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 A B S T R A C T

A simple micromechanical model of polycrystalline materials is proposed, which enables us to swiftly produce 
grain-boundary-stress distributions induced by the uniform external loading (in the elastic strain regime). Such 
statistical knowledge of local stresses is a necessary prerequisite to assess the probability for intergranular 
cracking initiation. Model predictions are verified through finite element calculations for various loading 
configurations, material properties, and grain-boundary types specified by the properties of a bicrystal pair 
of grains enclosing the grain boundary.
1. Introduction

Metallic components exposed to corrosive environment (and/or 
irradiation effects) and subjected to mechanical loading can undergo 
structural deformations that compromise their structural integrity and 
eventually lead to cracking and service failures. This represents a 
severe challenge for numerous industries. Among various material-
degradation modes involved, one of the most significant is the in-
tergranular stress-corrosion cracking (IGSCC), and its subvariant, the 
irradiation-assisted stress corrosion cracking (IASCC), which have been 
observed in a wide range of structural materials otherwise known for 
their corrosion resistance, e.g., austenitic stainless steels [1–4], zirco-
nium alloys [5], nickel-based alloys [6–8], high strength aluminum 
alloys [9,10], and ferritic steels [11,12].

Typical of these processes is the development and propagation 
of cracks along the grain boundaries (GB) which separate different 
grains in a polycrystalline. The initiation phase of the process (mi-
crocrack formation) strongly depends on the local stress state and the 
strength of GBs. Since microcracks are undetectable by non-intrusive 
inspection methods, there have been various attempts to model the 
cracking process  [4,13–19] or numerically simulate the stresses. Most 
of them relied either on the crystal-plasticity finite element  [20–25] 
or crystal-plasticity fast Fourier transform [26,27] numerical methods. 
Our goal here is different. We want to construct a simple analytical 
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1 The reason for using purely elastic strains is twofold: it not only greatly simplifies our model assumptions but also reflects the fact that IGSCC initiation is 
typically induced by small applied stresses at or slightly below the yield stress [3].

2 Several studies have demonstrated that GB cracking resistance is an intrinsic property of the GB character, not its size [28].

model that would allow us to quickly estimate intergranular stresses 
for any external loading in the elastic regime1 and deduce some useful 
phenomenological relations that could be used in material-damage 
predictions. This introduction is thus not meant so much as an overview 
of past achievements but rather as a discussion about the philosophy 
of our analytical modelling approach, explaining its key ideas and their 
background.

It has been shown that GBs subjected to large normal stresses exhibit 
the highest cracking susceptibility [13]. On the other hand, shear 
stresses acting on the GBs have little effect on the IGSCC nucleation [4]. 
While the induced normal stress 𝜎𝑛𝑛 (the opening-mode stress) strongly 
depends on the orientation of GB and the details of external loading, 
the GB strength should not. Hence, it is sensible to classify GBs into 
different GB types and then study the corresponding intergranular 
normal stress (INS) distribution PDF(𝜎𝑛𝑛) ∶= 𝑑𝑃∕𝑑𝜎𝑛𝑛 for each type. By 
definition, all GBs of the same type should have equal GB strength,2 
meaning the same threshold value (critical stress 𝜎𝑐) applies to them. 
Its value indicates the formation of a microcrack whenever the local 
GB-normal stress 𝜎𝑛𝑛 exceeds it [29]. This simplified picture allows 
us to effectively decouple the influence of environment (affecting the 
GB strength 𝜎𝑐) and focus only on the induced stresses arising due to 
mechanical loading and depending on the material properties.
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In regions where the share of GBs with stresses above the threshold 
(𝜎𝑛𝑛 > 𝜎𝑐) is large enough, the density of microcracks reaches a critical 
level and they merge into macroscopic, observable cracks. Since grains, 
their crystal lattices, and GBs in a certain material are typically ran-
domly oriented and distributed,3 this process is stochastic and we can 
only estimate the probability for cracking under a certain mechanical 
load. For that task, GB-stress distributions are a sufficient input and 
precise knowledge of stress at each GB is not required.

In principle, each GB should be specified by its exact location within 
the aggregate and its entire neighbourhood, i.e., by the configuration 
of all the grains surrounding it, including their shapes, sizes, crystallo-
graphic orientations, possible defects, etc. However, it can be assumed 
that grains which are closer to the investigated GB have bigger impact 
on it than those farther away. The mechanism of IGSCC initiation 
can thus be treated perturbatively, at each successive order taking as 
relevant a larger neighbourhood of a chosen GB while modelling the 
rest of the aggregate as homogeneous and isotropic matrix material. 
What a sufficient order of such perturbative expansion is, depends 
then on the desired accuracy of our GB-stress estimates and on the 
anisotropy of the material — the more anisotropic that is, the wider 
the neighbourhood of a GB that needs to be considered.

For perfectly isotropic grains it is enough to take the simplest 
possible approximation in which only the GB itself is needed and 
all the surrounding grains are treated as equal. Since all GBs are 
equivalent, they have the same GB strength and there exists only a 
single GB type. The expected value of local GB stress 𝜎𝑛𝑛 in this case 
corresponds precisely to the value of external stress 𝚺 projected onto 
that GB (𝜎𝑖𝑗 = 𝛴𝑖𝑗), and the key parameter that determines it is the 
orientation of the GB with respect to external loading. Similarly, if we 
applied this approximation to anisotropic materials, the resulting INS 
distribution would represent that of normal stresses on random GBs in 
the aggregate.

To be able to predict the probability for intergranular cracking 
initiation in an anisotropic material, different GB types must be treated 
individually because they correspond to different GB strengths. This 
requires going beyond the isotropic approximation. Next order of per-
turbation considers in addition to GB also the two grains adjacent to 
it. This is called the bicrystal model. By embedding a pair of grains in 
homogeneous and isotropic elastic medium with average (bulk) proper-
ties, each GB type is determined by just 5 macroscopic parameters (in 
the continuum limit), e.g., the GB-normal vectors (𝑎, 𝑏, 𝑐) and (𝑑, 𝑒, 𝑓 )
expressed in crystallographic system of either grain and the difference 
of their twist angles (𝛥𝜔 ∶= 𝜔2 − 𝜔1) about the GB normal. Even 
more, it has been shown that a specific, unique combination of these 
parameters (namely, the effective GB stiffness 𝐸12) is already sufficient4 
for characterizing the INS distributions, at least in materials with cubic 
lattice symmetry [19,31].

With the growing anisotropy of the material, more and more layers 
of grains around the chosen GB need to be taken into account. The 
reason for that can be understood as follows. What we are basically 
doing, is solving the generalized Hooke’s law for the two grains on 
either side of the GB. The solution for all the components of stress 
and strain tensors in them requires specifying how the corresponding 
bicrystal pair deforms as a whole. With this information in hand, the 
obtained solution would be exact (barring the used approximation of 
constant stress and strain throughout each grain and neglecting the 
presence of structural defects).

3 In realistic polycrystalline materials, grain distributions and GB orienta-
tions are not necessarily random but are influenced by the manufacturing 
process [30]. In this study, we assumed uniform and uncorrelated distributions 
for simplicity and demonstration purposes. However, the same approach 
remains equally valid for any other grain configuration (texture).

4 This does not mean, however, that all GB types associated with the same 
value of 𝐸  necessarily correspond also to the same GB strength 𝜎 .
12 𝑐

2 
In the bicrystal approximation, the strain of any bicrystal pair can 
be directly related to the external stress tensor 𝚺, based solely on 
the GB type it belongs to and the orientation of the associated GB. 
This is because the neighbourhood of each grain pair is treated as 
featureless (homogeneous and isotropic). In other words, GB-normal 
stress is only a function of GB type (which includes also the material 
properties), GB orientation and external stress. In general, this is not 
the case and depending on the exact configuration of all the grains 
surrounding the bicrystal pair, the stress induced in it can vary sig-
nificantly. Consequently, the true GB-stress distributions (e.g., those 
obtained in numerical simulations) should thus be wider than bicrystal-
model estimates. This discrepancy becomes more and more pronounced 
with the growing anisotropy of the grains and indicates a breakdown 
of the bicrystal approximation.

Fortunately, there is a way to overcome this issue and substan-
tially improve the accuracy of bicrystal-model predictions. This can be 
achieved by adopting an alternative approach to include the effect of 
each GB experiencing a slightly different neighbourhood. The contri-
bution of this inhomogeneity of surrounding material can be treated 
as a small ‘‘fluctuation’’ 𝛥𝜎𝑛𝑛 added to the local value of 𝜎𝑛𝑛. The more 
anisotropic the material, the larger these fluctuations (while in isotropic 
case they should vanish completely5 ). To learn the exact form of 𝛥𝜎𝑛𝑛 at 
each GB, the configuration and structure of the entire aggregate would 
need to be resolved.

Instead, we can treat the problem statistically. Many independent 
degrees of freedom determine how a specific neighbourhood influences 
the GB stress. Hence, it is reasonable to assume that the fluctuations 
(𝛥𝜎𝑛𝑛) are normally distributed. For randomly oriented and distributed 
grains the fluctuations should also be independent of the GB orien-
tation. Therefore we can for each GB type perform a convolution of 
the bicrystal-model prediction (𝜎𝑛𝑛) with the (Gaussian) distribution of 
neighbourhood effects such that their combined distribution is appro-
priately broadened and smoothened. Such approach prevents us from 
accurately predicting stresses on individual GBs (which is a prerequisite 
for identifying the crack-initiation sites), but enables us to correctly 
estimate their distributions.

The same ‘‘broadening’’ technique can also be used to correct for the 
fact that in practice GB stresses are not constant over the GBs as postu-
lated by our simple analytical model. With that we are finally equipped 
for estimating the true INS distributions for any material, GB type 
and loading configuration using only a handful of phenomenological 
parameters determined from fits.

Following a similar line of thought, an even simpler analytical 
model known as the ‘‘buffer-grain’’ model was proposed [19]. This 
model also enables us to predict the induced INS distributions for any 
chosen uniform loading, GB type, and material properties. However, 
there are several notable differences compared to the bicrystal model. 
First of all, the model is not easily generalized to materials with non-
cubic crystal lattices and is only applicable to random twist angles. 
Another drawback of the buffer-grain model is its reliance on multiple 
free parameters associated with the properties of invented buffer grains 
(such as their sizes and stiffness). These parameters need to be carefully 
adjusted to correctly reproduce the average normal stress at GBs of a 
given inclination.

From a physical standpoint, the bicrystal model offers a more 
faithful representation of a realistic situation as it is based on a more 
complete set of boundary conditions at the microscale. This allows 
the model to address also other stress-tensor components besides those 
along the GB-normal directions.6 Consequently, the bicrystal model 

5 In fact, this happens even in anisotropic materials with cubic lattice 
symmetry, when subjected to hydrostatic loading, 𝚺hyd ∝ 13×3; cf. [19].

6 Although this was not carried out in the present study, the same procedure 
could be applied to obtain also shear stresses, which would then allow for a 
direct comparison with the results from another elastic bicrystal model [32,
33].
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more closely adheres to the original perturbative approach, striving for 
increased precision in representing the true state as we approach the 
GB. This, in turn, should also provide a rationale for certain ad-hoc 
assumptions made in the buffer-grain model.

The paper is structured as follows. In Section 2 the perturbative 
modelling approach is presented. Its lowest order approximation (the 
isotropic model) is explored and compared to finite element (FE) results 
in Section 3. The main part of the paper (the bicrystal model) appears 
in Section 4. First the previous results obtained in numerical analyses 
are summarized and then the pure bicrystal model is introduced. At 
last the model is convoluted with a suitable Gaussian distribution to 
imitate the effect of inhomogeneous neighbourhood and the results of 
this procedure are compared to numerical simulations. All technical 
details are relegated to a set of appendices.

2. Perturbative modelling approach

Polycrystalline aggregates (Fig.  1(a)) are composed of arbitrary 
shaped crystal grains in which atoms are arranged in randomly oriented 
crystal lattices. Assuming zero crystallographic texture, both the GB 
orientations and crystallographic orientations of grains are uniformly
distributed but uncorrelated, i.e., independent of one another. Comput-
ing the induced stress field within the mechanically loaded aggregate 
requires the knowledge of its entire grain configuration. While sev-
eral experimental techniques exist for determining the distributions of 
crystallographic orientations in a solid, such as Electron Backscatter 
Diffraction (EBSD) [27,29,34] in 2D and X-ray Diffraction Contrast To-
mography (DCT) [35–37] in 3D, achieving this goal in practice (i.e., for 
macroscopic, real-size aggregates) would be impossible. Besides, the 
task is also computationally demanding and can only be performed 
numerically.

On the other hand, if the objective is to assess the structural in-
tegrity of the material under specific mechanical loading conditions, 
then obtaining precise information about the entire grain configuration 
and the associated GB stresses would exceed the scope of this analysis 
(similarly as we typically focus on the collective properties of gas, such 
as its pressure or temperature, rather than the positions and velocities 
of individual molecules in it). Hence, we propose a different approach 
by treating the problem of induced GB stresses perturbatively, at each 
order taking into account the less relevant effects.

In the lowest order of perturbation (Fig.  1(b)), we neglect crystallo-
graphic orientations of all the grains and consider just the orientation 
of GBs for which we want to compute the normal stress components 
𝜎𝑛𝑛. All the grains are thus treated as isotropic. In the next order 
approximation (Fig.  1(c)) we take into account also the crystallographic 
orientations of the two grains adjacent to the GB. We can then proceed 
going to higher orders by adding more and more layers of grains 
around the bicrystal pair for which their crystallographic orientations 
are properly taken into account.

Finally, the effect of neglected crystallographic orientations of all 
the surrounding grains, which were modelled as isotropic (the neigh-
bourhood), is accounted for statistically as a random (Gaussian) fluc-
tuation 𝛥𝜎𝑛𝑛 on top of the computed 𝜎𝑛𝑛. While this procedure does 
not produce the correct values of stresses on individual GBs, their 
distributions should be much more precise, allowing us to assess the 
likelihood of cracking initiation (though not also its exact site).

3. Isotropic approximation

At the lowest order of perturbation, all grains are initially treated 
as perfectly isotropic (forming a pure isotropic model), which enables 
us to derive analytical expressions for GB stresses. On top of these, 
we incorporate the statistical influence of the inherent anisotropy of 
the grains. Finally, we examine the impact of different materials and 
demonstrate how to generate material-specific estimates, particularly 
in relation to their elastic anisotropy. The model’s predictions are 
3 
then scrutinized by comparing them to the results of numerical FE 
simulations, which serve as a replacement for physical experimentation 
and are thus meant to represent a realistic response of a perfectly elastic 
material under mechanical loading.

Since in isotropic approximation all the GBs are equivalent (mean-
ing our analytical model does not distinguish between different GB 
types), the resulting INS distribution should correspond to that ob-
served on randomly selected GBs in the FE simulation. For this purpose, 
we utilized the FE solver Abaqus [38] in the small strain regime, 
employing a 3D-periodic Voronoi aggregate [39,40] with 4000 grains 
and 31255 GBs, discretized by a total of 1039562 pairs of quadratic tetra-
hedral finite elements (C3D10). More details are provided in Appendix 
A.

To facilitate a comparison with our analytical model, a weighted 
average of normal stresses on each GB has been produced. Henceforth, 
we will refer to this distribution of GB-averaged normal stresses as the
reduced INS distribution. This term is used to distinguish it from the full
INS distribution corresponding to normal stresses on all finite elements 
in the aggregate which are located on the GBs. Both distributions are 
weighted, either with respect to the size of GBs or the size of finite 
elements.

The results are presented in the following way: For the sake of 
demonstration, 𝛾-Fe is consistently used in this paper as the reference 
material. The validity of the method is then shown for several uniform 
loadings 𝚺. Only after establishing its efficacy with these loadings, 
the same technique is extended also to other materials. This extension 
includes not only cubic materials but also those with more general 
lattice symmetries (such as orthorhombic). Relevant properties of the 
chosen materials required for conducting the FE simulations can be 
found in Table  B.1 (Appendix  B).

3.1. Pure isotropic model

For strictly isotropic grains, the local stress tensor 𝝈 is, in every 
point of the aggregate, equal to the external stress tensor 𝚺. Since 
at any chosen GB we are interested in its component along the GB-
normal direction (𝜎𝑛𝑛), the stress tensor 𝚺 must be transformed from 
the external loading (lab) coordinate system (𝑋, 𝑌 ,𝑍) to a local (GB) 
coordinate system (𝑥, 𝑦, 𝑧): 

𝚺lab =
⎛

⎜

⎜

⎝

𝛴𝑋𝑋 𝛴𝑋𝑌 𝛴𝑋𝑍
𝛴𝑋𝑌 𝛴𝑌 𝑌 𝛴𝑌 𝑍
𝛴𝑋𝑍 𝛴𝑌 𝑍 𝛴𝑍𝑍

⎞

⎟

⎟

⎠

,

𝚺GB = 𝚺lab𝑇 =
⎛

⎜

⎜

⎝

𝛴𝑥𝑥 𝛴𝑥𝑦 𝛴𝑥𝑧
𝛴𝑥𝑦 𝛴𝑦𝑦 𝛴𝑦𝑧
𝛴𝑥𝑧 𝛴𝑦𝑧 𝛴𝑧𝑧

⎞

⎟

⎟

⎠

,

(1)

 where  (given in Box  I) is a rotation matrix containing 3 Euler 
angles (𝜓 , 𝜃, 𝜙) corresponding to a sequence of rotations (𝟏, 𝟐, 𝟑) 
about 𝑍̂, 1𝑌  and 21𝑍̂ = 𝑧̂, respectively, such that  = 𝟑𝟐𝟏, 
and local 𝑧-axis is directed along the GB normal 𝑛̂. Consequently, the 
GB-normal stress 
𝜎𝑛𝑛 = 𝛴𝑧𝑧 =

(

cos2 𝜃
)

𝛴𝑍𝑍 +
(

sin2 𝜃 cos2 𝜓
)

𝛴𝑋𝑋 +
(

sin2 𝜃 sin2 𝜓
)

𝛴𝑌 𝑌 +

+
(

sin2 𝜃 sin 2𝜓
)

𝛴𝑋𝑌 + (sin 2𝜃 cos𝜓) 𝛴𝑋𝑍 + (sin 2𝜃 sin𝜓) 𝛴𝑌 𝑍

(3)

depends just on the polar angle 𝜃 and azimuthal angle 𝜓 (but not on 
the twist angle 𝜙, that is only determining the precise orientation of the 
local 𝑥 and 𝑦 axes). In an aggregate with randomly oriented GBs and 
no preferential direction, the corresponding INS distribution PDF(𝜎𝑛𝑛)
can be either obtained analytically or generated through Monte Carlo 
sampling over the uniformly distributed Euler angles 𝜓 and cos 𝜃.7

7 The result is particularly simple for uniaxial loading, when the distribution 
can be easily expressed in analytical form. Without loss of generality, the lab 
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Fig. 1. (a) Schematic (2D) depiction of a polycrystalline aggregate with randomly shaped crystal grains (light grey) divided by arbitrarily oriented GBs (black). The aggregate 
is exposed to macroscopic external loading 𝚺 which induces a normal stress 𝜎𝑛𝑛 on the investigated GB (red). Crystallographic orientations of grains are indicated by local 
crystallographic axes (dark grey). The lowest two orders of approximation (𝑛 = 1, 𝑛 = 2) are shown in panels (b) and (c). When no crystallographic axes are displayed, the 
corresponding grain is assumed isotropic (besides being homogeneous as all other grains).
 =
⎛

⎜

⎜

⎝

cos 𝜃 cos𝜓 cos𝜙 − sin𝜓 sin𝜙 cos 𝜃 sin𝜓 cos𝜙 + cos𝜓 sin𝜙 − sin 𝜃 cos𝜙
−cos 𝜃 cos𝜓 sin𝜙 − sin𝜓 cos𝜙 −cos 𝜃 sin𝜓 sin𝜙 + cos𝜓 cos𝜙 sin 𝜃 sin𝜙

sin 𝜃 cos𝜓 sin 𝜃 sin𝜓 cos 𝜃

⎞

⎟

⎟

⎠

(2)

Box I. 
3.2. Gaussian modulation

The problem with pure isotropic model specified in Eq. (3) is that 
its results depend solely on the external loading 𝚺, failing to account 
for the material properties. This means the model makes identical 
predictions for all materials, which results in significant flaws when 
applied to highly anisotropic materials. That is clearly visible in Fig.  2, 
where the resulting isotropic INS distributions (green) appear notably 
sharper and narrower than those generated by the FE simulations 
(black).

