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MSC: The recent survey [3] nicknamed “Hitchhiker’s Guide” has raised the rating of quasi-copula
primary 62HO5, 60A99 problems in the dependence modeling community in spite of the lack of statistical interpretation
secondary 60E0S, 26B35 of quasi-copulas. This paper concentrates on Open Problem 5 of this list concerning bounds on the
volume of a d-variate quasi-copula. We disprove a recent conjecture [23] on the lower bound of
this volume. We also give evidence that the problem is much more difficult than suspected, and
give some hints towards its final solution.
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1. Introduction

The role of copulas in dependence modeling is growing ever since Sklar [22] in 1959 observed their omnipotence. We can think of
copula as a multivariate distribution with uniform margins, but when we insert into it arbitrary univariate distributions as margins,
we get an arbitrary multivariate distribution, and any distribution of a random vector can be acquired in this way. More details about
copulas can be found in [8,18]. Now, quasi-copulas have become their silent companions: they have no statistical interpretation
because they may have negative volumes of certain boxes. While the upper Fréchet-Hoeffding bound M, the pointwise supremum
of all d-variate copulas, is always a copula, the lower bound W, the pointwise infimum of all d-variate copulas, is in general a
quasi-copula. In case d =2 it is also a copula, but in case d > 2 it is not. Since 1993, when quasi-copulas were first introduced in [1],
they have come a long way until the “hitchhiker’s guide” of 2020 [3] with many references and a list of open problems.

Copula theory has been gaining in popularity, perhaps due to a wide range of applications, from natural sciences and engineering
through economics and finance, and recently ecology and sustainable development. Their ability to describe a variety of different
relationships among random variables has become indispensable. The applications of quasi-copulas mostly follow those of copulas,
with some additional ones in fuzzy set theory and the theory of aggregation functions (e.g., [4,5,16]), as well as fuzzy logic [11].
This motivated further research on the algebraic properties of quasi-copulas (e.g., [9,10,19-211]), in particular, also the question of
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Fig. 1. An illustration of the notation we use to denote the vertices of the box B and the values of the d-quasi-copula Q in those vertices. For d =2 the box
B =a,,b,] X [a,,b,] has four vertices x,, = (a;.a,), x, = (b,.ay), Xo; = (a;,by), X, = (b, b,) that are indexed by four multi-indices IV’ = (0,0), I® = (1,0),
1® =(0,1) and I = (1, 1). The value of Q at the vertex xy is denoted by gy . For d =2 we have gy, = Q(a;,a,), 4,9 = Q(b;,a,), 4o, = 0(a,,b,), 4, = Q(by,by),
while for d =3 we have gy = Q(a,. a5, a3), 4,00 = Q(by. a3, a3), 4o 1 0 = Qay, by, a3), 4o o1 = Oay,a3.b3), 41190 = Qb1 by, a3), 419 = by, a3, b3), 1,19 = O(by, by, a3),
qi11= Q(bl’bZ’b3)~

extreme values of volumes of rectangles [6,19], which is the main topic of this work. We start with the usual algebraic definition of
quasi-copulas.
Let D C[0,1]¢ be a non-empty set and d € N, d > 2. We say that a function Q : D — [0, 1] satisfies:

(BC) Boundary condition: If u := (uy, ... ,uy) € D is of the form:

(@) u=(uy,...,u;_1,0,u;,1,...,u,) for some i,then Q(u) = 0.
) u=(,....,1u;,1,...,1) for some i,then Q(u) =u;.

(MC) Monotonicity condition: Q is nondecreasing in every variable, i.e., for each i =1, ...,d and each pair of d-tuples

ui=(Up, . U U U, .. Uy) €D,

(BN}

=y, Uy U Uy, . Uy) €D,

such that u; <1, it follows that Q(u) < Q().

1

(LC) Lipschitz condition: Given d—tuples (u,...,uy) and (vy,...,v,) in D it holds that
d
|Q(ul,...,ud)—Q(Ul,...,Ud)| < Z |”i —Ui|-
i=1

If D=0, 1] and Q satisfies (BC), (MC), (LC), then Q is called a d-variate quasi-copula (or d-quasi-copula). We will omit the dimension
d when it is clear from the context and write quasi-copula for short.
Let O be a quasi-copula and B = H?zl[ai,bi] C[0,1]¢ a d-box with a; < b; for each i. We will use multi-indices of the form

1:=(y,0,...0,) € {0,1}¢ to index 2¢ elements [, {a;,b;} of B. Let [|1]]; := 25.‘:1 I, be the 1-norm of I. We write
xp = (x5 e (Xg)
to denote the vertex with coordinates
a,, ifl, =0,
(i = ¢ . k
by, ifl =1

Let us denote the value of Q in the point x; by

qp = 0(xp).

(For an illustration of our notation in dimensions d =2 and d =3, see Fig. 1.) We write sign(l) := (=D=M The O-volume of 3 is
defined by:

VoB= Y sign(l)- g
1€{0,1}4

In this paper, we fix a dimension d > 2 and consider extreme values of the Q-volume V;,(53) over all quasi-copulas Q and all
d-boxes . This is called Open Problem 5 on the list of the “hitchhiker’s guide” [3]. It has recently been conjectured [23] that the
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—1)? d-1 2d-2

d
P — —] . This conjecture is based on the results for d =2 [19],
2d —1 2d -1

proved analytically, d =3 [6] and d = 4 [23], proved via linear programming using software tool Mathematica. We were able to extend
the linear programming approach to solve [3, Open Problem 5] up to d =9 using Mathematica [25] and programming language Julia
[7]1 up to d = 18 for the minimal values and d = 17 for the maximal values. (This is due to computer memory limits.) Our results
disprove the conjecture of [23]. Indeed, based on the results for d < 18 (resp. d < 17) the minimal and maximal values seem to follow
the exponential function of the form ¢2¢ + d for suitable ¢,d € R. For the maximal value the boxes B3 are of the form [a,1]¢ for
2 <d <17, while for minimal values this is true for 7 < d < 18.

