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1. Introduction

Let G = (V (G), E(G)) be a simple graph with vertex set V (G) = {1, . . . , n}, and 
consider S(G), the set of all real symmetric n×n matrices A = (aij) such that, for i ̸= j, 
aij ̸= 0 if and only if {i, j} ∈ E(G). There are no restrictions on the diagonal entries of 
A. The minimum number of distinct eigenvalues of a graph

q(G) = min{q(A) : A ∈ S(G)},

where q(A) denotes the number of distinct eigenvalues of a square matrix A, is one of 
the parameters motivated by the Inverse Eigenvalue Problem for Graphs. The origins 
of the study of this parameter can be found in several key texts [10,13,18], and many 
papers have been published on the subject [4,6,11,14,19,21,22].

Since the diagonal elements of matrices in G are not restricted, it follows that, provided 
G has at least one edge, we have q(G) = 2 if and only if S(G) contains an orthogonal 
symmetric matrix. For this reason, we say in this case that G is orthogonalisable. Al
though there is no general characterisation of orthogonalisable graphs, several families of 
connected orthogonalisable graphs are known (see, e.g., [4,5,8,15,16,20,22]), and several 
necessary conditions have been determined [2--4,7]. It is suspected that the complete 
characterisation of orthogonalisable graphs is a difficult problem.

The minimum number of distinct eigenvalues of joins of graphs has been investigated 
in several works, e.g., [1,2,4,23]. Recall that the join of two graphs G and H, denoted 
G∨H, is the graph formed by adding all possible edges between G and H to the disjoint 
union G ∪ H. It is known that q(G ∨ H) = 2 for all connected graphs G and H such 
that 

⃓⃓|G| − |H|⃓⃓ ≤ 2, [24, Theorem 3.4]; see also Ahmadi et al. [4, Theorem 5.2] for the 
case G = H and Monfared and Shader [26, Theorem 5.2] for |G| = |H|. This implies 
that there does not exist any set of forbidden subgraphs of graphs with q = 2. It was 
shown in [24, Example 3.5] that for trees G and H we have q(G ∨H) = 2 if and only if ⃓⃓|G| − |H|⃓⃓ ≤ 2. In particular, q(Pm ∨ Pn) ≥ 3 for |m− n| ≥ 3, where Pn is the path on 
n vertices. Recently, joins of disconnected graphs were investigated in [2,3,23,24], where 
particular attention was given to joins of unions of complete graphs and paths.

1.1. Notation and terminology

We write N = {1, 2, 3, . . . } and N0 = {0}∪N. For k ∈ N, we write [k] = {1, 2, . . . , k}. 
Vectors are written in boldface, and the ith component of a vector v is written as vi. 
For integer tuples x ∈ Nt

0, we write ι(x) = |{i ∈ [t] : xi = 1}| and |x| =
∑︁

i∈[t] xi. 
If xi ≥ xi+1 for all i < t, then we say that x is non-increasing. When necessary, we 
extend integer tuples by appending zero parts at the end, and adopt the useful shorthand 
(ks) := (k, k, . . . , k), where k appears s times. At times we will use this notation for 
subtuples, too, so that, for example (4, 32, 15) = (4, 3, 3, 1, 1, 1, 1, 1). We use standard 
notation for conjugate partitions: for x ∈ Nℓ

0, we set x∗
j = |{i ∈ [ℓ] : xi ≥ j}| and 
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x∗ = (x∗
j ). We write ⪯w for the weak majorisation order on non-increasing integer 

tuples, defined by x ⪯w y if and only if 
∑︁

i∈[k] xi ≤
∑︁

i∈[k] yi for all k ∈ N. If in addition 
|x| = |y|, then we say that y majorises x and write x ⪯ y.

The notation ej is used for the jth standard basis vector (whose length will be clear 
from the context) with every entry equal to 0 except for its jth entry, which is 1, and 
1s is the vector with s entries, all equal to 1. If r, s ∈ N and 𝒮 ⊆ R, then 𝒮r×s is the 
set of r × s matrices with entries in 𝒮. The transpose of a matrix X is written as X⊤. 
If X = (xij) and Y = (yij) are real matrices of equal size and xij ≤ yij for every i, j, 
then we write X ≤ Y . The notation v ≤ w for real vectors v and w of equal size has 
the same meaning.

The graphs considered in this work are all finite, simple, undirected graphs with at 
least one vertex. We say that a graph G is sized by m ∈ Nk if G has k connected 
components with sizes m1, . . . ,mk, respectively, and a pair of graphs (G,H) is sized by 
a pair (m,n) ∈ Nk ×Nℓ if G is sized by m and H is sized by n. Note that ι(n) is then 
the number of isolated vertices of H.

1.2. Overview of the main results

In this work, we investigate pairs (m,n) ∈ Nk × Nℓ for which any pair of graphs 
(G,H) sized by (m,n) satisfies q(G ∨H) = 2. Our main results are summarised in the 
following theorem.

Theorem 1.1. Let k ≤ ℓ, ψ = ⌈ℓ/k⌉ and (m,n) ∈ Nk × Nℓ. The following statements 
satisfy the implications (i) =⇒ (ii) ⇐⇒ (iii) =⇒ (iv):

(i) |n| − n∗
2 − n∗

3 ≤ |m| ≤ |n| + m∗
ψ+1 + m∗

ψ+2, m ≥ (ψk) and

ψ∑︂
j=1 

n∗
j ≥ kψ + max{0, |n| − |m| − n∗

ψ+1 − n∗
ψ+2}.

(ii) q(G ∨H) = 2 for all graphs G,H which are sized by (m,n).
(iii) q(G ∨H) = 2 for G =

⋃︁k
i=1 Pmi

and H =
⋃︁ℓ

j=1 Pnj
.

(iv) |n| − n∗
2 − n∗

3 ≤ |m| ≤ |n| + m∗
ψ+1 + m∗

ψ+2, m ≥ (ψk), and if k < ℓ, then we also 
have

ι(n) ≤ max
{︃

(ψ − 1)k, ψ

ψ − 1(ℓ− k)
}︃
.

This theorem will follow from Proposition 3.9, Theorem 3.6, Remark 3.3 and Corol
lary 4.2. For an example, see Fig. 1.

We will prove in Corollary 5.1 that when k divides ℓ or ℓ + 1, all four statements 
in Theorem 1.1 are equivalent, but in general, (ii) does not imply (i) and (iv) does not 
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(a) 2P2 ∨ (P2 ∪ 2P1). (b) (P2 ∪ P1) ∨ (P2 ∪ 2P1).

