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Abstract: The central location problem is a key aspect of graph theory, with a significant
importance in various applications and studies within the field. The center of a graph is
made up of nodes that have the smallest eccentricity, where eccentricity is defined as the
greatest distance between a given node and any other node in the graph. To determine
the graph’s center, it is essential to compute the eccentricity of each node. In this article,
we explore various characteristics of the BFS tree of trapezoid graphs. We also present
new properties that relate to the radius, diameter, and center of trapezoid graphs. For the
trapezoid graph G, We prove that the difference between the diameter(G) and the height
of the BFS trees Ty(1), T¢(n), T¢(a), and T;(b) is at most one. We also establish relationship
between radius(G) and diameter(G) of trapezoid graphs. We also show that, to find the
center of a trapezoid graph, it is not necessary to find the eccentricity of all vertices. Based
on our studied results, we design an optimal algorithm for finding the center, radius, and
diameter of trapezoid graphs. Also, we prove theoretically that our proposed algorithm
compiles within O(n) time. We also find an algorithmic solution to real problems (that
involves finding a center location in a district to build a private hospital that minimizes
the farthest distance from it to all areas of the district) with the help of the trapezoid graph
model and BFS trees within O(n) time.

Keywords: central nodes; trapezoid graph; BES; algorithm; time complexity

MSC: 05C90; 05C85

1. Introduction

The center location problem is a classical optimization problem where the aim is to
compute the optimal location for a facility (like a hospital, fire station, warehouse, etc.)
to minimize the maximum distance to the farthest point. The importance of determining
the optimal location for service facilities has been steadily increasing. The exploration
of service location problems began in the early 20th century, gaining notable attention
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especially after the 2000s. Facility location theory was originally based on Alfred Weber’s
single warehouse problem in 1909. These problems often arise in transportation, urban
planning, and distribution network design. In this article, we focus on finding the radius,
diameter, and center of trapezoid graphs. This article also addresses a specific type of
central location problem, which is solved using a trapezoid graph model.

Suppose T is a set of n trapezoids ty, tp, t3, .. ., t;. In a trapezoid diagram (T-diagram),
we define a trapezoid t; by four different corner points [p;, q;, i, s;]. A typical T-diagram [1]
has two parallel horizontal lines—one as the top line, and the other as the bottom line.
We assume that no two trapezoids share a common vertex. In the T-diagram, we place
the corner points p; and g; (> p;) on the top line and r; and s;(> r;) on the bottom line.
The trapezoids in the T-diagram are indexed according to the ascending order of their
corner points q;, where i = 1,2, ..., n. A trapezoid graph is an intersection graph formed
by a set of trapezoids arranged within a T-diagram. Here, we consider an undirected
trapezoid graph, which is also simple and connected. Two trapezoids t; and tj, (j > i)
intersect if and only if either (p; —¢;) < 0, (r; —s;) < 0, or both. The recognition of a
trapezoid graph can be accomplished in O(n?) time [2]. Initial studies on trapezoid graphs
were presented in [1,3]. This graph is more complex than both permutation and interval
graphs [4]. It is also a subclass of cocomparability graphs [5]. We present a trapezoid
diagram and its corresponding trapezoid graph in Figures 1 and 2. For convenience, we use
the symbols ¢, and f; to indicate the trapezoid whose bottom-left corner point position is
the minimum and the trapezoid whose bottom-right corner point position is the maximum,
respectively. In Figure 1, t, = t, and t;, = f13. This graph has many applications, such as for
emergency services: finding the optimal location for fire stations or hospitals to minimize
response time to the farthest service area; telecommunication networks: placing cell towers
or communication hubs to maximize coverage while minimizing the maximum distance to
undeserved regions; and warehousing and distribution: choosing warehouse locations to
minimize the delivery distance to the furthest retail outlets, etc.
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Figure 2. A trapezoid graph G.

In this article, we focus on exploring various characteristics of the BFS trees and
new properties that relate to the radius, diameter, and center of trapezoid graphs. We
concentrate on establishing a sharp relationship between the radius(G) and diameter(G)
of trapezoid graphs. We also show that, to find the center of a trapezoid graph, it is not
necessary to find the eccentricity of all vertices. We design an O(#n) time algorithm for
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finding center, radius, and diameter of trapezoid graphs. In addition, theoretically, we
prove that our proposed algorithm compiles in O(n) time. We also find an algorithmic
solution to real problems (that involves finding a center location in a district to build a
private hospital that minimizes the distance from it to all areas of the district) with the help
of the trapezoid graph model and BFS graph traversal technique within O(#n) time.

1.1. Some Definitions

First, we assume an undirected graph structure G = (V,E) which is simple as
well as connected, where |V| = n and |E| = m. The term ‘distance’ between nodes v;
and v; refers to the shortest-path’s length between them and we denote it by d(v;,v;).
The eccentricity of a vertex v € V, denoted as eccentricity(v), represents the great-
est length among all shortest paths starting from v and finishing at other remaining
nodes, i.e., eccentricity(v) = sup{d(v,u;) : u3 € V}. The maximum among all ec-
centricities of the nodes of G is considered the diameter of G and we denote it by
diameter(G), i.e., diameter(G) = sup{eccentricity(v) : v € V}. Also, the lowest eccen-
tricity of all nodes of G is assumed to be the radius of G and we denote it by radius(G),
i.e., radius(G) = min{eccentricity(v) : v € V}. A central vertex/node z belonging to G is
a node such that eccentricity(z) = radius(G). A graph may contain one or more central
vertices. The set of all central nodes of a graph G is called the center of G and it is symbolled
by center(G), i.e., center(G) = {z € V : eccentricity(z) = radius(G)}. Computation of the
diameter, radius, and center of a graph is fundamental and has many real-life applications.
In different fields such as the facility location problem [6], social network problem [7],
biological systems [7], and transportation networks [7], we can apply the concept of the
center of the graph.

1.2. Review of the Related Works

A wide range of location-related problems have been explored for various types of
service facilities. Numerous studies have been carried out by researchers, addressing
diverse location issues across both private sectors (such as industrial plants, banks, and re-
tail outlets) and public sectors (including schools, hospitals, and fire stations). In 2004,
Stummer et al. [8] proposed a two-phase solution approach for addressing multi-objective
decisions related to the location and size of medical departments within a hospital network.
They used tabu search to find the optimal solution. In 2007, Wu et al. [9] introduced an AHP-
based evaluation model to determine the best location for a regional hospital. Syam [10]
developed a nonlinear location—-allocation model, which was solved using Lagrangian
relaxation in 2008. In 2009, Vahidnia et al. [11] applied an integrated multi-criteria decision
analysis approach, enhanced by GIS analysis, for making hospital site selection decisions.
Shariff et al. [12] tackled a healthcare facility location—allocation problem and introduced
a new solution method based on genetic algorithms in 2012. In 2013, Kim and Kim [13]
focused on a healthcare facility location problem involving two patient types—low-income
and middle/high-income—using a heuristic algorithm based on Lagrangian relaxation
and subgradient optimization. Shariff et al. [14] also explored a dynamic location problem
for public primary healthcare facilities, applying a genetic algorithm in 2014. In 2015,
Beheshtifar and Alimoahmmadi [15] proposed a location model that combines GIS analysis
with a multi-objective genetic algorithm to determine the optimal locations for new the
clinics and assign populations to these clinics. Elkady and Abdelsalam [16] integrated
Monte Carlo simulation with Particle Swarm Optimization (PSO) to address the health-
care location—allocation problem in 2015. In 2015, Maric et al. [17] developed a hybrid
method incorporating an Evolutionary Approach (EA) to identify facility locations from
a set of potential sites and allocate patient groups to the nearest facility. In 2016, Elkady
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and Abdelsalam [18] introduced a two-loop Particle Swarm Optimization (PSO) algorithm
to address the multi-objective healthcare facility location problem. Ouyang et al. [19]
conducted a study focused on the healthcare facility location problem, utilizing the CPLEX
solver in 2016. In 2016, Ye and Kim [20] proposed a network-based covering location
problem, incorporating sub-models such as the network-based maximal covering location
problem (Net-MCLP) and the network-based location set covering the problem (Net-LSCP).
Zhang et al. [21] examined a public healthcare facility location—-allocation problem, consid-
ering future decisions about the placement of several new facilities in 2016.