The organization of the paper is as follows. In Section 2, we prove that it suffices to relax the problem of extremes of Vi, (/3) over
all d-quasi-copulas to the problem of extremes of functions Q defined on a 2¢-element grid of the vertices of /3 or a 39—element grid
obtained by allowing values 1 for the coordinates of points, such that three types of conditions coming from (BC), (MC), (LC) are
satisfied (see Theorems 2.1 and 2.2). The proof of these results is constructive by extending the function from the grid to the whole
d-box [0,1]¢. These results enable us to formulate the problem in terms of two linear programs in Section 3 (see (3.1) and (3.4)).
Numerical results obtained are presented in Tables 1 (for the minimal values), 2 (for the maximal values) and graphically on Fig. 3.

minimal value is —( , attained for some Q on B = [

2. Relaxation of the problem

The first main result of this section, Theorem 2.1, states that every function Q defined on the vertices of a d-box H;i:l [a;,1]1 €O, 14
satisfying certain conditions coming from the definition of a quasi-copula, extends to a quasi-copula. This enables us to formulate a
relaxation of the problem of extremes of V{,(/3) over all quasi-copulas Q and all d-boxes 3 as a linear program in Section 3.

The second main result, Theorem 2.2, is analogous to Theorem 2.1, where the 2¢-element grid H;jzl {a;,1} is replaced by a 39-

element grid H[d= 1 {a;,b;,1}. We need this result in Section 3 to solve those cases, where the relaxation of the volume problem does

not give grids of the form Hfizl {a;,1} as a result. This happens for minima of V,(53) in dimensions d <6.
Fixd €N, d > 2. For s € N we write

[s]:={0,1,...,s} and [-s;5]:={-s,—s+1,...,—-1,0,1,...,s}.

For multi-indices

I=@,,....1)€ls1Y and J=(Jy,....d,) €ls1¢

let

J=0=y =1, Iy = 1) €[=s351°
stands for their usual coordinate-wise difference. Let E) stand for the multi-index with the only non-zero coordinate the #-th one,
which is equal to 1. For each £ =1, ... ,d we define a relation ~, on [s]4 by
lrpd & J—1=ED.
For a tuple x = (x{, ..., x;) we define the functions

d
Gy RISR, Gy =) x—d+1,
i=1

H,:R?YSR, H,(x) :=min{x,Xx5,...,X;}.

Let D= H:.izl {a;, 1} be a 29-element set with 0 < a; < 1 for each i. For I € {0,1} let x; := ((x});, ---,(x;)y) € D, where
a if 1, =0
(xp) ={ foo KT @21
Vk 1, ifl,=1.

The first main result of this section is the following.
Theorem 2.1. Fix d €N, d > 2. Given

+ nonnegative real numbers a; € [0,1), i=1,....d,
d

* points x; € H{a,-, 1} defined by (2.1) and
i=1
« nonnegative real numbers ¢, € [0, 1] for all 1 € {0,1}¢,

such that

0<gq;—q<1—-a, forall¢=1,....,dandalll~,J,

2.2)
G (x) <qy< Hy(xy) fordlle{0,1}¢,
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there exists a quasi-copula Q : [0,1]¢ — [0, 1] satisfying

O(x)=¢q fordlle{0,1}9.

Let us demonstrate the statement of Theorem 2.1 in dimension d = 3.

Example 1. For d =3 we have
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{0,1)* = { (0,0,0),(1,0,0),(0,1,0),(0,0,1),(1,1,0), (1,0, 1),(0, 1, 1), (1, 1, 1), }
N—— N~ N N Y Y Y Y~
[[e8) 12) 13) (€D} 1) 16) 17 1®)
Note that

1 2
¢ )N1 ¢ ),
1 3
1 )N2 1¢ )’
1 4
1 )~3 IS )’

Given

3 5
[]( )N] |]( )’
2 5

1@ ~ |](6)’

aj,ay,a3 €[0,1),

Xy = (ay,a,,a3),

X = (17‘12, asz),

4 6
IS )Nl ¢ )’
4 7
IS )N2 1< )’

1® ~ [|(7)’

7 8
[]( )Nl []( )’
6 8

1)~y 19,

x3 =(ay, 1,a3),

X =(ap,ap,1), x5 =(1,1,a3), xy6 =(1,a5,1), 2.3)
xn =(a, 1,1, x¢=(1,1,1) and
40> G100 @13 > G@ - 415> 4 > u > Gy € [0, 1]
conditions (2.2) of Theorem 2.1 are
0<qo-—qu<l-a, 0<qe—qe=<1-ay
0<qeo —qv <1-a;, 0<qe —qmn <l-a,
0<ge —quy <1—ay, 0=<gs —qo <1 —ay,
0<gqn —qw <1—a,, 0LZqe —que <1—a,,
0<qw—qu <l-a3, 0<qe —qo <1-a;,
0<qun —qu» <1 —az, 0L qe —q5 <1 —a;,
a, +a, + a3 —2 < gy <minfay,a,,a3},
(2.4)
ay+ a3 — 1 < g <minfay, a3},
a; +a; — 1< g <min{a;, a3},
ay+ay — 1< qu <min{a,a,},
a3 < gy < as,
ay < que) < ay,
a; <qm <ay,
l1<ge <1
The conclusion of Theorem 2.1 is that for (2.3) satisfying (2.4), there exists a quasi-copula Q : [0, 1% = [0, 1] such that
Q(al,azv%):‘h(l)’ Q(17a25a3):q|](2)7 Q(al,l,a3)=qu(3),
0(ay,ay,1) = g, 01, 1,a3) = g5, 01, a5, 1) = qy6),
O(ay,1,1) = gy, O(L, 1, 1) = gy .-
Note that g;s5) = a3, qy6 = a, gy = ay, qys) = 1, which must clearly hold, since Q is a quasi-copula. [ |
Let now D = Hlil{a[,b,—, 1} be a 3¢-element set with 0 < a; < b; < 1 for each i. For | € {0,1,2}¢ let x; := ((x});, ..., (x;)y) € D,

where
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ap, ifl, =0,
Gpp =14 by, ifl =1,
1, ifl, =2

The second main result of this section is the following.