The wider and smoother FE distributions can be attributed to the 
fact that, in realistic aggregates, GBs are not surrounded by an isotropic 
medium but by specific configurations of anisotropic grains which 
determine the actual stress experienced at each GB site. In other words, 
it is the non-homogeneous nature of the neighbourhood that dictates 
the amount of external stress 𝚺 that gets ‘‘transmitted’’ to a particular 
GB. Consequently, the local GB stress is not necessarily equal to 𝛴𝑧𝑧, 
and different GBs can thus generate different responses 𝜎𝑛𝑛 even when 
they have the same orientation. As a result, realistic INS distributions 
tend to be wider.

This widening effect is determined by numerous independent de-
grees of freedom associated with the precise arrangement of grains. 
Their contributions to the induced GB stresses 𝜎𝑛𝑛 act as random 
fluctuations superimposed onto the estimates provided by the pure 
isotropic model. With the central limit theorem in mind, it is reasonable 
to assume that these fluctuations follow a normal distribution pattern. 

coordinate system can be chosen so that its 𝑍-axis points in the direction of 
loading. Then the probability density function (PDF) is given by PDF(𝜎̃𝑛𝑛) ∶=
(

𝑑𝑃
𝑑cos 𝜃

) (

𝑑𝜎̃𝑛𝑛
𝑑cos 𝜃

)−1
= (2 cos 𝜃)−1 =

(

2
√

𝜎̃𝑛𝑛
)−1

, with 𝜎̃𝑛𝑛 ∶= 𝜎𝑛𝑛
𝛴𝑍𝑍

 in the range 
of [0, 1]. This distribution is depicted by the green curve in the left panel of 
Fig.  2. Its mean value and standard deviation are ⟨ 𝜎𝑛𝑛

𝛴𝑍𝑍
⟩ = 1∕3 and 𝑠( 𝜎𝑛𝑛

𝛴𝑍𝑍
) =

2∕(3
√

5) ≈ 0.298, respectively.
4 
Written schematically: 

𝐢𝐬𝐨𝐭𝐫𝐨𝐩𝐢𝐜 𝐜𝐚𝐬𝐞+𝐆𝐚𝐮𝐬𝐬𝐢𝐚𝐧 𝐟𝐥𝐮𝐜𝐭𝐮𝐚𝐭𝐢𝐨𝐧𝐬 ≈ 𝐈𝐍𝐒 𝐝𝐢𝐬𝐭𝐫𝐢𝐛𝐮𝐭𝐢𝐨𝐧 𝐨𝐧 𝐫𝐚𝐧𝐝𝐨𝐦 𝐆𝐁𝐬 .

(4)

To recap, in order to mimic the effect of inhomogeneous neighbour-
hood surrounding each GB in anisotropic aggregate, we will model it 
by a Gaussian distribution (𝑔) of width 𝜎𝐺 and centred at the origin. 
We will also assume that this distribution has no correlation with the 
INS distribution generated by the pure isotropic model (𝑓 ). As a result, 
the final INS distribution (ℎ) will be obtained through the convolution 
of both distributions:
𝑓 (𝜎𝑛𝑛) ∶= PDF(𝜎𝑛𝑛) =

𝑑𝑃
𝑑𝜎𝑛𝑛

, (5)

𝑔(𝛥𝜎𝑛𝑛) ∶=
1

√

2𝜋 𝜎𝐺
𝑒
− 1

2

(

𝛥𝜎𝑛𝑛
𝜎𝐺

)2

, (6)

ℎ(𝜎𝑛𝑛) = (𝑓 ∗ 𝑔)(𝜎𝑛𝑛) = ∫

∞

−∞
𝑓 (𝜏) 𝑔(𝜎𝑛𝑛 − 𝜏) 𝑑𝜏 . (7)

The 𝑛th moment of the convolution is computed as 

𝜇(𝑛)ℎ =
𝑛
∑

𝑖=0

(

𝑛
𝑖

)

𝜇(𝑖)𝑓 𝜇
(𝑛−𝑖)
𝑔 , (8)

where all the odd central moments of Gaussian distribution 𝑔 vanish, 
while for even 𝑘, they reduce to 𝜇(𝑘)𝑔 = (𝑘 − 1)!! ⋅ 𝜎𝑘𝐺. Since both 𝑓 and 
𝑔 are also properly normalized, their zero-th moments (𝜇(0)𝑓 , 𝜇

(0)
𝑔 ) are 

equal to 1. Hence,
𝜇(1)ℎ = ⟨𝜎𝑛𝑛⟩ℎ = 𝜇(1)𝑓 , (9)

𝜇(2)ℎ = ⟨(𝜎𝑛𝑛 − ⟨𝜎𝑛𝑛⟩ℎ)2⟩ℎ = 𝜇(2)𝑓 + 𝜎2𝐺 , (10)

where mean value and variance of isotropic INS distribution are given 
by

𝜇(1) = ⟨𝜎 ⟩ = 1 Tr 𝚺 , (11)
𝑓 𝑛𝑛 𝑓 3
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𝜇(2)𝑓 = ⟨(𝜎𝑛𝑛 − ⟨𝜎𝑛𝑛⟩𝑓 )2⟩𝑓 ∶= 𝑠2(𝜎𝑛𝑛) =

(

2

3
√

5
𝛴mis

)2

. (12)

Both of these expressions depend on the macroscopic loading 𝚺 through 
rotational invariants (Tr 𝚺 or 𝛴mis, respectively), which retain the same 
form in all Cartesian coordinate systems. The von Mises stress 𝛴mis is 
defined as: 

𝛴mis ∶=

√

3
√

2

√

Tr(𝚺2
dev) . (13)

It is related to the traceless deviatoric stress tensor 
𝚺dev ∶= 𝚺 − 1

3 Tr(𝚺)13×3 , (14)

that is typically associated with shear deformations that preserve the 
volume of the aggregate while changing its shape.

The same loading dependence has also been observed in FE simu-
lations [19]. Specifically, it has been found that the first two (central) 
statistical moments of both the reduced and the full INS distribution are 
either equal to 13 Tr 𝚺 or proportional to 𝛴2

mis, respectively.8 Identifying 
the convoluted distribution ℎ with PDF(𝜎𝑛𝑛) obtained from the FE 
simulation not only implies that 𝜎𝐺 should also scale with 𝛴mis, but 
it also allows us to use Eq. (10) to determine the value of 𝜎𝐺.9

Finally, the modelling approach is validated in Fig.  2, where the 
computed 𝜎𝐺 is utilized to generate the convoluted distributions ℎ
(red) for several different10 uniform loadings 𝚺lab (but here showing 
only three such examples) and then compare them to the (reduced) 
distributions of GB stresses from FE simulations (black).

Another factor contributing to the widening of INS distributions in 
realistic (FE) scenarios is the variation of induced stress across the GB, 
in contrast to the constant stress assumed in our simplified model. To 
account for this behaviour and thus describe the full INS distribution 
(instead of just the reduced version), we can perform one more con-
volution with additional Gaussian (characterized by a different width 
𝜎(2)𝐺 ). Since the convolution of two Gaussian distributions results in 
another Gaussian distribution whose variance is the sum of variances 
of the original distributions, this procedure is equivalent to a single 
convolution with a Gaussian of width: 

𝜎𝐺 =
√

(𝜎(1)𝐺 )2 + (𝜎(2)𝐺 )2 . (15)

Henceforth we will denote the width of the Gaussian distribution in the 
reduced case as 𝜎(1)𝐺  and the width in the full case as 𝜎𝐺. The effect of 
this additional convolution with a normal distribution of width 𝜎(2)𝐺  on 
the shape of the INS distribution is depicted in Fig.  3.

8 For non-cubic materials, the latter relation does not hold exactly, although 
it remains a good approximation for most loading configurations. If it were 
exact, then under hydrostatic loading 𝚺hyd = 𝛴0 13×3 (for which 𝛴mis = 0), 
the true INS distribution would be infinitely narrow: PDF(𝜎𝑛𝑛) = 𝛿(𝜎𝑛𝑛 − 𝛴0). 
However, this is not the case. Therefore, for non-cubic lattice symmetries, the 
width of fluctuation 𝑔(𝛥𝜎𝑛𝑛) does not precisely scale with 𝛴mis (contrary to 
what Fig.  4 seems to suggest for CaSO4).

9 In principle, we could take any moment of ℎ, obtain its value from the 
FE distribution, and use it to fit the value of 𝜎𝐺. However, from a practical 
perspective, it is advisable to use the lowest order (𝑛 ≥ 2) for which 𝜇(𝑛)

𝑓 ≠ 0, as 
this yields the most accurate result for an imprecisely known FE distribution 
(computed only on a finite aggregate).
10 Two of them ({𝛴𝑋𝑋 , 𝛴𝑌 𝑌 , 𝛴𝑍𝑍 , 𝛴𝑋𝑌 , 𝛴𝑋𝑍 , 𝛴𝑌 𝑍} = {1, 0, 0, 0, 0, 0} and 

{1, 1, 1, 1, 1, 1}) are rotationally equivalent, i.e., the corresponding tensors are 
related by rotation  for 𝜓 = 0, cos 𝜃 =

√

2∕3, and 𝜙 = −𝜋∕4, up to an 
overall scaling factor of 3, cf. Eqs. (1)–(2). In an infinite, untextured (i.e, 
macroscopically isotropic and thus rotationally invariant) aggregate, these two 
loading configurations merely represent different choices of lab coordinates. 
However, in our context, they serve as additional validation that the aggregate 
used in our numerical simulations is sufficiently large to disregard the finite 
aggregate-size effects (which can affect the smoothness of the INS distribution 
and its variation upon aggregate rotation).
5 
3.3. Effect of the material

The same procedure can be performed also for other materials. 
Because the predictions of the pure isotropic model are material-
independent, the differences in INS distributions for various materials 
have to emerge at the convolution level (owing to distinct, material-
specific widths of Gaussian distributions). In other words, material 
properties affect only the width of the fluctuations. Therefore, 𝜎𝐺 is also 
the only parameter that needs adaptation in our analytical description.

Most significant is its correlation with the material’s anisotropy. 
While there should be no fluctuations in the isotropic case (meaning 
the Gaussian is infinitely narrow), 𝜎𝐺 is expected to increase with 
the growing anisotropy of the material. As a measure of material 
anisotropy, we utilize the universal elastic anisotropy index 𝐴𝑢 [41] 
since it is applicable to any lattice symmetry (not only cubic), see 
also Appendix  B.11 By matching the width of a (full) INS distribution 
produced in FE simulation, 𝜎𝐺 can be calculated for any material and 
then shown as a function of its 𝐴𝑢, see Fig.  4.12

The observed pattern is reasonably well-fitted by the linear depen-
dence 
𝜎2𝐺 = 𝑘𝐴𝑢 , (16)

which appropriately approaches zero in the isotropic limit (𝐴𝑢 = 0). 
The current best estimate for the proportionality factor is 𝑘 = 0.013. 
In the past, an approximate relation between the standard deviation of 
the INS distribution on random GBs and the material’s anisotropy was 
proposed for uniaxial loading [42]: 

𝑠𝐹𝐸
(𝜎𝑛𝑛
𝛴

)

≈ 4

3
√

5

𝐴𝑢 + 6
𝐴𝑢 + 12

. (17)

However, this relation tends to undershoot the true values of 𝑠𝐹𝐸 (𝜎𝑛𝑛), 
especially for large 𝐴𝑢. As a result, the approximation ( 2

3
√

5
)2 + 𝜎2𝐺 =

(

4
3
√

5
𝐴𝑢+6
𝐴𝑢+12

)2
 also underestimates the size of Gaussian fluctuations 𝜎𝐺

for materials with larger anisotropy, as shown by the grey dash-dotted
curve in Fig.  4.

A comparison between the modelled INS distributions (with 𝜎𝐺 de-
termined from the linear fit in Eq. (16)) and those obtained numerically 
is presented in Fig.  5. A (fairly) good agreement between both can be 
observed.

The reliability of the isotropic approximation for GB-normal stresses 
on random GBs is further illustrated in Fig.  6. As observed in its left 
panels, the average value of 𝜎𝑛𝑛 at GBs with the same inclination 
(denoted by ⟨𝜎𝑛𝑛⟩𝜃) closely aligns with the prediction of the pure 
isotropic model. Additionally, the stress fluctuation around ⟨𝜎𝑛𝑛⟩𝜃 is ac-
curately captured by a Gaussian distribution, with a width that remains 
almost constant across different inclinations.13 The validity of these 
observations holds true irrespective of whether we consider the reduced 
or full INS distributions. The only difference is that the Gaussian is 
wider in the latter case, as explained in Footnote 35 (Appendix  A). For 
crystal lattices with non-cubic symmetry, the average value of 𝜎𝑛𝑛 at 

11 While mechanical anisotropy in real materials arises from multiple factors 
– such as their material, topological, and geometrical anisotropy – this study 
focuses primarily on elastic material anisotropy (characterized by 𝐴𝑢). To avoid 
obscuring the key aspects of our modelling approach and maintain its clarity, 
we neglect other contributions and various manufacturing-induced effects by 
assuming grains of uniform size and shape, as well as a single material phase.
12 Although our primary focus is on the actual (full) GB-stress distributions, 
the same procedure can be applied to the reduced INS distributions, thereby 
generating the values of 𝜎(1)𝐺 . However, the statistics in that case are 
considerably worse, making the fit 𝜎(1)𝐺 = 0.07 (𝐴𝑢)0.37 𝛴mis, proposed in [19] 
(including the provision that a 60% larger value should be used for random 
GBs), less reliable (see grey dotted curve in Fig.  4).
13 More precisely, 𝜎  is a gently ascending linear function of cos2 𝜃.
𝐺
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Fig. 2. Reduced INS distributions for 𝛾-Fe and three uniform loadings. Comparison of FE results (black; 𝑁 = 31255) and estimates from the analytical isotropic model without 
(green) and with Gaussian fluctuations (red; 𝜎(1)𝐺 = 0.136 × 𝛴mis).
Fig. 3.  A comparison between the modelled (red; 𝜎𝐺 = 0.167×𝛴mis) and realistic (black; 
𝑁 = 3105904) full INS distribution for 𝛾-Fe and uniaxial tensile loading. The reduced 
INS distribution (grey ; 𝑁 = 31255) is also shown for comparison. Both FE distributions 
are almost identical due to a relatively modest widening needed to correct for the 
averaging of stresses over the GBs; (𝜎(2)𝐺 )2 ≪ (𝜎(1)𝐺 )2.

a chosen inclination is still predicted by the isotropic model, but the 
stresses no longer appear to be normally distributed around this value. 
Instead, their distribution appears slightly asymmetric.

In conclusion, the presented isotropic model contains a single free 
parameter 𝑘 requiring fitting, and yet manages to successfully predict 
the INS distributions on random GBs for any chosen material and 
uniform external loading. However, this is still not sufficient for ac-
curately estimating the likelihood of intergranular cracking initiation, 
as different GBs possess distinct thresholds for cracking. To achieve 
that goal, one is forced to go beyond the isotropic approximation and 
consider the INS distributions on individual GB types.
6 
4. Bicrystal model

Each GB type is characterized by a relationship between the GB 
plane and the orientations of the crystal lattices on either side of it. 
The GB orientation is specified by its normal vector, which contributes 
two degrees of freedom in each of the two crystallographic systems 
(being expressed in them as unit-length vectors (𝑎, 𝑏, 𝑐) and (𝑑, 𝑒, 𝑓 ), 
respectively), while a relative rotation about the GB normal between 
both crystallographic systems introduces another parameter, known 
as the twist angle (𝛥𝜔). Alternatively, three degrees of freedom are 
required to relate the crystallographic systems of both adjacent grains, 
and an additional two degrees to specify the GB plane in one of them, 
again resulting in a total of five degrees of freedom to determine the 
GB type.14

To investigate the INS distribution across all GBs of a particular 
[𝑎𝑏𝑐]-[𝑑𝑒𝑓 ]-𝛥𝜔 type, one would require either a considerably large 
random aggregate (with crystallographic orientation of each grain and 
normal direction of every GB randomly assigned) to accumulate suffi-
cient statistics, or a dedicated aggregate in which the number of GBs 
of that type is increased by design . We opted for the latter approach 
and thus created a distinct aggregate for each studied GB type. These 
aggregates share the same grain topology and FE-mesh structure, and 
differ only in the crystallographic orientations of the grains. However, 

14 Alternative definitions of relevant geometric parameters exist, see for 
instance [43], where the GB type is described in terms of the grain boundary 
misorientation angle 𝜃𝑔𝑏 (which roughly corresponds to the twist angle 𝛥𝜔) 
and two crystallographic parameters: the number deviation 𝑛𝑔𝑏 and the Schmid 
factor deviation 𝑚𝑔𝑏 of primary slip systems between the two grains. These two 
parameters indicate how the number of primary slip systems and their Schmid 
factors change across the GB. Both are unique functions of the parameters 𝑎, 
𝑏, 𝑐, 𝑑, 𝑒, and 𝑓 , as well as the GB’s orientation relative to the uniaxial loading 
direction, described by 𝜃 or, equivalently, by the grain boundary interface angle
𝜆 .
𝑔𝑏
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Fig. 4. To simulate the response of anisotropic materials to external loading, normally distributed random fluctuations are added to the GB-normal stresses induced in isotropic 
crystal. The width 𝜎𝐺 of the fluctuation distribution is determined by matching the standard deviation of FE distribution. The square of this width is shown as a function of the 
universal elastic anisotropy index 𝐴𝑢 for several materials. Additionally, a linear fit (black dashed line) is depicted, while the grey dash-dotted curve represents the fit from Eq. (17). 
For comparison, a 𝜎(1)𝐺  fit [19] (grey dotted curve) is also included, demonstrating that the predominant widening effect arises from the anisotropic neighbourhood of the GB, rather 
than from the averaging of stresses over each GB (i.e., 𝜎(1)𝐺 > 𝜎(2)𝐺 ).

Fig. 5. INS distributions induced by uniaxial tensile loading for various selected materials. A comparison is shown between the results of numerical simulation and an isotropic 
model convoluted with a Gaussian distribution. The value of its width 𝜎𝐺 was determined from the linear fit shown in Fig.  4. The size of the dataset (i.e., the total number of 
finite element pairs on all GBs in the aggregate) is denoted by 𝑁 . For 𝛾-Fe, the data from three different Voronoi aggregates has been combined, which effectively corresponds 
to using a single aggregate with 12000 grains.

International Journal of Mechanical Sciences 301 (2025) 110470 
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Fig. 6. Left panels: The value of 𝜎𝑛𝑛 averaged over all (random) GBs in the aggregate with the same inclination 𝜃 relative to uniaxial external loading. Horizontal lines indicate 
the width of the bin cos 𝜃 ± 0.025, while vertical bars correspond to the standard deviation of the 𝜎𝑛𝑛 distribution in each bin (which appears to be practically independent of 𝜃). 
The dashed line represents the value for a perfectly isotropic material (𝜎𝑛𝑛 = 𝛴𝑧𝑧 = cos2 𝜃). Right panels: The distribution of normal stresses around the values predicted by the 
pure isotropic model. Except for CaSO4, it is very well-described by a Gaussian of width 𝜎𝐺 (whose value was fitted rather than determined by the linear approximation shown 
in Fig.  4).
due to topological constraints, only a limited subset of all GBs in them 
can be assigned a special character.

To enhance the statistical significance of our results, a selected GB 
type was imposed on the largest available GBs in the aggregate — 
those with the largest area, which also typically contain the highest 
8 
number of finite elements. In our case, featuring an aggregate with 
4000 grains and a total of 31255 GBs, only 𝑁 = 1636 GBs (representing 
approximately 17% of the entire GB area and containing 159461 finite 
element pairs) correspond to the designated GB type. As a result, 
the accuracy of our numerical results is noticeably worse than in 
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𝑠𝑡

.
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the isotropic approximation, where all GBs could be included in the 
analysis. Consequently, the FE distributions presented for individual GB 
types are less refined.