If we wish to solve real center location problems using graph models, then we have find
the eccentricity, radius, diameter, and center of graphs. Computation of these parameters
is an interesting problem in graph theory. Behzad et al. [22] first established a relation
between the radius and diameter of a connected graph. Then, many research works [23,24]
were conducted to solve this problem. For some particular graphs such as outer planar
graphs [25], tree graphs [26], interval graphs [27], chordal graphs [28], and weighted cactus
graphs [29], the center is computed in linear time. Olariu [30] designed a parallel algorithm
to locate the center of interval graphs in O(logn) time with the help of O(n) processors. Also,
Olariu [31] formulated another algorithm (runs in O(n + m) time) for the same purpose
on the same graphs. Pal et al. [27] have developed a linear time (O(#n) time) algorithm to
find out center and diameter of interval graphs. Further, Saha [32] also presented parallel
algorithms (taking O((n?/p) + log n)-time on an EREW PRAM, where p represents the
number of processors) for finding the diameter, eccentricity, and radius of circular-arc
graphs. Michele et al. [33] solved the center problem of weakly connected digraphs within
O(|V||E|) time. In [7], an efficient algorithm was proposed to identify the center of a graph,
running in O(n3~?) time, where a > 0.01 is a constant. Additionally, Abound et al. [34]
introduced a faster algorithm that detects the center of a sparse graph in O(n?~%) time
via solving all pairs’ shortest paths. Laskar et al. [35] established a relationship between
the radius(G)and diameter(G)of the chordal graph G, while Mahesh [36] developed an
inequality relating the radius(G)and diameter(G)for general graph G. In, 1997, Erich Prisner
proved 2 x radius(G) — diameter(G) < 2 for trapezoid graphs. Pramanik et al. [6] explored
the relationship between the radius(G)and diameter(G) of the interval graph G. In 2021,
Nandi et al. [37] created an O(#n) time algorithm for calculating radius(G), diameter(G),
and the center of permutation graphs, also establishing a sharp relationship between the
radius(G)and diameter(G)in these graphs.

1.3. Result

In this article, we present some characteristics of the BFS tree of trapezoid graphs. We
explore new properties that relate to the radius, the diameter, and the center of trapezoid
graphs. For the trapezoid graph G, we prove that the difference between the diameter(G)
and the height of the BFS trees T;(1), T¢(n), T;(a), and T;(b) is at most one. We also establish
a relationship (2 x radius(G) — diameter(G) = k,k = 0,1,2) between the radius(G) and
the diameter(G) of trapezoid graphs. This result is slightly better than the result of [38]
for k = 0,1. We also prove that it is not necessary to find the eccentricity of all vertices to
find the radius, the diameter, and the center of trapezoid graphs. We also propose an O(n)
time algorithm to find the radius, the diameter, and the center of trapezoid graphs. We
also analyze the time complexity of our proposed algorithm. Besides these, we consider a
center location problem for identifying a center location in a district to construct a private
hospital that minimizes the farthest distance from the hospital to other places in the district.
We present an algorithmic solution of the proposed problem with the help of a trapezoid
graph model and using BFS graph traversal technique within O(n) time.
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1.4. Structure of Article

Section 2 presents the formation of BFStrees T¢(1), T¢(n), T¢(a), and T;(b) and identi-
fication their principal paths. In this section, some important results on BFS trees T;(1),
Ti(n), T¢(a), and T;(b) are given. We also explore some characteristics of these BFS trees
in Section 2. Some essential results on the diameter, the radius, and the center of the
trapezoid graph are presented in Section 3. In this section, we also establish a relationship
(2 x radius(G) — diameter(G) = k,k = 0,1,2) between the radius(G) and the diameter(G)
of trapezoid graphs. This result is slightly better than the result of [38] for k = 0, 1. We also
prove that it is not necessary to find the eccentricity of all vertices to find the radius, the
diameter, and the center of trapezoid graphs.In Section 4, we design an optimal algorithm
for finding the central vertices, the radius(G), and the diameter(G) of trapezoid graphs.
This section also presents the time complexity of our proposed algorithm. We also present
an explanatory example of our proposed algorithm in Section 4. In Section 5, we present
a real application of our studied results. Here, we find an algorithmic solution to a real
problem (that involves finding a center location in a district to build a private hospital
that minimizes the farthest distance from it to all areas of the district) with the help of the
trapezoid graph model and BFS trees within O(n) time. Lastly, Section 6 describes the
conclusion part and future planning of this paper.

2. Formation of BFS Tree Based on BFS

One of the effective graph traveling methods for researchers in graph theory is BFS.
It assists us in building a BFS tree of the graph. For general graphs, we are able to build
this tree by spending just O(n + m)-time [39]. Also for the tree, we found an algorithm
(compiles in linear time) [40] for the same occasion. Again, Olariu has provided a faster
algorithm (executes in just O(n) time) [41] to make an interval-tree (basically a BFS tree)
on interval graph. Again, in [42], an algorithm is presented for the same purpose on
permutation graphs within O(n) time. In [43], a TBFS algorithm (compiles within O(n)
time) is available for building a BFS tree T*(z) having root as z on trapezoid graphs. In the
present paper, we use a new notation, T;(z) instead of T*(Z). We draw four BFS trees
Ti(1), T¢(n) (shown in Figure 3), and T;(a), T;(b) (displayed in Figure 4) of the trapezoid
graph shown in Figure 2.

Level

0

Figure 3. BFS trees T;(1) and T;(15) of the graph of Figure 2.
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Figure 4. A part of a trapezoid diagram.

The symbol L(z), z € V, refers to the level of z, which is the distance of z from the root
of any BFS trees like T;(1), T¢(n), Ti(a), T¢(b), etc. We also assign the level of the root of
such types of trees to be 0. In [40], an algorithm is available by which we can determine the
level of every node/vertex on these trees.