Theorem 2.2. Fix d €N, d > 2. Given

+ nonnegative real numbers a;,b; € [0,1], i=1,...,d,
d

* points x; € H{a,-,b,-, 1} defined by (2.5) and

. nonnegativel;elal numbers q; € [0, 1] for all | € {0, 1,2}4,

such that
a,<b, fort=1,....d,
0<qy—q<by,—a, forallt=1,...,dandalll~, Jwithd, =1,
0<q;—q<1-b, foradllt=1,...,dand all | ~, Jwith J, =2,
G (x) <qy< Hy(xp) fordlle(0,1,2}4,

there exists a quasi-copula Q : [0,1]1¢ — [0, 1] such that

O(x)=¢q, fordlle{0,1,2}".
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(2.5)

(2.6)

We will give constructive proofs of Theorems 2.1 and 2.2. First, we establish some auxiliary results.

The next two lemmas are very basic and follow immediately from the triangle inequality. The first lemma states that the Lipschitz
condition in the multidimensional case is equivalent to the Lipschitz condition in each dimension, while the second lemma reduces
the Lipschitz condition in the univariate case to the piecewise Lipschitz condition. We mention that in literature the contents of these
lemmas fall under the name local versus global Lipschitz condition (e.g., [12]). However, usually the underlying norm is the usual
Euclidean, while we need results for the #! norm. Therefore, we include the proofs of both lemmas for the sake of completeness.

Lemma 2.3. Let 6,,...,6, be subsets of [0,1] and D = H?=1 6; €10, 114. Let F : D — [0, 1] be a function. The following statements are

equivalent:

(1) F satisfies the Lipschitz condition on D.
(2) F satisfies the Lipschitz condition in each variable, i.e., if

x:=(ay,....q;,_1,X,8;,1,...,a4) €D,
Yy =(ay,....q;_,y,8;41,...,a5) €D,
then
[F(x) = F(I < |x—yl.
Proof. The nontrivial implication is (2) = (1). Let x =(x{,...,x;) €D and y = (yy, ...

|F(£)—F(X)| = )F(xl,xz,...xd)—F(yl,xz,...,xd)+
F(yy,xg,....xg) = F(y,¥0. X3 ..., X)) + ...+
F(Y1s)’2»~~~syd_1axd)—F()’pyzan-syd)'
< )F(xl,xz,...xd)—F(y|,x2,...,xd)|+
|F(y1,x2,,..,xd)— F(yi1,y2,%3 ...,xd)‘ +...+
|F(Y1sY2v--~,Yd—1de)— F(Y1’Y2v--~,y51)‘

SIxp =yl + =yl + .+ xg = yals

,¥4) € D. We have that

where we used the triangular inequality in the first inequality and the Lipschitz condition in each variable in the second inequality. []
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Lemma 2.4. Let x; <x, < ... < x, bepoints in R and f : [x;,x,] = R a function. The following statements are equivalent:

(1) f satisfies the Lipschitz condition on [xy, x,,].
(2) f satisfies the Lipschitz condition on [x;,x; 1 fori=1,...,n—1.

Proof. The nontrivial implication is (2) = (1). Let x < y with x,y € [x;,x,]. Let k,Z be integers such that 2 < k < £ < n. Suppose
that x € [x;_;,x;] and y € [x,,x,,]. We have that

L O) = £ = | £ () = FC)+ f (i) = F ) + o+
PG = )+ FO) = x|
<[ 70 =) + |G = S0+t
| Go) = £+ |0 = £xe)|
< (6 =)+ (Xt =X+ e+ Cp = X))+ (= Xp)
—y-x.

where we used the triangular inequality in the first inequality and the piecewise Lipschitz condition from (2) in the second inequal-

ity. [

Recall that a multivariate function F : Hil [a;,b;] = R, where H;i 1la;, b, 1< [0, 114, is multilinear (resp. piecewise multilinear), if
it is linear (resp. piecewise linear) separately in each variable, i.e., every restriction of F to a single variable by fixing values of all
other variables is linear (resp. piecewise linear).

The next proposition states that for a multilinear function on a d-box the Lipschitz condition is equivalent to the Lipschitz condition

of its restriction to the vertices of the box.

Proposition 2.5. Let F be a multilinear function on a box B = H,-d= 1la;, b;], where 0 < a; < b; < 1 for each i. The following statements are
equivalent:

(1) F satisfies the Lipschitz condition.
(2) F satisfies the Lipschitz condition on the vertices, i.e.,

d
|F g, . oug) = F(0p, 09,0l < Yy = v,
i=1

for every choice of u;,v; € {a;,b;}.
Proof. The nontrivial implication is (2) = (1). We will prove by induction on # that F satisfies the Lipschitz condition on each #-

dimensional face of H?:l [a;,b;] for £ =1,...,d. For £ = d we get the whole box 3. Note that all #-dimensional faces are determined
in the following way:

(1) Choose aset I, ={iy,iy,...,iy} of £ coordinates 1 <i; <i, <...<i, <d.

(2) Let I;, ={ji,...,Jq_¢} be the remaining coordinates among the coordinates 1,...,d.
(3) Fixc; €{a;,b;} for each j € I;.

(4) The choices above determine a #-dimensional face

d
F1yie)y ey, ) ::Héi’

where

s = [lanbl ifiel,

T ). ifieT.

To prove the base of induction let # =1 and I, be an arbitrary one-dimensional face of H,-d=1 [a;,b;], i.e., an edge of Hle [a;, b;].