In this section, we begin by presenting the empirical findings from 
our previous numerical studies [19,31]. Then the (pure) bicrystal an-
alytical model is introduced along with its general solution. Finally, 
the model predictions are assessed through a comparison with the FE 
results. Similar to the isotropic model, Gaussian modulation is intro-
duced to improve the INS distributions. However, unlike in the isotropic 
scenario, a single parameter (𝜎𝐺) is not sufficient to accurately describe 
the INS distribution across the GBs of a specific type. The reason behind 
this lies in the fact that the standard deviation of its pure bicrystal-
model estimate can exceed the FE value if all grains are assumed to 
have average, aggregate-scale (bulk) elastic properties (despite such 
assumption manages to correctly reproduce the distribution’s mean 
value). Hence, we introduce two additional parameters, 𝛼 and 𝛽, which 
are related to the stiffness of the GB. All three parameters (𝛼, 𝛽, and 
𝜎𝐺) are allowed to vary as functions of both the GB type and material 
properties.

While we have successfully found a simple phenomenological rela-
tion that links 𝛼 and 𝛽 with 𝐸12, this proves more difficult for 𝜎𝐺 due 
to its sensitivity to uncertainties arising from finite aggregate size in 
numerical simulations. Consequently, expressing these parameters as 
functions of material properties, akin to the linear fit in the isotropic 
case, is even more challenging. Improving upon the proposed fits would 
thus require a substantial increase in the amount of numerical data. 
Nevertheless, our existing fits demonstrate a robust ability to predict 
INS distributions across a wide range of materials and GB types.

4.1. Review of numerical simulation results

Below, the most important insights from our previous FE study [31] 
of selected materials with cubic crystal lattices are gathered:

1. twist-angle (in)dependence of  PDF (𝜎𝑛𝑛): The results for ⟨𝑎𝑏𝑐⟩-𝑡𝑤𝑖
GBs suggested that the first two statistical moments of INS 
distributions remain virtually unaffected by the twist angle 𝛥𝜔
between both grains (although its value might still affect the 
corresponding GB strength). However, later research [19] has re-
vealed that while this observation holds for ⟨𝜎𝑛𝑛⟩ of [𝑎𝑏𝑐]-[𝑑𝑒𝑓 ]-𝛥𝜔
GB types, it is no longer true for their 𝑠(𝜎𝑛𝑛). Nonetheless, we 
consider this effect to be a higher-order correction. As a result, 
the value of 𝛥𝜔 can be assigned at random for each GB in 
numerical simulations, and 4 degrees of freedom effectively 
suffice to specify a GB type in relation to the local GB stress. 
In our discussions, we colloquially refer to it as the [𝑎𝑏𝑐]-[𝑑𝑒𝑓 ]
GB type.

2. universal value of  ⟨𝜎𝑛𝑛⟩:
INS distributions have a universal mean value for every GB type 
and in any material with cubic lattice symmetry: 

⟨𝜎𝑛𝑛⟩ =
1
3
Tr 𝚺 . (18)

Consequently, the proportion of GBs of a particular type with 
stresses exceeding the threshold value is, in the first approx-
imation, well characterized by the standard deviation of the 
corresponding INS distribution.

3. relevance of effective GB-stiffness parameter for 𝑠(𝜎𝑛𝑛):
The effective GB stiffness 𝐸12 has been identified as the sole 
parameter needed to relate the GB type to the standard de-
viation of the corresponding INS distribution. An approximate 
phenomenological expression has been proposed 

𝑠(𝜎𝑛𝑛;𝐸12, 𝐴,𝚺) ∶=
√

⟨(𝜎𝑛𝑛 − ⟨𝜎𝑛𝑛⟩)2⟩

≈ 𝐴 (𝐴) arctan
(

𝐴 (𝐴)𝐸𝐴3(𝐴)
)

𝛴 ,
(19)
1 2 12 mis

9 
where 𝐴1, 𝐴2 and 𝐴3 are material-specific15 fitting coefficients, 
and

𝐴 =
2(𝑠11 − 𝑠12)

𝑠44
, (20)

𝐸12 =
2𝐸−1

𝐸−1
𝑎𝑏𝑐 + 𝐸

−1
𝑑𝑒𝑓

(21)

represent the Zener elastic anisotropy index  [44], and the 
effective GB stiffness, while

𝐸−1
ℎ𝑘𝑙 = 𝑠11 − 2𝑠0

(ℎ𝑘)2 + (ℎ𝑙)2 + (𝑘𝑙)2

(ℎ2 + 𝑘2 + 𝑙2)2
, (22)

𝑠0 ∶= 𝑠11 − 𝑠12 −
𝑠44
2

=
𝑠44
2

(𝐴 − 1) (23)

are the inverse Young’s modulus of a grain along the (ℎ, 𝑘, 𝑙)-
direction, and a specific combination of the eigenbasis com-
ponents (𝑠11, 𝑠12, and 𝑠44) of the compliance tensor in Voigt 
notation, which vanishes for isotropic materials (i.e., 𝑠0 = 0 for 
𝐴 = 1). The parameter 𝐸 denotes the average (bulk) Young’s 
modulus of the aggregate, given by 

𝐸 = 9𝐾𝐺
3𝐾 + 𝐺

, (24)

where compression (𝐾) and shear (𝐺) elastic moduli can be es-
timated using a self-consistent approach [45]. For crystal grains 
with cubic lattice symmetry, assembled in a random (macro-
scopically isotropic) aggregate, these expressions simplify to the 
following forms [46]:
𝐾 = 1

3(𝑠11 + 2𝑠12)
, (25)

𝐺 =

{

8 (𝑠11+2𝑠12)(𝑠11−𝑠12) 𝑠44 𝐺3 + (5𝑠11+𝑠12) 𝑠44 𝐺2 − (7𝑠11+11𝑠12)𝐺 = 1
𝐺 > 0

(26)

In summary, out of the five degrees of freedom specifying a
[𝑎𝑏𝑐]-[𝑑𝑒𝑓 ]-𝛥𝜔 GB type, only one particular combination of 𝑎, 𝑏, 𝑐, 
𝑑, 𝑒, and 𝑓 — namely, the 𝐸12 — is needed to determine the local 
stress distribution. Since 𝐸12 can be considered essentially a ‘‘bicrystal’’ 
quantity (depending only on the properties of the two nearest neigh-
bours), the above observations (based on ‘‘realistic’’ simulations that 
properly take into account all the grains in the aggregate, not just the 
closest two) suggest that there is no need to go beyond the second-
order approximation (the bicrystal model) for the intended estimates 
of GB-stress distributions.

One of the primary objectives of this paper is thus to elucidate 
these observations and to derive them within a simplified framework 
based on the bicrystal approximation. Especially relevant in this context 
is recognizing the effective stiffness of the bicrystal pair along the 
GB-normal direction (𝐸12) and the Zener anisotropy index (𝐴) as key 
parameters. It is worth noting that material properties are contained 
not only in 𝐴 but also in 𝐸12. Its value implicitly depends on 𝑠𝑖𝑗 and 
thus the choice of material; cf. Eqs. (21)–(26). The combined effect of 
material-dependent parameters 𝐴 and 𝐸12 is illustrated in Fig.  7.

4.2. The model

We wish to obtain a component of stress tensor along the GB-normal 
direction (𝜎𝑛𝑛) for any chosen GB in the aggregate that is subjected to a 

15 In truth, the numerical simulations conducted in [19,31] were lim-
ited to the uniaxial tensile loading. Consequently, the coefficients 𝐴𝑘 could 
in principle depend also on the external loading 𝚺. However, a separate 
study [19] showed that ⟨𝜎𝑛𝑛⟩ and 𝑠(𝜎𝑛𝑛) can be expressed as products of a 
loading-dependent part and a part depending on the GB type and material 
properties. Furthermore, this study identified the scaling factors as Tr 𝚺 and 
𝛴 , respectively.
mis
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Fig. 7. Standard deviation 𝑠(𝜎𝑛𝑛∕𝛴0) as a function of GB stiffness 𝐸12 for uniaxial external loading of magnitude 𝛴0; showing its fit specified in Eq. (19). Several (cubic) materials 
are presented, arranged in increasing order of anisotropy (specified as a deviation from the isotropic case, also provided for reference). The indicated values of Zener index 𝐴
uniquely determine the corresponding fitting coefficients 𝐴𝑘. The values on the vertical axis correspond to the full INS distributions obtained from all finite elements within the 
aggregate that belong to GBs of a specific type. The same fitting function (albeit with different coefficients 𝐴𝑘) could also be applied to the narrower reduced INS distributions 
(see Fig.  8).
macroscopic external loading 𝚺. To achieve this, a generalized Hooke’s 
law: 

𝜖(𝑁)
𝑖𝑗 =

3
∑

𝑘,𝑙=1
𝑠̃(𝑁)
𝑖𝑗𝑘𝑙 𝜎

(𝑁)
𝑘𝑙 , 𝑖, 𝑗 = 1, 2, 3 , (27)

relating the components of local strain (𝜖𝑖𝑗), compliance (𝑠̃𝑖𝑗𝑘𝑙) and 
stress (𝜎𝑖𝑗) tensors, or its inverse containing the elastic stiffness tensor 
(𝐶̃𝑖𝑗𝑘𝑙): 

𝜎(𝑁)
𝑖𝑗 =

3
∑

𝑘,𝑙=1
𝐶̃ (𝑁)
𝑖𝑗𝑘𝑙 𝜖

(𝑁)
𝑘𝑙 , 𝑖, 𝑗 = 1, 2, 3 , (28)

needs to be solved for a pair of grains (𝑁 = 1, 2) enclosing the 
investigated GB from both sides. Depending on the position of the 
GB within the aggregate, the grains may be of various shapes and 
sizes, and their crystal lattices can posses arbitrary orientations in 
relation to external loading. The GB itself can also be oriented in any 
direction (uncorrelated with the crystallographic orientations of both 
surrounding grains).

The simplest scenario considers the grains with cubic lattice symme-
try. In such case, the components of the 𝑟𝑎𝑛𝑘-4 compliance tensor 𝑠̃𝑖𝑗𝑘𝑙
(or elasticity tensor 𝐶̃𝑖𝑗𝑘𝑙) depend on just three material parameters (𝑠11, 
𝑠12 and 𝑠44), and many of the relations simplify substantially. When 
expressed in a local (grain) coordinate system (𝑛1, 𝑛2, 𝑛3) aligned with 
the crystallographic axes of the underlying lattice, the tensor assumes 
the following form: 

𝑠𝑚𝑚𝑚𝑚 ∶= 𝑠11 , 𝑚 = 1, 2, 3 ,

𝑠𝑚𝑛𝑚𝑛 = 𝑠𝑚𝑛𝑛𝑚 ∶=
𝑠44
4

, 𝑚, 𝑛 ≠ 𝑚 = 1, 2, 3 ,

𝑠𝑚𝑚𝑛𝑛 ∶= 𝑠12 , 𝑚, 𝑛 ≠ 𝑚 = 1, 2, 3 ,

𝑠𝑚𝑛𝑜𝑝 ∶= 0 , otherwise ,

(29)

and similarly for the stiffness tensor: 
𝐶𝑚𝑚𝑚𝑚 ∶= 𝐶11 , 𝑚 = 1, 2, 3 ,

𝐶𝑚𝑛𝑚𝑛 = 𝐶𝑚𝑛𝑛𝑚 ∶= 𝐶44 , 𝑚, 𝑛 ≠ 𝑚 = 1, 2, 3 ,

𝐶𝑚𝑚𝑛𝑛 ∶= 𝐶12 , 𝑚, 𝑛 ≠ 𝑚 = 1, 2, 3 ,
(30)
𝐶𝑚𝑛𝑜𝑝 ∶= 0 , otherwise ,

10 
where the transformation rules between both 

𝑠11 =
𝐶11 + 𝐶12

(𝐶11 − 𝐶12)(𝐶11 + 2𝐶12)
,

𝑠12 = −
𝐶12

(𝐶11 − 𝐶12)(𝐶11 + 2𝐶12)
,

𝑠44 =
1
𝐶44

,

𝑠0 =
1

𝐶11 − 𝐶12
− 1

2𝐶44

(31)

are symmetric to 𝑠𝑖𝑗 ↔ 𝐶𝑖𝑗 .
But for our purposes, it is more convenient to express all the 

quantities in a local (GB) coordinate system (𝑥, 𝑦, 𝑧), in which the 𝑧-axis 
is aligned with the GB normal. The transformations

𝑠̃(𝑁)
𝑖𝑗𝑘𝑙 =

3
∑

𝑚,𝑛,𝑜,𝑝=1
𝑅(𝑁)
𝑖𝑚 𝑅(𝑁)

𝑗𝑛 𝑅
(𝑁)
𝑘𝑜 𝑅

(𝑁)
𝑙𝑝 𝑠𝑚𝑛𝑜𝑝

=

( 3
∑

𝑚=1
𝑅(𝑁)
𝑖𝑚 𝑅(𝑁)

𝑗𝑚 𝑅
(𝑁)
𝑘𝑚 𝑅

(𝑁)
𝑙𝑚

)

𝑠0 + (𝛿𝑖𝑗𝛿𝑘𝑙) 𝑠12 + (𝛿𝑖𝑘𝛿𝑗𝑙 + 𝛿𝑖𝑙𝛿𝑗𝑘)
𝑠44
4

,

(32)

𝐶̃ (𝑁)
𝑖𝑗𝑘𝑙 =

3
∑

𝑚,𝑛,𝑜,𝑝=1
𝑅(𝑁)
𝑖𝑚 𝑅(𝑁)

𝑗𝑛 𝑅
(𝑁)
𝑘𝑜 𝑅

(𝑁)
𝑙𝑝 𝐶𝑚𝑛𝑜𝑝

=

( 3
∑

𝑚=1
𝑅(𝑁)
𝑖𝑚 𝑅(𝑁)

𝑗𝑚 𝑅
(𝑁)
𝑘𝑚 𝑅

(𝑁)
𝑙𝑚

)

(𝐶11−𝐶12−2𝐶44) +

+ (𝛿𝑖𝑗𝛿𝑘𝑙)𝐶12 + (𝛿𝑖𝑘𝛿𝑗𝑙+𝛿𝑖𝑙𝛿𝑗𝑘)𝐶44

(33)

involve the (orthogonal) rotation matrix 𝐑 (given in Box  II) with (ℎ, 𝑘, 𝑙)
representing the direction of the GB normal expressed in the grain 
system (𝑛1, 𝑛2, 𝑛3), and 𝜔 the angle of rotation (twist) about the GB 
normal. Two such matrices 𝐑(𝑁) are needed for every GB (one for each 
grain), with parameters (𝑎, 𝑏, 𝑐) and 𝜔1 used for the first grain (𝑁 = 1) 
and (𝑑, 𝑒, 𝑓 ) and 𝜔2 for the second grain (𝑁 = 2). Their numerical values 
determine the corresponding GB type [𝑎𝑏𝑐]-[𝑑𝑒𝑓 ]-𝛥𝜔.

The transformation of the macroscopic loading from the lab coor-
dinate system (𝑋, 𝑌 ,𝑍) to the GB coordinate system (𝑥, 𝑦, 𝑧) is carried 
out in the same manner as before, cf. Eqs. (1)–(2). The expressions for 
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𝐑 =

⎛

⎜

⎜

⎜

⎜

⎝

ℎ𝑙 cos𝜔
√

ℎ2+𝑘2
√

ℎ2+𝑘2+𝑙2
− 𝑘 sin𝜔

√

ℎ2+𝑘2
𝑘𝑙 cos𝜔

√

ℎ2+𝑘2
√

ℎ2+𝑘2+𝑙2
+ ℎ sin𝜔

√

ℎ2+𝑘2
−

√

ℎ2+𝑘2 cos𝜔
√

ℎ2+𝑘2+𝑙2

− ℎ𝑙 sin𝜔
√

ℎ2+𝑘2
√

ℎ2+𝑘2+𝑙2
− 𝑘 cos𝜔

√

ℎ2+𝑘2
− 𝑘𝑙 sin𝜔

√

ℎ2+𝑘2
√

ℎ2+𝑘2+𝑙2
+ ℎ cos𝜔

√

ℎ2+𝑘2

√

ℎ2+𝑘2 sin𝜔
√

ℎ2+𝑘2+𝑙2
ℎ

√

ℎ2+𝑘2+𝑙2
𝑘

√

ℎ2+𝑘2+𝑙2
𝑙

√

ℎ2+𝑘2+𝑙2

⎞

⎟

⎟

⎟

⎟

⎠

(34)

Box II. 
𝜖

the external stress tensor components in the GB coordinate system can 
be found in Appendix  C.

Since strain (𝜖𝑖𝑗) and stress (𝜎𝑖𝑗) are both represented by symmetric 
tensors, Eq. (27) yields 6 constitutive equations for each grain, and 
thus 12 altogether. To solve them, a matching number of boundary 
conditions is needed. We will categorize them into 6 ‘‘inner’’ and 6
‘‘outer’’ conditions, depending on whether they apply to the GB or to 
the bicrystal pair. The inner conditions are:

stress continuity across the GB 

𝜎(1)𝑥𝑧 = 𝜎(2)𝑥𝑧 , 𝜎(1)𝑦𝑧 = 𝜎(2)𝑦𝑧 , 𝜎(1)𝑧𝑧 = 𝜎(2)𝑧𝑧 , (35)

strain compatibility across the GB 

𝜖(1)𝑥𝑥 = 𝜖(2)𝑥𝑥 , 𝜖(1)𝑥𝑦 = 𝜖(2)𝑥𝑦 , 𝜖(1)𝑦𝑦 = 𝜖(2)𝑦𝑦 , (36)

while the outer conditions are specifying how the investigated pair of 
grains is deformed as a whole when a specific macroscopic external 
loading 𝚺 is applied to the aggregate: 
𝑉1 𝜖

(1)
𝑥𝑥 + 𝑉2 𝜖(2)𝑥𝑥 = (𝑉1 + 𝑉2) 𝜖𝑏𝑥𝑥 , 𝑉1 𝜖

(1)
𝑦𝑧 + 𝑉2 𝜖(2)𝑦𝑧 = (𝑉1 + 𝑉2) 𝜖𝑏𝑦𝑧 ,

𝑉1 𝜖
(1)
𝑦𝑦 + 𝑉2 𝜖(2)𝑦𝑦 = (𝑉1 + 𝑉2) 𝜖𝑏𝑦𝑦 , 𝑉1 𝜖

(1)
𝑥𝑧 + 𝑉2 𝜖(2)𝑥𝑧 = (𝑉1 + 𝑉2) 𝜖𝑏𝑥𝑧 ,

𝑉1 𝜖
(1)
𝑧𝑧 + 𝑉2 𝜖(2)𝑧𝑧 = (𝑉1 + 𝑉2) 𝜖𝑏𝑧𝑧 , 𝑉1 𝜖

(1)
𝑥𝑦 + 𝑉2 𝜖(2)𝑥𝑦 = (𝑉1 + 𝑉2) 𝜖𝑏𝑥𝑦 .

(37)

If the average strain of the bicrystal 𝜖𝑏𝑖𝑗 and the volumes of the corre-
sponding grains, 𝑉1 and 𝑉2, were known for every pair of grains, the 
Eqs. (27) and (35)–(37) would yield an exact solution for 𝜎𝑛𝑛 ∶= 𝜎(1)𝑧𝑧 =
𝜎(2)𝑧𝑧  at each GB (neglecting that, in practice, strain and stress are not 
constant throughout the grains). However, obtaining the correct values 
of 𝜖𝑏𝑖𝑗 requires solving the equations for all the grains in the aggregate 
simultaneously, which is feasible only numerically, e.g., by relying 
on the finite element method. Such approach is both computationally 
demanding and time-consuming due to the large number of grains 
involved. It is also impractical since it requires the knowledge of the 
exact configuration of all the grains in the aggregate.

Another way to address the problem is to make some reasonable 
assumptions about the deformation of the bicrystal pair (i.e., the outer 
boundary conditions), and try to solve the model analytically. Several 
factors contribute to the GB stress. Ranked in decreasing order of 
importance, the most relevant are: GB orientation, GB type, and the 
neighbourhood consisting of all the grains surrounding the bicrystal 
pair. As previously explained, in this study we adopted a perturbative 
approach, approximating the neighbourhood with a homogeneous and 
isotropic matrix material (into which the bicrystal pair is embedded). 
This allows us to consider only a single pair of grains rather than 
the entire aggregate, and to derive a solution of the bicrystal-model 
equations for any GB (specified by its orientation and the corresponding 
GB type).