Detection of the Main Path and Alternative-Path on BES Trees

For a BFS tree Ti(y) (of a trapezoid graph G) with y € V as root, suppose
L(z) = k, where k € N(set of integers), and z € V is an arbitrary node at the highest
level (i.e., k) of that tree. We define the shortest path between y and z (z — pnode(z) —
pnode(pnode(z)) — ... = y) as the main path of the same tree, where pnode(z) is the parent
node of z. The tree T;(y) may have other paths of length up to k. One of these other paths,
we consider as the alternative path. We denote the node points/vertices on the main path
and the alternative path of T;(y) at ith level by the symbols a and B/, respectively. Here,
we assume that 046 = ‘86 and ocfC =+ ,Bﬁc, fori =1,n,a,b. Apart from this, some parts of the
main path and the alternative path may coincide.

Lemma 1. For trapezoid graphs, the difference between the heights of any two trees among T;(1),
Ti(n), Ti(a), and T(b) is maximum 1.

Proof. We suppose that hy, hy, ha, and hy, are the heights of T;(1), Ty(n), T(a), and T;(b),
respectively. First, we prove that 0 < |h; — h,| < 1. If we minutely observe the trapezoid
diagram, then we see that either 1 =aor1l # 4. If 1 = g, then hy = h,. If 1 # a, thena
situated at the first level of T;(1). Now, let z; be an arbitrary node at the ith level of T;(1),
i=1,2,..,h. So, in that case, h; — 1 < d(a, Zhl) < h1 4 1 because the probable shortest
paths between a and z are as follows:

a—1(=al) >z > 20— .. > zp
Ora —rzy — 2 — ... = 2,
ora — zy —» 23 —7 ... —r Zj,

Now, if we build a BFS tree T;(a), thenhy —1 < h; < h;+1,ie., 0< |y —hy| < 1.

Similarly, we can show that 0 < |h, — h;,| < 1.

Next, we prove that 0 < |hj — h,| < 1. Now, if we observe the trapezoid diagram and
follow the TBEFS algorithm [43], then we can see either of the following observations:

(1) Vertex n is located at the last level h; of the tree T;(1).
(2) Vertex n is situated at the level h; — 1 of the tree T;(1).

Case 1: When vertex n is found at the last level 1 of the tree T;(1). In that case, node 1
may be located at level &, or h,, — 1 of the tree T;(n). Now, if the node 1 is found at level
hy, of the tree Ty(n), then |hy — h,| = 0. Again, if nodel is found at level i, — 1 of the tree
T¢(n), then there exists at least one node point z at the last level 1, of the tree T;(n). So,
|hy —hy| =1lash, =d(z,n) =d(z,1)+d(1,n) =1+ hy.

Case 2: When vertex n is situated at the level h; — 1 of the tree T;(1). So, at the last
level of T;(1), at least one vertex v is found there. In that case, node 1 may be located at
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level i, or hy, — 1 of the tree T;(n). Now, if the node 1 is found at level &, of the tree T;(n),
then h, =d(n,1) =d(v,1) —d(v,n) = h; — 1. Thatis, |} — h,| = 1. Again, if the node 1
is found at level i, — 1 of the tree T;(n), then there exists at least one node z at the last level
of Ty(n). So, hy =d(n,z) =d(n,1) +d(z,1) = (hy —1) +1 = hy. So, |hy — hyu| = 0.

Similarly, we can show that0 < |hy —hy| < 1,0 < |h; —hy| <1and 0 < |h, —hy| < 1.
Hence the result. O

Lemma 2. If the BES tree T;(1) consists of two internal vertices at any level, then the maximum
indexed vertex at that level must be an internal vertex at the same level.

Proof. We know ([44]) that the BFS tree T;(1) cannot have more than two internal nodes
at any level. As per the algorithm, TBFS [43], only the right scanning is needed to build
T¢(1). Let there be certain stages of the scanning process; [tpl,tpz], and [bpl,bpz} are,
respectively, the top scanning and bottom scanning intervals. Also, let K be the set formed
by the vertices whose corresponding unmarked trapezoids are scanned in the mentioned
intervals. So, by the TBFS algorithm [43], members of K will be placed at the next level
(say i) of the vertices corresponding to the trapezoids relating to t,, and by as the children
of the same vertices (relating to t,, and byp). After that, two scanning intervals are
reset as [ty1, tp2] = [tp2,s] and [by1,bpo] = [bpo, t], where, s is the top-right vertex of the
trapezoid corresponding to sup{K} and t is the bottom-right vertex of the trapezoid whose
spread along the bottom channel is the maximum. Let, at level i, two internal nodes
exist. So, [ty1, ty2] and [by1, byo] are both non-empty. So, at the end of scanning these new
two intervals, the vertices corresponding to ¢, and by, will be set as two internal nodes
at level i, where the vertex corresponding to t,; is equal to sup{K}. So, if T;(1) consists of
two internal vertices at any level, then the maximum indexed vertex at that level must be
an internal vertex/node at the same level. O

Note 1. The above result is also true for the trees Ty(n), T;(a), and T;(b).

Lemma 3. If x is any leaf node at level 1 of Ty(1) and al, B} exist, then either (x,al) € E,
(x,BY) € E, or both.

Proof. Since a} and B} both exist so, one of a1 and B} extends at the maximum along
the top line and the other extends at the maximum along the bottom line, among all
N(1) (see Figure 4). Again, if x is a leaf node at level 1 of T;(1) and /3% < zx%, then
Pp < T < dx < g < G 0 Pyt < 01 < Pt < qx < q,1- S0, (x,Bl) € E and x may or
may not be adjacent to al. Again, if if x is a leaf node at level 1 of T;(1) and B} > al, then
(x,al) € E and x may or may not be adjacent to B1. Hence, the result is proved. [

3. Some Results Related to diameter(G), radius(G), and Center of
Trapezoid Graphs

Here, we propose and prove some vital results related to diameter(G), radius(G), and
the center of trapezoid graphs.

Lemma 4. For a trapezoid graph G, if hy = hy, = h, = hy, = h(say) and there exist at least
two nodes x,y such that x € (Q1 N Q%),y € (Q¥ N QL) and (x,z) ¢ E, forallz € P UP§ U
{al, B, a8, B4} and (y,t) ¢ E, forall t € Py UPS U {a¥, B4, ab, B4}, then diameter(G) = h+1,
else diameter(G)= max{hy, hy, ha, hy }.

Proof. Let the height of the BFS tree T;(1), Ti(n), Ti(a), and T;(b) be the same and
equal to /1, and there exist at least two node points x,y such that x € (QINQ4),y €
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(Qr N Q%) and (x,z) Q E, forallz € PUPSU {al,Bl,a%,B1} and (y,t) ¢ E, for all
t e P} U sz U {a?, 1,zx1, ,Bb} So, by the given conditions, y € P1 Now, for the tree
Ty(1), d(x,y) = hy + 1 (see the corresponding path x — a} — al —> .= zx,lﬁ_l — yor
x> Bl pl— .= ﬁ}ll_l — ). So, d(x,y) will be the longest shortest path in G. So,
diameter(G) = h+1ash = hy.

Similarly, for the trees T;(n), T(a), and T¢(b), we can easily prove that diameter(G) =
h+1.