Fig. 1. The graph in (a) is sized by (m,n) = ((22), (2, 12)) which satisfies condition (i) in Theorem 1.1, hence 
it has q = 2. The graph in (b) is sized by (m,n) = ((2, 1), (2, 12)) which fails condition (iv) in Theorem 1.1, 
so this graph has q > 2.

imply (ii); see Proposition 4.1. Example 5.4 shows that (ii) and (iv) are also equivalent 
for k = 3 and ℓ = 4.

2. Compatible multiplicity matrices

Let G be a graph with k connected components G1, . . . , Gk. A matrix V with non
negative integer entries fits G if V has k columns and the ith column of V has sum 
|Gi| for 1 ≤ i ≤ k. We say that V is a multiplicity matrix for G if there is a matrix 
A ∈ S(G) and real numbers λ1 < · · · < λr, where r is the number of rows of V , such 
that each matrix entry vi,j is the multiplicity of λi as an eigenvalue of Aj , the submatrix 
of A corresponding to the connected component Gj of G. In particular, this implies that 
the jth column of G is an ordered multiplicity list of some matrix in S(Gj). (The zero 
entries in the matrix correspond to multiplicity zero, and are ignored in the corresponding 
ordered multiplicity list of Aj .) By a 0-1 matrix, we mean a matrix whose entries are all 
in {0, 1}. Monfared and Shader, [25, Corollary 4.3] and [26, Theorem 4.3], showed that 
any 0-1 matrix which fits a graph G is a multiplicity matrix for G.

In [23] the authors defined the notion of compatible multiplicity matrices and proved 
that the existence of compatible multiplicity matrices that fit graphs G and H is nec
essary for q(G ∨ H) = 2. Given a matrix X with at least 3 rows, we denote by ˜︁X the 
matrix obtained by deleting the first and last rows of X. We say that matrices V ∈ Nr×k

0
and W ∈ Nr×ℓ

0 are compatible if r ≥ 3 and

˜︁V 1k = ˜︂W1ℓ and ˜︁V ⊤˜︂W ∈ Nk×ℓ.

In other words, the row-sums of ˜︁V and ˜︂W agree, and no column of ˜︁V is orthogonal to a 
column of ˜︂W .

Theorem 2.1 ([24, Corollaries   3.2 and   3.3]). If there exist compatible 0-1 matrices that 
fit graphs G and H, then q(G∨H) = 2. Moreover, if G and H are unions of paths, then 
the converse holds.
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For r, s ∈ N and r ∈ Nr
0 , s ∈ Ns

0 , we use the standard notation 𝒜(r, s) for the set of 
r × s matrices X ∈ {0, 1}r×s such that r and s are the row-sum and the column-sum 
vectors of X, respectively. That is, X1s = r and X⊤1r = s.

Definition 2.2. Let k, ℓ ∈ N. We define sets

𝒟(k, ℓ) := {(m,n) ∈ Nk ×Nℓ : there exist s ∈ N, rV , rW ∈ Ns+2
0 and

compatible V ∈ 𝒜(rV ,m) and W ∈ 𝒜(rW ,n)}

and

˜︁𝒟(k, ℓ) := {(m,n) ∈ Nk ×Nℓ : there exist s ∈ N, r ∈ Ns
0 and

V ∈ 𝒜(r,m), W ∈ 𝒜(r,n) with V ⊤W ∈ Nk×ℓ}.

Remark 2.3. 

(a) By symmetry, we may restrict attention to these sets in the case k ≤ ℓ.
(b) We have (m,n) ∈ 𝒟(k, ℓ) if and only if there exist δ ∈ {0, 1, 2}k and ε ∈ {0, 1, 2}ℓ

such that (m − δ,n − ε) ∈ ˜︁𝒟(k, ℓ). Indeed, if (m − δ,n − ε) ∈ ˜︁𝒟(k, ℓ), with cor
responding matrices V,W , then we can write δ as the sum of two 0-1 vectors and 
extend V by appending these as a new first and final row, and similarly extend 
W using ε. These extended matrices show that (m,n) ∈ 𝒟(k, ℓ). Conversely, given 
compatible V,W showing that (m,n) ∈ 𝒟(k, ℓ), let δ and ε be the sum of the first 
and final rows of V and W , respectively. By compatibility, we have r := ˜︂rV = ˜︂rW , 
and since m′ := m − δ and n′ := n − ε are the column-sum vectors of ˜︁V and ˜︂W , 
respectively, by compatibility m′ and n′ have no zero entries, so (m′,n′) ∈ Nk×Nℓ. 
Moreover, ˜︁V ∈ 𝒜(r,m′) and ˜︂W ∈ 𝒜(r,n′), so (m′,n′) ∈ ˜︁𝒟(k, ℓ).

(c) If (m,n) ∈ ˜︁𝒟(k, ℓ), then |m| = |n|. Indeed, if V ∈ 𝒜(r,m) and W ∈ 𝒜(r,n), then the 
sum of all entries of V is given by |r| = |m|, and similarly for W ∈ 𝒜(r,n), so this is 
immediate from the definition above. The same conclusion does not necessarily hold 
for (m,n) ∈ 𝒟(k, ℓ); for example, if (m,n) = ((3, 2), (2, 2)), then (m,n) ∈ 𝒟(2, 2)
and |m| ̸= |n|.

The following results give some sufficient conditions and some necessary conditions for 
membership in ˜︁𝒟(k, ℓ) that are motivated by Theorem 2.1, and are derived by considering 
the existence of compatible 0-1 matrices.

Lemma 2.4. Let 1 ≤ k ≤ ℓ. If (m,n) ∈ ˜︁𝒟(k, ℓ), then for any p ∈ Nk
0 , q ∈ Nℓ

0 with 
|p| = |q|, we have (m + p,n + q) ∈ ˜︁𝒟(k, ℓ).