The simplest assumption that can be made about 𝜖𝑏𝑖𝑗 is to use the
average strain approximation 

𝜖𝑏𝑖𝑗 = 𝜖𝑖𝑗 =
1 + 𝜈
𝐸

𝛴𝑖𝑗 −
𝜈
𝐸
(Tr 𝚺) 𝛿𝑖𝑗 , (38)

where 
𝜈 = 3𝐾 − 2𝐺 = 1 (

1 − 𝐸 (𝑠11 + 2𝑠12)
)

(39)

2(3𝐾 + 𝐺) 2

11 
is the average Poisson’s ratio of the material (and last equality applies 
only to the cubic lattice symmetry). The problem with this ansatz is 
that it produces an incorrect response — the magnitude of induced 
stress 𝜎𝑛𝑛 is too large for very stiff GBs (as they should not deform 
as much as the bulk material) and too small for very soft GBs (which 
should deform more than the bulk). This can be observed in Fig.  8, 
showing a comparison between the results of FE simulation and the 
bicrystal model. Both exhibit similar trends for the ‘‘width’’ of INS 
distribution16 as a function of stiffness of the corresponding GB type, 
but having different slopes. The realistic (FE) curve is less steep since 
for soft GBs (small 𝐸12) both tensile and compressive strains are larger 
than the average strain of the aggregate (𝜖𝑖𝑗) and thus the magnitude of 
stress bigger than the bicrystal estimate based on Eq. (38). The standard 
deviation is thus underestimated in the bicrystal model. Conversely, for 
stiff GBs (large 𝐸12), the bicrystal-model estimate surpasses the true 
standard deviation.

Different points in Fig.  8 represent different [𝑎𝑏𝑐]-[𝑑𝑒𝑓 ] GB types 
obtained by selecting GB normals (𝑎, 𝑏, 𝑐) and (𝑑, 𝑒, 𝑓 ) from the 15
directions within the standard stereographic triangle: 𝑖 = [001], 𝑖𝑖 =
[104], 𝑖𝑖𝑖 = [114], 𝑖𝑣 = [102], 𝑣 = [214], 𝑣𝑖 = [112], 𝑣𝑖𝑖 = [304], 
𝑣𝑖𝑖𝑖 = [314], 𝑖𝑥 = [324], 𝑥 = [334], 𝑥𝑖 = [101], 𝑥𝑖𝑖 = [414], 𝑥𝑖𝑖𝑖 =
[212], 𝑥𝑖𝑣 = [434] and 𝑥𝑣 = [111]. Note that some of the GB types 
correspond to the same value of 𝐸12 because the Young’s moduli along 
different directions can be the same (specifically, 𝐸−1

ℎ𝑘𝑙 = 𝑠11 − 𝑠0∕2
along the [101], [112] and [314] directions). For each GB type, the 𝜎𝑛𝑛
distribution (originating mainly from random orientations of GBs rather 
than from their different neighbourhoods) is obtained in FE simulation. 
Its standard deviation (representing the ‘‘width’’ of the distribution) is 
shown on the vertical axis of Fig.  8.

To obtain 𝜎𝑛𝑛 in the bicrystal case, Eq. (27) along with boundary 
conditions (35)–(37), and imposing the approximation (38), needs to 
be solved for a specific GB orientation and GB type. Here, this was done 
numerically, and thus material properties, loading conditions and the 
relative sizes of both grains had to be specified. INS distribution for a 
chosen GB type is then produced by performing a Monte Carlo (MC) 
sampling over the uniformly distributed parameters 𝜓 , cos 𝜃 and 𝜙 (to 
account for random orientations of GBs), 𝜔1 and 𝜔2 (hence averaging 
the GB types over the twist angle 𝛥𝜔), and potentially the grain sizes 
𝑉1 and 𝑉2.17

The main shortcoming of the numerical approach outlined above 
is that obtaining the solution for 𝜎𝑛𝑛 requires specifying the values 
of all involved parameters (including selecting the material properties 
and loading conditions), which makes the results very difficult to 
generalize. We will thus attempt to solve the equations analytically. 
To improve the agreement with FE results, we also need to go beyond 
the average strain approximation. In the following, we will assume that 
𝑏
𝑖𝑗 is of the form: 

𝜖𝑏𝑖𝑗 = 𝛼 𝛴𝑖𝑗 − 𝛽 (Tr 𝚺) 𝛿𝑖𝑗 , (40)

16 On the other hand, their mean values are the same, namely ⟨𝜎𝑛𝑛∕𝛴0⟩ = 1∕3
for every GB type.
17 In principle, any distribution of grain sizes could be used; however, in 
this study, grains of equal size (𝑉 = 𝑉 ) are assumed for simplicity.
1 2
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Fig. 8. Standard deviation 𝑠(𝜎𝑛𝑛∕𝛴0) as a function of GB stiffness 𝐸12 for 𝛾-Fe and uniaxial loading of strength 𝛴0. Comparison is made between the results of FE simulation and 
the solution of a simplified bicrystal model. The 120 dots in each case correspond to selecting GB normals (𝑎, 𝑏, 𝑐) and (𝑑, 𝑒, 𝑓 ) among the 15 predefined directions from the standard 
stereographic triangle shown in the inset. In addition to the full distribution, we also display the reduced distribution (denoted by triangles). The same fitting function (19), albeit 
with different coefficients 𝐴𝑘, was used in all three cases.
where the parameters 𝛼 and 𝛽 are allowed to vary with GB type (and 
material properties), but they should remain independent of the GB’s 
position within the aggregate or its orientation. In other words, 𝛼 and 
𝛽 are not functions of 𝜃, 𝜓 , 𝜙, or the position vector 𝑟.

The condition expressed in Eq. (40) can be interpreted as a form of 
Hooke’s law. However, it is valid not at the local (grain) scale (where 
stresses are considered), but rather at the level of all the GBs of a 
chosen type, for which macroscopic isotropy can be safely assumed. 
Their collective Young’s modulus and Poisson’s ratio are then given by 
𝐸 = (𝛼 − 𝛽)−1 and 𝜈 = 𝛽∕(𝛼 − 𝛽), respectively.

Instead of using 𝛼 and 𝛽, we could redefine Eq. (40) in terms of 
𝛥𝐸 ∶= 𝐸 − 𝐸 and 𝛥𝜈 ∶= 𝜈 − 𝜈, representing the deviation of Young’s 
modulus and Poisson’s ratio from their aggregate values. However, two 
reasons argue against this approach. Firstly, our choice is dictated by 
the simplicity of derived expressions, as it will later be shown that all 
the central moments of the pure bicrystal distribution depend solely on 
𝛼 (namely, being proportional to 𝛼𝑛). Secondly, it proves easier to find 
a simple fitting function for 𝛼 with respect to 𝐸12 (and 𝐴𝑢) than it is 
for 𝛥𝐸 and 𝛥𝜈.

4.3. Analytical solution

4.3.1. General case
The general solution to a system of Eqs. (28) and (35)–(37), valid 

for any lattice symmetry, material properties, GB type, and crystal-
lographic orientations (all of them encoded in the local elasticity-
tensor components 𝐶̃ (𝑁)

𝑖𝑗𝑘𝑙 ), grain morphologies, and an arbitrary uniform 
external loading (determining the bicrystal-strain components 𝜖𝑏𝑖𝑗) is 

𝜎𝑧𝑧 =
3
∑

𝑖,𝑗=1
𝑐𝑖𝑗 𝜖

𝑏
𝑖𝑗 = 𝑐𝑥𝑥 𝜖

𝑏
𝑥𝑥 + 𝑐𝑦𝑦 𝜖

𝑏
𝑦𝑦 + 𝑐𝑧𝑧 𝜖

𝑏
𝑧𝑧 +2 (𝑐𝑥𝑦 𝜖𝑏𝑥𝑦 + 𝑐𝑥𝑧 𝜖

𝑏
𝑥𝑧 + 𝑐𝑦𝑧 𝜖

𝑏
𝑦𝑧) ,

(41)

where 

𝑐𝑖𝑗 ∶=
𝐶̃ (2)
𝑖𝑗33 𝛼

(1) 𝑉 3
2 + 𝛽(1,2)𝑖𝑗 𝑉1 𝑉 2

2 + 𝛽(2,1)𝑖𝑗 𝑉 2
1 𝑉2 + 𝐶̃

(1)
𝑖𝑗33 𝛼

(2) 𝑉 3
1

𝛼(1) 𝑉 3
2 + 𝛾 (1,2) 𝑉1 𝑉 2

2 + 𝛾 (2,1) 𝑉 2
1 𝑉2 + 𝛼

(2) 𝑉 3
1

, (42)

with the coefficients 𝛼(𝑛), 𝛽(𝑚,𝑛)𝑖𝑗 , and 𝛾 (𝑚,𝑛) defined in Appendix  D.
As long as we are in a purely elastic regime and stress–strain fields 

can be taken as constant within the grains and on their boundaries 
12 
(even though in reality they are not), this solution can be considered 
exact, producing the correct GB-normal stress at any chosen GB in 
the aggregate. That is because, at this point of the derivation, the 
precise values of bicrystal strains 𝜖𝑏𝑖𝑗 have not yet been specified. In 
practice, our intention is to relate them to the external loading 𝚺. Since 
the exact relation between 𝜖𝑏𝑖𝑗 of a particular bicrystal pair and 𝚺 is 
not known, we must rely on some sensible approximations. Invoking 
the assumption (40), leads to the bicrystal model of a pair of grains 
surrounded by matrix material, which enables us to express 𝜎𝑛𝑛 in the 
form 

𝜎𝑧𝑧 =
3
∑

𝑖,𝑗=1
𝑎𝑖𝑗 𝛴𝑖𝑗 = 𝑎𝑥𝑥 𝛴𝑥𝑥+𝑎𝑦𝑦 𝛴𝑦𝑦+𝑎𝑧𝑧 𝛴𝑧𝑧+2 (𝑎𝑥𝑦 𝛴𝑥𝑦+𝑎𝑥𝑧 𝛴𝑥𝑧+𝑎𝑦𝑧 𝛴𝑦𝑧),

(43)

that relates the induced stress to components of the external stress 
tensor through the linear coefficients 
𝑎𝑖𝑗 = 𝛼 𝑐𝑖𝑗 − 𝛽 (𝑐𝑥𝑥 + 𝑐𝑦𝑦 + 𝑐𝑧𝑧) 𝛿𝑖𝑗 . (44)

For instance, the isotropic case described in the previous section is 
exactly of this kind, with a single non-zero coefficient 𝑎𝑧𝑧 = 1.

Note that both sets of coefficients (𝑐𝑖𝑗 and 𝑎𝑖𝑗) are only functions 
of GB type, and as such, they do not depend on the GB orientation (𝜃, 
𝜓).18 Therefore, it is straightforward to compute the first two moments 
of the INS distribution as:

⟨𝜎𝑛𝑛⟩ =
1

8𝜋2 ∫

2𝜋

0 ∫

2𝜋

0 ∫

1

−1
𝜎𝑧𝑧 𝑑cos 𝜃 𝑑𝜓 𝑑𝜙 (45)

= (𝑎𝑥𝑥 + 𝑎𝑦𝑦 + 𝑎𝑧𝑧) ×
1
3
Tr 𝚺

18 From Eqs. (41) and (43) it may appear as if 𝜎𝑧𝑧 depended on the choice of 
the local GB coordinate system (the direction of local axes 𝑥 and 𝑦 determined 
by angle 𝜙) through the corresponding strain and stress components (𝜖𝑖𝑗 and 
𝛴𝑖𝑗) and the angles 𝜔1 and 𝜔2 contained in coefficients 𝑐𝑖𝑗 and 𝑎𝑖𝑗 . But this 
dependence is only implicit and vanishes once we evaluate 𝛴𝑖𝑗 (using the 
expressions provided in Appendix  C), since in that case 𝜎𝑛𝑛 becomes only a 
function of 𝜔1 − 𝜙 and 𝜔2 − 𝜙, which makes it independent of the orientation 
of the local (GB) coordinate system. In addition, the INS distribution and 
all its statistical moments then manifestly exhibit the expected behaviour by 
depending solely on the parameter 𝛥𝜔 = 𝜔2 − 𝜔1, which uniquely determines 
the corresponding GB type.
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= (𝛼 − 3 𝛽) (𝑐𝑥𝑥 + 𝑐𝑦𝑦 + 𝑐𝑧𝑧) ×
1
3
Tr 𝚺 ,

𝑠(𝜎𝑛𝑛) =
√

⟨(𝜎𝑛𝑛 − ⟨𝜎𝑛𝑛⟩)2⟩

=

√

1
8𝜋2 ∫

2𝜋

0 ∫

2𝜋

0 ∫

1

−1

(

𝜎𝑧𝑧 − ⟨𝜎𝑧𝑧⟩
)2 𝑑cos 𝜃 𝑑𝜓 𝑑𝜙 (46)

=
√

1
2
(

(𝑎𝑥𝑥 − 𝑎𝑦𝑦)2 + (𝑎𝑦𝑦 − 𝑎𝑧𝑧)2 + (𝑎𝑧𝑧 − 𝑎𝑥𝑥)2
)

+ 3 (𝑎2𝑥𝑦 + 𝑎2𝑥𝑧 + 𝑎2𝑦𝑧)

× 2

3
√

5
𝛴mis

= |𝛼|
√

1
2
(

(𝑐𝑥𝑥 − 𝑐𝑦𝑦)2 + (𝑐𝑦𝑦 − 𝑐𝑧𝑧)2 + (𝑐𝑧𝑧 − 𝑐𝑥𝑥)2
)

+ 3 (𝑐2𝑥𝑦 + 𝑐2𝑥𝑧 + 𝑐2𝑦𝑧)

× 2

3
√

5
𝛴mis.

We have thus shown that the first two statistical moments, in general 
(meaning for any lattice symmetry), scale with loading as Tr 𝚺 and 𝛴mis, 
respectively. One might assume that the validity of this result extends 
even beyond the bicrystal-model approximation, as it arises from the 
linearity of Hooke’s law (43) and the assumption of no correlation 
between the orientations of GBs and the crystallographic orientations 
of grains (both uniformly distributed). As such, it should then apply 
also to realistic cases (represented by numerical simulations). How-
ever, this would imply that for purely hydrostatic loading (for which 
𝛴mis = 0), 𝑠(𝜎𝑛𝑛) should become zero, resulting in an infinitely narrow 
distribution, but this is only true for cubic symmetry [33,47]. Hence, 
the above scaling relations are valid for arbitrary lattice symmetry only 
for purely deviatoric loadings, whereas for cubic symmetry, they apply 
to any loading scenario.

4.3.2. Cubic symmetry
In the case of cubic lattice symmetry, we can go a step further. By 

imposing the relations
𝐶̃ (𝑛)
3333 = −𝐶̃ (𝑛)

1133 − 𝐶̃
(𝑛)
2233 + (𝐶11 + 2𝐶12) , (47)

𝐶̃ (𝑛)
1333 = −𝐶̃ (𝑛)

1311 − 𝐶̃
(𝑛)
1322 , (48)

𝐶̃ (𝑛)
2333 = −𝐶̃ (𝑛)

2311 − 𝐶̃
(𝑛)
2322 (49)

on Eq. (42), we obtain 
𝑐𝑥𝑥 + 𝑐𝑦𝑦 + 𝑐𝑧𝑧 = 𝐶11 + 2𝐶12 = (𝑠11 + 2 𝑠12)−1 , (50)

resulting in 

⟨𝜎𝑛𝑛⟩ = (𝛼 − 3 𝛽) (𝐶11 + 2𝐶12) ×
1
3
Tr 𝚺 . (51)

This introduces an additional relation between the parameters 𝛼 and 𝛽: 

𝛽 = 1
3
(

𝛼 − (𝑠11 + 2 𝑠12)
)

= 1
3

(

𝛼 − 1 − 2𝜈
𝐸

)

, (52)

such that ⟨𝜎𝑛𝑛⟩ = 1
3 Tr 𝚺, as observed in the FE simulations.19 While 

Eq. (52) must be fulfilled for every GB type, the parameter 𝛼 remains 
free and can be adjusted to produce a correct response 𝑠(𝜎𝑛𝑛). For 
instance, in the average strain approximation (38)

𝛼 → 𝛼 ∶= 1 + 𝜈
𝐸

= 1
2𝐺

,

𝛽 → 𝛽 ∶= 𝜈
𝐸

= 1
3

( 1
2𝐺

− 1
3𝐾

)

= 1
3

( 1
2𝐺

− (𝑠11 + 2 𝑠12)
)

,
(53)

hence it fits perfectly into this category.20

19 This result can even be derived analytically [48] by assuming macroscopic 
isotropy of the aggregate (in the limit of infinitely many grains, the INS 
distribution for any GB type should become rotationally invariant), linearity 
of the elastic response, and the fact that for cubic lattice symmetry, the stress 
field within the aggregate under purely hydrostatic loading equals the external 
stress.
13 
4.3.3. Twist-angle dependence
Drawing on the findings from FE simulations, we have concluded 

that the precise value of the twist angle should not significantly affect 
the INS distributions, and hence a random value of 𝛥𝜔 can be assigned 
to each GB. Furthermore, the width 𝑠(𝜎𝑛𝑛) of the INS distribution is for 
any (cubic) material expected to primarily depend only on the effective 
stiffness 𝐸12 of the corresponding GB type.

However, neither of these observations seems to hold true in the
pure bicrystal model. There, the INS distributions for individual GB 
types typically exhibit a dependence on 𝛥𝜔, and a considerable spread 
can exist between the minimal and maximal values of 𝑠(𝜎𝑛𝑛) with 
respect to 𝛥𝜔. This behaviour could, in principle, be suppressed by 
using the 𝛥𝜔-dependent Gaussian fluctuations (namely, by varying their 
width 𝜎𝐺).21

In addition to that, even the 𝛥𝜔-averaged values of 𝑠(𝜎𝑛𝑛) — cor-
responding to randomly assigned 𝛥𝜔 — can differ for the GB types 
that share the same value of 𝐸12. Consequently, 𝜎𝐺 for 𝛥𝜔-averaged 
INS distributions, in a given material, cannot be only a function of 𝐸12. 
Nevertheless, in the subsequent analysis, we will proceed as if it were 
and thus disregard these relatively minor higher-order corrections.

To arrive at these conclusions and hence determine whether the 
bicrystal-model estimates of 𝜎𝑛𝑛 are independent of 𝛥𝜔, and whether 
the corresponding 𝑠(𝜎𝑛𝑛) is truly a function of (just) 𝐸12 for cubic 
crystal lattices, we should take the following approach: First evaluate 
the coefficients 𝐶̃ (𝑁)

𝑖𝑗𝑘𝑙  for a general GB type [𝑎𝑏𝑐]-[𝑑𝑒𝑓 ]-𝛥𝜔, as defined 
in Eq. (33), and then insert them into Eqs. (42) and (43), using the 
relation (44) (and assuming grains of uniform size). The difficulty is 
that this process leads to an exceedingly complex expression.

Hence, we have adopted here a different strategy by showcasing 
the issue through a careful selection of a few distinct GB types. When 
numerical values are assigned to 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, and 𝑓 , while keeping 𝛥𝜔
as a free parameter, the standard deviation of the corresponding INS 
distribution takes the form22

𝑠(𝜎𝑛𝑛) = |𝛼|

√

∑𝑘
𝑖=0 𝑛𝑖 cos(𝑖 𝛥𝜔)

∑𝑚
𝑗=0 𝑑𝑗 cos(𝑗 𝛥𝜔)

× 2

3
√

5
𝛴mis , (54)

where 𝑛𝑖 and 𝑑𝑗 are polynomial functions of 𝐶11, 𝐶12, and 𝐶44, with 
coefficients depending on the values of 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, and 𝑓 . The exact 
values of 𝑚 and 𝑘 (where 𝑘 ≥ 𝑚) also depend on the GB type. For a 
chosen material and a given GB type, we can thus plot 𝑠(𝜎𝑛𝑛) against 
𝛥𝜔. It is also convenient to normalize the values of standard deviation 
to uniaxial loading (𝛴mis = 1) and the average strain approximation 
(𝛼 = 𝛼 = 1∕(2𝐺)); cf. Eq. (53).