Now, if any one of the heights hy, hy, h,;, and hy is different from the others or if
hy = hy = h; = hy and no such x and y exist, then, from the trapezoid diagram, we can
say that the shortest path between any one among {1, 4} and anyone among {n, b} gives
the possible greatest shortest path between any pair of nodes in V. Again, the difference
between the heights of any two trees among T;(1), T;(n), T;(a), and T;(b) is maximum 1
(by Lemma 1). Therefore, the highest value of hy, hy,, h,, and hy, indicates the length of the
greatest shortest path between any pair of nodes. So, diameter(G) = max{hy, hy, ha, hy}. O

Observing the results of Lemmas 1 and 4, we can conclude the following.

Note 2. If h is the height of any one of the BFS trees Ty(1), T¢(n), T¢(a), and Ty (1) of a trapezoid
graph G, then the diameter of G is either h or h 4 1.

Lemma 5. For a trapezoid graph G, if the heights of four trees Ti(1), Ty(n), T¢(a), and T;(b) are
the same and equal to h(say) and diameter(G) = h + 1, then the number of internal node points at
level h — 1 for each of these trees is just one.

Proof. Suppose the heights of four BFS trees T;(1), Ti(n), T¢(a), and T;(b) are the same
and equal to /1 and diameter(G) = h+ 1. Then, we will find at least two nodes x, y such
thatx € (Q1 NQ%),y € (QFNQY), and (x,z) ¢ E, forallz € P} UP§ U {al, },af, B2} and
(y,t) € E, forall t € P} U Pé’ U {af, ‘Ba’,lel’, ,Bl{} So, the node x lies at the first level for the
trees T;(1) and T;(a) as well as last level for the trees T;(n) and T;(b) and the node y lies at
the first level for the trees T;(n) and T;(b) as well as the last level for the trees T;(1) and
Ti(a). Therefore, one of n and b is the parent node located at the level 1 — 1 of y for the
trees T;(1) and T;(a) and one of 1 and a is the parent node point placed at the level & — 1 of
x for the trees Ty (n) and T;(b). Hence, the number of internal node points at level & — 1 for
all these four trees is just one. [

Lemma 6. For a trapezoid graph G, if the height of the BFS tree Ti(1) is even, say hy = 2k,
and diameter(G) = 2k +1, k € N, then radius(G) = k + 1 and all central vertices lie in
P(= Pl UP UPL,).

Proof. For a trapezoid graph G, let us consider that h; = 2k and diameter(G) = 2k + 1,
k € N. So, there exists a leaf node x € Q1. Now, if there exists only one internal node
o at the first level of T;(1), then (x,al) ¢ E, (x,a}) € E and (B}, 1+l) g E, fori =
2,3,...,2k — 1. In that case, d(zx,l(, Dé(l)) =k—1, d(ock, x) = k+1 (like x — oco — "‘1 — .= Dék),
d(a%,vc%k) = k. So, d(zx}(,y) < k+1, forall y € V. Similarly, d(ai_l),y) < k41, for all
y€V.5So, eccentricity(ocll) = eccentricity(a,lc_l) = k + 1 and eccentricity of other vertices
are k + 1 or more. So, radius(G) = k+ 1, and oc,%, a,Ll are two central vertices of G.
Again, if x € Q% and there exists two internal nodes “1/ where oc% > [31 at the
first level of T;(1), then (x,al) ¢ E, (x,a}) € E, (B}, z+1) ¢ E, fOI‘l =1,23,..,2k—-1.
But, (x,B}) € E. In that case, d(B},,, a)) = d(Bp,1,x) = k+1,d(B}.,a3) = k and
d(Biiq, By) = k—1.50,d(B,1,y) <k+1,forally € V. So, B, is a central vertex.
Therefore, radius(G) = k + 1 and all central vertices lie in P(= P} ; U P} UP} +1) O
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From the above result, we see that radius(G) = k + 1 and diameter(G) = 2k + 1. So,
we can conclude the following.

Corollary 1. 2 x radius(G) — diameter(G) = 1.
This result is slightly better than the result of [38].

Lemma 7. For a trapezoid graph G, if hy is even, say hy = 2k, and diameter(G) = 2k, k € N,
then radius(G) = k or radius(G) = k + 1 and the center liesin P = (P}_; UPL U P,}H).

Proof. For a trapezoid graph G, let us consider that ii; = 2k, and diameter(G) = 2k, k € N.
Now, if a leaf node x € Q% and only a main path exists, then (x,zx%) € E (x, zx%) € E,
or both. In that case, d(a},a}) = k (along the main path), d(a},a]) = k — 1 (along the
main path), d(a},x) < k (likex = a] »a} = - s ajorx - ) wal > - o a),
and d(a},a},) = k (along the main path). So, d(aj,y) < k for ally € V(G). Therefore,
the eccentricity of a} is k and eccentricity of other vertices are k or more. So, radius(G) = k
and a,% is a central vertex of G, i.e., the center lies in P,g.

If aleaf node x € Q% and both a main path (oc(l) — a% — = D(%k) and an alternative

path () — Bl — --- — BJ,) exist, where Bl < ], then, by Lemma 3, (x,B]) € E
((x,a}) € E, (x,a}) € E, or both). In that case, if (a}, 11+1> € Eand (a} 4, B}) € E, for all

i=1,2,..,2k —1, then d(oc}(, océ) = k (along the main path), d(zx,%,zx%) = k —1 (along the

mainpath),d(a,l,x) Sk—b—l(likex—wx% —)D(%—) —>a,£ OI‘X—)(X%—)[X%—) ---—>a,1),

dlag,Bl) < k(asaf — af ; — ... > al = Bloral —a} | —» ... = a = B,
d(ap,a3,) = k (along the main path), and d(ag, B3,) = k (like oy — Bi.; — Br., —
-+ = B). So,d(ay,y) < kforally € V(G). Therefore, the eccentricity of a; is k and the
eccentricity of other vertices is k or more. So, radius(G) = k and zxi is a central vertex of G,
i.e., the center lies in Plg.

Again, if (a},ﬁllﬂ) ¢ Eand (ucl.l+1,ﬁl1) ¢ E, foralli=1,2,..,2k — 1, then d(oclhl,oc(l]) =
k + 1 (along the main path), d(zxiﬂ, zx%) = k (along main path), d(zxiﬂ, x) < k+1 (like

1 1 1 1 1 1 1 1y
X — ixl — w21—> R "‘kl+1 orxl—> “21 — ¢1x3 = = a ), dag,,B) = k+1
(asap,; — ap = ... = a5 — By), d(ag, q,a5) = k—1 (along the main path), and

d(aj, 1, By) = k+1(like agy — Broq — Bryp — -+ — By S0, d(ap, 1, y) < k+1forall
y € V(G). Therefore, the eccentricity of a} 41 18 k+ 1 and the eccentricity of other vertices
is k + 1 or more. So, radius(G) = k + 1 and a} 1 is a central vertex of G. Similarly, it can be
shown that g} 1 is a central vertex of G. Depending upon some edge connectivity, some
other vertices at level k — 1, k, and k + 1 may be central vertices.

Therefore, radius(G) = k or radius(G) = k+ 1 and the center of G lies in P =
(PL,UPLUPL,). O

From the above result, we can conclude the following.