By symmetry we may assume without the loss of generality that 7; = {1}. So we need to prove that F satisfies the Lipschitz condition
on each edge

F{l],(cz,.“,cd} = {(x,cz, s,Cg)l XE [al,bl]},
where ¢; € {a;,b;} for each i. Let x,y € [a|, b;] with x # y. Then
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‘F(x,cz,...cd)—F(y,cz,...,cd)| =

F(by,cy,...,cy)—F(ay,cy,...,cq)
by —a

[x =yl

by —aq
< [x =yl =1x=yl,
by —a,

where in the first equality we used the linearity of F in the first variable and in the inequality we used the Lipschitz condition for a
pair of vertices (by,c¢,,...,c;) and (a;,c,, ..., cy). This proves the base of induction.

Let us now assume F is Lipschitz on each of the #-dimensional faces of Hi] [a;,b;] for 1 <¢ <£;—1 where 1 <¢;—1<d, and
prove F is Lipschitz on all #-dimensional faces. By symmetry, we may assume without the loss of generality that I, ={1,.... %0}
So we need to prove that F satisfies the Lipschitz condition on each face of the form

F=F1, feryuromcat = {0 X00 Cogrt oo €a) X, € lay, by] for each i,
where c; € {a;,b;} for each j. Using Lemma 2.3 with D = F it suffices to prove the Lipschitz condition in each variable i € 7, o BY
symmetry, we may assume without the loss of generality that i = 1. Let

(%, 29,5 Zg 2 Cpp 415+, Cq) EF,

(y,zz,...,zfo,cfoﬂ, ...,cq) EF.

We have that each z j is of the form z j=tia;+ 11—t j)b ! for some ¢t ;€ [0,1]. Then by linearity of F in the #,-th variable we have that
F(z1,20,..,2p),Cpq15 05 Cq) =
=tf0F(z1,zz, sl Cpy s ,eq)+ 2.7)
+ (1 —th)F(zl,zz,...,bfo,cfoﬂ,..,,cd),

for each z; € [a,, b,]. Hence,

‘F(x,zz,...,zfo,cfoﬂ,..,,cd)— F(y,zz,...,zfo,cfoﬂ,,..,cd)‘ =
:‘IKO(F(x,zz,...,afo,cfoﬂ,...,cd)— F(y,zz,..,,afo,cf0+1,...,cd))+

F Ut ) (FO0 230 by gt o) = FO g by gt s €0))| S
Stf0|F(x,zz,..,,afo,cfoﬂ,...,cd)— F(y,zz,...,afo,cf0+1,...,cd)|

+d —rfo)‘F(x,zz,...,bfo,cfoﬂ,...,cd)— F(y,zz,..,,bfo,cfoﬂ,...,cd)‘

Stplx—yl+ A —1)|x =yl =|x—yl,

where we used (2.7) in the first equality, the triangle inequality in the first inequality and the Lipschitz condition for the (£, — 1)-
dimensional faces
F

and F{l’_

1,...6p-1 },(af0 »Ct’0+l’-~~’cd) .lp—1 ),(bf0 ’ct’0+1’-~~’cd)’

respectively. This proves the induction step and concludes the proof of the proposition. []

The next proposition states that for a multilinear function on a d-box the monotonicity condition is equivalent to the monotonicity
condition of its restriction to the vertices of the box. The proof easily follows using multilinearity of Q, but we include it for the sake
of completeness.

Proposition 2.6. Let Q be a multilinear function on a box B = Hf;l [a;, b;], where 0 < a; < b; <1 for each i. The following statements are
equivalent:

(1) Q satisfies the monotonicity condition in each variable.
(2) Q satisfies the monotonicity condition on the vertices, i.e.,
Oy, uy, ..., uy) 0W,0p,...,0y),

where u;,v; € {a;,b;} and u; = v; for all but at most one index j where u; <v;.

Proof. The nontrivial implication is (2) = (1). By symmetry, it suffices to prove monotonicity in the first variable. Let x =
(x,25,...,2g) and y = (y,2,, ..., z4) with a; <x <y < b; and z; €la;, b;] for each j. We have to prove that

7
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0(ay,zy,...,24) < 0(by, 25, ..., 29). (2.8)
We have that x =1,a; + (1 —1,)b;, y=t,a; + (1 —1,)b; for some 0 <7, <1, <1 Each z; is of the form z; =¢;a; + (1 —1;)b; for some
1; € [0,1]. Then

Q(Z15Z27'-~szd)=
_ 1 1-r rd 1-r,
- Z A=) T (1 —1)! (2.9
(rl,”.,rd)e[l]d
cO(ria; + (L =rpby,rpay + (1 —ry)b,y ... rgay + (1 —ry)by)
Using (2.9) for z; = a; and z, = b, it follows that (2.8) is equivalent to
Yy — A =1y T e (1 =)
(rz,m,rd)e[l]d‘l
<Oy, ryay + (1 =ry)by ..., rga; + (1 —ryby)
< Z (ty =t (1= 1) 772 e (1 = 1)1
(r'z,...,rd)e[l]d’l

~0(ay,rpay + (1 =rp)by ... rga; + (1 —ry)by)

(2.10)

Since for each tuple (r,, ...,r;) € [1]9~! we have

O(ay,rpay + (1 =ry)b,,...,rga; + (1 —ry )by)
<LO(by,rpay + (1 =ry)by, ..., rga; + (1 —ry)by)
by assumption (2) and since 7, — 7, <0, it follows that (2.10) holds. This proves the proposition. []

The next proposition is a first step toward establishing Theorems 2.1 and 2.2 by defining Q on D and all (d — 1)-dimensional
faces

Li={(xq,x-1,0,x01,...,x4) - x; €[0,1]} (2.11)
of [0,1]¢4 containing (0, ...,0) (Fig. 2).