Proof. Let (m,n) ∈ ˜︁𝒟(k, ℓ), so that there exist s ∈ N, r ∈ Ns
0 , V ∈ 𝒜(r,m) and 

W ∈ 𝒜(r,n) with V ⊤W ∈ Nk×ℓ. If |p| = |q| = 1, then let X be V with the extra row p
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appended, and let Y be W with the extra row q appended. Then X ∈ 𝒜((r, 1),m + p), 
Y ∈ 𝒜((r, 1),n+q) and X⊤Y ≥ V ⊤W so X⊤Y ∈ Nk×ℓ. Hence, (m+p,n+q) ∈ ˜︁𝒟(k, ℓ). 
If |p| = |q| > 1, then we can decompose p and q as sums of standard basis vectors, pair 
them up in an arbitrary fashion and repeat the above argument |p| = |q| times. □
Lemma 2.5. Let 1 ≤ k ≤ ℓ and s ≥ 1. If c ∈ Nℓ with c ≤ (sℓ) and |c| = ks, then 
((sk), c) ∈ ˜︁𝒟(k, ℓ).

Proof. Since c ≤ (sℓ) and |c| = ks = |(sk)|, the decreasing rearrangement of c is 
majorised by (sk), which has conjugate partition (sk)∗ = (ks). By the Gale-Ryser theo
rem [17,27] (see also [12, Theorem 2.1.3]), there is an s × ℓ matrix W ∈ 𝒜((ks), c). Let 
V be the s × k matrix with every entry equal to 1. Then V ∈ 𝒜((ks), (sk)) and every 
entry of V ⊤W is an entry of c ∈ Nℓ, so ((sk), c) ∈ ˜︁𝒟(k, ℓ). □
Lemma 2.6. If k ≤ ℓ are positive integers and (m,n) ∈ ˜︁𝒟(k, ℓ), then m ≥ (ψk) where 
ψ = ⌈ℓ/k⌉.

Proof. Without loss of generality, suppose that the entries of m are arranged in de
creasing order. We must show that mk ≥ ψ, or equivalently, kmk ≥ ℓ. There exist r
and matrices V ∈ 𝒜(r,m), W ∈ 𝒜(r,n) such that V ⊤W is nowhere zero. By permut
ing the rows of V and W if necessary, we may assume that the kth column of V is 
(1mk , 0, 0, . . . )⊤. Since V and W are compatible, each of the ℓ columns of W must con
tain at least one 1 in the first mk rows; for otherwise, V ⊤W would have a zero entry. 
On the other hand, each row-sum ri of W is equal to the corresponding row-sum of V , 
which is at most k. Therefore

ℓ ≤
∑︂

i∈[mk]

ri ≤ kmk. □

We now turn to a necessary condition for membership in ˜︁𝒟(k, ℓ) which involves the 
number of isolated vertices (see Proposition 2.8). For natural numbers k < ℓ, let

ιmax(k, ℓ) := max
{︃

(ψ − 1)k, ψ

ψ − 1(ℓ− k)
}︃

where ψ = ⌈ℓ/k⌉.

Lemma 2.7. Suppose k < ℓ and s ∈ N. Let c ∈ Nℓ
0. If 𝒜((ks), c) ̸= ∅, then ι(c) ≤

ιmax(k, ℓ).

Proof. Let ψ = ⌈ℓ/k⌉. Under the given hypotheses, we will show that if ι(c) > (ψ− 1)k, 
then we have ι(c) ≤ ψ

ψ−1 (ℓ − k). Since 𝒜((ks), c) ̸= ∅, by the Gale-Ryser theorem, c
is majorised by (ks)∗ = (sk), which implies that |c| = ks and no entry of c exceeds s. 
Hence
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ι(c) ≤ |c| = ks ≤ (ℓ− ι(c))s + ι(c).

Rearranging and using ι(c) > (ψ − 1)k ≥ ℓ− k, which implies that ι(c) + k − ℓ > 0, we 
obtain

ι(c)
k

≤ s ≤ ι(c) 
ι(c) + k − ℓ

.

Since (ψ−1)k < ι(c) and s is an integer, the left-hand inequality yields s ≥ ψ. The right
hand inequality now implies that (ι(c)+k− ℓ)ψ ≤ ι(c) and hence ι(c) ≤ ψ

ψ−1 (ℓ−k). □
Proposition 2.8. If k < ℓ and (m,n) ∈ ˜︁𝒟(k, ℓ), then ι(n) ≤ ιmax(k, ℓ).

Proof. We may assume that ι(n) > 0 and n = (n′, 1ι(n)) where n′ ∈ Nℓ−ι(n). There 
exist h ∈ N, r ∈ Nh

0 and matrices V ∈ 𝒜(r,m), W ∈ 𝒜(r,n) such that V ⊤W ∈ Nk×ℓ. 
Write W = (W ′ W ′′) where W ′′ has ι(n) columns. Then W ′′ has a single non-zero entry 
in each column, which together cover s rows, say, where s ∈ [h]. By permuting the rows 
of V and W , we may assume that the non-zero entries of W ′′ occur precisely in rows 

1, . . . , s. Then we can partition W as W =
(︃
W1
W2

)︃
, where W1 is an s × ℓ 0-1 matrix 

whose last ι(n) columns include the vectors e1, . . . , es. Since V ⊤W has no zero entries, 

it follows that V =
(︃

1s1⊤
k

V2

)︃
for some matrix V2, hence the row-sum vector of W1 is 

(ks). So W1 ∈ 𝒜((ks), c) for some c ∈ Nℓ
0. The last ι(n) column-sums of W1 are all 1, 

by construction, so ι(c) ≥ ι(n). By Lemma 2.7, we have ι(n) ≤ ι(c) ≤ ιmax(k, ℓ). □
3. Join-orthogonalisability, strong and weak suitability

In this section, we establish one of our main results, Theorem 3.6, which relates two 
simple combinatorial conditions to two properties related to the orthogonalisability of 
joins of graphs. We start by defining and discussing these orthogonalisability properties.

Definition 3.1. Let (m,n) ∈ Nk × Nℓ. We say that the pair (m,n) is always join
orthogonalisable if for all pairs of graphs (G,H) that are sized by (m,n), we have q(G∨
H) = 2.

We say that (m,n) is sometimes join-orthogonalisable if there is some pair of graphs 
(G,H) that is sized by (m,n), so that q(G ∨H) = 2.

Remark 3.2. By Theorem 2.1, the set of always join-orthogonalisable pairs in Nk × Nℓ

coincides with 𝒟(k, ℓ). In principle, this gives a combinatorial characterisation of always 
join-orthogonalisability in terms of the existence or non-existence of certain pairs of 0-1
compatible multiplicity matrices. However, determining this existence or non-existence 
seems a difficult combinatorial problem, and our motivation for the current work was to 
find arithmetic conditions on a given pair (m,n) which make this simpler to check.
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Remark 3.3. By [24, Theorem 3.1 and Corollary 3.3], a pair (m,n) ∈ Nk ×Nℓ is always 
join-orthogonalisable if and only if

q

⎛
⎝ ⋃︂

i∈[k]

Pmi
∨

⋃︂
j∈[ℓ]

Pnj

⎞
⎠ = 2.