Corollary 2. Ifradius(G) = k and diameter(G) = 2k, then 2 x radius(G) — diameter(G) = 0,
else if radius(G) = k + 1 and diameter(G) = 2k, then 2 x radius(G) — diameter(G) = 2.

Lemma 8. For a trapezoid graph G, if hy is odd, say hy = 2k + 1, and diameter(G) = 2k +1,
k € N, then radius(G) = k + 1 and the center lies in P = (P} U PI}H).

Proof. For a trapezoid graph G, let us consider that 7 = 2k + 1 and
diameter(G) = 2k + 1,k € N. Now, if a leaf node x € Q% and only a main path exists, then
(x,al) € E, (x,a}) € E or both. In that case, d(aiﬂ,tx%) = k + 1 (along the main path),
d(rxiﬂ,tx%) = k (along the main path), d(aiﬂ,x) <k+1(ikex > a}l >al— - — oc,lﬁl

orx » al —»al — - — "‘1%+1)f and d(oc,lcﬂ,acékﬂ) = k (along the main path). So,
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d(a,hl,y) < k+1forally € V(G). Therefore, the eccentricity of ociﬂ is k+ 1 and the
eccentricity of other vertices is k + 1 or more. So, radius(G) = k+ 1 and a; 41 is a central
vertex of G. Similarly, it can be shown that a} is a central vertex of G. Depending upon
some edge connectivities, some other vertices at levels k and k + 1 may be central vertices.

So, the center lies in P = (P} U P} 1)
If a leaf node x € Q% and both the main path (oc(l] — (x% — s = (x%kﬂ) and the
alternative path (uc(l) — ,B% — s = ,B%k +1) exist, where IB% < IX%, then, by Lemma 3,

(x,B}) € E, and ((x,al) € E or (x,al) € E or both). In that case, d(zx,lﬂ,tx(l)) =k+1
(along the main path), d(a}, ,a]) = k (along the main path), d(aj,;,x) < k+1 (like
X > a) = al orxy —a) ol = = y), dlag g, Bl) < k+1(as
Mp,g = ap = .. > a) = plorap, —ap — ... —a) — By),d(a}, a4l ) = k(along
the main path), and d(a_ 1, By ) = k+1 (like aj,; = By = Briy = -+ = Bheyq):
So, d(a;_4,y) < k+1forally € V(G). Therefore, the eccentricity of oc,l(ﬂ is k41 and the
eccentricity of other vertices is k + 1 or more. So, radius(G) = k+ 1 and a;} 41 is a central
vertex of G. Similarly, it can be shown that 5} 41 is a central vertex of G. Depending upon
some edge connectivity, some other vertices at levels k and k + 1 may be central vertices.

Therefore, radius(G) = k + 1 and the center of G lies in P = (P} U P13+1)‘ O

From the above result, we see that radius(G) = k + 1 and diameter(G) = 2k + 1. So,
we can conclude the following.

Corollary 3. 2 x radius(G) — diameter(G) = 1.
This result is slightly better than the result of [38].

Lemma9. For trapezoid graph G, if hy is odd, say hy = 2k + 1, and diameter(G) = 2k+2,k € N,
then radius(G) = k + 1 or radius(G) = k + 2, and the center lies in P = (P ;U P} U P,}H).
Proof. For trapezoid graph G, let iy = 2k + 1 and diameter(G) = 2k +2, k € N. Now,
there are two cases that may arise—case 1: 1 does not exist at level 1 of T;(1) and case 2:
both a} and B! exist at level 1 of T;(1). O

Case 1: In that case, if the distinct part of the alternative path (¢} — al — ... — oc,lc —

ﬁ}(ﬂ — [5]1{+2 ... ,B%kﬂ) starts from k'’ or a higher level of T;(1) (see Figure 5b,
here, a(l) — oc% ... = oc,% is the common part of both the alternative path and the
main path), then d(zxi, océ) = k (along the main path), d(zxi, oc%) =k—1, d(zx,l(, xX) =
k+1(asx — zxé — DC% — .= 0411(); d(zx}(, a%kﬂ) = k + 1 (along the main path), and
d(a}, By.1) = k+1 (along the alternative path). So, d(a, y) <k+1,Vy € V and
Max{d(u,v) : u € V—{ai}, v € V} > k + 1. Therefore, radius(G) = k + 1 and ay is
a central vertex of the trapezoid graph G. Similarly, some other leaf nodes at k" level
of T;(1) may be central node of G. So, the center of G lies in P..

Again, let the distinct part of the alternative path (¢} — a — B} = gl — ... —

Bl 1) starting from the first level to the (k — 1) level of T;(1) (see Figure 5c, here, the
alternative path and the main path may have a common part above the level k — 1). Now,
if (zxil, 11+1) ¢ Eand ( },ocilﬂ) ZEVi=23,---,2k, then d(txi, tXé) =k; d(tx,%, 0&%) =k-1;
d(ag, x) = k+1; d(ag, a%kﬂ) =k+1and d(ag, ,B%kH) =k+2(asaf — Bi — ,Bi_H —
oo = BYyq)- S0, d(ay, y) < k+2forally € V. Similarly, d(B}, y) < k+2,forally € V.
Also, d(wiﬂ, y) <k-+2and d(ﬁiﬂ, y) <k+2,VyeV.So, txi, “11+1' ,Bi, and ﬁbl are
central vertices of G and radius(G) =k + 2.

Again, if (Ué}c,yﬁ;l() € E, ([Si, uc}Ll) € E, or both, then oc,l(il, ﬁ}(,l/ or both may be
central vertices and radius(G) =k + 1.



Mathematics 2025, 13, 885

11 of 20

Now, if (zxil, 11+1) €E,( 11’0‘11+1) € E,orboth, fori =2,3,--- ,2k, then d(zx}{,y) <k+1
Vy € Vand d(BlLy) < k+1Vy € V. So, radius(G) = k+1 and a}, B} will be two
central vertices. So, in case 1, radius(G) = k + 1 or radius(G) = k + 2 and the center lies in
(P=PL,UP UPL ).

Case 2: If both a] and Bl exist (see Figure 5a, here, the alternative path and the main
path are distinct, except the root), then (x,al) ¢ E and (x,p}) ¢ E, (x,a}) ¢ E and
(Bl alq) € Efori=1,2,---,2k,Vx € Q]

Now, d(ﬁiﬂ, zxé) = k+ 1 (along the alternative path); d(,B}{H, tx%) = k+1;
d(Biiq, X) = k+1(asx = Bi = By = ... = Piy); d(Biiy, Phyqy) = k and
A(Brr dgy) = k+1@s Bryy = g = g = oo = ay ). S0, d(Bryy, y) <k+1,
Vy € Vand Max{d(u, v) :u € V—{B; 4}, v € V} > k+ 1. Therefore, radius(G) = k+1
and ,Bi 41 is a central vertex of the trapezoid graph G. Similarly, we can show that some

other vertices of P,g 1 0r P,g may be central vertices. So, the center lies in (P,g U P,g 1)
Hence, radius(G) = k+ 1 or radius(G) = k+2,and center(G) liesin P = (P._; UP} U P]}H).
1
1 o
tx(l) &g 0
1
X ®
1 1
1 &q x DC%
x 1
1 1 1
P o ol B2 al
1 - : P Bl )
P ¢ Xk ;
:Bi-',-l t)(}( 1 1 1 . ,Bi . al
+ : lBkJrl : D€k+1 k
PR o o R
1 o
2kt f2k+1 Bai1 43 Pari1 Zk+1
(a) (b) (c)

Figure 5. Parts of BFS trees.