In Fig.  9 the influence of the twist angle is illustrated for several 
GB types. Specific choices have been made based on different criteria. 
Some GB types have been selected due to their independence from 

20 Interestingly, exactly the condition (38) is needed to correctly reproduce 
the isotropic limit (𝐴 = 1) in the bicrystal model. Namely, when we insert 
𝐶44 = (𝐶11 − 𝐶12)∕2 (and 𝑉1 = 𝑉2) into Eq. (42), the only non-zero coefficients 
in Eq. (41) become 𝑐𝑥𝑥 = 𝑐𝑦𝑦 = 𝐶12 and 𝑐𝑧𝑧 = 𝐶11. Consequently, 𝑎𝑧𝑧 = 1, while 
the remaining 𝑎𝑖𝑗 are zero (such that 𝜎𝑧𝑧 = 𝛴𝑧𝑧), precisely for 𝛼 = 1∕(2𝐺) =
1∕(𝐶11−𝐶12), and the value of 𝛽 in compliance with Eq. (52). The average strain 
approximation (38) should thus be regarded as the limit of condition (40) for 
isotropic materials. 
21 In fact, as demonstrated in [19], the twist angle has only a minimal 
impact on the average value of stress at GBs with a given inclination, while 
the width of the corresponding stress distribution might significantly depend 
on it (though it does not depend on the inclination itself). As a result, the 
expected value of 𝜎𝑛𝑛 for any chosen 𝛥𝜔 can be accurately predicted by the 
pure bicrystal model for randomly assigned twist angles, while the true value 
of 𝛥𝜔 affects only the width of the Gaussian distribution 𝜎𝐺.
22 Standard deviation of INS distribution has to be an even function of 𝛥𝜔
because the value of 𝑠(𝜎𝑛𝑛) should not change upon exchanging the labels 1
and 2 of both GB grains.
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Fig. 9. Standard deviation of 𝜎𝑛𝑛 distribution as a function of the twist-angle difference 𝛥𝜔 ∶= 𝜔2 − 𝜔1 for 𝛾-Fe and six different GB types. For all of them maximal width of the 
corresponding INS distribution is reached at 𝛥𝜔 = 0. Dashed lines represent the twist-angle averaged values.
the twist angle 𝛥𝜔. This enables a direct comparison with the 𝛥𝜔-
averaged outcomes presented in Fig.  8. Examples of such types include 
[100]-[100], [111]-[111], and [100]-[111] configurations. 23 They corre-
spond to the softest and stiffest GBs in the aggregate, as well as the GBs 
sandwiched between the softest and stiffest grains along the GB-normal 
direction, respectively.

The other three GB types, [101]-[101], [112]-[112], and [314]-[314], 
are showcased because they all share a common value of 𝐸12. Despite 
that, their 𝛥𝜔-averaged values of 𝑠(𝜎𝑛𝑛) differ (albeit slightly, to the 
extent that this effect can be considered a next-order correction).

We can compute the value of 𝑠(𝜎𝑛𝑛) as a function of 𝛥𝜔 for any 
GB type [𝑎𝑏𝑐]-[𝑑𝑒𝑓 ] in a given material. Analysis of the resulting 
expressions reveals that the INS distributions are the widest when the 
twist-angle difference between the two grains is set to zero.24 In Fig. 
10, we show the maximal, minimal, and 𝛥𝜔-averaged values of 𝑠(𝜎𝑛𝑛)
for 𝛾-Fe and the range of GB types obtained by selecting GB normals 
(𝑎, 𝑏, 𝑐) and (𝑑, 𝑒, 𝑓 ) from a set of 15 preselected directions within the 
stereographic triangle.

The key observation is that the points associated with the maximal 
values of [𝑎𝑏𝑐]-[𝑎𝑏𝑐]-𝛥𝜔 types (reached for 𝛥𝜔 = 0) are forming a 
smooth curve. This curve represents an upper bound for 𝑠(𝜎𝑛𝑛) as a 
function of 𝐸12. The [𝑎𝑏𝑐]-[𝑎𝑏𝑐]-𝛥𝜔 GB types with 𝛥𝜔 = 0 correspond 
precisely to the single grain limit, which can be used for estimating the
intragranular normal stresses, i.e., to calculate the stress perpendicular 
to a chosen plane within a single grain (modelled in this framework 
as a region of constant stress). In this limit, the relevant expressions 
simplify into:

𝑠(𝜎𝑛𝑛) =
2 |𝛼|

(2 𝑠0 + 𝑠44) 𝑠44

√

(6 𝑠11 𝑠0 + 6 𝑠11 𝑠44 + 𝑠244) −
6 (𝑠0 + 𝑠44)𝐸−1

𝐸12

23 Since for [100]-[100] and [111]-[111] types, 𝜎𝑛𝑛 is independent of 𝛥𝜔, the 
bicrystal pair effectively behaves as a single crystal (as also evidenced by 
the end points of the green curve in Fig.  10 coinciding with the results for 
randomly assigned twist angles, denoted by black circles). Consequently, the 
exact solution [49,50] could be applied to the strain field 𝜖𝑏𝑖𝑗 of the bicrystal 
pair in these two cases.
24 A similar conclusion was reached also in [19], where a simpler analytical 
model (the aforementioned buffer-grain model) was used for estimating the 

GB stresses.

14 
× 2

3
√

5
𝛴mis . (55)

The most important aspect of the solution presented above is that 
𝑠(𝜎𝑛𝑛) indeed becomes only a function of 𝐸12. Hence, we succeeded in 
deriving the dependence of INS distribution’s width (in fact, its upper 
bound) on the effective stiffness, at least for specific GB types, if not in 
the general case, and thereby explicitly proved the significance of the 
𝐸12 parameter, justifying its prior use. However, the functional depen-
dence in Eq. (55) is not of the form 𝑠(𝜎𝑛𝑛) ≈ 𝐴1 arctan

(

𝐴2 𝐸
𝐴3
12

)

𝛴mis, 
that successfully fits the [𝑎𝑏𝑐]-[𝑑𝑒𝑓 ] GB types averaged over 𝛥𝜔. In-
stead, it is described by a different relation, of the type 𝑠(𝜎𝑛𝑛) =
𝐶1

√

1 + 𝐶2∕𝐸12 𝛴mis. Both sets of coefficients (𝐴𝑘 and 𝐶𝑘) depend only 
on the material properties (𝑠11, 𝑠12, and 𝑠44).

For random twist angles, the expression (43) predicting the GB-
normal stress in the bicrystal model simplifies to (for any lattice sym-
metry): 
𝜎𝛥𝜔𝑧𝑧 = 𝑎𝑥𝑥,𝑦𝑦 (𝛴𝑥𝑥 + 𝛴𝑦𝑦) + 𝑎𝑧𝑧 𝛴𝑧𝑧 , (56)

where 𝑎𝑖𝑗 = (2 𝜋)−2 ∫ 2𝜋
0 ∫ 2𝜋

0 𝑎𝑖𝑗 𝑑𝜔1 𝑑𝜔2, and 𝑎𝑥𝑥 = 𝑎𝑦𝑦 ∶= 𝑎𝑥𝑥,𝑦𝑦. This 
result also provides justification for the buffer-grain model [19], which 
arrived at the expression of a similar form. All the dependence on 𝜙
dropped out of it (while for uniaxial loading in the 𝑍-direction, even 
the dependence on 𝜓 vanishes). Consequently, 

𝑠(𝜎𝛥𝜔𝑛𝑛 ) = |𝑎𝑥𝑥,𝑦𝑦 − 𝑎𝑧𝑧| ×
2

3
√

5
𝛴mis

= |𝛼| |𝑐𝑥𝑥,𝑦𝑦 − 𝑐𝑧𝑧| ×
2

3
√

5
𝛴mis

=
|𝛼|
2

|(𝐶11 + 2𝐶12) − 3 𝑐𝑧𝑧| ×
2

3
√

5
𝛴mis (for cubic symmetry) .

(57)

4.4. Comparison with FE simulations

To compare the results of the bicrystal model with realistic stresses 
obtained in numerical simulations, we will examine the INS distribu-
tions generated by both approaches. We will focus on several repre-
sentative GB types ([100]-[100], [102]-[334], and [111]-[111]) within a 
chosen material (𝛾-Fe).
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Fig. 10. Maximal (green), minimal (red), and twist-angle averaged (black) values of the standard deviation 𝑠(𝜎𝑛𝑛) for 120 GB types corresponding to the selection of (𝑎, 𝑏, 𝑐) and 
(𝑑, 𝑒, 𝑓 ) from the 15 preselected directions in the stereographic triangle, while keeping 𝛥𝜔 as a free parameter. The properties of 𝛾-Fe have been chosen and inserted into the 
bicrystal solution, see Eqs. (42) and (46). The green curve represents the single grain solution specified in Eq. (55), while the dashed black line is the 𝐴1 arctan

(

𝐴2 𝐸
𝐴3
12

)

 fit of 
𝛥𝜔-averaged values. Normalization corresponds to uniaxial tensile loading (𝛴mis = 1) and the average strain approximation (𝛼 = 𝛼 = 1

2𝐺
).
Two scenarios will be considered: either the pure bicrystal model 
embedded in a homogeneous and isotropic neighbourhood, or intro-
ducing Gaussian fluctuations to induced stresses, meant to mimic the 
effect of anisotropic grains surrounding the bicrystal pair. In the latter 
case, an additional free parameter, 𝜎𝐺, is required alongside 𝛼 and 𝛽.

4.4.1. Pure bicrystal model
As demonstrated in Fig.  8, the bicrystal model, when combined 

with the average strain approximation (38), results in a standard de-
viation curve that is overly steep. To address this issue, we impose a 
less constraining condition on the bicrystal strain 𝜖𝑏𝑖𝑗 , introducing two 
additional parameters, 𝛼 and 𝛽, see Eq. (40). By appropriately adjusting 
their values, we can reconcile the discrepancies between the 𝑠(𝜎𝑛𝑛)
obtained from FE simulations and the model predictions. However, our 
goal extends beyond matching the standard deviation; we aim to fit the 
entire INS distribution, ensuring that all its moments agree with their 
predicted values.

For a chosen material (𝐶𝑖𝑗) and GB type (𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 ), we 
can evaluate the first two moments of 𝜎𝑛𝑛 distribution in the bicrystal 
model, as described by Eqs. (45) and (46). Then 𝛼 and 𝛽 can be 
determined by averaging those expressions over 𝛥𝜔 and fitting them 
to the FE values. Specifically, we need to solve the equations

𝜇(1)ℎ = ⟨𝜎𝑛𝑛⟩ℎ = 𝜇(1)𝑓 , (58)

𝜇(2)ℎ = ⟨(𝜎𝑛𝑛 − ⟨𝜎𝑛𝑛⟩ℎ)2⟩ℎ = 𝜇(2)𝑓 (59)

for the first two moments of FE distribution ℎ and bicrystal distribution 
𝑓 , where
𝜇(1)𝑓 = ⟨𝜎𝑛𝑛⟩𝑓

= (𝛼 − 3 𝛽) (𝑐𝑥𝑥 + 𝑐𝑦𝑦 + 𝑐𝑧𝑧) ×
1
3
Tr 𝚺 , (60)

𝜇(2)𝑓 = ⟨(𝜎𝑛𝑛 − ⟨𝜎𝑛𝑛⟩𝑓 )2⟩𝑓

= 𝛼2
( 1
2
(

(𝑐𝑥𝑥 − 𝑐𝑦𝑦)2 + (𝑐𝑦𝑦 − 𝑐𝑧𝑧)2 + (𝑐𝑧𝑧 − 𝑐𝑥𝑥)2
)

+

+ 3 (𝑐2𝑥𝑦 + 𝑐
2
𝑥𝑧 + 𝑐

2
𝑦𝑧)

)

× 2
15

Tr(𝚺2
dev) . (61)

In principle, both parameters, 𝛼 and 𝛽, could vary with GB type and 
material properties, potentially assuming different values for each 𝐸12
(at a given 𝐴𝑢). However, for cubic lattice symmetry, the relationship 
between 𝛼 and 𝛽 is quite straightforward. In this limit, the requirement 
15 
that the mean value should match 13 Tr 𝚺 for every GB type, effectively 
fixes the value of 𝛽, as indicated in Eq. (52). Consequently, we are left 
with just one adjustable parameter (𝛼). While it is possible to determine 
this parameter also through fitting to higher-order moments, the most 
precise approach typically involves using the standard deviation.

Upon inserting the values of 𝛼 and 𝛽 into 𝜎𝑛𝑛, we can assess how 
accurately we have replicated the actual INS distributions. Fig.  11 
features three distinct GB types: [001]-[001], [111]-[111], and [102]-[334], 
representing the softest, stiffest, and an intermediate GB type. The 
choice of the latter has been motivated by the fact that its effective 
GB stiffness in 𝛾-Fe is 𝐸12 = 0.97, which closely matches the stiffness 
of isotropic grains (𝐸12 = 1) or the average stiffness of the aggregate 
(corresponding to random GBs, see Fig.  2).

It is worth noting that the same 𝛼 was used for all loadings in 
Fig.  11, hence confirming the validity of the scaling factors Tr 𝚺 and 
𝛴mis for the first two moments, respectively. Nonetheless, it is also 
evident that 𝛼 and 𝛽 alone are insufficient to accurately reproduce the 
FE distributions.

4.4.2. Gaussian modulation
The approach taken in the previous section does not quite capture 

the genuine stress responses, particularly for very soft and very stiff 
GBs. For these GB types, the predicted INS distributions manifestly 
disagree with the outcomes of the FE simulations, see Fig.  11. It is 
evident that the predictions of the bicrystal model exhibit a notably 
sharper and narrower profile, despite the same ‘‘width’’ of distributions 
in both cases (specifically, the parameters 𝛼 and 𝛽 have been adjusted to 
ensure the agreement between the mean value and standard deviation 
of both distributions).

The naive two-parameter fitting procedure thus needs to be extended 
to include the effect of the inhomogeneous neighbourhood of a bicrystal 
pair. In line with our perturbative framework (see also Eq. (4)), this 
extension can be conceptualized as follows: 
𝐛𝐢𝐜𝐫𝐲𝐬𝐭𝐚𝐥 𝐦𝐨𝐝𝐞𝐥 +𝐆𝐚𝐮𝐬𝐬𝐢𝐚𝐧 𝐟𝐥𝐮𝐜𝐭𝐮𝐚𝐭𝐢𝐨𝐧𝐬

≈ 𝐈𝐍𝐒 𝐝𝐢𝐬𝐭𝐫𝐢𝐛𝐮𝐭𝐢𝐨𝐧𝐬 𝐨𝐧 𝐢𝐧𝐝𝐢𝐯𝐢𝐝𝐮𝐚𝐥 𝐆𝐁 𝐭𝐲𝐩𝐞𝐬.
(62)

The approach again involves convolution with normally distributed 
random fluctuations. Due to the additional parameter 𝜎𝐺, we now have 
a three-parameter fitting procedure:

𝜇(1) = ⟨𝜎 ⟩ = 𝜇(1) , (63)
ℎ 𝑛𝑛 ℎ 𝑓
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Fig. 11. Comparison of (reduced) INS distributions from FE simulations (black; 𝑁 = 1636) with those from the (pure) bicrystal model. In the latter case, two variants are considered: 
using the average strain approximation 𝛼 = 1∕(2𝐺) (green) or determining the values of 𝛼 and 𝛽 through fitting specified in Eqs. (58) and (59) (red). Results are presented for three 
external loadings and three different 𝛥𝜔-averaged GB types in 𝛾-Fe. In each of these cases, the mean values of all three distributions are the same, while their standard deviations 
match only for the red and black curves.
𝜇(2)ℎ = ⟨(𝜎𝑛𝑛 − ⟨𝜎𝑛𝑛⟩ℎ)2⟩ℎ = 𝜇(2)𝑓 + 𝜎2𝐺 , (64)

𝜇(3)ℎ = ⟨(𝜎𝑛𝑛 − ⟨𝜎𝑛𝑛⟩ℎ)3⟩ℎ = 𝜇(3)𝑓 , (65)

providing the values of 𝛼, 𝛽, and 𝜎𝐺. The first two statistical moments 
of the pure bicrystal distribution 𝑓 are provided in Eqs. (60) and (61), 
while the third is given by:
𝜇(3)𝑓 = ⟨(𝜎𝑛𝑛 − ⟨𝜎𝑛𝑛⟩𝑓 )3⟩𝑓

= 𝛼3 1
2

(

2
(

𝑐3𝑥𝑥 + 𝑐
3
𝑦𝑦 + 𝑐

3
𝑧𝑧

)

+ 12 𝑐𝑥𝑥 𝑐𝑦𝑦 𝑐𝑧𝑧 + 54 𝑐𝑥𝑦 𝑐𝑥𝑧 𝑐𝑦𝑧 +

+9
(

𝑐𝑥𝑥 (𝑐2𝑥𝑦 + 𝑐
2
𝑥𝑧 − 2 𝑐2𝑦𝑧) + 𝑐𝑦𝑦 (𝑐

2
𝑥𝑦 + 𝑐

2
𝑦𝑧 − 2 𝑐2𝑥𝑧) +

+ 𝑐𝑧𝑧 (𝑐2𝑥𝑧 + 𝑐
2
𝑦𝑧 − 2 𝑐2𝑥𝑦)

)

−

−3
(

𝑐2𝑥𝑥 (𝑐𝑦𝑦 + 𝑐𝑧𝑧) + 𝑐
2
𝑦𝑦 (𝑐𝑥𝑥 + 𝑐𝑧𝑧) + 𝑐

2
𝑧𝑧 (𝑐𝑥𝑥 + 𝑐𝑦𝑦)

) )

× 8
105 Tr(𝚺

3
dev).

(66)

The required moments of the convolution ℎ are obtained from the 𝜎𝑛𝑛
distribution produced in FE simulation. In principle, we could use any 
three moments 𝜇(𝑛)ℎ  for the fitting, but from practical perspective it is 
best to take the lowest-order moments because they are most accu-
rate, especially when dealing with imprecisely known FE distributions 
(computed on only finite aggregate).25

With the fitted values of 𝛼, 𝛽, and 𝜎𝐺, we can now compare the 
convoluted bicrystal-model distributions with the FE results, as shown 
in Fig.  12. The agreement appears significantly improved compared 
to Fig.  11, which did not include the Gaussian fluctuations. However, 
the accuracy of the proposed method is constrained by the inherent 

25 A notable exception are the ‘‘pathological’’ cases in which the loading 
leads to some of the lowest three statistical moments 𝜇(𝑖)

𝑓  becoming exactly 
zero due to Tr 𝚺 = 0, Tr(𝚺2

dev) = 0, or Tr(𝚺3
dev) = 0. However, since numerical 

simulations use aggregates of finite size, the corresponding moments 𝜇(𝑖)
ℎ  do 

not precisely vanish in such instances. In these situations, it is preferable to 
determine 𝛼, 𝛽, and 𝜎  using the lowest three non-vanishing moments.
𝐺
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imprecision of the FE results due to limited statistics. In particular, 
the FE simulations are based on only 1636 GBs of a selected GB type, 
which is far from sufficient to produce a uniform distribution of GB 
orientations. In contrast, the bicrystal case employs 106 random GBs, 
resulting in a much smoother distribution. For each specific GB type, 
the same values of 𝛼, 𝛽, and 𝜎𝐺∕𝛴mis have been used in all the panels 
of Fig.  12. We take these results as confirmation that the effects of 
different loading configurations are well understood, allowing us to 
henceforth restrict our attention to the case of uniaxial loading.

At last, in Fig.  13 we present a comparison between the bicrystal-
model predictions and the full INS distributions, corresponding to nor-
mal stresses across all 159461 finite element pairs associated with the 
GBs of a selected type. These distributions are wider than the reduced
versions in Fig.  12, but given the substantial number of elements 
compared to the number of GBs, they also offer increased accuracy and 
detail.

4.5. Fits across GB types and material properties

Up to this point, the procedure outlined in the previous section 
was completely general and applicable to any lattice symmetry. On the 
downside, it requires numerical simulations to determine for a given 
material and GB type the values of parameters 𝛼, 𝛽, and 𝜎𝐺, extracting 
them from the first three statistical moments of the FE distribution.

Given the absence of a mechanism to determine these parame-
ters from first principles, our approach in this section is to fit them 
empirically. With the help of these approximate fits, one can almost 
instantaneously (and with minimal resources) estimate the INS distribu-
tion for any material and GB type, circumventing the need for extensive 
numerical simulations.