Proposition 2.7. Let one of the following assumptions hold:

(1) s =1, real numbers a;, i =1,...,d, points x; € H;j:l{ai, 1} =: D defined by (2.1) and real numbers q; for all | € {0, 1}, satisfy
conditions (2.2) of Theorem 2.1.
(2) s=2, real numbers a;,b;, i =1,...,d, points x; € Hle{a[,b,-,l} =: D defined by (2.5) and real numbers g, for all | € {0,1,2}¢,

1

satisfy conditions (2.6) of Theorem 2.2.

Let

DEO — D ( vl ﬁ,-) (2.12)
where L; are as in (2.11). Let

0: D" >R
be defined by

Otx x)= @, i (x1s...,x4) = x; for some | € [s]9,
P 2d7= 0, if (x1,...,x5) €L, for someie{l,...,d}.

Then Q is well-defined and satisfies (BC), (MC) and (LC).

(2.13)

Proof. First, we prove well-definedness. We have to show that x; € £; implies that ¢, = 0. If x; € £;, then x; =0 and by (2.2) we
have that 0 < g; < H,;(x;) = 0. Hence, g, =0.

Q satisfies (BC) by definition of Q on L, for each i.

By Lemma 2.3, it suffices to prove the Lipschitz condition separately for each variable. In what follows we will prove monotonicity
and the Lipschitz condition for each variable simultaneously. By symmetry it suffices to prove them for the first variable. Let us take
X :=(x,a,,...,a;) and y = (y,a,, ..., ay) with 0 < x < y such that x, y € DV, We separate 3 cases:

Case 1: x,y € D. Then 0 < O(y) — O(x) < y — x by (2.2) or (2.6).
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by =1
L3
d0.1,0 q1,1,0
az—+ 49,11 G1,1,1
/e 40,0,0 41,0,0
q0,0,1 o
dl =1
as Lz

1)3:1

Fig. 2. To construct a quasi-copula O on [0, 1]* given the values ¢, at x, € D := HL {a;, 1}, we first define it to be 0 on all 2-dimensional faces L,, L,, £; and prove

that the extension indeed meets the requirements of a quasi-copula. In the case D := H?:l {a;,b;,1} the same applies, only that the initial grid consists of 33 =27
points, having values q; y ;. , I; €{0,1,2}.

Case 2: x€ D and ye L, forsome i € {1,...,d}. Then i # 1 (since y > 0). But then g; = 0 and hence x € £; as well. It follows that
0®)=0(»=0. ~

Case 3: xe L, forsome i € {1,...,d}.

First note that 0 = Q(x). We separate two subcases according to the value of i.

Assume that i = 1. If yE D, then Q(X) <y by (2.2) or (2.6). If pAS L; for some j, then Q(X) =0. In all cases (MC) and (LC) are
satisfied.

If i> 1, then ye £; aswelland Q(»)=0. [

Now we are ready to prove Theorems 2.1 and 2.2.

Proof of Theorem 2.1. Let D, DY and Q be as in Proposition 2.7 under the assumption (1). We subdivide the box [0, 1]¢ into 2¢
smaller d-boxes

d
By = Ha,(u) 2.14)
j=1

for 1=(ly,...,1,) € {0,1}¢, where

_ [ [0.q;], ifl;=0,
51'(“)‘{[aj,1], ifl;=1.

In particular,

d d d
’3(0,0‘“0)=H[0,ak], B(I,OMO)2[01’1]XH[0’ak]v”" B(l,lml):H[akJ]-
k=1 k=2 k=1

Note that the Q-volume V(1)) of each box B; is determined by the value of Q on the vertices of B;. For each [ € {0, 1 14 we
define a constant function

Vo(By)
1T 5,0

Let us define a piecewise constant function

o B =R, pi=

. d [ m, ifxeint(B) for some I € {0,1}“,
P01 =R, p(g).—{ 0, otherwise,

where int(A) stands for the topological interior of the set A in the usual Euclidean topology. We will prove that a function Q :
[0,1]¢ = R, defined by

X1 X2 Xd

Q(xl,xz,...xd)=//.../p(xl,xz,...xd)dxldxzn-dxd, (2.15)
0 0 0

is a quasi-copula satisfying the statement of Theorem 2.1. Note that in case p is a density of a random vector, Q is by definition its
cumulative distribution function.
First, observe that Q is a piecewise multilinear function, which by construction extends Q and hence Q satisfies (BC).
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Next, we prove the Lipschitz condition. Let /3; be as in (2.14). Since Q coincides with O on DEXY | the values of Q at the vertices
of any box B; coincide with the values of Q. By Proposition 2.7, Q satisfies the Lipschitz condition. Thus, Proposition 2.5 implies that
QO satisfies the Lipschitz condition on each B;. It remains to prove that Q satisfies the Lipschitz condition on the whole box [0, 174.
By Lemma 2.3, it suffices to prove the Lipschitz condition for each variable. By symmetry, we may prove it only for the first variable.
Let us fix x,,...,x; €[0,1] and let f(x) := O(x,x,,...,x,), x € [0,1], be a function. By construction of Q, f satisfies the Lipschitz
condition on the intervals [0,a,], [a;, 1], since the Lipschitz condition is satisfied on the boxes 53;. By Lemma 2.4, it follows that f
satisfies the Lipschitz condition on the whole interval [0, 1]. This concludes the proof of the Lipschitz condition of Q.

It remains to prove the monotonicity of Q. Note that it is sufficient to prove that Q is monotone on each box 5. Since on each
of these boxes the function Q is multilinear and for the vertices of the box the condition of monotonicity holds, monotonicity on the
whole boxes follows by Proposition 2.6. []

Proof of Theorem 2.2. The proof is analogous to the proof of Theorem 2.1 only that the definitions of D, D™V and Q are replaced
by the ones under the assumption (2) of Proposition 2.7 and the box [0, 11¢ is subdivided into 3¢ smaller d-boxes By = H;{:l ) ] () for

I=,....1p€e {0,1,2}¢, where

[0.q;], ifl; =0,
8,()=1 [a;.b;], ifl;=1,
[6,.1], ifl;=2.