From the above result, we can conclude the following.
Corollary 4. If radius(G) = k+ 1 and diameter(G) = 2k + 2, then 2 x radius(G) —
diameter(G) = 0, else if radius(G) = k + 2 and diameter(G) = 2k + 2, then 2 X radius(G) —
diameter(G) = 2.

From the Corollaries 1-4, we can conclude the following.
Corollary 5. For any trapezoid graph G, 2 x radius(G) — diameter(G) =k, k =0,1,2.

From the previous three results, we have reached the following statement.
Corollary 6. radius(G) = min{eccentricity(x) : x € P}.

Proof. It is straightforward as center(G) € P. O

Note 3. The results of Lemmas 6-9 are also true for the BFS trees Ty(n), Tt(a), and T;(b).
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4. Computation of Central Vertices and Radius

Here, we find out the radius(G) and central vertices of the trapezoid graph G.
To achieve this, we compute the set P, where

Pkl_1 U P,} U PI}-H' if one of hy, hy, by, and hy, is even, say hy = 2k;
diameter(G) = 2k + 1,

1 1 1
Pl ,UPlUP

17 if one of hy, hy, hy, and hy, is even,

say hy = 2k; diameter(G) = 2k,

1 1
PlUP

17 if if one of hy, hy, hy, and hy is odd, say,

hy = 2k + 1 and diameter(G) = 2k +1,

1 1 1
Pl ,UPlUP

1/ if if one of hy, hy, hy, and hy is odd, say,

hy = 2k + 1 and diameter(G) = 2k + 2,

and the vertices of P are arranged in order (descending or ascending).

Let P = {x1,x,- -+, x5_1, %}, 1 < k < n. Now, we find a set A where the member of
A is the common adjacent trapezoid of t; and ¢, except the trapezoid(s) corresponding to
the internal nodes at level 1 of T;(1) and T;(a). Then, we find

qx = min{g; : where g is the top-right vertex of the trapezoid belonging to the set A} and
sy = min{s; : where s; is the bottom-right vertex of the trapezoid belonging to the set A}.

Again, we find another set B whose members are the common adjacent trapezoid of ¢,
and t;, except the trapezoid(s) corresponding to the internal nodes at level 1 of T;(n) and
T¢(b). Then, we find

p> = max{p; : where p; is the top-left vertex of the trapezoid belongs to the set B} and
r+ = max({r; : where r; is the bottom-left vertex of the trapezoid belongs to the set B}.

Let us consider S = {x,y,z,t} C V, corresponding to gy, Sy, pz, rt. Obviously, some
orall among {1,4,x,y,1n,b,z,t} will be the farthest vertices from the members of P. Now,
If S is a non-empty set, then we construct the BFS trees T;(z), T;(y), T¢(x), and T;(t) with
z,Y,x,and t as roots. Now, we find the distance of the vertices of P from 1, g, x, y, if they

exist, in Table 1 and from n, b, z, t, if they exist, in Table 2 with the help of Ty(1), T¢(a), T¢(n),
Tt(b), Tt(x), Tt(y), Tt(Z), and Tt(t).

Table 1. Distance of the vertices of P from 1, 4, x, y.

X; di=d(1,x;) dyi=d(a,x;) dyi=d(x,x) dyi=dy,x) Lmax = max{di;dg; dy; dy;}
X1 dip=d(1,x1) dop=d(ax1) dey=d(x,x1) dy1=4dy x) d (say)
X9 dip=d(1,x) dgp=d(a,x2) dyp=d(x,x2) dyo = d(y, x2) dj  (say)

X dig=d(Lxy) dyg=d(axy) dyg=d(x,xx) dyx=d(y, x) dy x (say)
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Table 2. Distance of the vertices of P from n, b, z, .
X dn,i = d(l’l, xi) db,i = d(b, xl-) dz,i = d(Z, xl-) dt,i = d(t, xl-) Rmux = max{dn,i, db,i/ dz,i/ dt,i}
X1 dpg =d(n,x1) dpg=d(bx1) d;n=d(z,x1) dig=d(tx) dy (say)
X2 dpp =d(n,x2) dpp=d(b,xp) dyp=4d(z,x2) dip=d(t x2) dyj (say)
Xk dpy=d(n,xx)  dpp=d(b,xp) dpp=d(z,xx)  dpp=d(t xg) d, ) (say)

In Table 3, we compare the corresponding values of L,y (in Table 1) and Ryax (in

Table 2) and find max{Lyax, Ryax }-

Table 3. Comparison of Lyax and Ryax.

Xi Linax Rinax max{Lmaxr Rmux}
X1 dl,l dr,l e1 (say)
X2 dio drp ez (say)
Xk dpk drk ek (say)

So, e; = eccentricity(x;) as e; is the longest shortest distance of x; from the farthest

vertices of G. Now, we find e,,;,, = minfe; : i = 1,2,- - - ,k}. After then, we find the member

of P, say Xj, 1 < j <k, corresponding to e,,;,, in Table 3. As center(G) € P, therefore, the

smallest value of the eccentricity of the vertices of P must be equal to radius(G), that is

radius(G) = ey, by Corollary 1. Now, we find the e;s at the fourth column of Table 3,

which are equal to ¢,,;;, and the x;s corresponding to the e;s are the central vertices G.

4.1. Algorithm and Its Complexity

Here, we propose an algorithm to determine the diameter(G), radius(G),and central

node(s) of trapezoid graphs based on the results presented in Sections 3 and 4.

Using Algorithm 1, we obtain diameter(G) = 5, radius(G) =
{4,8,9,10,11} for the trapezoid graph of Figure 2.

3, and center(G) =

Algorithm 1 Algorithm DIA-RAD-CEN-TRA.

Input: Trapezoid representation p;, g, t;, s; of a trapezoid graph G,
fori=1:1:n.

Output: diameter(G), radius(G),and central vertices of G.

Step 1: Make 4 BFS trees T;(1), Tt (n), Tt (a), and Ty (b).

Step 2: Obtain the heights hy, hy, hy, and by, of T (1), T (n), Te(a),
and T;(b), respectively.

Step 3: Mark the main paths and alternative-paths of T¢(1), T(n),
T¢(a), and Ty(b).

Step 4: Find the sets P},Pf,Pf,Pf fori=1,2,...,max{hy, hg, hn, Iy}
Step 5: If hy = h, = h; = hy = h(say) and there exist at least two
nodes x,y such that x € (Q} N Q4),y € (Q¥ NQY) and

(x,z) ¢ E, forallz € Py UPS U {al, Bl,a%,B7} and (y,t) ¢ E,

forall t € Py UPY U {a?, B, ab, pb1, then diameter(G) = h + 1 (by Lemma 4)
Else diameter(G) = max{hy, hy, ha, h} (Lemma 4).

End if
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Algorithm 1 Cont.

