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1. Introduction and main results

The minimal degree pu(G) (sometimes called the motion) of a permutation group
G < Sym(f?) is defined to be the smallest number of points moved by any non-identity
element of GG, that is

(@) = min {[supp(z)| : € G\ {1}}

where supp(z) = {w € Q: w” # w} is the support of x. Recently, we have witnessed
a growing interest in the minimal degree of permutation groups that appear as auto-
morphism groups of graphs; see [1,2,4,5,19,26]. Following the terminology of [10,28], we
define the motion p(I') of a graph I' as the minimal degree of its automorphism group,
that is

u(T) = p(Aut(T)),

where Aut(I") is viewed as a permutation group on the vertex-set of I'. The main goal
of this paper is to investigate vertex-transitive graphs of small motion. If I'y and T’y are
graphs, we let I'51T (also often denoted I'1[I'2]) and T';0I'y denote the lexicographic and
the cartesian product of I'y and T, respectively (see [14] or Section 3 for the definitions).

Theorem 1.1. Let ' be a vertex-transitive graph on n vertices. Form € N, let K,,, mK;
and C,, denote the complete graph, the edgeless graph, and the cycle on m wvertices,
respectively.

(1) If Aut(T") contains a 2-cycle (or equivalently if u(T') = 2), then T' =2 K, 1 © or
I (mK1)1© with © a vertex-transitive graph on k vertices and m > 2 such that
n = mk. Conversely, for every verter-transitive graph © and m > 2 the graphs
K, 10 and (mK1)1© have motion 2.
(2) If Aut(T") contains a p-cycle for some prime number p > 3, then either:
(a) u(T) =2 and thus T' is one of the graphs described in (1); or
(b) T is isomorphic to ¥,1© with ¥, a circulant graph with p vertices and © is a
vertez-transitive graph; in this case u(I') = 2 if ¥, is isomorphic to K,, or pKj,
and p(T') = p — 1 otherwise.
(3) If u(T') = 4, then one of the following holds:

(a) T = C510 with © a vertex-transitive graph; or

(b)) T' = (K,0K3)10 orT' =2 K,,lTIK3 10 with m > 3 and © a vertez-transitive
graph; or

(c) I = Infﬁ(Z,P, m), defined in Definition 1.3 below, for some m > 2, \,k € Zo,
a graph X, and a partition P of VX with blocks of size 2 satisfying some natural
conditions precised in Lemma 3.15.
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Conversely, for every vertex-transitive graph ©, every vertex-transitive graph ¥ ad-
mitting a Aut(X)-invariant partition P of its vertices with blocks of size 2 satisfying
the conditions in Lemma 3.13, and m > 2, A\, k € Za, the graphs C510, (K,,0K>)10,
K, OK31© and Inf} (3, P, m) have motion 4.

Corollary 1.2. The motion of a vertex-transitive graph is never an odd prime.

Definition 1.3. Let ¥ be a graph with vertex set 2 and let P be a partition of € into
sets of size 2. Let m > 2 be an integer and let A\, x € Zy. The graph Inf,’:(E7 P,m) is the
graph whose vertex set is Q x {1,...,m} and the edges are given by

{a,f} € P and a~ Fin X,
{a, 8} € P,A=1, and i = j,
{a, 8} e P,A =0, and i # j,
a=pfand Kk =1.

(avi) ~ (ﬁy]) —

Remark 1.4. Informally speaking, to obtain Infz(E, P,m) every vertex of ¥ is turned into
an independent set of m vertices (if kK = 0) or into a complete graph K,,, (if x = 1). This
set of m vertices of Inf} (%, P, m) resulting from a single vertex v of ¥ will informally be
called a fibre above v. The edges in X that do not define an element of P are turned into
complete bipartite graphs, just as in the lexicographic product. The pairs {u,v} € P
induce a matching between the fibres above u and v (if A = 1) or complete bipartite
graphs without a matching (if A = 0), regardless of whether the vertices u and v are
adjacent in X; see Fig. 1. Note that if 3’ is obtained from ¥ by removing an edge forming
a pair in P, then Inf)(X,P,m) = Inf) (%', P,m). Hence we could assume that a ~ 3
whenever {a, 8} € P. Observe also that

Inf) (S, P,m) = Infy 11 (S, P,m).

Example 1.5. Natural examples of the graphs listed above are the Praeger-Xu graphs and
the Split Praeger-Xu graphs (see [26]). Namely PX(r,1) & (2K7) 1 C, and SPX(r,1) =
Infy(Cs,, P,2) with P the partition taking every second edge (see Fig. 2).

In order to prove Theorem 1.1 we obtain a number of results regarding the minimal
degree of permutation groups which might be of interest in their own right. The study of
minimal degree of permutation groups goes all the way to Jordan [17] (see also [11, Thm.
3.3D]), who proved that for every constant C, every primitive permutation group with
minimal degree at most C' is either symmetric, alternating or it belongs to a finite list of
exceptions. This result has been improved by several authors (see [7,13,22] for example)
and as a consequence, primitive permutation groups G < Sym(Q2) with u(G) < @ are
completely classified.



4 A. Montero, P. Potoénik / Journal of Combinatorial Theory, Series A 216 (2025) 106065

_.\ /‘ .\ /._ N o
< D<
— o PO e o OEG e —
° 8 () ° 8 ()
—o/ \c o) \o—
A)A=1k=1
o\ /o O 0
Z : N
oo 5¢ e O O
o/ \e Q) 0
><
o/ \o O O o/ \o
() A=0,k=1 (D) A=0,k=0

Fig. 1. Local view of the graph Infi (3,P,m) with m = 4.
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Fig. 2. Praeger-Xu graphs and Split Praeger-Xu graphs.

Much less is known about the minimal degree of imprimitive permutation groups.
Even though some work has been done in this context (see [6,18,21,29], for example),
several basic questions, such as Problem 1 below, remain unresolved.

Problem 1. Given a (small) constant d, determine all transitive permutation groups of
minimal degree d.

In this paper, we address this problem when d is an arbitrary prime number (see
Theorem 1.6) as well as when d = 4 (Theorem 1.10). Our analysis of the case d = 4
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suggests that for composite integers d the complexity of Problem 1 grows very quickly
with d.

In order to state Theorem 1.6 and Theorem 1.10 we need to introduce some additional
notation. For a permutation group G < Sym(A) and a set A, let Fun(A, G) be the group
of all functions g : A — G (with the product defined point-wise). The group Fun(A, G)
then acts on the set 2 = A x A according to the rule

(6, 0)8 = (68N \).

Suppose in addition that H is a permutation group on A. Then every element h € H
induces an automorphism of Fun(A, G) given by

g" () =g(\" ).

If A is finite, say |A| = k, and its elements are labelled by 1,... &k, we may identify
the function g with a k-tuple (g1,...,9x) € G¥, and thus the group Fun(A, G) with the
direct product G* of k copies of G. In this context, the action of H on G¥ is given by
permuting the coordinates of each of the k-tuples.

The action of H on Fun(G, A) defines the (imprimitive) wreath product

Gwr H :=Fun(A,G) x H
acting on A x A by
(8, \) &M = (5g(/\)7)\h> i

The group Fun(A, G) is called the base group of G wr H.

Following [27], if G; is a permutation group on ; and G5 is a permutation group on
0y, we say that a pair (f, ¢) with f: Q1 — Qg a bijection and ¢ : G; — G2 an injective
homomorphism, is a permutation embedding if

F@®) = (f(w))*™ (1.1)

for every w € 1 and x € G;. Equation (1.1) is equivalent to saying that the diagram

Qlégg

wl f l(b(w)

91%92

is commutative for every = € (. In addition, if ¢ is a group isomorphism then the
pair (f, @) is a permutation isomorphism and the permutation groups G; and Gy are
permutation isomorphic. In this paper, we often abuse notation and simply write G; < G»
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Table 1

Permutation groups containing a p-cycle. Condition (C) appearing in the last
column means that the pointwise stabiliser G (q\([m]x{1})) of all points with
second coordinate different from 1 is permutation isomorphic to X.