The construction of Q and the arguments are then the same as in the proof of Theorem 2.1. []
3. Solution to the problem in dimensions up to 17

Assume the notation as in Sections 1 and 2. In this section, we present solutions to [3, Open Problem 5] up to d = 18 for the
minimal (see Table 1 in Subsection 3.1) and up to d = 17 for the maximal volume question (see Table 2 in Subsection 3.2). The
main technique to obtain our results is a computer software approach by solving the corresponding linear programs ((3.1), (3.4) for

the minimal and (3.7) for the maximal volume), which are based on the main results of Section 2, i.e., Theorems 2.1 and 2.2. We
conclude the section with a graphical presentation of solutions and concluding remarks (see Subsection 3.3).

3.1. Minimal volume problem

Let us define the following linear program:

min Z sign(l) - ¢,

ap,...,aq,
by,..by, le[114
gy for 1€{0,1}4
subjectto 0<a;<b; <1 i=1,....d, (3.1)

0<qy—q<by,—a, forall=1,....dandalll~,J,
max{0,G,(x))} < g < Hy(x;) forallle {0,1}9.

Proposition 3.1. Let IV, ... ,I](zd) be some order of all multi-indices | € {0, 1}“. If there exists an optimal solution

(a’f, ,aj;, bT, ,bj;.,qn(l), ,qn(zd)) (3.2)
to (3.1), which satisfies

by=..=bj=1, (3.3)

then the optimal value of (3.1) is the most negative volume over all boxes over all d-quasi-copulas.
Proof. Use Theorem 2.1 for the optimal solution (3.2) to conclude that this solution indeed extends to some quasi-copula. []

By Proposition 3.1, the linear program (3.1) relaxes the problem of determining a d-quasi-copula Q, such that the volume V,(5)
is minimal among all d-quasi-copulas and all boxes 3 C [0, 1]9. The relaxation refers to the fact, that if (3.3) does not hold, then the
optimal solution to (3.1) might not extend to some quasi-copula and hence the optimal value of (3.1) only represents the lower bound
for the minimal volume problem.

We wrote a function, which generates the linear program (3.1) given dimension d, using software tools Mathematica [25] and the
modeling language JuMP [17] implemented in Julia [7]. Then we used the simplex method in Mathematica and a combination of the
simplex and the interior point method using Julia bindings [15] to HiGHS solver [13,14] to solve it. The advantage of Mathematica
is that it does exact computations with rational numbers, while HiGHS in Julia uses floating point arithmetic. However, Mathematica

10
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Table 1
Minimal values of V,(B) over all d-variate quasi~copulas Q and all d-boxes B C
[0, 1]¢. It turns out that the minimal box B, is of the form [a,5]¢ and that the values

a, 1=(l,....1,) €{0,1}¢, depend only on ||[I||1:E/ (U We list gy, =gy
d a b g= ("ﬂ”‘)HHHA VQ([a»b]d)
1 1 ()
T R (e .
S R ety
sk 2 (oodad)
o i b (o) -
74 1 (00004 k) 9!
s 2 1 (000l i) 18!
o 2 1 (0000%1222) -37
02 1 (0000044222) -692
n oo (0,0,0,0,0,0,1 Lt 125!
2 ¢ 1 (00000} -§§§§§1) 2632
132 1 (000000 1 1;%;%%1) 5272
LR (0000000 Lz 10002
5 2 1 (0000003 ZE%%%%%%I) -18583
16 2 1 (0.000000442222222,) -3813
7 2o (0,0,0,0,0,0,0,0,1 1z, §§§§§§1) 76261
18 2 (0,0,0,0,0,0,0,0,0,% 123220020)  —assst

could compute the results up to dimension d =9 before running out of memory, while Julia computed the results up to d = 18 in
reasonable time (55s for d = 16, 241s for d = 17 and 8712s for d = 18). In Table 1 we list an optimal solutions to (3.1). For dimension
d > 9 the results are rounded to a rational number with absolute error lower than 107, while for d <9 the results are exact from
Mathematica. The program has been run on a personal computer with AMD Ryzen 7 6800HS processor and 16GB of RAM. The code
and the results are publicly available in the Gitlab repository [24].

Note that for d > 7 the solutions to (3.1) are attained for b; = ... = b, = | and hence by Proposition 3.1, they solve the problem of
minimal volumes of V,(B). For dimensions d < 6 we needed to confirm that optimal solutions indeed extend to some quasi-copula.
As stated in Section 1, the realizations of Q for d <4 are already known [6,19,23], while here we need to find realizations for d =5
and d = 6. Using Theorem 2.2 for this purpose, we need to find the values g; = Q(x;) for all the vertices x; in the grid H;L] {a;.by,1}.
We define another linear program to find these values:

o, 2, sign®-ay
by.e.bys le{0,1}¢

q; for 1€{0,1,2}4
subject to 0<ag;<bh;<1 i=1,....d,
0<qy—q<by,—a, forall=1,...,d 3.4)
andall I ~, Jwith J, =1,
0<qy—-q<1-b, foralle=1,....,d
and all I ~, J with J, =2,

max{0,G,(x))} < q < Hy(x;) forallle {0,1,2}.

Proposition 3.2. Let IV, ..., 1Y) be some order of all multi-indices I € {0, 1,2}?. An optimal solution (@@l by DY s Gy
to (3.4) extends to some quasi-copula Q : [0,1]¢ — [0, 1] and the optimal value of (3.4) is the most negative volume over all boxes over all
d-quasi-copulas.