Here, we will focus only on materials with cubic lattices. In this 
particular scenario, the procedure simplifies in several significant as-
pects. First of all, just two parameters (𝛼 and 𝜎𝐺) require fitting in this 
case, as 𝛽 is already fully determined by Eq. (52) due to the fact that, 
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Fig. 12. Same as in Fig.  11, but for the bicrystal model with Gaussian modulation. Parameters 𝛼, 𝛽, and 𝜎𝐺∕𝛴mis are determined from the lowest three statistical moments of FE 
distributions and depend only on the GB type, irrespective of the external loading. Thus, all three panels are generated using the same set of parameters.
in cubic polycrystallines, ⟨𝜎𝑛𝑛⟩ = 1
3 Tr 𝚺 for any GB type.26 Secondly, 

for materials with cubic symmetry, 𝛼 and 𝜎𝐺 are solely functions of 
𝐸12,27 while for lower symmetries of the crystal lattice, they depend on 
additional parameters (such as 𝜈12, see [19]). Thirdly, for non-cubic 
lattices, 𝜎𝐺 does not precisely scale with 𝛴mis, as evidenced by the 
material’s response to hydrostatic loading. And lastly, it also remains 
unclear to what extent we can approximate the fluctuation 𝛥𝜎𝑛𝑛 with a 
Gaussian distribution in that case.

Systematically exploring the parameter space of various cubic ma-
terials and GB types makes it possible to express (or rather fit) the 
parameters 𝛼, 𝛽, and 𝜎𝐺∕𝛴mis as functions of 𝐴𝑢 and 𝐸12. For any 
material with cubic lattice symmetry, the parameter 𝛼 roughly follows 
(neglecting the scatter in the bicrystal case) a decreasing exponential 
trend with respect to 𝐸12: 
𝛼
𝛼
= 𝑏1 𝐸

−𝑏2
12 . (67)

Here, 𝛼 = (2𝐺)−1 represents the value of 𝛼 in the isotropic limit (cf. 
Footnote 20), while 𝑏1 and 𝑏2 denote some material-specific parameters. 
The width of Gaussian modulation (𝜎𝐺) required to match the full FE 
stress distribution is, to a good approximation, an increasing linear 
function of 𝐸12: 
𝜎𝐺
𝛴mis

= 𝑑1 𝐸12 + 𝑑2 . (68)

For practical use, we provide here phenomenological fits of param-
eters 𝑏1, 𝑏2, 𝑑1, and 𝑑2 to the values of 𝐴𝑢, see Fig.  15. The following 
fitting functions have been selected for their simplicity28 and small 

26 As pointed out later, for non-cubic materials, we can approximate the 
parameter 𝛽 using Eqs. (74) and (82).
27 In truth, this expectation cannot be entirely accurate, as bicrystal-model 
results exhibit much greater scatter across different GB types of the same 
stiffness compared to the FE results (see Fig.  8). Consequently, 𝛼, 𝛽, and 𝜎𝐺
cannot be solely functions of 𝐸12, even for a selected material with cubic lattice 
symmetry; they need to be GB-type specific.
17 
Table 1
Optimal values of fitting parameters (for polycrystalline materials with cubic lattice 
symmetry), as were defined in Eqs. (69)–(72).
 𝑐1 𝑐2 𝑐3 𝑐4 𝑐5 𝑐6  
 0.20 0.14 −0.0046 0.11 0.036 0.14 

number of fitting parameters (gathered in Table  1):
𝑏1 = 𝑐1 exp

(

−𝑐2 (𝐴𝑢)2
)

+ (1 − 𝑐1) , (69)

𝑏2 =
(

𝑐3 𝐴
𝑢 + 𝑐4

)

𝜈−1 , (70)

𝑑1 = 𝑐5 (𝐴𝑢)1∕4 , (71)

𝑑2 = 𝑐6 (𝐴𝑢)1∕2 𝜈 . (72)

For demonstration purposes, a comparison between INS distribu-
tions produced by FE simulations and the bicrystal model using the 
above fits is shown in Figs.  16 and 17 for five different materials and 
several randomly selected GB types. A good agreement can be observed, 
despite a rather large uncertainty in the FE distribution obtained on an 
aggregate with only 4000 grains. To assess its typical fluctuation, refer 
to Fig.  14, depicting the full INS distribution on a specific GB type using 
three different aggregates.

The 𝛼(𝐸12, 𝐴𝑢) and 𝜎𝐺(𝐸12, 𝐴𝑢) fits provided here should primarily 
be regarded only as a proof of concept, as the origin and exact form 
of functional dependency remain largely unknown at present. The 
main obstacle to their refinement represents the lack of accuracy in 
the obtained results, as fitted parameters are subject to substantial 
uncertainties due to limited statistical data. In practical terms, we 
would need either a larger aggregate or a substantial number of them 

28 The proposed fitting functions are also perfectly consistent with the 
isotropic case, as 𝑏1 (representing the value of 𝛼∕𝛼 at 𝐸12 = 1) indeed becomes 
1 for 𝐴𝑢 = 0, while the width of the Gaussian (𝜎𝐺) in this case reduces to zero 
(𝑑 = −𝑑 ).
1 2
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Fig. 13. A comparison between the modelled (red) and realistic (black; 𝑁 = 159461)
full INS distributions for 𝛾-Fe, three different GB types (with random 𝛥𝜔), and uniaxial 
tensile loading. The values of 𝛼, 𝛽, and 𝜎𝐺 have been determined from the lowest 
three statistical moments of the (full) FE distributions. Additionally, the reduced INS 
distributions (grey ; 𝑁 = 1636) are also displayed.

Fig. 14. A full INS distribution for the [104]-[112] GB type (with randomly assigned 
twist angles 𝛥𝜔) in 𝛾-Fe under uniaxial loading. Comparison is shown between the FE 
simulation results obtained from three different Voronoi aggregates with 4000 grains.
18 
for each GB type and material under consideration. Accumulating a 
sufficient number of data points in the 𝐸12–𝐴𝑢 plane should presumably 
lead to the identification of a more appropriate fitting functions.

4.6. Alternative approach: the analysis of uniaxial loading

The drawback of the aforementioned procedure is its critical depen-
dence on the accurate extraction of the first three statistical moments 
from numerical distributions obtained on a finite (and relatively small) 
aggregate.

As an alternative approach, we can focus on the distribution of GB-
normal stresses under uniaxial loading conditions, where these stresses 
are first averaged over their local neighbourhoods and twist angles 𝜔1
and 𝜔2. As will be demonstrated below, this distribution (for any chosen 
GB type) resembles the isotropic distribution. The method can then be 
extended to apply to a selected uniform loading scenario, where this 
extension is achieved through the techniques outlined in [48], or by 
first generalizing the GB stresses according to Eq. (81), and then gener-
ating their distribution anew. Finally, the resulting distribution should 
be convolved with a normal distribution (representing fluctuations) to 
obtain the true INS distribution.

In the bicrystal model, all GBs with the same orientation 𝑛̂ corre-
spond to equal 𝜎𝑛𝑛 (or at least they would if 𝜔1 and 𝜔2 were not allowed 
to vary, as they do for randomly assigned twist angles), whereas in a 
realistic aggregate, GB stresses can differ due to variations in the local 
neighbourhood of each GB (and/or because they correspond to different 
twist angles). The distribution of these stresses exhibits a Gaussian 
profile. For uniaxial loading (of strength 𝛴0), the average normal stress 
⟨𝜎𝑛𝑛⟩𝜃 on GBs with inclination 𝜃 relative to the loading direction is 
given by:29
⟨𝜎𝑛𝑛⟩𝜃
𝛴0

= 𝑘 cos2 𝜃 + 𝑛 , (73)

where 𝑘 and 𝑛 are some material and GB-type dependent coefficients. 
This relation seems to hold universally, i.e., for any lattice symmetry, 
as illustrated in Fig.  18.

The approximate value of the 𝑦-intercept (𝑛) in Eq. (73) was deter-
mined in [19] to be: 

𝑛 ≈ −1
3

(

𝑘 −
2 (1 + 𝜈12 − 𝜈)
𝐸−1
12 + 1

)

, (74)

where the effective GB stiffness (𝐸12) is in general computed as: 

𝐸12 = 2𝐸−1
(

𝑠̃(1)3333 + 𝑠̃
(2)
3333

)−1
, (75)

and the effective GB Poisson’s ratio (𝜈12) as: 

𝜈12 = −1
4
𝐸
(

𝑠̃(1)1133 + 𝑠̃
(2)
1133 + 𝑠̃

(1)
2233 + 𝑠̃

(2)
2233

)

. (76)

29 The corresponding distribution should match that obtained from the 
pure bicrystal model for the twist-angle-averaged INS stresses, 𝜎𝛥𝜔𝑛𝑛 ∶=
(2𝜋)−2 ∫ 2𝜋

0 ∫ 2𝜋
0 𝜎𝑛𝑛 𝑑𝜔1 𝑑𝜔2, cf. Eq. (56). It is of a similar form to the isotropic 

distribution, only shifted by 𝑛 and stretched by 𝑘 along the horizontal axis, and 
compressed by 𝑘 along the vertical axis: PDF(𝜎̃𝛥𝜔𝑛𝑛 ) =

(

2
√

𝑘 (𝜎̃𝛥𝜔𝑛𝑛 − 𝑛)
)−1

 in the 
range of 𝜎̃𝛥𝜔𝑛𝑛 ∶= 𝜎𝛥𝜔𝑛𝑛

𝛴0
∈ [𝑛, 𝑛 + 𝑘]. Its mean value is ⟨𝜎𝛥𝜔𝑛𝑛 ⟩ = (𝑘∕3 + 𝑛)𝛴0, and its 

standard deviation 𝑠(𝜎𝛥𝜔𝑛𝑛 ) = 2∕(3
√

5) 𝑘𝛴0. In general, even in the pure bicrystal 
model, PDF(𝜎𝑛𝑛) differs from PDF(𝜎𝛥𝜔𝑛𝑛 ) (with the former typically being wider). 
The only exception occurs for GB types that are independent of 𝜔1 and 𝜔2, 
meaning 𝜎𝛥𝜔𝑛𝑛 = 𝜎𝑛𝑛 (e.g., [100]-[100], [100]-[111], and [111]-[111], for which the 
pure bicrystal-model distribution indeed resembles the isotropic distribution, 
see Fig.  11). Consequently, the overall width of the true INS distribution, 
PDF(𝜎𝑛𝑛), should be 𝜇(2)

ℎ = 4∕45 𝑘2 𝛴2
0 + 𝜎2𝐺, where 𝜎𝐺 in this case exceeds 

the value from Eq. (68). In principle, the parameters 𝑛, 𝜎𝐺, and 𝑘 could be 
used to again fit the first, second, and third moments of the FE distribution, 
respectively, see Fig.  22.
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Fig. 15. Bottom left : The parameter 𝛼 was determined for various GB types and cubic materials by matching the third moments of the pure bicrystal model with either full 
(squares) or reduced (circles) FE distributions. Due to the imprecision of simulation results, the second moment of the pure bicrystal distribution can exceed that from FE (empty
markers). Error bars indicate the estimated variation of FE distribution, either due to different loading configurations or different Voronoi aggregates. The dashed line represents 
the postulated 𝛼(𝐸12) relation (67), based on fitting 𝑏1 (top left) and 𝑏2 (top right) to 𝐴𝑢 through expressions (69) and (70), respectively, where the error bars are due to slightly 
different values obtained from full and reduced distributions. Using Eq. (67) to assign the value to 𝛼, the width of required Gaussian fluctuation (𝜎𝐺) is obtained by matching 
the second moment of the full FE distribution (bottom right). Dashed lines represent the fit (68) with 𝑑1 and 𝑑2 determined from Eqs. (71) and (72), respectively. The values from 
Table  1 have been used in all the dashed fits.
In crystals with cubic symmetry, the latter reduces to 𝜈12 = 𝜈+ 1
2 (𝐸

−1
12 −

1), thereby becoming a function of 𝐸12. This results in 𝑛cubic = − 1
3 (𝑘−1), 

yielding ⟨𝜎𝑛𝑛⟩ = 𝛴0∕3, as confirmed by numerical simulations.
For cubic lattices, the slope (𝑘) is well-fitted by the following ansatz 

(see Fig.  19): 
𝑘cubic = 𝑎1 𝐸

−𝑎2
12 + 𝑎3 , (77)

where 𝑎1, 𝑎2, and 𝑎3 are material-dependent coefficients, presumably 
functions of only 𝐴𝑢 or 𝐴. A slightly different approximation was 
suggested in the context of the (𝐿𝑛 = 2) buffer-grain model [19]: 

𝑘cubic ≈ 3

1 +

(

𝐸12 + 𝑓1 −
|

|

|

|

𝐸12 −
𝐸min12 +𝐸max12

2

|

|

|

|

𝑓2
)−1

− 1
2
, (78)

with

𝑓1 = 0.08 (𝐴𝑢)0.85 , (79)

𝑓2 =
log 𝑓1

log
𝐸max12 −𝐸min12

2

, (80)

where 𝐸min12 = 𝐸−1∕𝑠11, and 𝐸max12 = 𝐸−1∕(𝑠11 −
2
3 𝑠0) for 𝐴 ≥ 1 (and vice 

versa for 𝐴 < 1).
For a general uniform loading, cubic lattice symmetry, and a ran-

dom twist angle, the average GB-normal stress across all GBs with the 
same inclination 𝑛̂ is: 
⟨𝜎𝑛𝑛⟩𝑛̂ =

1
3 (2 𝑘 + 1)𝛴𝑧𝑧 −

1
3 (𝑘 − 1) (𝛴𝑥𝑥 + 𝛴𝑦𝑦) , (81)

(with the components 𝛴𝑖𝑗 given in Appendix  C), while in the bicrystal 
model (under identical conditions), it is given by Eq. (56). Under 
19 
uniaxial loading along the 𝑍-direction, the latter further reduces to the 
linear trend (73) observed in FE simulations: 
𝜎𝛥𝜔𝑧𝑧
𝛴0

= 𝛼 (𝑐𝑧𝑧 − 𝑐𝑥𝑥,𝑦𝑦) cos2 𝜃 +
(

𝛼 𝑐𝑥𝑥,𝑦𝑦 − 𝛽 (2 𝑐𝑥𝑥,𝑦𝑦 + 𝑐𝑧𝑧)
)

. (82)

By taking into account Eqs. (50) and (52), it can be shown that for cubic 
crystal lattices, 𝑛 is indeed equal to 𝑛cubic = − 1

3 (𝑘 − 1): 

𝜎𝛥𝜔𝑧𝑧
𝛴0

= 1
2
𝛼
(

3 𝑐𝑧𝑧 − (𝐶11 + 2𝐶12)
)

cos2 𝜃− 1
3

(

1
2
𝛼(3 𝑐𝑧𝑧 − (𝐶11 + 2𝐶12)) − 1

)

.

(83)

From either of these two expressions, the slope 𝑘 and the 𝑦-intercept 
𝑛 can be readily extracted. Comparing these values to those obtained 
from FE simulations allows us to determine the values of 𝛼 and 𝛽. As 
shown in Fig.  20, for cubic lattices they can be effectively fitted by 
Eqs. (52) and (67), where the coefficients 𝑏1 and 𝑏2 in Fig.  21 exhibit 
similar trends as those observed in the previous section, following the 
relationships in Eqs. (69) and (70). The fitting coefficients (𝑐1 = 0.22, 
𝑐2 = 0.15, 𝑐3 = −0.0074, and 𝑐4 = 0.12) possess only marginally different 
values from those listed in Table  1.

Finally, we can add Gaussian fluctuations and compare the resulting 
distribution to that obtained from the FE simulation. As shown in the
right panel of Fig.  22, the INS distribution can be accurately estimated 
from either the 𝜎𝑛𝑛 or 𝜎𝛥𝜔𝑛𝑛  distribution. In the latter case, the Gaussian 
is wider, meaning the estimate (68) no longer applies. Therefore, we 
determined the values of the ‘‘free’’ parameters 𝑛, 𝜎𝐺, and 𝑘 for the
green curve by matching the first three moments of the FE distribution, 
respectively. Nonetheless, even if we instead used again the fit (67) to 
obtain 𝑘 = 1 𝛼

(

3 𝑐 − (𝐶 + 2𝐶 )
) and 𝑛 = (1 − 𝑘)∕3 (cf. Eq. (83)), 
2 𝑧𝑧 11 12
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Fig. 16. A comparison between the modelled (coloured) and FE (black; 𝑁 = 159461) full INS distributions for several GB types (with random 𝛥𝜔) in Al, Nb, and Au under uniaxial 
tensile loading. The values of 𝛼, 𝛽, and 𝜎𝐺 have been determined from fits; cf. Eqs. (52), (67)–(72), and Table  1.
their values would change only slightly (e.g., 𝑘 would shift from 0.91 
to 0.89). As a result, the pure bicrystal-model distribution in the left 
panel of Fig.  22 (the green curve) would remain nearly identical.
20 
Using the 𝜎𝛥𝜔𝑛𝑛  distribution offers a significantly simpler computa-
tional approach compared to the bicrystal model (which relies on the 
𝜎𝑛𝑛 distribution) since (utilizing the fits for 𝑘) we already know the pure
model INS distribution PDF(𝜎𝛥𝜔) that is based on a single pair of grains 
𝑛𝑛
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Fig. 17. Same as in Fig.  16, but for 𝛾-Fe and Li. The INS distribution for the [104]-[112] GB type in 𝛾-Fe is compiled from distributions on three different aggregates (with 4000
grains each) and contains 478213 finite element pairs. It is thus the smoothest and most accurate, see also Fig.  14 for a comparison between the three distributions in individual 
aggregates.
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Fig. 18. Left panels: The average value of 𝜎𝑛𝑛 across all GBs in the aggregate that are of a given type and have the same inclination 𝜃 with respect to uniaxial external loading. 
Horizontal lines indicate the width of the bin cos 𝜃 ± 0.025, while vertical bars correspond to the standard deviation of the 𝜎𝑛𝑛 distribution in each bin. The dashed line is a linear 
fit (73) with 𝑛 defined in Eq. (74). Right panels: The distribution of normal stresses around their expected values (represented by the dashed line on the left) is again well-fitted 
by a Gaussian. Results are shown for three GB types and two selected materials.
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Fig. 19. Left panels: The slope (𝑘) as a function of effective GB stiffness (𝐸12) for various materials. For lattices with cubic symmetry, it is well-fitted by Eq. (77) (coloured curves), 
while the fitting function (78) proposed in the context of the buffer-grain model [19] (black dashed curves) also provides a good fit. For non-cubic materials, the results are more 
scattered (indicating a dependence beyond just 𝐸12). Right panels: The width of the Gaussian (and its uncertainty due to variation over different GB inclinations) obtained from 
fitting the full (𝜎𝐺) and reduced (𝜎(1)𝐺 ) INS distributions.
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Fig. 20. The parameter 𝛼 plotted against effective GB stiffness 𝐸12 for various materials. For lattices with cubic symmetry (left panel), the dependence is well-fitted by Eq. (67) 
(dashed curves), with 𝑏1 and 𝑏2 related to material’s anisotropy 𝐴𝑢 through Eqs. (69) and (70), respectively, and the values of fitting parameters listed in the inset. For non-cubic 
materials (right panel), the results are more scattered (suggesting a dependence beyond 𝐸12). The value of 𝛼 is normalized to its average strain approximation, 𝛼 ∶= (1+𝜈)∕𝐸 (which 
for cubic symmetry simplifies to 𝛼 → 1

2𝐺
), see Eq. (38).
Fig. 21. The parameters 𝑏1 (left panel) and 𝑏2 (right panel) plotted against the universal anisotropy index 𝐴𝑢. The dependencies are effectively captured by Eqs. (69) and (70), 
respectively (shown as dashed curves).
while neglecting the details of their local neighbourhood.30 The only 
additional requirement for obtaining the true INS distribution is a 𝜎𝐺 fit 
analogous to Eq. (68). On the other hand, this approach does not allow 
us to compute INS distributions for specific twist angles, which would 
be particularly relevant for estimating intergranular cracking initiation 
if the twist-angle value had a sizable effect on GB strength.

5. Discussion

5.1. Comparison with existing models

Recent years have seen substantial progress in understanding and 
modelling intergranular cracking, using both analytical and compu-
tational approaches. In this section, we briefly review some of these 
developments and then compare our results to a specific model.31 
The observed agreement not only provides additional validation of 
our approach but also suggests that the bicrystal model may remain 
applicable beyond the onset of plasticity.

30 This also holds for the ‘‘buffer-grain’’ model [19], where 𝐴(3) corresponds 
to 𝑎𝑧𝑧 and 𝐵3 to 𝑎𝑥𝑥,𝑦𝑦. The key difference is that the proposed fits are both 
simpler (require fewer parameters) and more precise in the bicrystal model.
31 Additionally, we compared our results with those from a recent nu-
merical study [43], where the GB types were specified using an alternative 
parametrization scheme. The comparison revealed notable correlations be-
tween our GB-characteristic parameter 𝐸12 and the four GB descriptors used 
there.
24 
In the past, several attempts have been made to evaluate the stress 
state at GBs as a function of GB parameters. The many degrees of 
freedom associated with the precise structure and configuration of 
grains require significant reductions and simplifications [30] before 
analytical solutions for GB stresses can be developed. These solutions 
typically rely on some form of bicrystal model [32,33,51] and have 
been applied to specific GBs in a variety of materials [52–56], with 
their predictions usually validated through FE simulations.