P m X Y w@G) =p?
2 >2 Sym(m) Sym(m) always
>3 >3 Alt(m) Sym(m) p=3and (C)
=5 P Cp AGLi(p)  (C)

qqd:ll p PGL4(q) PI'La(q) never

11 11 PSL2(11) PSL2(11) never

11 11 M11 M11 never

23 23 Mss Mos never
Mersenne prime 2 —1  2¢ AGL1(2%) ATL;(2%) (C)
Mersenne prime 2¢ — 1 24 AGL4(2) ATLg4(2) never

=5 p+1 PSL2(p) PGL2(p) never

11 12 M11 M11 never

11 12 Mo Mo never

23 24 Moy Moy never

Mersenne prime 2 —1 24+ 1 PGL2(2%) PI'L2(2%) (C)

and G7 = G5 to indicate that G is permutation isomorphic to a subgroup of G and
that G; is permutation isomorphic to Ga, respectively.

For k € N, we denote by [k] the set {1,...,k}. We are now ready to state our main
results regarding transitive permutation groups with small minimal degree.

Theorem 1.6. Let p be a prime number and G a transitive permutation group of degree
n containing a p-cycle. Then there exist m,k € N satisfying n = mk, p < m < n, and
permutation groups X <Y of degree m, such that:

(1) up to permutation isomorphism, G <Y wr Sym(k), acting on [m] x [k];
(2) the intersection of G with the base group Y* of Y wr Sym(k) contains X*;
(3) p,m,X andY are as in Table 1.

Moreover, the minimal degree of G is p if and only if the condition in the last column of
Table 1 holds.

Remark 1.7. Note that since the value q:%ll in row 4 of Table 1 is a prime, one can show

that PGL4(q) = PSL4(¢q), implying that PGL4(g) is simple.

Remark 1.8. The proof of Theorem 1.6 relies on the results developed by Jones in [15],
which in turn depend on the classification of finite simple groups (CFSG). However,
Items 1 and 2 of Theorem 1.1, the graph theoretical results derived from Theorem 1.6,
can be proved without the assumption of the CFSG (see Section 3).

Remark 1.9. Theorem 1.6 offers a complete classification of transitive permutation groups
with minimal degree 2. Such a group has to be permutation isomorphic to Sym(m)wr H
for a transitive group H < Sym(k). However, even for transitive permutation groups G
of minimal degree 3 all we can deduce from Theorem 1.6 is that
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Table 2
Primitive groups containing a
22_element.

m X Y

>4  Alt(m) Sym(m)
5 Dih(5) AGL; (5)
6 PSL2(5) PGL2(5)
7
8

PGL3(2) PGL3(2)
AGL3(2) AGL3(2)

Alt(m)* < G < Sym(m) wr Sym(k). (1.2)

While this description of transitive permutation groups of minimal degree 3 is somewhat
unsatisfactory from a group theoretical viewpoint, it suffices to classify vertex-transitive
graphs whose automorphism group contains a 3-cycle (see Theorem 1.1). This is why
we will not pursue a more detailed classification of such groups but rather pose it as a
challenge for future work:

Problem 2. Provide a detailed description of transitive permutation groups of minimal
degree 3. In particular, determine which groups G satisfying (1.2) are transitive.

Let us now move our attention to transitive groups of minimal degree 4. Note that
every permutation moving only 4 points is either a 4-cycle or a product of two disjoint
transpositions; we shall call the latter a 22-element. Since the square of a 4-cycle is a
22_element, every permutation group of minimal degree 4 contains a 22-element.

Theorem 1.10. Let G be a transitive permutation group of degree n containing a 22-
element. Then, up to permutation isomorphism, G satisfies one of the following:

(1) There exist m,k € N satisfyingn = mk, 4 < m < n, and permutation groups X <Y
of degree m such that

(a) G <Y wr Sym(k), acting on [m] x [k];

(b) the intersection of G with the base group Y* of Y wr Sym(k) contains X*; and
(c) m, X andY are as in Table 2.

In this case, pu(G) = 4 unless (X,Y) = (Alt(m), Sym(m)), when u(G) < 3.

(2) There exist m,k € N satisfying n = 2mk, and permutation groups X < Y <

Sym(2) wr Sym(m) acting on the set A = [2] x [m] such that:

(a) G <Y wr Sym(k), acting on the set A x [k];

(b) the intersection of G with the base group Y* of Y wr Sym(k) contains X*; and
(¢) X andY are as in Table 3.

We prove Theorem 1.6 and Theorem 1.10 in Section 2 while Theorem 1.1 is proved
in Section 3.
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Table 3
Subgroups of Sym(2)wrSym(m) containing
a 22-element. Here 7 = ((1 2),..., (12)) e

Sym(2)™ is the diagonal of the base group
of Sym(2) wr Sym(m) and (Sym(2))T is
the “augmentation” subgroup of Sym(2)™
consisting of all the m-tuples that are non-
trivial in an even number of entries.

X Y

{1} x Sym(m)  (7) x Sym(m)
(Sym(2)" x {1}  Sym(2) wr Sym(m)

2. Permutation groups with small minimal degree

Before going into the proofs of our results let us establish some notation and termi-
nology.

For a permutation group G < Sym(f2) and a set B C 2, we let Ggp = {g € G: BY =
B} denote the set-wise stabiliser of B, and let G(p) = NuepG., be the point-wise sta-
biliser of B. If G acts upon a set X, then we let GX denote the permutation group induced
by this action. In particular, if B C Q, then GZ denotes the permutation group induced
by the action of Gp on B. Note also that the pointwise stabiliser G\ ) of the comple-
ment of B in  acts faithfully on B and can thus be thought of as a subgroup of G5.

If G is a transitive permutation group on {2 we define a block system for G to be a
G-invariant partition of {2 consisting of sets of cardinality at least 2; the elements of the
block system are then called blocks. We should remark that some authors consider block
systems consisting of blocks of size 1. Since these block systems are often regarded as
trivial, they will not be considered in this paper. If B and D are block systems for G
such that every block of B is contained in a block of D then we say that B is finer than
D (or that D is coarser than B). A system of minimal blocks is a block system B such
that the only block system finer than B is B itself. Note that G is primitive if a system
of minimal blocks for G consists of one block only, that is, if the only block system of G
is {Q}. Otherwise, G is imprimitive. Observe that if B is a minimal block, then GE is a
primitive permutation group.

Wreath products and imprimitive groups are naturally connected (see [27, Section 5.2]
and [11, Section 2.6]). The following theorem is a classical result; a proof can be found
in [27, Thm. 5.5], see also [8, Theorem 1.8].

Theorem 2.1. Let G be an imprimitive group on §2. Let B be a block system for G, and
let B € B. Then the group G is permutation isomorphic to a subgroup of G5 wr GB
acting naturally on B x B. Moreover, the subgroup <G(Q\B) :B e B> of G is isomorphic
to [ gep Gy and embeds naturally into the base group of GE wr GB.

In light of Theorem 2.1, if G is a permutation group with a block system B and if
B € B and X < G(q\p), then G contains a group isomorphic to XIBl that is embedded
into the base group of GB wr G®. We may thus abuse notation and simply write
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XBl<aq. (2.1)

Conversely, whenever we see the expression (2.1) we tacitly assume that G is a permu-
tation group with a block system B and that X < G(q\p) for a block B € B.

A particular instance of the situation above is stated in the following lemma which
will be used frequently in the development of our results.

Lemma 2.2. Let G be a permutation group on 2 and let B be a system of minimal
blocks for G. Assume that x € G is such that supp(z) C B for some B € B. Let
X = <xGB> = (29 : g € Gg). Then up to permutation isomorphism,

XBl< G <GB wrGB
with X8l contained in the base group of GE wr GB.
2.1. Transitive permutation groups of prime minimal degree

This section is devoted to the proof of Theorem 1.6.

We leave it to the reader to check that a transitive group G satisfying conditions (1),
(2), and (3) in Theorem 1.6 has minimal degree p if and only if the condition in the last
column of Table 1 is fulfilled.

We shall thus assume throughout this section that G is a transitive permutation group
containing a cycle of prime length p and prove that G satisfies conditions (1), (2), and
(3) in Theorem 1.6.

If G is primitive, then the validity of Theorem 1.6 (with ¥ = 1 and n = m) can be
checked using Theorem 2.3 below, which follows directly from the work of Gareth Jones;
see [15, Theorem 1.1 and Theorem 1.2].

