lazenby, N. Malloy, C. Nelson, W. Sexton, R. Smith, J. Sinkovic, T. Yang, The
combinatorial inverse eigenvalue problem: complete graphs and small graphs with strict inequality,
Electron. J. Linear Algebra 26 (2013) 656—672.


http://refhub.elsevier.com/S0024-3795(25)00245-9/bib4D3FE747901A0DE83AC30201500AE1CEs1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib4D3FE747901A0DE83AC30201500AE1CEs1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib4D3FE747901A0DE83AC30201500AE1CEs1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib3B131D89EED9ED3CC71DB7A247796E61s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib3B131D89EED9ED3CC71DB7A247796E61s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib010B20A21EC5D61D6F8B51311680CC34s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib010B20A21EC5D61D6F8B51311680CC34s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib010B20A21EC5D61D6F8B51311680CC34s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bibABA0B96843183A226550CBA46B785D76s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bibABA0B96843183A226550CBA46B785D76s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib988784DFA4F1CCB1333E47090C4A7461s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib988784DFA4F1CCB1333E47090C4A7461s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib6B7D94711EFEA3A181A40D9936B87ABDs1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib6B7D94711EFEA3A181A40D9936B87ABDs1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib6B7D94711EFEA3A181A40D9936B87ABDs1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib364CC9712DA7F60B47D4C78BF6D7FC2Bs1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib364CC9712DA7F60B47D4C78BF6D7FC2Bs1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib2B17EBC1FAC79BEC3569B108AC974F6Bs1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib2B17EBC1FAC79BEC3569B108AC974F6Bs1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib38D179CD8E267C6D7C6E612469DAFC5Fs1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib38D179CD8E267C6D7C6E612469DAFC5Fs1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib38D179CD8E267C6D7C6E612469DAFC5Fs1

R.H. Levene et al. / Linear Algebra and its Applications 723 (2025) 162-181 181

[10] N. Biggs, Algebraic Graph Theory, Cambridge Tracts in Mathematics, vol. 67, Cambridge University
Press, London, 1974.

[11] B. Bjorkman, L. Hogben, S. Ponce, C. Reinhart, T. Tranel, Applications of analysis to the deter-
mination of the minimum number of distinct eigenvalues of a graph, Pure Appl. Funct. Anal. 3 (4)
(2018) 537-563.

[12] R.A. Brualdi, Combinatorial Matrix Classes, Encyclopedia of Mathematics and Its Applications,
vol. 108, Cambridge University Press, Cambridge, 2006.

[13] D.M. Cvetkovi¢, M. Doob, H. Sachs, Spectra of graphs, in: Theory and Application, in: Pure and
Applied Mathematics, vol. 87, Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers], New
York-London, 1980.

[14] C.M. da Fonseca, A lower bound for the number of distinct eigenvalues of some real symmetric
matrices, Electron. J. Linear Algebra 21 (2010) 3-11.

[15] Shaun Fallat, Himanshu Gupta, Allen Herman, Johnna Parenteau, Minimum number of distinct
eigenvalues of distance-regular and signed Johnson graphs, 2024.

[16] S.M. Fallat, S.A. Mojallal, On the minimum number of distinct eigenvalues of a threshold graph,
Linear Algebra Appl. 642 (2022) 1-29.

[17] D. Gale, A theorem on flows in networks, Pac. J. Math. 7 (1957) 1073-1082.

[18] C.D. Godsil, Algebraic Combinatorics, Chapman and Hall Mathematics Series, Chapman & Hall,
New York, 1993.

[19] L. Hogben, J.C.-H. Lin, B.L. Shader, Inverse Problems and Zero Forcing for Graphs, Mathematical
Surveys and Monographs, vol. 270, American Mathematical Society, Providence, RI, 2022.

[20] C.R. Johnson, Y. Zhang, Multiplicity lists for symmetric matrices whose graphs have few missing
edges, Linear Algebra Appl. 540 (2018) 221-233.