Complementing these analytical efforts, computational studies have 
offered valuable mechanistic insights into the initiation and propa-
gation of intergranular cracks [57,58]. FE simulations have revealed 
statistically significant correlations between GB parameters and the 
emergence of stress concentrations near GBs [24,59], often incorpo-
rating crystal plasticity [60,61] and machine learning techniques [62,
63]. Phase-field models [64–66] have enabled simulations of crack 
path selection and stress corrosion effects, while cohesive-zone and 
chemomechanical models [67] have successfully reproduced environ-
mentally assisted cracking under oxidation. Atomistic simulations [28,
68–75] have further elucidated the roles of hydrogen, vacancies, and 
GB character in crack nucleation and growth. Collectively, these studies 
have deepened our understanding of grain-boundary behaviour and 
advanced the multiscale modelling of intergranular failure phenomena.

Perhaps the most distinctive novelty of our approach — introduced 
already in our earlier works [19,31,48] — is that we do not consider 
only an isolated bicrystal pair but rather the entire aggregate, thereby 
going beyond the average strain approximation (38). The influence of 
surrounding grains is treated as a statistical fluctuation, which allows 
us to focus on stress distributions rather than individual stress values. 
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Fig. 22. Left panel: Distributions of 𝜎𝑛𝑛 (red) and twist-angle-averaged GB-normal stresses 𝜎𝛥𝜔𝑛𝑛  (green) from the pure bicrystal model for [104]-[112] GBs in 𝛾-Fe under uniaxial 
loading. Right panel: Comparison with the FE distribution (black) after adding Gaussian fluctuations.
Together with recent advances relating GB toughness to its structural 
properties and energy [76,77], our model contributes to a broader 
shift toward physically grounded, parameterizable models that can 
facilitate quantitative prediction of GB-stress hotspots — potential sites 
of intergranular crack initiation.

The analytical model selected for more detailed comparison with 
our approach is the Schmid-Modified Grain-Boundary-Stress (SMGBS) 
model [13], developed for elastic-ideally plastic grains subjected to 
uniaxial tensile loading at the yield stress. It assesses intergranular 
crack initiation based on the GB-normal stress, accounting for the 
combined effects of the GB-plane inclination and grain orientations 
through their respective Schmid factors. The model provides a simple 
analytical expression for the GB-normal stress in 316L stainless steel 
under tensile loading: 

𝜎𝑛𝑛 =
1
2

(

0.45
𝑚1

+ 0.45
𝑚2

)

cos2 𝜃 , (84)

where 𝑚1 and 𝑚2 are the Schmid factors of the two adjoining grains, 
the coefficient 0.45 represents the average Schmidt factor of the poly-
crystal, and 𝜃 is the angle between the GB normal and the direction 
of applied uniaxial external loading (i.e., the GB inclination). The ex-
pression is material-independent and applicable to any polycrystalline 
material with an FCC crystal structure.

In Fig.  23, we compare the values of 𝜎𝑛𝑛 predicted by the Schmid-
Modified Grain-Boundary-Stress model (Eq. (84)) and the twist-angle-
averaged bicrystal model (Eq. (83)) for 100000 randomly selected GBs 
(of arbitrary type) in three different cubic materials under uniaxial 
loading along the 𝑍-direction.

Although our model assumes linear elastic grains, the results under 
identical material and loading conditions exhibit excellent agreement 
with the SMGBS model [13], particularly for the more isotropic materi-
als. This is presumably due to the diminishing influence of the constant 
term in Eq. (83), which is absent in Eq. (84). Despite this agreement, 
several notable differences between both models exist. The bicrystal 
model is material-specific and thus more accurate; it also applies to any 
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uniform loading configuration — not only uniaxial ones. Furthermore, 
in contrast to the SMGBS model [13], it predicts both positive (tensile) 
and negative (compressive) local GB-normal stresses in response to 
externally applied tensile stress, resulting in a smoother and more 
physically realistic stress distribution. Despite these distinctions, the 
high degree of correlation between the two models indicates that the 
bicrystal model may remain valid even beyond the elastic regime, into 
the domain of ideal plasticity. 

5.2. Limitations

The perturbative model presented in this paper displays also several 
limitations and weaknesses. It is inherently probabilistic, primarily 
suited for estimating INS distributions rather than determining the 
stresses on specific GBs. Consequently, the model can help us assess 
only the statistical likelihood for microcrack initiation, but it does not 
allow us to pinpoint their exact locations.

Furthermore, the model’s validity is (by its design) confined to the 
elastic regime since it does not account for plastic deformations, despite 
their crucial role in the formation of stress concentrations responsible 
for initiating the cracks. Another drawback of the model is the assump-
tion of constant stress and strain throughout the grains and along their 
GBs. When making a direct comparison with realistic distributions, this 
corresponds to averaging the GB stresses over the respective GB areas. 
And while we typically assume that the stresses on each GB follow a 
normal distribution, this remains unconfirmed at this point. Lastly, it 
should also be mentioned that although our analytical solution was 
developed for a general case, many of the derived expressions and 
results provided here are valid only for cubic crystal lattices, uniform 
distributions of crystallographic and GB orientations, and grains of 
equal size (𝑉1 = 𝑉2).32

32 Note that both the grain size [65] and mismatches in it [78] can influence 
crack growth behaviour.
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Fig. 23. Comparison of GB-normal stresses predicted by the Schmid-Modified Grain-Boundary-Stress model (SMGBS) and the 𝛥𝜔-averaged bicrystal model (BM) for 100000 randomly 
selected GBs exposed to uniaxial loading along the 𝑍-direction. Results are shown for three polycrystalline materials with cubic lattice symmetry but different degrees of elastic 
anisotropy.
In principle, the entire ‘‘machinery’’ of the bicrystal model, partic-
ularly Eqs. (42) and (D.1)–(D.3), was developed only to determine the 
parameters 𝛼, 𝛽, and 𝜎𝐺. However, once their fits are obtained, we 
can either numerically solve the constitutive equations for a chosen 
GB orientation and GB type, or use their analytical solution (43) for 
the coefficients defined in Eqs. (42) and (44). After producing the 
distribution across different GB orientations (and twist angles), we 
must convolve it with a Gaussian to obtain the actual (realistic) INS 
distribution.

Below are the detailed steps for producing the INS distribution for 
a chosen GB type in a selected material with cubic lattice symmetry 
under a given uniform external loading:

1. For a chosen material (𝐴𝑢), GB type (𝐸12), and uniform external 
loading (𝚺), compute the values of 𝛼, and 𝛽 from fits in Eqs. (67) 
, (69), (70), and (52).33 This allows us to produce 𝜎𝑛𝑛 (in the pure 
bicrystal model) by numerically solving Eqs. (27) and (35)–(37) 
along with condition (40) for any given GB orientation (𝜓 , cos 𝜃, 
𝜙) and twist angles (𝜔1 and 𝜔2).

2. By taking a uniform distribution of these angles, we can produce 
the INS distribution in the pure bicrystal model (e.g., by Monte 
Carlo sampling).

3. Convolve the resulting distribution with the Gaussian distri-
bution of width 𝜎𝐺, obtained from fits in Eqs. (68) , (71), 
and (72).

While the presented bicrystal model is, in a sense, ‘‘exact’’, the 
proposed phenomenological fits of 𝛼 and 𝜎𝐺 as functions of 𝐸12, and 
especially of 𝐴𝑢, are not. They are only approximate and are meant only 
as a proof of concept. Beside the fact that there is no motivation for the 
chosen fitting functions beyond their simplicity and small number of 
parameters, also the fitted values are subject to significant uncertainties 
due to the smallness of the used aggregate, containing just 1636 GBs 
of a chosen GB type. This effect becomes apparent when considering 
INS distributions under equivalent (i.e., rotated) loadings (such as 
{𝛴𝑋𝑋 , 𝛴𝑌 𝑌 , 𝛴𝑍𝑍 , 𝛴𝑋𝑌 , 𝛴𝑋𝑍 , 𝛴𝑌 𝑍} = {1, 0, 0, 0, 0, 0} and {1, 1, 1, 1, 1, 1}
in Fig.  12), which should generate identical distributions for an in-
finitely large aggregate, whereas for the aggregate used in practice, 
the moments can vary by as much as a few percent. The variation is 

33 These specific fits are valid only for a uniform distribution of GB-normal 
directions and crystallographic orientations. For any other grain configuration 
resulting from the manufacturing process of real materials, new fits must first 
be obtained (from FE simulations).
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significant enough that it can even mean the difference between the 
existence and non-existence of a solution (63)–(65) with real-valued 𝛼, 
𝛽, and 𝜎𝐺.34 Those are, in fact, needed to be able to produce the fits in 
the first place.

Although the proposed fits perform reasonably well with a handful 
of fitting parameters, more accurate fits (both in terms of more suitable 
fitting functions and refined values of fitting coefficients) could likely 
be found. For instance, using a non-trivial distribution of grain sizes 
in the bicrystal model (𝑉1 ≠ 𝑉2) or considering additional variables 
besides 𝐸12 and 𝐴𝑢 could enhance the accuracy of the fits. This would 
require more extensive numerical data, including larger aggregates, a 
broader range of materials, GB types, and loadings.

Other potential sources of discrepancies with realistic distribu-
tions include: the use of the bicrystal-strain condition (40) with GB-
orientation-independent parameters 𝛼 and 𝛽 in the pure bicrystal 
model. However, the actual relevance of this assumption is best demon-
strated by the fact that the same values of 𝛼 and 𝛽 apply to both the 
reduced (i.e., averaged over the GB) and the full INS distribution, with 
only the width of Gaussian modulation (the value of 𝜎𝐺) changing.

Another possible issue arises from the assumption that 𝛼, 𝛽, and 𝜎𝐺
are (only) functions of 𝐸12 and 𝐴𝑢, and that the fluctuation (𝛥𝜎𝑛𝑛) is 
Gaussian. And while 𝛼 and 𝛽 are loading-independent, it is still not 
entirely clear how 𝜎𝐺 correctly scales with loading. It is assumed that 
for cubic crystal lattices it is proportional to 𝛴mis, but for non-cubic 
lattices, it remains an open question.

6. Conclusions

A perturbative analytical model for intergranular normal stresses 
in polycrystalline materials has been proposed and validated using 
finite element simulations. In this framework, the leading-order term 
is governed by the inclination of the GB, the next-to-leading order 
by the properties of the bicrystal pair — primarily characterized by 
the effective GB stiffness 𝐸12 — while higher-order contributions are 
captured through Gaussian fluctuations.

In the first part of the paper, we have demonstrated that we can suc-
cessfully predict the INS distribution on random GBs for any polycrys-
talline material under uniform loading conditions. A single parameter 

34 What typically occurs is that the parameter 𝛼, obtained from the third 
central moment of the pure bicrystal distribution, sometimes tends to be 
overestimated, causing the second moment of the pure bicrystal distribution 
to exceed that of the FE distribution (resulting in 𝜎2𝐺 < 0). Interestingly, this 
most often occurs for the least anisotropic materials.
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was needed that connected the width of Gaussian fluctuations with the 
material’s anisotropy. This parameter was determined from numerical 
fits.

In the second part of the paper, we have shown how to generate 
INS distributions on particular GB types. This can again be done for 
any material and loading configuration, but for simplicity reasons, we 
restricted our analysis to lattices with cubic symmetry. In this case, 
instead of three parameters (𝛼, 𝛽, and 𝜎𝐺), only two suffice to determine 
the INS distribution for a chosen GB type within a given material 
since 𝛼 and 𝛽 are not independent of each other (in large part because 
the average Young’s modulus and the average Poisson’s ratio of the 
material are not linearly independent quantities in cubic crystals).

A simple functional dependence between 𝛼 and 𝐸12 has been pro-
posed, with material-specific coefficients determined for several dif-
ferent materials, and correlated with their 𝐴𝑢. Similarly for 𝜎𝐺. The 
existing fits involve just six parameters, the numerical values of which 
need to be determined only once. Improvement of these fits could make 
the bicrystal model extremely useful for quick and reliable predictions 
of INS distributions for any chosen GB type, material, and uniform 
external loading conditions. As such, it can serve as a valuable tool 
for estimating the probability of intergranular cracking initiation or for 
assessing the GB strengths of selected GB types, especially because the 
validity of the model likely extends beyond the onset of plasticity. A 
statistical knowledge of stresses (INS), resulting from a microscopic de-
scription (bicrystal model), can thus be used to address a macroscopic 
phenomenon (intergranular cracking initiation).
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Appendix A. Finite element simulations

Polycrystalline aggregate models with 4000 grains and 31255 GBs 
were generated using the software package Neper [39], employing 
Voronoi tessellations to construct the grain structure. Periodic bound-
ary conditions were imposed in all three spatial directions, resulting 
in fully periodic microstructures without free surfaces. The grain ar-
rangement follows a Poisson–Voronoi distribution, while finite element 
meshes — also created with Neper — employ quadratic tetrahedral 
elements (C3D10) to accurately capture the grain geometry. Each ag-
gregate contains roughly 5 million finite elements (about 1200 elements 
per grain). It has been verified that both the aggregate size (4000
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grains) and mesh density (∼ 5 million elements) are sufficiently large 
to produce negligible finite-size effects.

All grains within the polycrystalline aggregate are assigned identical 
elastic material properties, while their crystallographic orientations 
vary. Grain boundaries are not modelled explicitly; instead they are 
implicitly defined as planar interfaces between neighbouring grains, 
across which a sudden change in crystallographic orientation occurs. In 
aggregates with random GBs, these orientations are assigned randomly 
(implying no crystallographic texture). To investigate the effect of a
specific [𝑎𝑏𝑐]-[𝑑𝑒𝑓 ]-𝛥𝜔 GB type, we artificially increase the fraction of 
such GBs within the finite element aggregate by prescribing particular 
orientations to a small subset of grains. Due to topological constraints, 
the targeted GB type can occupy at most ∼ 17% of the total GB area in 
a given aggregate (e.g., resulting in 1636 GBs of the desired type out 
of 31255 in total), while the remaining GBs retain random character 
(i.e., their corresponding GB type is defined by two randomly oriented 
neighbouring grains). An example of the polycrystalline aggregate and 
a bicrystal pair of a selected GB type are shown in Fig.  A.1. 

The constitutive equations of the generalized Hooke’s law are 
solved numerically for a chosen uniform loading using the FE solver 
Abaqus [38]. Since the grains are assumed to behave as ideally elastic 
material, a unit loading can be applied within the small strain ap-
proximation. The resulting normal stresses 𝜎𝑛𝑛, corresponding to the 
integration points closest to the GBs of interest (either of random or of 
a specific [𝑎𝑏𝑐]-[𝑑𝑒𝑓 ]-𝛥𝜔 GB type), are then used to produce the INS 
distributions.

Two types of distributions are considered: reduced and full. In the 
reduced INS distribution, each data point represents a weighted average 
of normal stresses 𝜎𝑛𝑛 over an individual GB. This averaging helps mit-
igate finite-size effects (such as those arising from GB edges), thereby 
enabling more direct comparison with our analytical model. In contrast 
to the reduced distribution, the full INS distribution accounts for the 
normal stresses 𝜎𝑛𝑛 across all finite elements in the aggregate that are 
located on GBs. Due to the significantly larger number of data points, 
full INS distributions appear smoother (and typically wider) than their 
reduced counterparts. Both types of distributions are weighted, either 
by the area of the GBs (in the reduced case) or by the area of the 
corresponding GB finite elements (in the full case).35

Various representative stress fields in the aggregate (obtained with 
the FE solver Abaqus [38]) are depicted in Figs.  A.2 and A.3. In Fig.  A.2, 
the GB-normal stresses 𝜎𝑛𝑛 are shown for all finite elements located on 
GBs: panel (a) displays their values for GBs of any type, while panel (b) 
highlights only those belonging to a selected GB type — specifically, 
[001]-[001]. For improved visual clarity, only a portion of the whole 
aggregate is shown in both panels. Due to the application of periodic 
boundary conditions, the outer surfaces of the aggregate are not free 
— for every tetrahedral finite element shown on one side, its periodic 
counterpart appears on the opposite face of the aggregate. This explains 
why the (external) grain surfaces in panel (a) appear smooth (flat), in 
contrast to panel (b), where pairs of tetrahedral elements are clearly 
discernible at the GBs (of the specified type) in the interior of the 
aggregate.

35 The full INS distribution is comprised of normal stresses 𝜎𝑘𝑛𝑛,𝑖 spanning all 
(pairs of) finite elements 𝑖 belonging to GBs 𝑘. These stress values are weighted 
with respect to the (GB-facet) areas 𝐴𝑘𝑖  of associated finite elements. In the 
reduced case, a single stress value is first produced for each GB by taking a 
weighted average over all the finite elements that belong to it. The mean value 
of the distribution is the same in both cases, ⟨𝜎𝑛𝑛⟩ = (
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but its variance (and consequently the width) is not. For the full INS 
distribution, it is given by 𝑠2(𝜎𝑛𝑛) = (

∑

𝑘
∑

𝑖 𝐴
𝑘
𝑖 (𝜎

𝑘
𝑛𝑛,𝑖)

2)∕(
∑

𝑘
∑

𝑖 𝐴
𝑘
𝑖 ) − ⟨𝜎𝑛𝑛⟩2, 

whereas in the case of the reduced distribution, it decreases to 𝑠2(𝜎𝑛𝑛) =
(
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𝑖 ) − ⟨𝜎𝑛𝑛⟩2. For further technical details, 

please refer to [31] and the references therein. 
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Fig. A.1. (a) 3D periodic Voronoi aggregate with 4000 grains and 31255 GBs used in this study. Different grains are distinguished by their colour. The finite element mesh is 
shown for one selected grain. (b) Visualization of the [111]-[111]-30◦ GB, with the GB normal 𝑛̂ indicated. A total of 1636 GBs of this specific type can be accommodated within 
the aggregate (with the remaining GBs being of random character).
Fig. A.2. FE results for GB-normal stresses 𝜎𝑛𝑛 in a periodic polycrystalline aggregate of 𝛾-Fe under unit tensile loading along the 𝑥-axis: (a) 𝜎𝑛𝑛 on all GBs (random orientations), 
and (b) 𝜎𝑛𝑛 on [001]-[001] GBs (constituting approximately 17% of all GBs in the aggregate). One stress value is shown per each tetrahedral element whose face is in contact with 
a GB. Only a portion of the aggregate is shown for clarity.
Fig.  A.3 displays a planar cross-section of the aggregate. In panel 
(a), the stress-tensor components normal to GBs (𝜎𝑛𝑛) are shown. Panel 
(b) depicts a specific component of the stress tensor — 𝜎𝑥𝑥, aligned 
with the direction of externally applied uniaxial loading — for all finite 
elements within the selected cross-section. Most of these elements are 
thus located in the bulk rather than at GBs. As the cross-sectional plane 
is perpendicular to the direction of the displayed stress component 
(i.e., 𝜎𝑥𝑥 is out-of-plane), one can observe discontinuities or mismatches 
in shear stress across the GBs. These so called incompatibility stresses 
are discussed in [33]. Again, only a subregion of the aggregate (anal-
ogous to that shown in the previous figure) is displayed for better 
readability. In both panels, the GBs belong to random GB types.
28 
Appendix B. Elastic properties of materials

The anisotropic elasticity of crystals is governed by the generalized 
Hooke’s law, which relates the stress tensor 𝜎𝑖𝑗 to the strain tensor 
𝜖𝑘𝑙 via the fourth-order stiffness tensor 𝐶𝑖𝑗𝑘𝑙; cf. Eq. (28). The number 
of independent components of 𝐶𝑖𝑗𝑘𝑙 depends on the symmetry of the 
underlying crystal lattice: ranging from 2 for isotropic materials, to 3
for cubic, 9 for orthorhombic, and up to 21 for the most general triclinic
case.