Theorem 2.3 ([15, Theorem 1.1 and Theorem 1.2]). Let G be a primitive group of finite
degree m. Let p be a prime and suppose that G contains a p-cycle fixing k points (so that
m =p+k). Then one of the following holds:

(1) Alt(m) < G < Sym(m); or
(2) k=0,p>5 and either:
(a) Cp < G < AGL1(p); or
(b) PGL4(q) < G < PT'L4(q) acting on the points of the (d — 1)-dimensional pro-

Jjective space over [Fq, that is m = g T+ q 2+ 4 g+ 1 for somed > 2 and
q a prime power; or

(¢) G = PSLy(11) acting on a Payley biplane with 11 points, My or Mas acting
on 11 and 23 points, respectively.

(8) k=1, p>5 and either:
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(a) AGL4(2%) < G < ATLg(2%) acting on the vector space F§. and p = 2% — 1 is
a Mersenne prime (in particular a =1 ord =1); or

(b) G =PSLa(p) or G = PGLa(p) acting on the projective line; or

(¢) G = M1 acting on 12 points, or G is either Myo or May with its natural action
on 12 and 24 points, respectively.

(4) k=2, p =5 and PGL2(2%) < G < PT'Lo(2%) acting on the projective line (that is
m=2%+1) and p=2%—1 is a Mersenne prime.

Now, assume that G is an imprimitive transitive permutation group on ) containing
a p-cycle x = (g - - - o) for some prime p. Let B be a system of minimal blocks for G.
Let B € B be the block containing o and let m = |B|. Then supp(x) C B; in particular,
we can think of z as a nontrivial element of G5.

Let Y = G§ and let X = (z¥). Since Y is primitive and x € Y, it follows that YV is
one of the groups listed in Theorem 2.3. Furthermore, since X <Y and Y is primitive,
we see that X is transitive on B. In view of Lemma 2.2, in order to prove Theorem 1.6,
we need to show that the pair (X,Y) is as in Table 1.

Suppose that Y is as in Item 1 of Theorem 2.3; that is, Alt(m) <Y < Sym(m). Since
X <Y, then Alt(m) < X. If p = 2 then X contains an odd permutation, which implies
that X = Sym(m). If p is odd, then X is generated by cycles of odd length, which implies
that X = Alt(m). Therefore, (X,Y") is as in one of the first two rows of Table 1.

Now let C), <Y < AGLy(p). Recall that AGL;(p) = C, x F; = C), x Cp—1. Sylow’s
Theorem implies that the p-cycle z is a conjugate of an element in C),, however C), < Y.
It follows that X = (), as in the third row of Table 1.

Assume now that PGL4(q) < Y < PI'L4(q) acting on the qqd:11 points of the projective

d
space, as in Item 2b of Theorem 2.3. Note that qq__ll is assumed to be a prime number

p, implying that d is a prime and that PSLy(q) = PGL4(q). Since X <Y and the socle
of Y is PGLg4(q), it follows that X = PGL4(q), as claimed in the fourth row of Table 1.
Moreover, it can be shown that every p-cycle in Y is a conjugate of a Singer cycle in
PGL4(q) (see [16, Corollary 2]).

Suppose that AGL4(2%) < Y < AT'Lg(2%). We claim that X = AGL4(2%). The fact
that AGL4(2%) < X is a consequence of [24, Lemma 6.3]. It is easy to see that the largest
power of p that divides | AT'L4(2%)| is p itself hence the subgroups generated by any two

p-cycles are conjugate. The group AGL4(2%) is normal in AT'L4(2%) (and hence normal
in Y') and contains a p-cycle (a Singer cycle in GL4(2%)) hence every p-cycle is contained
in AGLd(Za).

A similar argument to the one above proves that if Y is a group as in Item 3b or Item 4,
then X = PSLy(q). If ¢ = 2% as in Item 4 of Theorem 2.3, then PSL2(q) = PGL2(q).

For the remaining cases, that is when Y is as in Items 2c¢ and 3¢ of Theorem 2.3, the
group Y is simple which implies that X =Y.

The discussion above together with Lemma 2.2 proves that if G is a group containing a
p-cycle, then G is permutationally isomorphic to a subgroup of Y wrGB whose intersection
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with the base group Y8l contains X!Bl. This of course is equivalent to the statement of
Theorem 1.6.

2.2. Permutation groups with minimal degree 4

The corresponding analysis for a permutation group containing an element fixing all
but four points is slightly more complicated. As mentioned before, it is enough for us to
understand transitive permutation groups containing a 22-element. Let us first observe
a basic structural result.

Lemma 2.4. Let G be a transitive permutation group on 2 containing a 2%-element x =
(a1 a2)(B1 B2). Let B be a system of minimal blocks for G and let By be the block
containing ay. Then, up to swapping the roles of B1 and B2, one of the following holds:

(1) supp(z) C By; or

(2) By = {a1,P1}. In this case all the blocks of B are of size 2 and the block By containing
ag is precisely {az, B2}; or

(8) supp(z) N By = {1, as}, in which case there is another block By # B that contains
{B1, B2}

We will now prove Theorem 1.10 by considering each of the three cases mentioned
above separately. We shall first deal with the case where supp(z) C Bj. The analysis
in this case is very similar to the one done for prime minimal degree. If B is a system
of minimal blocks, then for each block B € B, the action of Gg on B is primitive and
the group X = <95GB> is contained in G(q\p). In this case, Lemma 2.2 implies that G
satisfies

XBl< G <GB wrGE.

We thus need to find all possible pairs (X,Y) with Y a primitive permutation group
containing a 2%-element z and X = (z¥) < Y. The following classical results impose
strong conditions on the group Y:

Lemma 2.5 ([11, Thm. 3.3D]). Let G be a primitive permutation group on § containing
an element fiving all but 4 points. If G is 2-transitive and |Q| > 10, then G contains
Alt(Q).

Lemma 2.6 (see [3, Thm. 0.3]). Let G be a primitive permutation group on Q containing
a 22-element. If |2 > 49, then G is 2-transitive.

It follows that every primitive permutation group Y of degree larger than 49 containing
a 2%-element x must be either alternating or symmetric. In this case, X = (z¥') = Alt(Q).
On the other hand, if |Q| < 48, the possibilities for X for each such Y can be easily
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TN ()
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B,

\_ J \ y, \_ J

Fig. 3. Block systems for Item 2 of Lemma 2.4.

determined using GAP [12] and are precisely those in Table 2 (see also [11, Example
3.3.1]). This discussion proves that the claim in Item 1 of Theorem 1.10 holds whenever
supp(z) C By.

Assume now that B; = {a1, 01} as in Item 2 of Lemma 2.4. Then every block in B
is of size 2. Let D = {Dy,..., Dy} be a system of minimal blocks for the group G%.
Observe that D induces a block system D for G that is coarser than B, where the blocks
of D are given by D; = UD;. Observe that B; and By belong to the same block of D,
which we may assume to be D; (see Fig. 3).

Let D = D; € D, D = D; and Y = GB. Observe that B; = {a1,581},B2 =
{az,B2} € D and let Bs,...,B,, € B be such that D = {By,..., B,,}. Lemma 2.2
implies that, up to permutation isomorphism, G < Y wr Sym(k) and the group Y is
itself (permutation isomorphic to) a subgroup of Sym(B;)wr Sym(D) acting on By x D.
To simplify notation we shall identify each pair (ay, B;) € By x D with i and the pair
(61, B;) with —i, and think of Y as a permutation group on {1,—-1,2,—-2,...,m,—m}.
Furthermore we shall identify Sym(B;) with the multiplicative group Cy = {1, -1} and
Sym(D) with Sym(m) so that Y < Cy wr Sym(m). With these identifications, the i‘"-
coordinate of an element in C¥* acts upon {i,—i} by multiplication and the elements
of Sym(m) permute the blocks B; = {i,—i}, ¢ € {1,...,m}. Similarly, we shall identify
D with the set {1,—1,2,—2,...,m,—m}. Recall that x swaps the blocks B; and By,
and thus under the above identifications induces the transposition (1 2) € YD, On the
other hand, by the choice of D, YD is primitive, implying that YD = Sym(m). Now,
let X = (2¥) and observe that X < G(q\p). We shall now classify all the possibilities
for X and Y, which eventually will show that G is as in Item 2 of Theorem 1.10. More
precisely, we shall prove the following result.