Recall [9, Theorem 3.1] that any realisable eigenvalue list of a connected graph G of order 
n is also realisable for the complete graph Kn of the same order. It follows from [24, 
Theorem 3.1 and Corollary 3.2] that (m,n) ∈ Nk×Nℓ is sometimes join-orthogonalisable 
if and only if

q

⎛
⎝ ⋃︂

i∈[k]

Kmi
∨

⋃︂
j∈[ℓ]

Knj

⎞
⎠ = 2.

In light of this, we can state [23, Theorem 4.10] as the following characterisation of 
sometimes join-orthogonalisability.

Theorem 3.4 ([23]). Let k ≤ ℓ, m = (mi) ∈ Nk and n = (nj) ∈ Nℓ. The pair (m,n) is 
sometimes join-orthogonalisable if and only if one of the following is true:

(i) ι(m) = 0 and ι(n) = 0 and ℓ ≤ |m|;
(ii) ι(m) ̸= 0 and k + ℓ ≤ |m| + ι(m);
(iii) ι(m) = 0 and ι(n) ̸= 0 and either k + ℓ ≤ |m|, or 2k ≤ ℓ ≤ |m|, or ℓ ≤ 2k ≤ |n|.

We now define two combinatorial conditions of relevance to our problem.

Definition 3.5. Let k ≤ ℓ be natural numbers and write ψ = ⌈ℓ/k⌉. We say that a pair 
(m,n) ∈ Nk × Nℓ is weakly suitable if there exist δ ∈ {0, 1, 2}k and ε ∈ {0, 1, 2}ℓ such 
that

m − δ ≥ (ψk), n − ε ∈ Nℓ and |m − δ| = |n − ε|. (1)

If in addition the inequality

ψ∑︂
j=1 

(n − ε)∗j ≥ kψ (2)

holds, then we say that the pair (m,n) is strongly suitable. We say that a pair (δ, ε) illus
trates the weak or strong suitability of (m,n), as appropriate, when the corresponding 
conditions above hold.



170 R.H. Levene et al. / Linear Algebra and its Applications 723 (2025) 162--181 

Theorem 3.6. Let (m,n) ∈ Nk × Nℓ where k ≤ ℓ. The following statements satisfy the 
implications (i) =⇒ (ii) =⇒ (iii) =⇒ (iv):

(i) (m,n) is strongly suitable;
(ii) (m,n) is always join-orthogonalisable;
(iii) (m,n) is weakly suitable;
(iv) (m,n) is sometimes join-orthogonalisable.

Proof. Let ψ = ⌈ℓ/k⌉ ≥ 1. Then ℓ ≤ kψ. Suppose first that (m,n) is a strongly suitable 
pair and that (δ, ε) illustrates the strong suitability of (m,n). By (2),

ℓ ≤ kψ ≤
ψ∑︂

j=1 
(n − ε)∗j = |d∗| = |d|,

where d := (min{ψ, nj − εj})j∈[ℓ] ∈ Nℓ. Therefore we can decrease the entries of d to 
obtain c ∈ Nℓ with |c| = kψ such that c ≤ d ≤ (ψℓ) and c ≤ d ≤ n − ε. By (1) we see 
that p := m − δ − (ψk) and q := n − ε− c have non-negative entries and satisfy

|p| = |m − δ| − kψ = |n − ε| − |c| = |q|.

By Lemmas 2.4 and 2.5, ((ψk) + p, c + q) = (m − δ,n − ε) ∈ ˜︁𝒟(k, ℓ). By Remark 2.3, 
(m,n) is always join-orthogonalisable.

Suppose now that (m,n) is always join-orthogonalisable. By Remark 3.2, we have 
(m,n) ∈ 𝒟(k, ℓ) and so there exist δ ∈ {0, 1, 2}k, ε ∈ {0, 1, 2}ℓ so that (m− δ,n− ε) ∈˜︁𝒟(k, ℓ). It follows by Lemma 2.6 that (m,n) is weakly suitable.

Finally, suppose that (m,n) is weakly suitable, and let (δ, ε) illustrate this. To show 
that (m,n) is sometimes join-orthogonalisable, it suffices to check that (1) implies that 
one of the conditions (i), (ii) and (iii) in Theorem 3.4 holds. First note that m−δ ≥ (ψk)
implies that |m − δ| = kψ ≥ ℓ. Hence we have |m| ≥ |m − δ| ≥ ℓ, and |n| ≥ |n − ε| =
|m − δ| ≥ ℓ. So if ι(m) = 0, then either (i) or (iii) holds. If ι(m) ̸= 0, then since 
m ≥ m − δ ≥ (ψk), we must have ψ = 1, so ℓ = k. Hence

|m| + ι(m) =
∑︂

i∈[k]:mi≥2

mi + 2ι(m) ≥ 2k = k + ℓ,

so (ii) holds. □
Determining whether a given pair is weakly or strongly suitable using the definitions 

of these properties can be inconvenient, as it involves a search over various vectors δ and 
ε. Our next goal (Proposition 3.9) is to find characterisations of these properties which 
do not require such a search.
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The next technical lemma shows that among pairs (δ, ε) that could illustrate weak or 
strong suitability for (m,n), it is enough to consider the pairs where either δ = (0k) or 
ε = (0ℓ), depending on which of |m| and |n| is larger.

Lemma 3.7. Let k ≤ ℓ be positive integers, ψ = ⌈ℓ/k⌉, m ∈ Nk and n ∈ Nℓ.

(i) If |m| ≥ |n|, then the following are equivalent:
(a) m and n are weakly suitable (strongly suitable, respectively);
(b) there exists δ ∈ {0, 1, 2}k so that the pair (δ, (0ℓ)) illustrates weak suitability 

(strong suitability, respectively) of (m,n).
(ii) If |m| ≤ |n|, then the following are equivalent:

(a) m and n are weakly suitable (strongly suitable, respectively);
(b) there exists ε ∈ {0, 1, 2}ℓ so that the pair ((0k), ε) illustrates weak suitability 

(strong suitability, respectively) of (m,n).
(iii) If |m| = |n|, then the following are equivalent:

(a) m and n are weakly suitable (strongly suitable, respectively);
(b) the pair ((0k), (0ℓ)) illustrates weak suitability (strong suitability, respectively) 

of (m,n).