Proof. Use Theorem 2.2 to conclude that the optimal solution to (3.4) indeed extends to some quasi-copula. []

Using the linear program (3.4) it turns out that the solutions from Table 1 for d =5 and d = 6 indeed extend to quasi-copulas, since
(3.4) has the same optimal value as (3.1). It turned out that these extensions are not unique, but we strived for the most symmetric
extension, i.e., the value of Q is invariant with respect to the permutation of coordinates. Below we state concretely both realizations,
i.e., Examples 2 and 3 for d =5 and d = 6, respectively. Before we do so, we need some further notations.

11
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Let D = [[{a;,b;,1} with 0 < a; < b; < 1. We will use multi-indices of the form [ := (I;,1,,...,1,) € {0,1,d + 1} to index 3¢
elements of D. The reason for this is to easily state bijective correspondence between the set of vertices of the 3-grid and numbers
q;, which are attained by Q. Using the index set {0, 1, 2}4 as before would make this correspondence more difficult to describe. We
write x; :=((x}){, ..., (x}),) to denote the vertex with coordinates

ag, ifl,=0,
(e =1 by ifl =1,
1, ifl,=d+]1.

Note that ||1||; is an integer between 0 and d(d + 1). The value of Q : D — [0, 1] in the point x; is ¢; : = O(x)).

Example 2. Let d =5 and D = Hf:l { % % 1}. We define

=, ifi=6,

14—3, ifi €{2,3,7,8),

%, ifi e {12,13},

L, ifi=18,

L, ifi€(4,5,9,14,19,24},
q; =3 1"—3 if i = 10, (3.5

B, ifi=1s,

5. ifi=20,

3, ifi=25,

1, ifi=30,

0, for other 0 <i <30.

3 12
13° 13
as = 3 and bj=...=bs= % By Proposition 3.2, this function in turn extends to a quasi-copula. Note that the values i in the right
column of (3.5) correspond to elements (¢, c,, ¢3,¢4,¢5) of D in the following way:

Then g := gy, extends the function from Table 1 defined on Hle{ } to D, and is an optimal solution to (3.4) witha; =... =

#coordinates - |#coordinates 2 | #coordinates |

! 13 13

2 3 2 0
3 2 3 0
4 1 4 0
5 0 5 0
6 4 0 1
7 3 1 1
8 2 2 1
9 1 3 1
10 0 4 1
12 3 0 2
13 2 1 2
14 1 2 2
15 0 3 2
18 2 0 3
19 2 1 3
20 0 2 3
24 1 0 4
25 0 1 4
30 0 0 5

Remark 3.3. Here we mention that the solution to (3.4) in case d =5 is not unique. Without implementing the condition that the
values of the solution are invariant with respect to permuting the coordinates of the multi-indices, i.e., ¢; = ¢; if the coordinates of
J are obtained by permuting the ones of [, we got a different solution with the same box and the same minimal volume.

12
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Example 3. Let d =6 and D = H?:] { %, %, 1}. We define
, ifi=8§,
, ifi=14,
. ifie{3,4,9,15,21},
, ifi=10,
if i =16,

if i € {22,28),
ifi e {5,11,17,23,29},

o = 3T 0w E riw 3E win vie 3N wiw RV wi— 3=

=1 8 (3.6)
, ifi=12,
, ifi=18,
, ifi=24,
, ifi=30,
, ifi=36,
, ifi=42,
, otherwise.
Then g; : = qy; extends the function from Table 1 defined on H?=1 { %, % } to D, and is an optimal solution to (3.4) witha; = ... = ag = %
and by =...=bg = 1—5 By Proposition 3.2, this function in turn extends to a quasi-copula. Note that the values i in the right column
of (3.6) correspond to elements (cy, ¢,, ¢3, ¢4, C5,¢6) Of D in the following way:
i |#coordinates % #coordinates % #coordinates 1
3 3 3 0
4 2 4 0
5 1 5 0
7 5 0 1
8 5 1 1
9 3 2 1
10 2 3 1
11 1 4 1
12 0 5 1
14 5 0 2
15 3 1 2
16 2 2 2
17 1 3 2
18 0 4 2
21 3 0 3
22 1 3 2
23 1 2 3
24 0 3 3
28 2 0 4
29 1 1 4
30 0 2 4
36 0 I 5
42 0 0 6
3.2. Maximal volume problem
Let us define the following linear program:
Jmax Y sign() - g,
by..nbg, 1€l
q) for 1€{0,1}¢
subjectto 0<g;<bh;<1 i=1,....d, 3.7)

0<qy—-q<by,—a, forall£=1,...,dandalll~,J,
max{0,G,(x))} < g, < Hy(x;) forallle (0,1}

13
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Table 2
Maximal values of V,(B) over all d-variate quasi~copulas Q and all d-boxes B C
[0,1]9. It turns out that the maximal box B, is of the form [a,b]¢ and that the

'max

values g;, 1 =(l,,...,1,) € {0,1}¢, depend only on ||I]|, = 27:] I;. Welist gy, 1=g;.
a b q=y )y Vo(la. b))

2 0 1 000 1

3 0 1 000D 1

4 1o (00dd) 2

s 1 1 (0001l) 3l

6 4+ 1 (0000411) 5t
72 1 (000l il 101

s 2 1 (0o000liZiy) 19

o 1 1 (0000031 1L) 35!
002 1 (0000452222) 701
no2 o1 (0000014,42222) 1401
22 1 (0000001,42222) 2641
132 1 (000004,0,412232) 4783
121 (0000001,4,222222) 10011

15 2 1 (00000004,42222227) 20021

6 21 (0000000()%%%%%%;%1) 38132
172 1 (00000004.44.12,22222) 12

Proposition 3.4. Let IV, ... 12" be some order of all multi-indices | € {0, 1}9. If the optimal solution

(aT, ,(l:;, bT, ,b;,qu(l), ,qn(zd)) (3.8)
to (3.7) satisfies

bi=..=bi=1, (3.9)

then the optimal value of (3.7) is the most positive volume over all boxes over all d-quasi-copulas.
Proof. Use Theorem 2.1 for the optimal solution (3.8) to see that this solution indeed extends to some quasi-copula. []

By Proposition 3.4, the linear program (3.7) relaxes the problem of determining a quasi-copula Q, such that the volume Vj, (B) is
maximal among all d-quasi-copulas and all boxes /3 C [0, 1]%. The relaxation refers to the fact, that if (3.9) does not hold, then the
optimal solution to (3.7) might not extend to some quasi-copula and hence the optimal value of (3.7) represents the upper bound for
the maximal volume problem.