Proposition 2.7. Let G be a transitive permutation group acting on Q with | = n,
admitting a block system B with blocks of size 2. Assume that G contains a 22-element
x = (a1 az)(B1 P2) such that {a1,P1} and {ag, B2} are blocks in B. Then there exist
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Table 4
Some transitive subgroups of Ca wr
Sym(m) containing a 2%-element.

X Y

{1} x Sym(m) (T) x Sym(m)
(C5)T x Sym(m)  Co wr Sym(m)

m,k € N, and permutation groups X <Y < Cy wr Sym(m), such that n = 2mk, (X,Y)
are as in Table /, and up to permutation isomorphism,

G <Y wr Sym(k),
with intersection of G with the base group of Y wr Sym(k) containing the group X*.

Proof. As discussed above, the result follows from Lemma 2.2. We just need to find
the possibilities for Y = GP and X = (2¥) as subgroups of Cy wr Sym(m) acting on
{£1,---,+m} as discussed above.

Consider the natural homomorphism 7 : Cz wr Sym(m) — Sym(m) and notice that
7(Y) = YP = Sym(m). Recall that X is a normal subgroup of Y, which implies that
m(X) is a normal subgroup of m(Y). But since w(X) contains a transposition (the one
induced by z), it follows that 7(X) = Sym(m). Therefore, we need to classify the pairs
(X,Y) satisfying
e X <Y < CF x Sym(m);

o X = (z¥) with z a 22-clement such that 7(z) is a transposition; and
o (X)=n(Y)=Sym(m).
We shall classify them by considering the group K =Y Nkerm < C§".

First, observe that K is a normal subgroup of Y contained in C". It follows that K
must be preserved by m(Y) = Sym(m). Those groups are easy to classify (see for example
[9, Lemma 3.1] or observe that K can be viewed as a submodule of the permutation
module of Sym(m) over the field Fy). In particular, one of the following must hold:

K = {1}, K = (1), K = (Ci7*, or K =C7, (2.2)

where 1 is the trivial element of C%*, 7 is the so called superflip, that is, the permutation
that swaps the two elements in each pair {i, —i}; and

(CIt = {v € C¥" : |supp(v)| is even },

where supp(v) denotes the subset of {1,...,m} where v has non-trivial entry (often
called the augmentation module).

Before classifying the possibilities for Y let us prove the following claims, which will
impose certain restrictions for X:
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(1) If X is transitive on D = {1,—1,2,-2,...,m, —m}, then (C")* < X.

(2) If m >3 and (CJ")* <Y, then (CJ")* < X.

(3) If C3* <Y, then (CF)*T < X.

To prove Claim (1), let us assume that X is transitive on D. Since w(Y") = Sym(m), for
every 3 < i < m there exists g; € Y that fixes B; and swaps B; and Bs. Define a; = 1,
by = —1 and go = 1 € Y. Further, for 2 < i < m, let ; := 29 = (1 a;)(—1 b;) where
{a;,b;} = {3, —i}.

Let X' = (x;:2<i<m) < X. Observe that X’ has precisely two orbits on D,
namely {a; : 1 <i<m} and {b; : 1 <i < m}, and X’ acts as the symmetric group on
each of these orbits. Since X is transitive, there must exist y € X, a conjugate of z,
such that y maps a; to b; (for some 1 < i < j < m), and since y is a 22_element,
then y must be of the form (a; b;)(b; a;). Observe that 27" = (a; a;)(b; b;) € X" and
(27")y = (a; bi)(a; by) € (C3")" N X. Finally observe that the conjugates of (a; b;)(a; bj)
under Y generate (C3")% (recall that 7(Y) = Sym(m)). Since X < Y it follows that
(C)* < X, which proves Claim (1).

Now assume that m > 3 and that (C5*)" < Y, or that C3* < Y. Then there exists
g € Y that swaps 1 and —1 and fixes both 2 and —2. Note that zz9 is the permutation
(1 —1)(2 —2) € X N(CF)*. As before, this implies that (C5*)T < X; which proves
Claims (2) and (3).

Now we classify the pairs (X,Y) depending on the four possibilities for K =Y N C3*
in (2.2).

Assume that K is trivial. In this case 7 restricted to Y is an isomorphism between
Y and Sym(m). Since w(X) = Sym(m) we see that X = Y. In particular, ¥ is a
permutation group isomorphic to Sym(m) acting transitively on 2m points and contains
a 22-element. Notice that this implies that m > 3. It is not hard to see that ¥ must be
permutation isomorphic (under 7) to Sym(m) acting on the cosets of Alt(m — 1). This
action admits a block system with two blocks, namely:

{Alt(m — 1)o : 0 € Alt(m)} and {Alt(m —1)o:0o € Sym(m)\ Alt(m)}

with odd permutations in Sym(m) swapping these blocks.

Now recall that 7(z) is a transposition, and thus m(x) € Sym(m) \ Alt(m), implying
that it swaps the above two blocks. But then, x has no fixed points in its action on the
cosets of Alt(m — 1) On the other hand, x should fix all but four points, implying that
m = 2, which is a contradiction. This contradiction excludes the case K = {1}.

Assume now that K = (7), with 7 the superflip. Recall that 7(X) = Sym(m) hence
X has at most two orbits. However, Claim (1) implies that if X is transitive, then
(r) = K = (C5")*, which in turn implies that m = 2. In this situation, it is not hard
to see that Y = K x Sym(2). If m > 3, then X must have exactly two orbits and
each block of B; contains precisely one element of each orbit. Up to a relabelling of
the elements of each pair B; (and hence a permutation isomorphism), we may actually
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assume that the orbits of X are {1,...,m} and {—1,...,—m}. Since X QY then its
orbits are blocks of imprimitivity for Y, which are swapped by the superflip 7. It follows
that Y = K x X = (1) x Sym(m).

If K = (C5)7T, then |Y| = |K||n(Y)] = 2™ 1m!. Hence, Y is an index-2 subgroup of
CT* x Sym(m). Those groups are classified in [9, Cor. 3.5]. In this situation Y must be
either (C3")* x Sym(m) or

(Cy wr Sym(m))* = {(v,a) € O % Sym(m) : (—1)/5wPP®)] = sgn(a)} .

However, the latter is impossible because either z = (1 2)(—1 —2) or x = (1 —2)(—1 2),
and none of them belong to (Cy wr Sym(m))*. It follows that if K = (C3*)*, then
Y = (C5)* x Sym(m). If m > 3 then Claim (2) implies that (C3*)* < X, and since
7(X) = Sym(m), then X =Y. If m = 2, just observe that (C2)* is the group generated
by the super flip, X = (z) = Sym(2), and this case reduces to a previous one. Finally if
K =0, Y] = |kerw||n(Y)| = 2™m!, which implies that ¥ = C%* x Sym(m). Claim (3)
implies that (C5")* x Sym(m) < X however X cannot be Cy wr Sym(m) because X
consists of only even permutations. O

Let us move to the case when G and B are as in Item 3 of Lemma 2.4. More precisely,
we shall prove the following result.

Proposition 2.8. Let G be a transitive permutation group containing a 2%-element x =
(a1 a2)(By P2). Assume that G admits a system of minimal blocks B such that for some
B1,Bs € B, supp(x) N By = {a1,a2} and supp(z) N Bs = {f1,P2}. Then one of the
following holds:

(1) (@) <4;

(2) u(G) = 4 and there is a 2%-element z' such that supp(z') C B for some B € B. In
this case, G is as in Item 1 of Theorem 1.10; or

(3) w(G) =4 and there is a block system P for G consisting of blocks of size 2 such that
{a1,p1} and {aga, B2} are blocks of P. In this case, G is as in Proposition 2.7;

(4) w(G) = 4, the blocks of B are of size 2 and there exists a block system D, coarser
than B, satisfying |D| = k, for D € D, |D| = 2m (hence || = 2mk) and the group
Y = GB is permutation isomorphic to a subgroup of Cy wr Sym(m) containing the
subgroup (C3*)*. In this case, G satisfies

G <Y wr Sym(k)

and the intersection of G with the base group contains a subgroup isomorphic to

(5",

Proof. The strategy for the proof goes as follows: we shall assume that G does not contain
a transposition, a 3-cycle, or a 22-element whose support is contained in a block of B;
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that is, that none of Items 1 and 2 hold. We will thus see that under these assumptions, if
B € B satisfies that |B| > 3, then we can build a system of minimal blocks P for G with
blocks of size 2 such that G satisfies Item 3. Finally, we shall prove that the remaining
cases satisfy Item 4. We do this by proving a series of mostly straightforward claims.
Let By, By € B such that {a1,a2} C By and {f1, 82} C Bs. Observe that since B
consists of minimal blocks, for every block B, the group Gg is primitive and contains a
transposition (for example (a1 ag) € Ggi). It follows that GB = Sym(B).