Proof. (i) By definition, (b) implies (a). Suppose (a) and let a pair (δ′, ε′) illustrate 
weak suitability (strong suitability, respectively) for (m,n). In particular |δ′| =
|m| − |n| + |ε′| ≥ |m| − |n|. Hence, we can choose δ ∈ {0, 1, 2}k with |δ| = |m| −
|n| = |δ′| − |ε′| and δ ≤ δ′. Clearly, m − δ ≥ m − δ′ ≥ (ψk) and n ≥ n −
ε′ ≥ (1ℓ), and 

∑︁ψ
1 n∗

j ≥ ∑︁ψ
1 (n − ε′)∗j . This implies that (δ, (0ℓ)) illustrates the 

weak suitability (strong suitability, respectively) of (m,n), and thus (b) follows. An 
identical argument establishes the ``moreover'' claim.

(ii) Again, suppose (a) and let a pair (δ′, ε′) illustrate weak suitability for (m,n). 
By choosing ε ≤ ε′ with |ε| = |n| − |m|, we can prove ((0k), ε) illustrates weak 
suitability of (m,n) by a symmetric argument as in (a). Moreover,

∑︂
j∈[ψ]

(n − ε)∗j =
∑︂
j∈[ψ]

|{i : (n − ε)i ≥ j}|

≥
∑︂
j∈[ψ]

|{i : (n − ε′)i ≥ j}| =
∑︂
j∈[ψ]

(n − ε′)∗j ,

which implies that whenever (δ′, ε′) illustrate strong suitability for (m,n), so does 
the pair ((0k), ε).

(iii) clearly follows by (i) and (ii). □
The following lemma is elementary, and we omit its easy proof.
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Lemma 3.8. Consider integers ψ, n, ε, e′ where ε ∈ {0, 1, 2} and

e′ =

⎧⎪⎪⎨
⎪⎪⎩

2 n ≥ ψ + 2
1 n = ψ + 1
0 n ≤ ψ.

Then

min{n− ε, ψ} = min{n, ψ} + min{ε, e′} − ε.

Proposition 3.9. Let k ≤ ℓ and ψ = ⌈ℓ/k⌉.

(i) A pair (m,n) ∈ Nk ×Nℓ is weakly suitable if and only if m ≥ (ψk) and

|n| − n∗
2 − n∗

3 ≤ |m| ≤ |n| + m∗
ψ+1 + m∗

ψ+2. (3)

Moreover, (3) is equivalent to

n ⪯w (3 + |m| − ℓ, 3ℓ−1) and |n| ≥ |m| −m∗
ψ+1 −m∗

ψ+2. (4)

(ii) A pair (m,n) ∈ Nk ×Nℓ is strongly suitable if and only if it is weakly suitable and

ψ∑︂
j=1 

n∗
j ≥ kψ + max{0, |n| − |m| − n∗

ψ+1 − n∗
ψ+2}. (5)

Proof. First suppose that |n| ≤ |m|. By Lemma 3.7, (m,n) is weakly suitable if and 
only if there is δ ∈ {0, 1, 2}k so that (δ,0) illustrates weak suitability:

m − δ ≥ (ψk), n ≥ (1ℓ), |m − δ| = |n|. (6)

Observe that m − δ ≥ (ψk) is equivalent to m ≥ (ψk) and δ ≤ ∑︁
i:mi≥ψ+1 ei +∑︁

j:mj≥ψ+2 ej , that 
⃓⃓∑︁

i:mi≥ψ+1 ei+
∑︁

j:mj≥ψ+2 ej
⃓⃓
= m∗

ψ+1+m∗
ψ+2, and that |m−δ| =

|n| is equivalent to |δ| = |m| − |n|. We conclude that there exists δ ∈ {0, 1, 2}k so that 
(6) holds, if and only if m ≥ (ψk) and |m|− |n| ≤ m∗

ψ+1 +m∗
ψ+2. By Lemma 3.7, (m,n)

is strongly suitable if and only if there is δ ∈ {0, 1, 2}k so that (δ,0) illustrates strong 
suitability. Hence, (m,n) is strongly suitable if and only if it is weakly suitable and (5)
holds.

Now suppose that |n| > |m|. In this case (m,n) is weakly suitable if and only if there 
is ε ∈ {0, 1, 2}ℓ so that (0, ε) illustrates this:

m ≥ (ψk), n − ε ≥ (1ℓ), |m| = |n − ε|.

Equivalently,
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m ≥ (ψk), ε ≤ e :=
∑︂

i:ni≥2
ei +

∑︂
j:nj≥3

ej , |ε| = |n| − |m|. (7)

Since |e| = n∗
2 + n∗

3, there exists ε ∈ {0, 1, 2}ℓ so that (7) holds for some ε ∈ {0, 1, 2}ℓ if 
and only if m ≥ (ψk) and |n| − |m| ≤ n∗

2 + n∗
3.

For strong suitability, we first use Lemma 3.7 and our arguments above to assert: 
(m,n) is strongly suitable if and only if there exists ε ∈ {0, 1, 2}ℓ so that (7) and (2)
hold. Within the set of ε that satisfy (7), we aim to identify those for which 

∑︁ψ
j=1(n−ε)∗j

attains its maximum value. To this end we define e′ :=
∑︁

i:ψ+1≤ni
ei+

∑︁
j:ψ+2≤nj

ej and 
e′′ :=

∑︁
i:ψ+1>ni≥2 ei +

∑︁
j:ψ+2>nj≥3 ej , so that e = e′ + e′′ and |e′| = n∗

ψ+1 + n∗
ψ+2. 

Note that any ε satisfying ε ≤ e can be written as ε = ε′ + ε′′ with ε′ := min{ε, e′}
and ε′′ = ε− ε′. By Lemma 3.8, we have

ψ∑︂
j=1 

(n − ε)∗j =
ℓ ∑︂

j=1 
min{nj − εj , ψ} =

ℓ ∑︂
j=1 

(min{nj , ψ} + min{ε, e′j} − εj)

=

⎛
⎝ ψ∑︂

j=1 
n∗
j

⎞
⎠− |ε′′|.