As in the case of the minimal volume problem we used computer software Julia to compute the optimal solutions to (3.7) up to
d =17. The execution time was 213s for d = 15, 75s for d = 16 and 3073s for d = 17 using a personal computer with AMD Ryzen 7
6800HS processor and 16GB of RAM. Note that the execution time decreased when increasing dimension from d =15 to d = 16. This
is due to the fact that the methods used are numerical and as such also depend on some random steps in the procedure. In general
larger dimension means larger problem and longer execution time but such anomalies as in this case might happen. In Table 2 we
list the results obtained (see Gitlab repository [24]).

Note that for d > 2 the solutions to (3.7) are attained for b; =... = b; = 1 and hence by Proposition 3.4, they indeed solve the
problem of maximal volumes of V,(B). There is no need for additional consideration of low-dimensional cases as compared to the
minimal volume problem and d < 6.

3.3. Graphical presentation of solutions and concluding remarks

Results in Tables 1 and 2 solve [3, Open Problem 5] up to d = 18 for the minimal values and d = 17 for the maximal values. Our
results agree with [19] for d = 2, with [6] for d =3 and with [23] for d = 4. We disprove the conjecture from [23], which states
@-1? d-1 2d-2
2d—1" 2d—1" 2d—1
growth is exponential of the form ¢2? + d for suitable ¢,d € R (see Fig. 3), while boxes are of the form [a, 114, a € (0,1), for d > 7.

The approach via linear programming to obtain results for d larger than 18 does not seem to be feasible due to computer memory
limits. However, we believe that a lot information about the true behavior of the extremes of the Q-volume is already captured in
dimensions d < 18. In future, our perspective is to determine the formulas for extreme values in terms of the dimension d.

The presented results suggest that there could be a general closed form formula for the minimal and maximal Q-volumes. Splitting
the results according to the remainder of the division of d with 4, it seems that the formulas for the minimal volume for d > 7 are

d
that the minimal value of V,(/3) in dimension d is — attained for some Q on B = [ ] . Our results indicate that the

14
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Fig. 3. Blue (and orange) points represent the volumes of boxes with maximal (and minimal) volume over all d-quasi-copulas and all d-boxes. The x-axis represents
the dimension d, while the y-axis represents the value of the volume in the logarithmic scale with base 2. (For interpretation of the colors in the figure(s), the reader

is referred to the web version of this article.)

%[1‘(;1):’

1 d—1
3 1_2(%“) ’
Hi-seah + (4 - ().
2 2 2]

if d mod 4 € {0,2},

and for the maximal volume for d > 2 they are

%d_1> ’
FH[resE - () + ().

2]
! [14-z(d€ril) ,

ifd mod4=1, (3.10)
if d mod 4 =3,

if d mod 4 € {0,2},

ifd mod4=1, (8.11)
if d mod 4 =3.

Let us explain how we came to this formulas. Observing the pattern of solutions in Tables 1 and 2 we can construct quasi-copulas
and the boxes with these volumes. Let us demonstrate how to obtain a formula for d mod 4 =0 in (3.10).

Example 4. Let d =4k with k€N, k>2 and B=

if |0l =4,
e d
if 4+ 1<)l <d -1,

. d d
it e {4.4-1},
otherwise.

q =

O Wi WINY -

%, 114. For 1 € {0, 1}4 we define

Then for the quasi-copula obtained by Theorem 2.1 we have that

a30)=4 ] (e2)]

This is true by the following computation:

rol[31])-

Y. sign(hg

le(0,1)4
=4qq,.nt Z (—l)d_””“‘qu+ Z (_l)d_”l]”]qu
1€{0.1}¢, le [0”
L1l <d-1 Iy etd.4-
—1-2 O T L + +1 d
T o3 (\a-1 d-2 *3 —1
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@310 () (- ()30
=3 (L)

where in (1) we used 1 = % + %(Z) + %(ﬁ) and put the second and the third summand in the middle bracket, decomposed each
summand from the middle bracket into (‘,1) = % ("1) + % ( d‘il_), and put % (g) from the last bracket to the middle bracket, while in (2)
2

we used that 0= (1 - 1)? = ¥ (‘j)(—l)". ]

Similarly as in Example 4 there are concrete realizations for other cases in (3.10) and (3.11). This shows that the minimal volume
values are at most the ones stated in (3.10), while the maximal volume values are at least the ones stated in (3.11). However, the
linear programming approach we used to obtain the results does not offer further insights how to prove correctness of these formulas.
It seems the solutions in dimensions d mod 4 = 3 follow a different pattern than other solutions in case of minimal volumes, while
for maximal volumes this observation applies to dimensions d mod 4 = 1. It would be also interesting to explain the special behavior
of the minimal volume in dimensions d < 7 and figure out whether there is some functional relation between the minimal and the
maximal volume in each dimension.

To settle the observations of the previous paragraph a software based linear programming approach is not appropriate, but a
more analytical investigation is required. At this point such investigation seems to be difficult to carry out and will require additional
insights into the problem.

To conclude let us also mention there are other interesting special classes C~d of d-quasi-copulas, strictly sandwiched between
the classes of d-copulas C; and d-quasi-copulas Qg , i.e., C; C CNd C Q. Examples of such classes are supermodular quasi-copulas and
k-dimensional increasing quasi-copulas for k € {2, ...,d} (see [2,3]). It would be interesting to study the extremal volume question for
these classes as well in future research.
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