Claim 1. For every a € By \ {1, s} there exist 8 € By \ {1,082} and By € {51, 02}
such that (a1 @)(Bo B) € G.

Proof. Since G}}' = Sym(B), there exists ¢ € Gp such that of = o1 and of = a.
Then 29 = (af af)(8Y B2) = (a1 a)(8Y ). 16 {BY, B3} 1 {Br, Ba} | # 1 then (z29)” i
a 3-cycle with support {ay, as,a}. Take By € {57, 85} N {B1,B2}. Finally, just observe
that 8 € {87,595} \ {Bo} must be an element of By. O

Claim 2. If 5y € {1, 82} is such that for some o € By \ {1, 2} and 8 € Ba \ {f1, 52}
the permutation (a7 «)(By ) € G, then Sy is the only element in {81, 32} with this

property.

Proof. Assume otherwise, that is, that there exist o, o’ € By and 3,3’ € By such that
y1 = (a1 @)(B1 B) and y2 = (a1 &)(B2 A') are both in G. If & = o/, then y1y2 is either
a 3-cycle or a 22-element (depending on whether or not 3 = 8’) with support contained
in By. If a # o' and B # ', then (y192)? = (¢ a a1) and if a # o but 3 = 3, then
(ry1y2)? = (a1 a)(ag ). In any case, we get a contradiction to our assumptions on

G. O
The previous claim allows us to assume, without loss of generality, that 5y = ;.
Claim 3. For each « € B; there exists a unique € Bs such that (ag a)(81 B) € G.

Proof. Assume otherwise. If & = a1, then (o «)(81 ) = (81 B), and thus S must be f3;.
If o # a1, assume that 8 and 8 are such that y; = (a3 @)(81 8) and y2 = (a1 a)(B1 B').
Then y1yo = (81 8 B). Either way, this implies that G satisfies Item 1. O

The previous analysis defines an equivalence relation on the blocks of B given by
B ~ B'if B= B orif B# B’ and there exists y = (71 72)(d1 d2), a conjugate of x,
with 71,72 € B and 01,02 € B’. In this case, G has a subgroup acting simultaneously as
Sym(B) on B and B’. More precisely, there is a bijection ¢ : B — B’ such that for every
permutation g € Sym(B) the permutation g = ¢~'g¢ : B’ — B’ satisfies that gg® € G.
This relation is preserved under G, hence its equivalence classes induce a block system
D = {Dy,...,Dy} for GB. The system D in turn induces a system D = {Dx,..., Dy}
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for G by D; = UD;. The system D is coarser than B. Assume that D; is the block in D
that contains «;.

Claim 4. If ¢ := |By| > 3, then D; = By U Bs.

Proof. Indeed, if aq,as, a3 € By and Bjs is a block in B other than By and Bs, then
there exists v1,v3 € Bs such that y = (a1 a3)(11 73) € G and since x = (a1 a2)(81 B2)
then (zy)? = (1 a3 az2) € G, which is a contradiction. 0O

Observe that in the case discussed above the group Sym(¢) acts simultaneously on
the two blocks of B contained in D and it is actually a subgroup of G\ p). Label the
elements of D; such that By = {a;: 1 <i <}, Bo={f;:1<i</(} and §3; = af’ with
¢ : By — Bs the bijection discussed above.

Claim 5. If ¢ > 3, the permutation group Ggi induced by the block stabiliser Gp,
contains the subgroup (7) x Sym(¢) where 7 is the superflip in D; swapping «; and 5;
for 1 <1</l

Proof. Since ¢ > 3, we may assume that Claim 4 holds. First observe that since G
is transitive, there must be an element g € G that swaps By and Bs. If g preserves
the sets {ay, 5;} for i € {1,...,£}, then up to an element in {1} x Sym(¥), g is the
superflip. Therefore, we may assume that g does not preserve the set {1, 51}. Moreover,
without loss of generality we may assume that af = 1 and 3{ = as. Let i and j be
such that of = 3; and 8§ = «;. Observe that ¢ # 1 and j # 2. This implies that
xz9 = (B1 Bi)(a2 ) € G, since (a1 a;)(f1 Bi) € G, (o o;)(a2 o) € G. Unless i = 2 and
j = 1, we have a contradiction. Similarly, if 7 and s are such that o = 3, and 8§ = as,
then (o as3)(B1 53)9 = (1 Br)(a2 «s) € G which implies that (a1 a,)(a2 as) € G
(observe that 7, s > 3). It follows that there is either a 3-cycle or a 2%-element (depending
on whether or not s = r) whose support is contained in Bj, which contradicts our
assumptions. 0O

Claim 6. Assume that ¢ > 3. For each D € D, let 7p € G be a permutation that induces
the superflip in GB. The family

P:= |J {{a,a™} :a € D}

DeD

is a block system for G.

Proof. Assume otherwise and let ¢ € G be an element that does not preserve P. We
may assume, without loss of generality, that g maps the pair {a1, 81} to a pair not in P.
Label the elements of D' = D{ such that BY = {y;: 1 <i</(}, B = {6, : 1 <i < {}
and J; = ;. Moreover, we may assume that o = v, and 3{ = ds. Let i € {1,...,¢}
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such that « = ~2; notice that i > 2. Observe that (a1 «;)(81 3;) € G, which implies
that (a1 @;)(B1 5i)? = (71 72)(02 d;) € G, where 1 < j < £ is such that 6; = 7.

Hence (71 72)(01 62) (71 v2)(02 0;) = (01 02)(d2 0;) € G. Unless j = 1 we have a 3-cycle
contained in Bj, which is a contradiction. Therefore Y = ;. In other words, we can
conclude that

0[51] =7, 5? = 623 OZ‘? =72, ﬂig = 51~

Since £ > 3, the set {1,...,¢}\ {1,4} is not empty. Let t € {1,...,¢}\ {1,4}. Consider
r,s € {1,...,¢} such that v, = of and 65 = Y and observe that {r,s} N {1,2} = 0.
Finally observe that

(1 ar)(B1 Bi)? = (71 7)(62 65) € G

which implies that (1 ¥)(d1 6,) (71 7»)(d2 d5) = (61 0,)(d2 ds) € G, but this element is
a 3-cycle (if s = r) or a 2%-element (if s # r) contained in Bj, which as before, leads to
a contradiction. O

Observe that the block system P defined above consists of minimal blocks of size 2.
Notice also that the 22-element (a1 ag)(f1 B2) swaps two blocks in P. It follows that if
£ > 3, Item 3 holds, that is, G is one of the groups described in Proposition 2.7.

On the other hand, if the blocks of B are of size 2, so that Claim 4 does not hold,
then each block of D contains in general m > 2 blocks of B. In this case, the group GB
is permutation isomorphic to a subgroup of Cy wr Sym(m). Observe that it follows, from
the definition of the block system D (or rather D), that for any two B = {v1,72} and
B’ = {61, 62} contained in D, the element (71 ¥2)(d1 d2) is a conjugate of  contained in
the group G o\ py. Therefore the group G o\ py contains a group X isomorphic to (C3*)*
generated by the conjugates of z under Gp. This is of course, equivalent to the fact that
Item 4 holds. O

Proposition 2.8 provides us with the last tool to complete the proof of Theorem 1.10.

Proof of Theorem 1.10. Let G be a transitive permutation group containing a 22-element
x = (a1 a2)(B1 P2). Let B be a system of minimal blocks and let By be block of B that
contains «;. Lemma 2.4 claims that we have three cases:

Assume that supp(xz) C Bj. In this case, as a direct consequence of Lemma 2.2,
Lemma 2.5 and Lemma 2.6 and an easy computation in GAP [12], we conclude that G
is as in Item 1 of Theorem 1.10.

Assume now that supp(z)NB; = {a1, 81 }. In this situation G satisfies Proposition 2.7,
which directly implies that Item 2 of Theorem 1.10 holds.