Hence this quantity is maximised when |ε′′| is as small as possible, i.e., when ε satisfies

ε ≤ e′ if |n| − |m| ≤ |e′|, and e′ ≤ ε ≤ e otherwise. (8)

For such ε we have 
∑︁ψ

j=1(n−ε)∗j =
∑︁ψ

j=1 n
∗
j−max{0, |n|−|m|−n∗

ψ+1−n∗
ψ+2}. It follows 

that the existence of ε ∈ {0, 1, 2} satisfying (7) and (2) is equivalent to condition (5).
Finally, we prove that (3) is equivalent to (4). Without loss, we may assume that n

is non-increasing. Since n∗
1 = ℓ, observe that |n| − n∗

2 − n∗
3 ≤ |m| in (iii) is equivalent to

∑︂
i≥4 

n∗
i ≤ |m| − ℓ. (9)

If n satisfies (9), let p = (n∗
4, n

∗
5, . . . )∗. Then |p| ≤ |m|−ℓ, and we have n = (3a, 2b, 1c)+p

where a = n∗
3, b = n∗

2−n∗
3 and c = ℓ−n∗

2. In particular, since n ≤ (3ℓ)+p, it follows that 
n ⪯w (3ℓ) + (|m| − ℓ, 0ℓ−1) = (3 + |m| − ℓ, 3ℓ−1) and so (iii) implies (iv). Conversely, let 
n ⪯w u := (3+ |m|−ℓ, 3ℓ−1). If n∗

4 = 0, then (9) clearly holds. Otherwise, let j = n∗
4 ≥ 1, 

so that nj ≥ 4 and nj+1 ≤ 3. Then we have

3j +
∑︂
i≥4 

n∗
i =

∑︂
i∈[j]

ni ≤
∑︂
i∈[j]

ui = 3j + |m| − ℓ

which implies (9). Thus (iv) implies (iii). □
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4. Equivalence and non-equivalence

In this section, we show that while the various implications in Theorems 1.1 and 3.6
cannot generally be reversed, they may be under certain additional hypotheses.

Proposition 4.1. None of the five implications in Theorems 1.1 and 3.6 is an equivalence 
in general.

Proof. Theorem 3.6: (ii) does not imply (i), and Theorem 1.1: (ii) does not imply (i). 
To see that the converse of the first implication in Theorem 3.6 is not true, consider the 
pair (m,n) = ((23), (3, 13)) ∈ N3 × N4. We have |m| = |n|, so it follows easily using 
Lemma 3.7(iii) that (2) is not fulfilled, and hence (m,n) is not strongly suitable. On the 
other hand, for r = (3, 13), the matrices

V =

⎛
⎜⎜⎜⎝

1 1 1
1 0 0
0 1 0
0 0 1

⎞
⎟⎟⎟⎠ and W =

⎛
⎜⎜⎜⎝

0 1 1 1
1 0 0 0
1 0 0 0
1 0 0 0

⎞
⎟⎟⎟⎠ (10)

satisfy V ∈ 𝒜(r,m), W ∈ 𝒜(r,n) and V ⊤W ∈ N3×4, so (m,n) ∈ 𝒟(3, 4) ⊂ ˜︁𝒟(3, 4), 
hence (m,n) is always join-orthogonalisable by Remark 3.2. Moreover, the same pair 
(m,n) = ((23), (3, 13)) does not fulfil the last inequality in Theorem 1.1(i) since in this 
case the left-hand side of the inequality is equal to 5 and the right-hand side is equal to 
6, therefore Theorem 1.1(ii) does not imply (i).
Theorem 3.6: (iii) does not imply (ii). Observe (either by definition or using Propo
sition 3.9) that the pair (m,n) = ((24), (3, 15)) ∈ N4 × N6 is weakly suitable. How
ever, it is not always join-orthogonalisable. To see this, suppose to the contrary; then 
(m,n) ∈ 𝒟(4, 6). By Remark 2.3(b), there exist vectors δ and ε with non-negative en
tries such that (m − δ,n − ε) ∈ ˜︁𝒟(4, 6). Since |m| = |n|, by Remark 2.3(c) we have 
|ε| = |δ|. By Lemma 2.6 we have m = (24) ≤ m − δ, so δ = 0 and hence ε = 0, so 
(m,n) ∈ ˜︁𝒟(4, 6). However, ιmax(4, 6) = 4 < ι(n), which contradicts Proposition 2.8. For 
an example, see Fig. 2.
Theorem 3.6: (iv) does not imply (iii). It is easy to see that (m,n) = ((4, 1), (1, 1)) is 
not weakly suitable, but it satisfies property (ii) in Theorem 3.4, so (m,n) is sometimes 
join-orthogonalisable.
Theorem 1.1: (iv) does not imply (iii). It is straightforward to check that (m,n) :=
((25), (3, 2, 15)) ∈ N5 × N7 satisfies (iv); we claim that this pair is not always join
orthogonalisable. To see this, suppose to the contrary that (m,n) ∈ 𝒟(5, 7). By a similar 
argument as above, Remark 2.3(b), (c) and Lemma 2.6 imply that (m,n) ∈ ˜︁𝒟(5, 7), so 
there are 0-1 matrices V and W with equal row-sums such that the column-sum vectors 
of V and W are m = (25) and n = (3, 2, 15), respectively, and V ⊤W ∈ N5×7. Five 
columns of W have sum 1; we call such columns elementary. By permuting rows of V
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(a) 4P2 ∨ (P3 ∪ 5P1). (b) 4P2 ∨ (K3 ∪ 5P1).

Fig. 2. The pair (m,n) = ((24), (3, 15)) is sometimes but not always join-orthogonalisable (see the proof of 
Proposition 4.1). This figure shows two graphs, both sized by (m,n) and differing by only one edge, where 
the graph in (b) has q = 2, but the graph in (a) does not. This follows immediately from Remark 3.3.

and W , we may assume that e⊤1 is a column of W , and since V ⊤W has no zero entry, 
this implies that the first row of V is full of ones. Hence, the first row-sum of W is 5. 
Since there are only two columns of W with a sum of more than one, at least three 
columns of W must be equal to e⊤1 . If any of the elementary columns of W were different 
from e⊤1 , then by the same argument, there would be at least three such columns. Then 
W would contain at least six elementary columns, whereas we know it has exactly five. 
Therefore, W has five columns which are all equal to e⊤1 and the first row of V is full of 
ones. Let V ′ be the 0-1 matrix with column-sum vector (1, 1, 1, 1, 1) obtained by deleting 
the first row of V , and let W ′ be the 0-1 matrix with column-sum vector (3, 2) obtained 
by deleting the first row of W and the five columns equal to e⊤1 . Since V ′ and W ′ are 
compatible, it follows that ((3, 2), (15)) ∈ ˜︁𝒟(2, 5), which contradicts Lemma 2.6. □

We now investigate the influence the parameter ι(n) can have on whether or not 
a pair (m,n) is always join-orthogonalisable. Roughly speaking, our next result (which 
completes the proof of Theorem 1.1) shows that always join-orthogonalisability of (m,n)
implies that ι(n) is not too large. Then in Proposition 4.3 we show that in some cases, 
a converse result holds.