In Table  B.1 elastic constants of single crystals (monocrystals), 
together with their aggregate properties, are listed for several repre-
sentative materials used in this study. Chosen polycrystallines have 
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Fig. A.3. FE results on the 𝑥 = 0 cross-sectional plane of a periodic polycrystalline aggregate of 𝛾-Fe under unit tensile loading along the 𝑥-axis: (a) GB-normal stresses 𝜎𝑛𝑛, with 
one stress value shown per tetrahedral element whose face lies on a GB, and (b) bulk stresses 𝜎𝑥𝑥 for all elements in the cross-section. Only a portion of the aggregate is shown 
for clarity.
Table B.1
Elasticity (stiffness) tensor components 𝐶𝑖𝑗 (in Voigt notation) of single crystals with orthorhombic (†) [80] or cubic (∗) [81] lattice symmetry, 
and their aggregate properties in polycrystallines (with 𝐸 and 𝜈 denoting the average Young’s modulus and Poisson’s ratio of a macroscopic 
aggregate, which are for cubic materials computed according to Eqs. (24) and (39), respectively). 𝐶𝑖𝑗 and 𝐸 are given in GPa.
 Crystal 𝐶11 𝐶22 𝐶33 𝐶12 𝐶13 𝐶23 𝐶44 𝐶55 𝐶66 𝐸 𝜈 𝐴𝑢 𝐴  
 ∗Al 107.3 60.9 28.3 70.41 0.346 0.05 1.22 
 ∗Nb 240.2 125.6 28.2 104.9 0.393 0.63 0.49 
 ∗Au 192.9 163.8 41.5 79.40 0.424 1.44 2.85 
 ∗𝛾-Fe 197.5 125.0 122.0 195.2 0.282 2.00 3.37 
 †CaSO4 93.82 185.5 111.8 16.51 15.20 31.73 32.47 26.53 9.26 71.77 0.282 2.78 /  
 ∗Li 13.5 11.44 8.78 10.94 0.350 7.97 8.52 
either orthorhombic or cubic lattice symmetry. The materials are ordered 
according to their universal elastic anisotropy index 𝐴𝑢 [41] defined as 

𝐴𝑢 = 5𝐺
𝑉

𝐺𝑅
+ 𝐾𝑉

𝐾𝑅 − 6 , (B.1)

where 𝐺 and 𝐾 are their shear and compression elastic moduli in 
Voigt (𝑉 ) and Reuss (𝑅) limits, respectively, which for macroscopically 
isotropic (untextured) polycrystallines assume the following forms [79]

𝐾𝑉 = 1
9

(

𝐶11 + 𝐶22 + 𝐶33 + 2 (𝐶12 + 𝐶13 + 𝐶23)
)

, (B.2)

𝐺𝑉 = 1
15

(

𝐶11 + 𝐶22 + 𝐶33 + 3 (𝐶44 + 𝐶55 + 𝐶66) − (𝐶12 + 𝐶13 + 𝐶23)
)

,

(B.3)

𝐾𝑅 =
(

𝑠11 + 𝑠22 + 𝑠33 + 2 (𝑠12 + 𝑠13 + 𝑠23)
)−1 , (B.4)

𝐺𝑅 =
(

1
15

(

4 (𝑠11 + 𝑠22 + 𝑠33) + 3 (𝑠44 + 𝑠55 + 𝑠66) − 4 (𝑠12 + 𝑠13 + 𝑠23)
)

)−1
.

(B.5)

For cubic lattice symmetry, 𝐶11 = 𝐶22 = 𝐶33, 𝐶12 = 𝐶13 = 𝐶23 and 
𝐶44 = 𝐶55 = 𝐶66, hence the universal anisotropy index reduces to 

𝐴𝑢 =
3 (𝐶11 − 𝐶12 − 2𝐶44)2

5 (𝐶11 − 𝐶12)𝐶44
=

6 (𝐴 − 1)2

5𝐴
, (B.6)

where 

𝐴 =
2𝐶44

𝐶11 − 𝐶12
(B.7)

represents the Zener elastic anisotropy index [44] of the material. It is 
defined only for cubic lattices, with 𝐴 = 1 (and 𝐴𝑢 = 0) denoting a 
perfectly isotropic crystal.
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Appendix C. External loading tensor in GB coordinate system

The components of the most general uniform external stress tensor 
𝚺lab, rotated into the GB coordinate system via Eq. (1), are listed below: 
𝛴𝑥𝑥 =

(

sin2 𝜃 cos2 𝜙
)

𝛴𝑍𝑍 + (cos 𝜃 cos𝜓 cos𝜙 − sin𝜓 sin𝜙)2 𝛴𝑋𝑋+
+ (cos 𝜃 sin𝜓 cos𝜙 + cos𝜓 sin𝜙)2 𝛴𝑌 𝑌 +
+

(

cos2 𝜃 sin 2𝜓 cos2 𝜙 + cos 𝜃 cos 2𝜓 sin 2𝜙 − sin 2𝜓 sin2 𝜙
)

𝛴𝑋𝑌 +
+ sin 𝜃

(

sin𝜓 sin 2𝜙 − 2 cos 𝜃 cos𝜓 cos2 𝜙
)

𝛴𝑋𝑍−
−2 sin 𝜃 cos𝜙 (cos 𝜃 sin𝜓 cos𝜙 + cos𝜓 sin𝜙) 𝛴𝑌 𝑍 ,

(C.1)
𝛴𝑦𝑦 =

(

sin2 𝜃 sin2 𝜙
)

𝛴𝑍𝑍 + (cos 𝜃 cos𝜓 sin𝜙 + sin𝜓 cos𝜙)2 𝛴𝑋𝑋+
+ (cos𝜓 cos𝜙 − cos 𝜃 sin𝜓 sin𝜙)2 𝛴𝑌 𝑌 +
+

(

cos2 𝜃 sin 2𝜓 sin2 𝜙 − cos 𝜃 cos 2𝜓 sin 2𝜙 − sin 2𝜓 cos2 𝜙
)

𝛴𝑋𝑌 −
−2 sin 𝜃 sin𝜙 (cos 𝜃 cos𝜓 sin𝜙 + sin𝜓 cos𝜙) 𝛴𝑋𝑍+
+ sin 𝜃

(

cos𝜓 sin 2𝜙 − 2 cos 𝜃 sin𝜓 sin2 𝜙
)

𝛴𝑌 𝑍 ,

(C.2)
𝛴𝑧𝑧 =

(

cos2 𝜃
)

𝛴𝑍𝑍 +
(

sin2 𝜃 cos2 𝜓
)

𝛴𝑋𝑋 +
(

sin2 𝜃 sin2 𝜓
)

𝛴𝑌 𝑌 +
+

(

sin2 𝜃 sin 2𝜓
)

𝛴𝑋𝑌 + (sin 2𝜃 cos𝜓) 𝛴𝑋𝑍 + (sin 2𝜃 sin𝜓) 𝛴𝑌 𝑍 ,

(C.3)
𝛴𝑥𝑦 = −

(

sin2 𝜃 sin𝜙 cos𝜙
)

𝛴𝑍𝑍−
− 1

2

(

cos2 𝜃 cos2 𝜓 sin 2𝜙 + cos 𝜃 sin 2𝜓 cos 2𝜙 − sin2 𝜓 sin 2𝜙
)

𝛴𝑋𝑋−
− 1

2

(

cos2 𝜃 sin2 𝜓 sin 2𝜙 − cos 𝜃 sin 2𝜓 cos 2𝜙 − cos2 𝜓 sin 2𝜙
)

𝛴𝑌 𝑌−
− 1

2

((

cos2 𝜃 + 1
)

sin 2𝜓 sin 2𝜙 − 2 cos 𝜃 cos 2𝜓 cos 2𝜙
)

𝛴𝑋𝑌+
+ sin 𝜃 (cos 𝜃 cos𝜓 sin 2𝜙 + sin𝜓 cos 2𝜙) 𝛴𝑋𝑍+
+ sin 𝜃 (cos 𝜃 sin𝜓 sin 2𝜙 − cos𝜓 cos 2𝜙) 𝛴𝑌 𝑍 ,
(C.4)
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𝛴𝑥𝑧 = − (sin 𝜃 cos 𝜃 cos𝜙) 𝛴𝑍𝑍+
+ sin 𝜃 cos𝜓 (cos 𝜃 cos𝜓 cos𝜙 − sin𝜓 sin𝜙) 𝛴𝑋𝑋+
+ sin 𝜃 sin𝜓 (cos 𝜃 sin𝜓 cos𝜙 + cos𝜓 sin𝜙) 𝛴𝑌 𝑌 +
+ sin 𝜃 (cos 𝜃 sin 2𝜓 cos𝜙 + cos 2𝜓 sin𝜙) 𝛴𝑋𝑌 +
+ (cos 2𝜃 cos𝜓 cos𝜙 − cos 𝜃 sin𝜓 sin𝜙) 𝛴𝑋𝑍+
+ (cos 𝜃 cos𝜓 sin𝜙 + cos 2𝜃 sin𝜓 cos𝜙) 𝛴𝑌 𝑍 ,

(C.5)

𝛴𝑦𝑧 = (sin 𝜃 cos 𝜃 sin𝜙) 𝛴𝑍𝑍−
− sin 𝜃 cos𝜓 (cos 𝜃 cos𝜓 sin𝜙 + sin𝜓 cos𝜙) 𝛴𝑋𝑋−
− sin 𝜃 sin𝜓 (cos 𝜃 sin𝜓 sin𝜙 − cos𝜓 cos𝜙) 𝛴𝑌 𝑌 −
− sin 𝜃 (cos 𝜃 sin 2𝜓 sin𝜙 − cos 2𝜓 cos𝜙) 𝛴𝑋𝑌 −
− (cos 2𝜃 cos𝜓 sin𝜙 + cos 𝜃 sin𝜓 cos𝜙) 𝛴𝑋𝑍+
+ (cos 𝜃 cos𝜓 cos𝜙 − cos 2𝜃 sin𝜓 sin𝜙) 𝛴𝑌 𝑍 .

(C.6)

Appendix D. Coefficients in the analytical solution of the bicrystal 
model for general symmetry

The coefficients appearing in Eq. (42), which characterize the elastic 
properties of the material in the analytical solution of the bicrystal 
model given in Eq. (41), are listed below:

𝛼(𝑛) ∶=
(

3
∑

𝑝=1
(𝑞<𝑟; 𝑞,𝑟≠𝑝)

𝐶̃ (𝑛)
𝑝3𝑝3

(

𝐶̃ (𝑛)
𝑞3𝑟3

)2
)

−

−
(

2 𝐶̃ (𝑛)
𝑝3𝑞3 𝐶̃

(𝑛)
𝑝3𝑟3 𝐶̃

(𝑛)
𝑞3𝑟3 + 𝐶̃

(𝑛)
𝑝3𝑝3 𝐶̃

(𝑛)
𝑞3𝑞3 𝐶̃

(𝑛)
𝑟3𝑟3

)

𝑝<𝑞<𝑟

= 𝐶̃ (𝑛)
1313

(

𝐶̃ (𝑛)
2333

)2
+ 𝐶̃ (𝑛)

2323

(

𝐶̃ (𝑛)
1333

)2
+ 𝐶̃ (𝑛)

3333

(

𝐶̃ (𝑛)
1323

)2
−

−2 𝐶̃ (𝑛)
1323 𝐶̃

(𝑛)
1333 𝐶̃

(𝑛)
2333 − 𝐶̃

(𝑛)
1313 𝐶̃

(𝑛)
2323 𝐶̃

(𝑛)
3333 ,

(D.1)

𝛽(𝑚,𝑛)𝑖𝑗 ∶=
3
∑

𝑝,𝑞=1
(𝑞≠𝑝; 𝑟≠𝑝,𝑞)

(

𝐶̃ (𝑚)
𝑖𝑗𝑝3

(

𝐶̃ (𝑚)
𝑝3𝑞3𝐶̃

(𝑚)
𝑟3𝑟3 − 𝐶̃

(𝑚)
𝑝3𝑟3𝐶̃

(𝑚)
𝑞3𝑟3

)

𝐶̃ (𝑛)
𝑞333

)

+

+
3
∑

𝑝=1
(𝑞<𝑟; 𝑞,𝑟≠𝑝)

{

𝐶̃ (𝑚)
𝑖𝑗𝑝3

(

(

𝐶̃ (𝑚)
𝑞3𝑟3

)2
− 𝐶̃ (𝑚)

𝑞3𝑞3𝐶̃
(𝑚)
𝑟3𝑟3

)

𝐶̃ (𝑛)
𝑝333+

+
(

𝐶̃ (𝑛)
𝑖𝑗33𝐶̃

(𝑛)
𝑝3𝑝3 − 𝐶̃

(𝑛)
𝑖𝑗𝑝3𝐶̃

(𝑛)
𝑝333

)

(

(

𝐶̃ (𝑚)
𝑞3𝑟3

)2
− 𝐶̃ (𝑚)

𝑞3𝑞3𝐶̃
(𝑚)
𝑟3𝑟3

)

+

+
(

𝐶̃ (𝑛)
𝑖𝑗33𝐶̃

(𝑛)
𝑝3𝑞𝑟 − 𝐶̃

(𝑛)
𝑖𝑗𝑝3𝐶̃

(𝑛)
𝑞𝑟33

) (

𝐶̃ (𝑚)
𝑝3𝑞𝑟𝐶̃

(𝑚)
3333 − 𝐶̃

(𝑚)
𝑝333𝐶̃

(𝑚)
𝑞𝑟33

)

+

+
(

𝐶̃ (𝑛)
𝑖𝑗33𝐶̃

(𝑛)
𝑝333 − 𝐶̃

(𝑛)
𝑖𝑗𝑝3𝐶̃

(𝑛)
3333

) (

𝐶̃ (𝑚)
𝑝333𝐶̃

(𝑚)
𝑞𝑟𝑞𝑟 − 𝐶̃

(𝑚)
𝑝3𝑞𝑟𝐶̃

(𝑚)
𝑞𝑟33

)

}

= 𝐶̃ (𝑚)
𝑖𝑗13

((

𝐶̃ (𝑚)
1323 𝐶̃

(𝑚)
3333 − 𝐶̃

(𝑚)
1333 𝐶̃

(𝑚)
2333

)

𝐶̃ (𝑛)
2333 +

+
(

𝐶̃ (𝑚)
1333 𝐶̃

(𝑚)
2323 − 𝐶̃

(𝑚)
1323 𝐶̃

(𝑚)
2333

)

𝐶̃ (𝑛)
3333

)

+

+𝐶̃ (𝑚)
𝑖𝑗23

((

𝐶̃ (𝑚)
1323 𝐶̃

(𝑚)
3333 − 𝐶̃

(𝑚)
2333 𝐶̃

(𝑚)
1333

)

𝐶̃ (𝑛)
1333 +

+
(

𝐶̃ (𝑚)
2333 𝐶̃

(𝑚)
1313 − 𝐶̃

(𝑚)
1323 𝐶̃

(𝑚)
1333

)

𝐶̃ (𝑛)
3333

)

+

+𝐶̃ (𝑚)
𝑖𝑗33

((

𝐶̃ (𝑚)
1333 𝐶̃

(𝑚)
2323 − 𝐶̃

(𝑚)
2333 𝐶̃

(𝑚)
1323

)

𝐶̃ (𝑛)
1333 +

+
(

𝐶̃ (𝑚)
2333 𝐶̃

(𝑚)
1313 − 𝐶̃

(𝑚)
1333 𝐶̃

(𝑚)
1323

)

𝐶̃ (𝑛)
2333

)

+

+𝐶̃ (𝑚)
𝑖𝑗13

(

(

𝐶̃ (𝑚)
2333

)2
− 𝐶̃ (𝑚)

2323 𝐶̃
(𝑚)
3333

)

𝐶̃ (𝑛)
1333+

+𝐶̃ (𝑚)
𝑖𝑗23

(

(

𝐶̃ (𝑚)
1333

)2
− 𝐶̃ (𝑚)

1313 𝐶̃
(𝑚)
3333

)

𝐶̃ (𝑛)
2333+

+𝐶̃ (𝑚)
𝑖𝑗33

(

(

𝐶̃ (𝑚)
1323

)2
− 𝐶̃ (𝑚)

1313 𝐶̃
(𝑚)
2323

)

𝐶̃ (𝑛)
3333+

+
(

𝐶̃ (𝑛)
𝑖𝑗33 𝐶̃

(𝑛)
1313 − 𝐶̃

(𝑛)
𝑖𝑗13 𝐶̃

(𝑛)
1333

)

(

(

𝐶̃ (𝑚)
2333

)2
− 𝐶̃ (𝑚)

2323 𝐶̃
(𝑚)
3333

)

+

+
(

𝐶̃ (𝑛)
𝑖𝑗33 𝐶̃

(𝑛)
2323 − 𝐶̃

(𝑛)
𝑖𝑗23 𝐶̃

(𝑛)
2333

)

(

(

𝐶̃ (𝑚)
1333

)2
− 𝐶̃ (𝑚)

1313 𝐶̃
(𝑚)
3333

)

+

+
(

𝐶̃ (𝑛)
𝑖𝑗33 𝐶̃

(𝑛)
1323 − 𝐶̃

(𝑛)
𝑖𝑗13 𝐶̃

(𝑛)
2333

) (

𝐶̃ (𝑚)
1323 𝐶̃

(𝑚)
3333 − 𝐶̃

(𝑚)
1333 𝐶̃

(𝑚)
2333

)

+

+
(

𝐶̃ (𝑛)
𝑖𝑗33 𝐶̃

(𝑛)
1323 − 𝐶̃

(𝑛)
𝑖𝑗23 𝐶̃

(𝑛)
1333

) (

𝐶̃ (𝑚)
1323 𝐶̃

(𝑚)
3333 − 𝐶̃

(𝑚)
2333 𝐶̃

(𝑚)
1333

)

+

+
(

𝐶̃ (𝑛)
𝑖𝑗33 𝐶̃

(𝑛)
1333 − 𝐶̃

(𝑛)
𝑖𝑗13 𝐶̃

(𝑛)
3333

) (

𝐶̃ (𝑚)
1333 𝐶̃

(𝑚)
2323 − 𝐶̃

(𝑚)
1323 𝐶̃

(𝑚)
2333

)

+

+
(

𝐶̃ (𝑛)
𝑖𝑗33 𝐶̃

(𝑛)
2333 − 𝐶̃

(𝑛)
𝑖𝑗23 𝐶̃

(𝑛)
3333

) (

𝐶̃ (𝑚)
2333 𝐶̃

(𝑚)
1313 − 𝐶̃

(𝑚)
1323 𝐶̃

(𝑚)
1333

)

,

(D.2)

𝛾 (𝑚,𝑛) ∶=
3
∑

𝑝=1

{

𝐶̃ (𝑛)
𝑝3𝑝3

(

(

𝐶̃ (𝑚)
𝑞3𝑟3

)2
− 𝐶̃ (𝑚)

𝑞3𝑞3 𝐶̃
(𝑚)
𝑟3𝑟3

)

+

(𝑞<𝑟; 𝑞,𝑟≠𝑝)

30 
+ 2 𝐶̃ (𝑛)
𝑞3𝑟3

(

𝐶̃ (𝑚)
𝑞3𝑟3 𝐶̃

(𝑚)
𝑝3𝑝3 − 𝐶̃

(𝑚)
𝑝3𝑞3 𝐶̃

(𝑚)
𝑝3𝑟3

)}

= 𝐶̃ (𝑛)
1313

(

(

𝐶̃ (𝑚)
2333

)2
− 𝐶̃ (𝑚)

2323 𝐶̃
(𝑚)
3333

)

+

+2 𝐶̃ (𝑛)
2333

(

𝐶̃ (𝑚)
2333 𝐶̃

(𝑚)
1313 − 𝐶̃

(𝑚)
1323 𝐶̃

(𝑚)
1333

)

+

+𝐶̃ (𝑛)
2323

(

(

𝐶̃ (𝑚)
1333

)2
− 𝐶̃ (𝑚)

1313 𝐶̃
(𝑚)
3333

)

+

+2 𝐶̃ (𝑛)
1333

(

𝐶̃ (𝑚)
1333 𝐶̃

(𝑚)
2323 − 𝐶̃

(𝑚)
1323 𝐶̃

(𝑚)
2333

)

+

+𝐶̃ (𝑛)
3333

(

(

𝐶̃ (𝑚)
1323

)2
− 𝐶̃ (𝑚)

1313 𝐶̃
(𝑚)
2323

)

+

+2 𝐶̃ (𝑛)
1323

(

𝐶̃ (𝑚)
1323 𝐶̃

(𝑚)
3333 − 𝐶̃

(𝑚)
1333 𝐶̃

(𝑚)
2333

)

(D.3)

Data availability

Data will be made available on request.
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