Finally, if supp(xz) N By = {a1,as} the group G must satisfy Proposition 2.8. If any
of Item 1 or 2 of Proposition 2.8 holds, then G satisfies Item 1 of Theorem 1.10; on the
other hand if Item 3 or Item 4 holds, then G satisfies Item 2 of Theorem 1.10. O
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3. Vertex transitive graphs with small motion

Recall that the motion u(T') of a vertex-transitive graph I' is the minimal degree of its
automorphism group. In this section we use the results obtained in Section 2 to classify
the vertex-transitive graphs whose motion is 4 or a prime number p. Our aim is to prove
Theorem 1.1, which we repeat below:

Theorem. Let I" be a vertex-transitive graph on n vertices. Then:
(1) If Aut(T") contains a 2-cycle (or equivalently if p(T') = 2) then T' = K,, 1 © or
I' 2 (mK1) 10 with © a vertex-transitive graph on k vertices and m > 2 such that

n = mk. Conversely, for every vertex-transitive graph © and m > 2 the graphs
K, 10 and (mK1) 1O have motion 2.

(2) If Aut(T") contains a p-cycle for some prime number p > 3, then either:
(a) u(T') =2 and thus T is one of the graphs described in (1); or
(b) T is isomorphic to £, 0 with ¥, a circulant graph with p vertices and © is a

vertez-transitive graph; in this case u(I') = 2 if £, is isomorphic to K, or pK,
and u(I') = p — 1 otherwise.
(3) If u(T') = 4 then one of the following holds:

(a) T = C510 with © a vertex-transitive graph; or

() T = (K,,O0K2)10 orI' 2 K,,00K5 10 with m > 3 and © a vertex-transitive
graph; or

(c) I = Infﬁ(E,Pﬂn), defined in Definition 1.3 below, for some m > 2, A\, k € Zs,
a graph 3 and a partition P of V'3 with blocks of size 2 satisfying some natural
conditions precised in Lemma 3.15.

Conversely, for every verter-transitive graph ©, every vertex-transitive graph ¥ ad-
mitting a Aut(X)-invariant partition P of its vertices with blocks of size 2 satisfying
the conditions in Lemma 3.13, andm > 2, A\, k € Zs, the graphs C510, (K,,0K>)10,
K, OK31© and Inf) (2, P, m) have motion 4.

The proof will be carried over in a series of results. First, we shall classify the vertex
transitive graphs with motion 2 (see Theorem 3.3), showing that Item 1 of Theorem 1.1
holds. Then we shall use Theorem 1.6 to show that Item 2 of Theorem 1.1 holds; in
particular, we shall prove that there are no vertex transitive graphs with motion a prime
number p > 3 (see Corollaries 3.4 and 3.7). Finally, we shall split the classification of the
vertex transitive graphs of motion 4 using the results in Section 2.2 (see Lemma 3.8). In
Theorem 3.9 we show that if Item 1 of Lemma 3.8 holds, then a vertex transitive graph
with motion 4 must be isomorphic to C5! O with © a vertex transitive graph (Item 3a
of Theorem 1.1). Then we turn our analysis to the case where I' satisfies Item 2 of
Lemma 3.8, and show that either u(I") < 4 or I satisfies either Item 3b (Theorem 3.12)
or Item 3¢ (Theorem 3.14) of Theorem 1.1. Ultimately, we prove that if I' satisfies
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Item 3 of Lemma 3.8 then u(T') = 2 or ' is as described in Item 3c of Theorem 1.1
(Proposition 3.15), thus completing the proof of Theorem 1.1.

To begin with, we establish some classical graph-theoretical notation. If T" is a graph
with vertex set VI' and B C VT, the subgraph induced by B is the graph I'[B] whose
vertex set is B and such that 81 ~ (2 in I'[B] if and only if 51 ~ 53 in T'. Informally
speaking, I'[B] is the graph resulting from deleting all the vertices not in B and all the
edges incident to any of those vertices.

If v is a vertex of T, then I'(«r) denotes the neighbourhood of a, that is, the set

(o) ={BeVI:a~p}.

Assume that B is a partition of VT'. Then the graph I'/B is the graph whose vertices are
the sets in B and such that By ~ B in I'/B if there exist vertices a; € By and ag € By
such that oy ~ as. The graph I'/B is called the quotient graph. Of our particular interest
is when B is a block system for a group G < Aut(T'); in the particular case when B is
the set of orbits of G the graph I'/B is also denoted by I'/G.

If I and A are graphs with vertex set VI and VA respectively, the lexicographic
product of T' and A is the graph AT (also denoted by I'[A] by some authors) defined
by

V(AT)=VAx VT

51 ~ (52 and Y1 ="7Y2 Or

(01,71) ~ (62,72) <= {
Y1~ Y2

The following results are elementary, but they shall be very useful. Their proofs are
straightforward and are omitted.

Lemma 3.1. Let I' be graph with vertex set VI' and let wy,ws € VI'. The transposition
x = (w1 wa) is an automorphism of T if and only if T'(wy) \ {w2} = T(w2) \ {w1}-

Lemma 3.2. Let I" be a graph with vertex set VI' and G < Aut(T"). Assume that G acts
imprimitively on VI and let B be a block system for G. Assume also that for some B € B
the group G(yr\p) is transitive on B. Then I' is isomorphic to the graph I'[B] (I'/B).

We are now ready to classify vertex-transitive graphs whose motion is a prime number.

Theorem 3.3. Let I' be a vertex-transitive graph whose motion is 2. Then I' =2 K, 1 ©
or ' 2 (mK1)10 for some m > 2 and a vertex-transitive graph ©. Moreover, all such
graphs have motion 2.

Proof. This is a direct consequence of Theorem 1.6 and Lemma 3.2. If G = Aut(T) is of
minimal degree 2 then we may assume that VI' = [m] x [k] and think of G as subgroup of
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Sym(m) wr Sym(k) preserving the partition B = {B; : 1 < i < k}, where B; = [m] x {i}
and such that the base group Sym(m)* is contained in G. Since Sym(m) is transitive
on [m], Lemma 3.2 implies that I' 2 A1 © with ©® = I'/B and A = I'[By]. However, A
must be isomorphic to K, or to mK7, because Sym(m) is doubly transitive on [m]. The
graph I'/B is vertex-transitive because G is transitive on 5.

Conversely, let © be a vertex-transitive graph and m > 2. It is known that (Aut(A)wr
Aut(©)) < Aut(A10). It follows that if A and © are vertex-transitive graphs, then so it
is A1 ©. Moreover, if A = K,, or A = mK;, then Aut(A?©) contains a transposition,
which implies that u(I") =2. O

Corollary 3.4. There are no vertex-transitive graphs whose motion is 3. More precisely,
if the automorphism group of a graph contains a 3-cycle x, then its automorphism group
s of minimal degree 2.

Proof. The result follows from Theorem 1.6 and a similar argument to that in Theo-
rem 3.3. Recall that Alt(m) is transitive on unordered pairs if m > 3. We can prove that
if Aut(T") contains a 3-cycle, then I & K,,,10 or I' = (mK;)1© for some vertex-transitive
© and m > 3. However, according to Theorem 3.3, these graphs have motion 2. O

Corollary 3.7 is a direct consequence of Theorem 1.6, which in turn follows from the
results in [15] (see Theorem 2.3). However, as mentioned in Section 1, the results in [15]
rely on the classification of finite simple groups (CFSG). The following results allow us
to obtain a proof for Corollary 3.7 that does not rely on the CFSG.

The following result is a theorem often credited to Marggraff [20,23] but originally
proved by Jordan [17,25]. See [15, Section 4] for a historical note on the topic.

Theorem 3.5. Let G be a primitive permutation group on a finite set £2. Suppose that G
contains a non-trivial cyclic subgroup which fixes k points of Q@ and which is transitive
on the remaining points. In this situation G is (k + 1)-transitive.

Naturally, following an analogous analysis to that in Section 2, we obtain the following
result.

Corollary 3.6. Let G be permutation group of a set Q with |Q)] = n. Assume that for
some prime number p, G contains a p cycle. Then there exist m,k € N with p < m and

n = mk, and transitive permutation groups X <Y of degree m such that X is primitive
and contains a p-cycle, and

XM <G <Y wr Sym(k).