Corollary 4.2. If k < ℓ and (m,n) ∈ Nk × Nℓ is always join-orthogonalisable, then 
ι(n) ≤ ιmax(k, ℓ).

Proof. By Remark 2.3(b), there exist δ ∈ {0, 1, 2}k and ε ∈ {0, 1, 2}ℓ such that we have 
(m − δ,n − ε) ∈ ˜︁𝒟(k, ℓ). Hence, ι(n) ≤ ι(n − ε) ≤ ιmax(k, ℓ), by Proposition 2.8. □
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Proposition 4.3. Let k ≤ ℓ, ψ = ⌈ℓ/k⌉ and suppose (m,n) ∈ Nk ×Nℓ is weakly suitable, 
illustrated by (δ, ε). If ι(n − ε) ≤ 2ℓ − ψk, then (m,n) is strongly suitable and always 
join-orthogonalisable.

Proof. By Theorem 3.6, we need only establish strong suitability. Conditions (1) hold, 
and we need to show that the inequality (2) is satisfied.

If ψ = 1 then k = ℓ, so kψ = ℓ = (n− ε)∗1, which implies (2). So we may assume that 
ψ ≥ 2. Now

ψ∑︂
j=1 

(n − ε)∗j ≥ (n − ε)∗1 + (n − ε)∗2 = ℓ + (ℓ− ι(n − ε)) = 2ℓ− ι(n − ε) ≥ ψk.

The result follows. □
Corollary 4.4. If k divides either ℓ or ℓ + 1, then conditions (i), (ii) and (iii) in The
orem 3.6 are equivalent and conditions (i), (ii), (iii) and (iv) in Theorem 1.1 are 
equivalent.

Proof. Let ψ = ⌈ℓ/k⌉. If k divides ℓ, then ι(n′) ≤ ℓ = 2ℓ− ψk for any n′ ∈ Nℓ.
If k > 1 and k divides ℓ + 1, then ψk = ℓ + 1. Suppose (δ, ε) illustrates the weak 

suitability of (m,n) ∈ Nk × Nℓ. Then ℓ + 1 = ψk = |(ψk)| ≤ |m − δ| = |n − ε|, so 
n − ε ̸= (1ℓ), so ι(n − ε) ≤ ℓ− 1 = 2ℓ− ψk.

The result now follows by Proposition 4.3 and Proposition 3.9. □
Note that Corollary 4.2 is independent of Theorem 3.6. For example, the pair (m,n) =

((24), (3, 15)) ∈ N4 × N6 considered in the proof of Proposition 4.1 is not always join
orthogonalisable, and this follows immediately from Corollary 4.2 since ιmax(4, 6) = 4 <

ι(n) = 5. Since (m,n) is weakly suitable, we cannot draw the same conclusion from 
Theorem 3.6. This example may be generalised as follows.

Example 4.5. Let 4 ≤ k < ℓ and suppose ℓ ≡ 2 mod k, so that ℓ = (ψ − 1)k + 2 where 
ψ = ⌈ℓ/k⌉. We have ιmax(k, ℓ) ≥ (ψ − 1)k = ℓ− 2. By Corollary 4.2, (m,n) ∈ Nk ×Nℓ

is not always join-orthogonalisable if ι(n) ≥ ℓ− 1. By Remark 3.3, we have

q

⎛
⎝ ⋃︂

i∈[k]

Pmi
∨ (Pn1 ∪ (ℓ− 1)P1)

⎞
⎠ ≥ 3

for any m ∈ Nk and n1 ∈ N.

5. Orthogonalisability of joins of graphs

In the final section of this work, we return to our main motivation of determining 
conditions for a pair of graphs G and H to have q(G∨H) = 2. Results that follow from 
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Section 3 are already summarised in Theorem 1.1. The next result is a direct consequence 
of Theorem 1.1, Proposition 3.9 and Corollary 4.4.

Corollary 5.1. Suppose k divides either ℓ or ℓ+ 1. Let (m,n) ∈ Nk ×Nℓ and ψ = ⌈ℓ/k⌉. 
The following are equivalent:

(i) q(G ∨H) = 2 for all graphs G,H which are sized by (m,n);
(ii) q(G ∨H) = 2 for G =

⋃︁k
i=1 Pmi

and H =
⋃︁ℓ

j=1 Pnj
;

(iii) m ≥ (ψk) and |n| − n∗
2 − n∗

3 ≤ |m| ≤ |n| + m∗
ψ+1 + m∗

ψ+2;
(iv) m ≥ (ψk) and n ⪯w (3 + |m| − ℓ, 3ℓ−1) and |n| ≥ |m| −m∗

ψ+1 −m∗
ψ+2.

Note that Corollary 5.1 completely characterises the always join-orthogonalisable pairs 
(m,n), when k ≤ 2, i.e., m ∈ N or m ∈ N2. In the next example, we explain the case 
k = 1.

Example 5.2. Bjorkman et al. [11, Example 4.5] proved that q(Pm ∨ P1) = ⌈m+1
2 ⌉ for 

m ≥ 2. In particular, q(Pm ∨ P1) = 2 if and only if 1 ≤ m ≤ 3. Taking k = 1 in 
Corollary 5.1, the latter fact generalises as follows: if m, ℓ ∈ N and n ∈ Nℓ, then

q

⎛
⎝G ∨

⋃︂
i∈[ℓ]

Hi

⎞
⎠ = 2

for all connected graphs G of order m and all graphs H which are sized by n, if and only 
if

|n| − n∗
2 − n∗

3 ≤ m ≤ |n| + 2,

or, equivalently

ℓ ≤ m ≤ |n| + 2 and n ⪯w (3 + m− ℓ, 3ℓ−1).