[21] A. Leal-Duarte, C.R. Johnson, On the minimum number of distinct eigenvalues for a symmetric
matrix whose graph is a given tree, Math. Inequal. Appl. 5 (2) (2002) 175-180.

[22] R.H. Levene, P. Oblak, H. Smigoc, A Nordhaus-Gaddum conjecture for the minimum number of
distinct eigenvalues of a graph, Linear Algebra Appl. 564 (2019) 236-263.

[23] R.H. Levene, P. Oblak, H. Smigoc, Orthogonal symmetric matrices and joins of graphs, Linear
Algebra Appl. 652 (2022) 213-238.

[24] R.H. Levene, P. Oblak, H. Smigoc, Distinct eigenvalues are realizable with generic eigenvectors,
Linear Multilinear Algebra (2023) 1-15.

[25] K.H. Monfared, B.L. Shader, Construction of matrices with a given graph and prescribed interlaced
spectral data, Linear Algebra Appl. 438 (11) (2013) 4348-4358.

[26] K.H. Monfared, B.L. Shader, The nowhere-zero eigenbasis problem for a graph, Linear Algebra
Appl. 505 (2016) 296-312.

[27] H.J. Ryser, Combinatorial mathematics, in: The Carus Mathematical Monographs, vol. 14, Math-
ematical Association of America; distributed by John Wiley and Sons, Inc., New York, 1963.


http://refhub.elsevier.com/S0024-3795(25)00245-9/bib90A75EF6D500D891ED5CA7952D35E5E1s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib90A75EF6D500D891ED5CA7952D35E5E1s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib9CB2148E9936219CE238820FBDF5C754s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib9CB2148E9936219CE238820FBDF5C754s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib9CB2148E9936219CE238820FBDF5C754s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bibF2B62A908562DAC63A87278FBC387C14s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bibF2B62A908562DAC63A87278FBC387C14s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib1DE6F60208BEE40377842AF244F4C182s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib1DE6F60208BEE40377842AF244F4C182s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib1DE6F60208BEE40377842AF244F4C182s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bibE848EB3E039CFB965D1ECA56D53B5DABs1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bibE848EB3E039CFB965D1ECA56D53B5DABs1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib81B54C650CBE8A8DE3DB3E254AB07D39s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib81B54C650CBE8A8DE3DB3E254AB07D39s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib5E29F229BAF03FD7957CCDAF7E14F4ECs1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bibA2BF71A0C535CE549CAB391D7D729AD4s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bibA2BF71A0C535CE549CAB391D7D729AD4s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib4DD73365CE7AA5C5AE375092A5136FB0s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib4DD73365CE7AA5C5AE375092A5136FB0s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib7877C5BE09C6A19F2FF91DF52770BF39s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib7877C5BE09C6A19F2FF91DF52770BF39s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib11C39DC14FD3F3F2CADBF45443E45D37s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib11C39DC14FD3F3F2CADBF45443E45D37s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bibC25B44104670D66E5FDD5FFE202FBB39s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bibC25B44104670D66E5FDD5FFE202FBB39s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib4910F56913350A6BDD38E5C5A975CAE4s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib4910F56913350A6BDD38E5C5A975CAE4s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib1D27D71C7142FC19432A599503FA9243s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bib1D27D71C7142FC19432A599503FA9243s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bibA92EBEB61BCA7ABD839371A921BEF7A4s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bibA92EBEB61BCA7ABD839371A921BEF7A4s1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bibC24AB6C63A82F950C71131C8BAB96FFFs1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bibC24AB6C63A82F950C71131C8BAB96FFFs1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bibDF68519C00F602C529712E1A8D30509Fs1
http://refhub.elsevier.com/S0024-3795(25)00245-9/bibDF68519C00F602C529712E1A8D30509Fs1

	Orthogonalisability of joins of graphs
	1 Introduction
	1.1 Notation and terminology
	1.2 Overview of the main results

	2 Compatible multiplicity matrices
	3 Join-orthogonalisability, strong and weak suitability
	4 Equivalence and non-equivalence
	5 Orthogonalisability of joins of graphs
	Declaration of competing interest
	Acknowledgements
	Data availability
	References