Moreover, if p < m, then X is 2-transitive.
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Corollary 3.7. There are no vertex-transitive graphs with motion p for a prime number
p = 5. More precisely, if I' is a vertex-transitive graph whose automorphism group con-
tains a p-cycle, then I' 2 A1 © where A is either K,, or mK; for some m > 2 or a
circulant graph 3, with p vertices, and © is a vertez-transitive graph.

Proof. This is a direct consequence of Corollary 3.6. Assume that I' is a graph whose
automorphism group G contains a p-cycle. Then

XM < G <Y wrSym(k)

for some transitive permutation group X <Y of degree m such that |[VT'| = mk, p < m
and X is primitive and contains a p-cycle. We may assume that VI = [m] x [k] (with X
and Y acting on [m]). Since X is transitive, Lemma 3.2 then implies that ' = A (T'/B)
with A 2 T'([m] x {1}). If m = p, the graph A admits a cyclic subgroup acting regularly
on the vertices, hence it is isomorphic to a circulant graph 3,. It is known that if 3,

1

is a circulant graph with vertex set C),, the mapping z — 27" is an automorphism of

Y, fixing at least one vertex, and since p > 5, then this automorphism is non trivial. It
follows that Aut(A) contains an automorphism x with supp(z) < p, which implies that

w() < p(A) <p.

On the other hand if p < m, the group X is 2-transitive, which implies that A is
either complete or edgeless; which in turn implies that I" is as in Theorem 3.3, that is,
wT)=2. O

We shall divide the classification of vertex-transitive graphs of motion 4 in a simi-
lar fashion as we discussed transitive groups of minimal degree 4 in Section 2.2. More
precisely, let us consider the following (obvious) lemma.

Lemma 3.8. Let I' be a vertex transitive graph and G a vertez-transitive group of auto-
morphisms of T' satisfying that u(G) = 4. Then

(1) G is as in Item 1 of Theorem 1.10 and we may assume that VI = [m] x [k] and
X* <G <Y wrSym(k)

with m, X, Y as in Table 2; or

(2) G is as in Proposition 2.7, and we may assume that VI'={1,—-1,2, -2 ..., m,—m} X
[k], and

X* <G <Y wrSym(k)

with (X,Y) as in Table 4; or
(3) G is asin Item 4 of Proposition 2.8, and we may assume that VI' = {1,-1,2,-2,...,
m,—m} x [k] and
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((C3")")F < G <Y wr Sym(k)
for some Y < Cy wr Sym(m).

Let us assume that G is as in Item 1 of Lemma 3.8 above. Unless m = 5 and (X,Y) =
(Dih(5), AGL1(5)), the group X is doubly transitive. Just as in Theorem 3.3, this implies
that T' = K, 1 (I'/B) or T =& mK;  (T'/B), with B = {[m] x {i} : 1 <i < k}. As shown
before, these graphs have motion 2.

On the other hand, if (m, X,Y") = (5,Dih(5), AGL1(5)), then Lemma 3.2 implies that
I =2 A (I'/B) where A = T'[[m] x {1}] is a graph preserved by Dih(5). These graphs
are in correspondence with a subset of the orbits of Dih(5) on the edges of K5. There
are just two such orbits each of them leading to isomorphic graphs C5. It follows that A
must be complete, edgeless or C5 and as seen before, in the first two cases I'" has motion
2. Lemma 3.1 proves that (510 does not have minimal degree 2 for any vertex-transitive
graph O since there are no two vertices wy, ws satisfying I'(wq) \ {wa} = T'(w2) \ {w1}.
The discussion above is summarized in the following result.

Theorem 3.9. If " is a vertex transitive graph with vertex set VI' = [m] x [k] and G <
Aut(T) satisfies that

Xk <G <Y wrSym(k)

for some X,Y as in Table 2 then
(1) wI') =2 and T' = K,,1© or I' = (mK1) 1O for a vertex transitive graph ©; or
(2) W) =4 and T = C51 0 for a vertexr transitive graph ©.

Now assume that Item 2 of Lemma 3.8 holds, meaning that we may assume that
VI ={1,-1,2,-2,...,m,—m} x [k] for some m, k such that |VT| = 2mk and G satisfies

X* <G <Y wrSym(k)

for a pair of groups (X,Y") as in Table 3.

Let D = {1,-1,2,-2,...,m,—m} x {1} and consider the group Z = G\ p), that
is, the pointwise stabiliser of the complement of the block D. This group satisfies X <
Z < Y. If the group Z is transitive, then Lemma 3.2 implies that I' =2 T'[D](I'/D) where
D={{1,-1,2,-2,...,m,—m} x {i} : 1 <i < k}. For every pair (X,Y) in Table 3, X
is an index-2 subgroup of Y and the only case where Z is not transitive on D is when

{1} x Sym(m) =X = Z <Y = () x Sym(m).
We shall leave this case for later and for now we classify the graphs A with vertex set

{1,-1,2,-2,...,m,—m} preserved by Z when Z = (1) xSym(m) or (C5*)* xSym(m) <
Z. The following lemma describes such graphs when Z = (7) x Sym(m).
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Lemma 3.10. Let m > 2 and let A be a graph with vertex set VA = {1,—-1,2,-2,...,
m,—m}. Assume that A is preserved by the group Z = (1) x Sym(m). Then A is iso-
morphic to K,,[0Ks, Ky, m, mKa, Ko, or the complement of one of these. Moreover,
if 1(A) =4, then m > 3 and A is isomorphic to either K,,(O0Ky or K,,[0Ko.

Proof. As before, any graph preserved by the group Z is in correspondence with a family
of orbits of Z on unordered pairs of VA. The orbits on pairs of VA of the group Z are
the following:

O1={{i,j}:0<i#j<mpU{{i,j}:—m<i#j<0},
Oy = {{i,~i} : 1 <i <m},

O3 ={{i,—j}:1<i#j<m}.

The families {O1, Oz}, {O2, 03}, {O2} and {O1, Oz, O3} give rise to the graphs K,,,[0Ks,
Ky m, mKy and Ky, respectively; while their complementary families induce the corre-
sponding complementary graphs. Clearly the graphs K, n,, mKa2, and Ks,, have motion
2, while the graph K,,[0K5 has a pair of vertices satisfying Lemma 3.1 if and only if
m = 2, which in turn implies that if ©(A) = 4, then m > 3 and A is either K,,0K> or its
complement. Finally observe that for m > 3, 2 < u(K,,0K>3) < 4; however, Corollary 3.4
implies that u(K,,[0K5) cannot be 3. O

The following result is the analogous to Lemma 3.10 but for the case when (C5*)* x
Sym(m) < Z. We omit the proof because it follows exactly the same ideas of that of
Lemma 3.10.

Lemma 3.11. Letm > 3 and A be a graph with vertex set VA={1,-1,2,-2,...,m,—m}.
Assume that A is preserved by the group (C3*)* x Sym(m). Then A is isomorphic to
Kom, Kopm, mKy = Ko Y mK, or mKy = 2K, 0 K,,. In particular, all such graphs A
have motion 2.

Notice that if m = 2, then (C3*)* xSym(m) = (7) x Sym(m). In this case Lemma 3.10
applies and the resulting graphs are KoOKs = 2Ks, Koo = 2K», 2K, Ky or their
complements. This shows that the conclusion of Lemma 3.11 holds even for m = 2.

We are now ready to continue with the classification of vertex-transitive graphs I'
whose automorphism group contains a group G satisfying Item 2 of Lemma 3.8. As
mentioned before, if D = {1,-1,2,-2,...,m,—m} x {1} and Z = G(y\p) is transitive
on D, then ' 2 A (I'/D) with A a graph preserved by Z. The possibilities for A are
discussed in Lemma 3.10 and Lemma 3.11; but observe that all such graphs, except
K,,0K, and K,,0K, (for m > 3) admit a transposition as an automorphism. This
transposition then induces a transposition in I' 2 A (['/D). This shows that unless
A = K,,0K; or A = K,,00K, with m > 3, the motion of I" is u(A ¢ (I'/D)) = 2. In
summary,
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Theorem 3.12. Let T’ be a vertex transitive graph with vertex set VI = {1,-1,2,-2,..
m,—m} X [k]. Assume that T' admits a group G < Aut(I") such that

*

Xk <G <Y wrSym(k)

with (X,Y) as in Table /, in such a way that G(yr\{1,-1,2,—2,....m,—m}x{1}) 5 transitive

on{1,-1,2,-2,...,m,—m} x {1}. Then

e m >3 and ' = A0 with © a vertex transitive graph and A € {KmDKg,Km[IKg}.
In this case, u(T') =4; or

e T=01A with A € {Kom, Kom, mKa,mKs}. In this case, u(I') = p(A) = 2.