Step 6: If one of hy, hy, hy, and hy, is even, say hy = 2k and

diameter(G) = 2k + 1, then radius(G) = k+ 1 and

set P = P,Ll U P]} U Pk1+1 (Lemma 6).

Else if one of 1y, hy, ha, and hy, is even, say b1 = 2k and

diameter(G) = 2k, then radius(G) = k or radius(G) = k+ 1 and

set P = Pk{1 U P]} U Pk1+1 (Lemma 7).

Else if one of hy, hy, hy, and hy, are odd, say hy = 2k + 1 and diameter(G) = 2k +1,

then radius(G) = k+1and set P = Pk1 U P;_H (Lemma 8).

Else if one of hy, hy, hg, and hy, are odd, say hy = 2k + 1 and diameter(G) = 2k + 2,

then radius(G) = k + 1 or radius(G) = k+2and set P = P._, UP} UP}

(by Lemma 9).

Step 7: Arrange the vertices of P in ascending order,

say P = {xl,xz, s ,xk,l,xk}.

Step 8:

Step 8.1: Find set A where the members of A are the common adjacent trapezoid

of t; and t; except the trapezoid(s) corresponding to the internal nodes

atlevel 1 of T;(1) and Ty(a).

Step 8.2: Find gy = min{g; : where g; is the top-right vertex of the trapezoid

belonging to the set A}.

Step 8.3: Find 5, = min(s; : where s; is the bottom-right vertex of the trapezoid

belonging to the set A}.

Step 8.4: Find another set B where the members of B are the common adjacent trapezoid of
t; and t;, except the trapezoid(s) corresponding to the internal nodes at level 1 of

Tt(VZ) and Tt(b)

Step 8.5: Find p, = max{p; : where p; is the top-left vertex of the trapezoid belonging to the
set B}.

Step 8.6: Find r; = max({r; : where r; is the bottom-left vertex of the trapezoid belonging to
the set B}.

Step 9: Compute the set S = {x,y,z, t} corresponding to gy, Sy, Pz, Tt-

Step 10: If S is a non-empty set, then we construct the BFS trees T;(z), T;(y), Tt (x), and T ()
with z,y, x, and ¢, if they exist, as roots, respectively.

Else go to Step 11

End if

Step 11: Compute the distance of the vertices of P from S; = {1,4, x,y} (if they exist) and
Sy = {n, b,z,t} (if they exist), using the Tables 1 and 2, respectively.

Also, find L;yax and Ryuay using Tables 1 and 2, respectively.

Step 12: Compare the entries in the columns Ly (in Table 1) and Ryy4x (in Table 2), and
find the maximum value for each row using Table 3.

Step 13: Find ¢,;, where ¢,,,;, = min{e; : i = 1,2, - - ,k} and find center(G) = {x; : x;(€ P)
corresponding to e;s (in Table 3), where ¢; = ey, }-

Step 14: Set radius(G) = ey,

End if

End DIA-RAD-CEN-TRA.

4.2. Explanatory Example

To explain the total compilation process of Algorithm 1, we consider the T-diagram
(displayed in Figure 1) of the trapezoid graph of Figure 2. Here,a = 2,n = 15, and b = 13.
At first (in Step 1), we make four BFS trees T;(1), T;(15), T¢(2), and T;(13) (shown in
Figures 3 and 6). In Step 2, we find the height of hy, h, = his5,hy = hy, and hy, = hy3 of
T¢(1), T¢(15), T¢(2), and T;(13), respectively. Here, h; = hy5 = hy = hy3 = 5. As there are
no node points x, y such that x € (Q} UQ?), y € (QI° UQ!3;) and x is only adjacent with
1,2, or both and y is only adjacent with 15, 13, or both, therefore, diameter(G) = 5( in Step
5). Ashy = hyj5 = hp = h13 =5 =2 x2+ 1 (odd and, here, k = 2) and radius(G) = 5, so
radius(G) = 3and P = P{ UP. , = P} UP} = {8,6,4,9,10,11}( in Step 6). In Step 7, we
arrange the vertices of P in ascending order, so P = {4,6,8,9,10,11}. In Step 8.1, we are to
find the set A where the members of A are the common vertices of T;(1) and T;(2) at level
1 except the internal nodes. Hence, A = @ and g, and sy (in Step 8.2 and Step 8.3) do not
exist. In Step 8.4, we are to find the set B whose members are the common vertices of T;(15)
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and T;(13) at level 1 except the internal nodes, i.e., B = @. Hence, p; and r; (in Step 8.5 and
Step 8.6) do not exist. Therefore, S = @ and we go to Step 11. In Step 11, we compute the
distance of the vertices of P = {4,6,8,9,10,11} from S; = {1,2} in Table 4 (with the help
of Ty(1), T¢(2)) and Sp = {15,13} in Table 5 (with the help of T;(15), T;(13)) as follows.

Now, we compare the entries in the columns L4y (in Table 4) and R4y (in Table 5),
and find the maximum value for each row using the following table at Step 12.

Level
13
0
14 15 1
108 9 12 2
198 1 3
5 7 4
1 2 3 5
Figure 6. BFS trees T;(2) and T;(13) of G shown in Figure 2.
Table 4. Distance of the vertices of P from 1, 2.
Xi d(l, xi) d(2, xi) Linax = max{dl,i/ dZ,i}
4 dig =2 dyg =2 dj1=2
dip =2 dop =2 dip=2
d1/3 =2 d2,3 =2 dl,3 =2
d1,4 =3 d2,4 =3 dl,4 =3
10 di5=3 dys =3 dis=3
11 d1/6 =3 d2,6 =3 dl,é =3
Table 5. Distance of the vertices of P from 15, 13.
X d(15, x;) d(13, x;) Rypax = max{dss;, di3;}
4 dis1 =3 diz1=3 dyp=3
disp =4 dizp =4 dyp=4
dis3 =3 dizz =3 dr3=3
9 dis4 =3 dize =2 drg=3
10 dis5 =2 diz5 =2 dyjs5=2
11 dis6 = 2 diz6 =3 dre =3

At Step 13, we use the Table 6 to find e,;, = min{3,4,3,3,3,3} = 3 and center(G) =
{x; : x;(€ P) corresponding to ¢;s (in Table 6), where ¢; = ¢,,;,, } = {4,8,9,10,11}. In the
last step, we set radius(G) = 3. Therefore, the main output of our proposed algorithm is
diameter(G) = 5, radius(G) = 3, and center(G) = {4,8,9,10,11}.
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Table 6. Comparison table.
Xi Linax Rinax max = max{Lmax/ Rmax}
4 2 3 e1=3
2 4 ey =4
2 3 e3=3
9 3 3 =3
10 3 2 e5=3
11 3 3 ec=3

Theorem 1. The diameter(G), radius(G )and center of the trapezoid graph G can be determined
within O(n) time, where n represents the cardinality of V(G).