In particular, when n ≤ (3ℓ), we have q
(︂
Pm ∨⋃︁

i∈[ℓ] Pni

)︂
= 2 if and only if ℓ ≤ m ≤ |n|+

2. All such graphs with |n| ≤ 3 are illustrated in Table 1. Therefore q (Pm ∨ (ℓP1)) = 2
if and only if ℓ ≤ m ≤ ℓ + 2.

Example 5.3. In [24, Theorem 3.4] it was shown that if Gi and Hi are connected graphs 
with 

⃓⃓|Gi| − |Hi|
⃓⃓ ≤ 2, i ∈ [k], then

q

⎛
⎝ ⋃︂

i∈[k]

Gi ∨
⋃︂
i∈[k]

Hi

⎞
⎠ = 2.
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Table 1
All graphs of the form Pm ∨∪ℓ

j=1Pnj
, having |n| ≤ 3 and q = 2. Note that there are 

no such graphs for m ≥ 6.
|n| = 1 |n| = 2 |n| = 3

m = 1

m = 2

m = 3

m = 4

m = 5

Taking ℓ = k in Corollary 5.1, we obtain a stronger result: q(G ∨H) = 2 for all pairs of 
graphs (G,H) which are sized by (m,n) ∈ Nk ×Nk if and only if

|n| − n∗
2 − n∗

3 ≤ |m| ≤ |n| + m∗
2 + m∗

3. (11)

If |mi − ni| ≤ 2 for each i ∈ [k], then (11) holds, because

|m| − |n| =
∑︂
i∈[k]

mi − ni ≤
∑︂

i:mi>ni

mi − ni

= |{i : mi = ni + 1}| + 2|{i : mi = ni + 2}|
= |{i : mi ≥ ni + 1}| + |{i : mi = ni + 2}|
≤ m∗

2 + m∗
3,

and the other inequality holds by symmetry. So we recover [24, Theorem 3.4] as a special 
case.

Example 5.4. Consider the smallest case not covered by Corollary 5.1, when (k, ℓ) =
(3, 4). We will show that conditions (ii) and (iv) in Theorem 1.1 are equivalent in this 
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case. However, observe that in the case m = (23) and n = (3, 13), condition (iv) is 
satisfied, but (i) is not; see also the proof of Proposition 4.1.

Observe that if q(G∨H) = 2 for all graphs G,H which are sized by (m,n) ∈ N3×N4, 
then Theorem 1.1 implies that

m ≥ (23), |n| − n∗
2 − n∗

3 ≤ |m| ≤ |n| + m∗
3 + m∗

4 and ι(n) ≤ 3. (12)

Let us prove that (12) is a sufficient condition for q(G ∨ H) = 2 for all graphs G,H

which are sized by (m,n) ∈ N3 ×N4. Assume without loss of generality that m and n
are non-increasing. Observe first that by (12) we have

|n| ≥ |m| −m∗
3 −m∗

4 = m∗
1 + m∗

2 +
∑︂
j≥5 

m∗
j ≥ 6.

It follows that n ≥ b for some b ∈ {(3, 13), (22, 12)}. Moreover, both possible values of 
b have ((23),b) ∈ ˜︁𝒟(3, 4) (see the proof of Proposition 4.1 for the first case; the second 
is easy to check).

(a) If |m| ≥ |n|, then by (12) we have 0 ≤ |m| − |n| ≤ m∗
3 + m∗

4 ≤ 6, so we can choose 
δ ∈ {0, 1, 2}3 with δ ≤ (m∗

3,m
∗
4)∗ and |δ| = |m| − |n|. Let p := m − (23) − δ and 

q := n − b. Observe that p ≥ (m∗
5,m

∗
6, . . .)∗ and so p ∈ N3

0 and q ∈ N4
0 with 

|p| = |q|. By Lemma 2.4 we have (m − δ,n) = ((23) + p,b + q) ∈ ˜︁𝒟(3, 4).
(b) Similarly, if |m| < |n|, we aim to prove that (m,n) = ((23) + p,b + q + ε) for one 

of b ∈ {(3, 13), (22, 12)}, some p ∈ N3
0 and q ∈ N4

0 with |p| = |q|, and ε ∈ {0, 1, 2}4. 
Then, by Lemma 2.4 we will have (m,n − ε) = ((23) + p,b + q) ∈ ˜︁𝒟(3, 4). Since 
|ε| = |n| − |m|, we need to show:

n ≥ b and (n − b)∗1 + (n − b)∗2 ≥ |n| − |m|

for one of b ∈ {(3, 13), (22, 12)}. Using (12) and |m| ≥ 6, the difference |n| − |m| is 
bounded by two inequalities:

|n| − |m| ≤ n∗
2 + n∗

3

|n| − |m| ≤ n∗
2 + n∗

3 +
∑︂
j≥4 

n∗
j − 2,

where the second inequality is weaker in most cases. Consider the following cases:
• If n ≥ (3, 13) and n∗

5 ≥ 1, then (n − b)∗1 + (n − b)∗2 = n∗
2 + n∗

3 for b = (3, 13).
• If n ≥ (3, 13), n∗

5 = 0, and n∗
4 ≤ 1, then |n|−|m| ≤ n∗

2 +n∗
3 +n∗

4−2 (by the second 
inequality above), and (n − b)∗1 + (n − b)∗2 = n∗

2 + n∗
3 + n∗

4 − 2 for b = (3, 13).
• If n ≥ (3, 13), n∗

5 = 0, and n∗
4 ≥ 2, then n ≥ (22, 12) and (n − b)∗1 + (n − b)∗2 =

n∗
2 + n∗

3 for b = (22, 12).
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• If n ̸≥ (3, 13), then n ≥ (22, 12) and n∗
3 = 0. In this case |n| − |m| ≤ n∗

2 + n∗
3 − 2, 

and (n − b)∗1 + (n − b)∗2 = n∗
2 + n∗

3 − 2 for b = (22, 12).

In both case (a) and case (b) we have (m,n) ∈ 𝒟(3, 4) by Remark 2.3(b) and thus (m,n)
is always join-orthogonalisable by Remark 3.2.

Question 5.5. We end with an open question: for which pairs (k, ℓ) are the conditions (ii) 
and (iv) in Theorem 1.1 equivalent? We have seen that if k divides ℓ or ℓ+ 1, or (k, ℓ) =
(3, 4), then they are; for (k, ℓ) = (5, 7) they are not (see the proof of Proposition 4.1).
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