Proof. In Step 1, the BFS trees Ty(1), Ti(a), T¢(n), and T;(b) can be made within
O(4n) ~ O(n) time. The heights hy, hy, hy, and hy, in the Step 2 can be found in constant
time. At Step 3, main paths and alternative paths of T;(1), T;(n), T¢(a), and T;(b) can
be identified in O(n) time. Step 4 needs O(n) time to compute the sets P}, P, P, P? for
i=1,2,...,max{hy, ha, hy, hy}. In Step 5, diameter(G) can be determined in O(n) time. We
can compute the set P, at Step 6, within O(n) time. Also, we can arrange the members of P
in ascending order, at Step 7, in just O(n) time. The determination process of the sets A
and B and corner points gy, sy, pz, and r¢ just take O(n) time, in Step 8. Also, Step 9 takes
constant time. In Step 10, BFS trees T;(z), T¢(y), T¢(x), and T;(t) can be made within 40(n),
which is equivalent to O(n) time. At Step 11, we can find the distance of the vertices of
P from S = {1,a,x,y} within O(4n) ~ O(n) time and, also, the distance of the vertices
of P from S; = {n,b,z,t} in O(4n) ~ O(n) time. Further, at Step 12, we can evaluate
e;s in constant time. Again, at Step 13, anyone can determine e,,;,, within O(n) time and
center(G) in O(n) time. The execution time of Step 14 is constant. Hence, the overall run
time of the Algorithm 1is O(n). O

5. Real Application

Here, we present a real application of the center of trapezoid graphs. We consider
a real center location problem and present its algorithmic solution with the help of our
studied results.

Step-by-step representation of center location problem using a trapezoid graph and its
algorithmic solution

Step 1: Proposed problem set up

Consider a center location problem where we have a finite set of blocks (subdivisions
of a district), B = By, B, ..., B;;, in a district. We aim to find a central location to establish
a private hospital that serves all the people in the district and minimizes the maximum
distance from the hospital to any block. To achieve this, we first identify a well-connected
location (near a national highway (NH) or state highway (SH)) within each block for a
potential hospital site, ensuring that no two sites have the same latitude and longitude. Let
these locations be Py, Py, ..., P;,, where P; € B; fori =1,2,...,n. Let[; and L; represent the
latitude and longitude of the candidate hospital at P;. We assume each hospital will provide
free ambulance services within a certain distance (say 20 km) radius, which we consider
the hospital’s range. Our main objective is to find a “center” location that minimizes the
farthest distance from it to any point P; fori =1,2,...,n.

Step 2: Represent each location for candidate hospital as an interval on two parallel lines
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Draw two parallel horizontal lines, Line 1 and Line 2. Two horizontal parallel lines
represent the range of each hospital’s free ambulance service. For each point P;, define an
interval [p;, q;] taking L; as center and place it on Line 1 and another interval [r;, s;] taking
L; as the center and place it on Line 2, where, [p;, q;] represents the length of the national or
state highway, which is the maximum, in block B;; [r;, s;] represents the average distance of
local roads from P; to all the areas in block B;.

Step 3: Construct trapezoids based on intervals

For each point P;, construct a trapezoid by connecting the endpoints of its intervals on
Line 1 and Line 2. Each trapezoid represents the potential area of influence for a candidate
hospital. For instance, for point P;, connect point p; on Line 1 to point r; on Line 2,
and connect 41 on Line 1 to s1 on Line 2 to form a trapezoid.

Step 4: Create a trapezoid graph

Vertices: Each trapezoid represents a vertex/node in the trapezoid graph.

Edges: Draw an edge between two nodes if their corresponding trapezoids intersect
(overlap). This indicates that there is a potential overlap in the service area between the
corresponding locations. For example, suppose the service area of P; covers the whole area
of block B; and partial areas of blocks By and B3 and that of P, covers the whole area of
block B, and partial areas of blocks By and Bs. So, there is service overlapping between
these hospitals. So, there will be an edge between the vertices representing these trapezoids
corresponding to the locations P; and P;.

To illustrate the above steps graphically, we consider a district that has four blocks
Bi, By, B3, and By, and its five parameters of candidate hospitals are given in Table 7.
The graphical representation of our proposed problem is displayed in Figures 7 and 8.

Table 7. Parameters of our proposed problem.

Name of Hospital’s Latitude Longitude Length of Average Local Free Range
Blocks Position NH/SH Route Distance of Ambulance
Bl Pl ll L1 dl ai K
B, P I Ly dy ap K
Bs Ps I3 L3 d3 az K
B4 P4 l4 L4 d4 as K
2 . 3 d
P4 p3 92 qs3 g4
—— | 1
t3
\
Y
r Iy L1 51 r3 S2 ra S3 S
< > < Sy 13
11 - ~ N ~ < — > a4
ay < 0 L2 > L3 L4

Figure 7. Trapezoidal representation of proposed problem.
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Bs

By B, B,
Figure 8. Trapezoid graph of proposed problem.

Step 5: Identification of the center location in the trapezoid graph

The center location problem is now represented as finding a node in the trapezoid
graph that minimizes the greatest graph distance to all other nodes. This node represents
the optimal location for the facility.

Now, if we compile our designed Algorithm DIA-RAD-CEN-TRA for the trapezoid
graph corresponding to the proposed problem, then we will obtain the central vertices in
O(n) time. Any member of the center of the trapezoid graph is suitable for setting up a
private hospital that minimizes the farthest distance from it to other vertices.

6. Conclusions

The center location problem is a crucial problem in graph theory. In this paper, we
explore some characteristics of the BFS tree of trapezoid graphs. We also study new prop-
erties that relate to the radius, the diameter, and the center of trapezoid graphs. For the
trapezoid graph G, we prove that the difference between the diameter(G) and the height
of the BFS trees T;(1), Ty(n), T¢(a), and T;(b) is at most one. We also establish a relation-
ship (2 x radius(G) — diameter(G) = k,k = 0,1, 2) between radius(G) and diameter(G) of
trapezoid graphs. This result is slightly better than the result of [38] for k = 0, 1. We also
prove that, to find the radius, the diameter, and the center of trapezoid graphs it is not
necessary to find the eccentricity of all vertices. We also design an O(n) time algorithm
to find the radius, the diameter, and the center of trapezoid graphs. We also calculate the
time complexity of our proposed algorithm. Besides these, we consider a center location
problem for identifying a center location in a district to construct a private hospital that
minimizes the farthest distance from the hospital to other places in the district. We present
an algorithmic solution of the proposed problem with the help of a trapezoid graph model
and using BFS graph traversal technique within O(n) time. In the future, we have a plan to
solve different center location problems using other graph models.
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Notations
Ti(z) BFS tree whose root is z.
h T¢(z)’s height.
L(u) Level of the node u on BFS tree.
pnode(u) The parent node of u.
of Node located on the main path of T;(z) at ith level.
z Node situated on the alternative path of T(z) at level i.
P? The node set of V(T;(z)) situated at level i.
o QF = PF — {65, 7).
d(y1,12) The shortest distance between two nodes y; and y5.

eccentricity(c) Eccentricity of c € V.
diameter(G)  The diameter of G.
radius(G) The radius of G.

center(G) Center of G.

N[y] The set of nodes adjacent to y, and y itself.

a Index of the trapezoid with the minimum bottom-left corner point position.
b Index of the trapezoid with the minimum bottom-right corner point position.
dy The distance between the vertices x and x;.

e The eccentricity of the node x;.
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