The previous analysis covers all the possible vertex transitive graphs with motion
4 that are isomorphic to lexicographic products. To complete the classification of such
graphs we shall use the construction Inf 2(2, P, m), which was introduced in Definition 1.3
and that we revisit below. Let ¥ be a graph with vertex set VX and let P be a partition
of VX with sets of size 2. Let m > 2 be an integer and let \,kx € Zs. The graph
Inf} (2, P,m) is the graph whose vertex set is VX x {1,...,m} and the edges are given
by

{a,f} ¢Panda~pin ¥
{a,B} €eP,A=1, and i = j,
{a, 5} € P,A =0, and i # j,

a=pand k = 1.

(a,i) ~ (B,)) <

Now we shall establish some key symmetry properties of the construction Infé (X, P,m).

Lemma 3.13. Let ¥ be a graph with vertez-set VX and let P be a partition of VX with
sets of size 2. Let m € N and A\, k € Zy. Let Autp(X) denote the group of automorphisms
of ¥ that preserve P, that is

Autp(X) = {z € Aut(X) : {a, 8} e P = {a*, 5"} € P}.

Then the following hold:

(1) The graph Infﬁ(E,”Pﬁn) is vertex-transitive if and only if the group Autp(X) is
transitive on V2.

(2) If Inf) (2, P, m) is vertez-transitive, then p(Inf)(3,P,m)) = 4 unless k # A and
there is a block {a, B} € P such that the permutation (. 8) is an automorphism of
3.

Proof. One can verify that every automorphism of Inf)(X,P,m) projects to an au-
tomorphism of 3 that preserves P. Conversely, if © € Autp(X), then the mapping
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zT:VEx{l,...,m} - VX x {1,...,m} given by («,7)* = (a%,4) is an automor-
phism of Infi(E,P,m). For every pair {«, 8} € P, the group Sym(m) acts on the set
{a, B} x [m] by permuting the second coordinates. This action induces in turn a subgroup
of Aut(Inf}(%, P, m)) isomorphic to Sym(m)!"| that preserves the family

P ={{o, B} x [m] : {o, B} € P}

setwise. The discussion above implies that Inf} (3, P,m) is vertex transitive if and only
if the group Autp(X) acts transitively on V.

Observe that if {a, 8} € P, then the permutation ((e,1) (o, 2)) ((8,1) (8,2)) is an
element of Aut(Inf (3, P, m)). This implies that Inf} (3, P, m) has motion at most 4. An
easy consequence of Lemma 3.1 is that Infi(E, P, m) has motion 2 if and only if A\ # k
and ¥ admits a transposition preserving P. In this case the family

{{(a,i),(ﬁ,i)} {a,f}ePandie {1,...,m}}

is a block system for Aut(Inf} (3, P,m)) with blocks of size 2 such that the transposition
swapping the two elements of a given block is an automorphism of Infé(E, P,m). O

Observe that if ¥ admits a transposition (a 3) for some {«a,3} € P, but A = &,
then Inf} (2, P,m) = (L/P)[A] with A = K,,0K, (if A = k = 1) or A = K,,1K, (if
A = k = 0) which we already proved that have motion 4.

We shall use the construction Inf (X, P,m) described above to complete the classifi-
cation of vertex-transitive of motion 4.

It remains to explore the vertex transitive graphs I' with vertex set VI =
{1,-1,2,-2,...,m,—m} x [k] such that if we let X and Y denote the groups
{1} x Sym(m) and (7) x Sym(m), respectively then Aut(I') contains a group G sat-
isfying:

X* <G <Y wrSym(k) (3.1)

Moreover, in this case we might actually assume that Aut(I') = G; otherwise u(T') < 4
or u(T') = 4 and T is a lexicographic product as described before. If we let D =
{1,-1,2,-2,...,m,—m} x {1}, we might also assume that the pointwise stabiliser
G(vr\p) of the complement of D is exactly X.

We shall prove that in this situation I' = Inf,’:(E, P, m) for a suitable choice of ¥ and
P. First observe that the vertex set of I' already possesses a structure that resembles
that of a graph Inf}(X, P, m). More precisely, there is a natural bijection ¢ : VI —
{1,-1,...,k,—k} x [m] given by ¢ (ei,j) = (ej,7) (with e € {1,-1},i € [m],j € [k]).
We thus need to find a suitable graph ¥ with vertex set {1,—1,...,k,—k} such that
the partition P = {{j,—j} :1 < j < k} is preserved by Aut(X), and then show that ¢
actually defines a graph isomorphism.
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Theorem 3.14. Let T' a vertez-transitive graph with vertex set VI = {1,-1,2,-2,...,

m,—m} X [k] such that the group G = Aut(T") satisfies Equation (3.1). For 1 < j < k,

denote by D; the set{1,—1,2,—2,... ,m,—m}x{j} andlet D ={D; : 1 < j < k}. Then

(1) If 1 < j1,j2 < k, then T'(D;,) 2 T'(Dj,) and I'(Dy,) is isomorphic to mK,, K,,[1K>,
mKs or K,,,10K,.

(2) T = Inf)(T/X* D/X* m) where

(1,0) i T(D)=mK,

(k) = (1,1) Z:fl“(D) = KUK, (52)
(0,1) f (D) =mK,
(0,0) ifT(D) = K,,0K»

(3) The graph T'/X* does not admit a transposition preserving D/X*.

Proof. Let us first prove Item 1. It is clear that the two graphs I'(D;, ) and I'(D;, ) must
be isomorphic, since G acts transitively on D. Let D € D. Since GB =Y = (1) xSym(m),
I'(D) must be isomorphic to one of the graphs listed in Lemma 3.10. Assume that I'(D) =
Kyn,m. Take two vertices oy, o in the same orbit of X = Gyp\py = {1} x Sym(m).
Observe that for every f € D\ {a1,a2}, a1 ~ 8 holds if and only if ag ~ 5 holds.
Moreover, since G\ py = {1} x Sym(m), there exists an automorphism of I' that swaps
aq and ay while fixing every vertex in VI'\ D. This implies that if v € VI'\ D, v ~ « if
and only if v ~ ag. Therefore I'(a1) \ {ao} =T'(a2) \ {a1} and Lemma 3.1 implies that
(a1 a2) € G. This is obviously a contradiction to the fact that G\ py = {1} x Sym(m).
The same argument can be used to prove that I'(D) cannot be isomorphic to Kay,, K, m
or Kop,.

Observe that the orbit of a vertex (ei,j) € VI' (with e € {£1}, 1 < ¢ < m and
1 < j < k) under the group X* is {(¢/, ) : 1 < ¢ < m}. This implies that each orbit of
I under X* (that is, a vertex of I'/X*) is determined by the pair (¢, j) or equivalently,
by the number €j; let us denote such orbit by A.;. Observe that D; = A; U A_; or

equivalently, the partition D/X¥ of the vertices of I'/X* is the family
D/XF = {{A;,A_;}:1<j<k}.

Now consider the graph T = Inf}(I'/X* D/X*, m) where (), x) are as in Equation (3.2).
The vertices of T are the pairs (A.;,7) with ¢ € {1,...,m}.

Now let us show that the mapping ¢ : VI' — V'Y given by ¢(ei, j) = (Ae;, ) defines
an isomorphism. Assume that v; = (e141,71) and vy = (eai9, jo) are such that vy ~ vy
in T. If j3 = jo, then the adjacency of ¢(v1) and p(v2) depends only on the pair (A, k)
but they were chosen precisely so that the graph I'[D,,] = I'[Dj,] is isomorphic to the
graph Y{p(D;,)] = T [{4;,, A_;, } x [m]]. Assume thus that j; # jo and observe that in
this situation, {A.,;,, Acyjo} & D/X* and A.,j, ~ Ac,;, in T/X*, which implies that
p(v1) ~ ¢(vz) in T.
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The converse follows very similarly. If v; = (e141,j1) and v = (€22, j2) are such that
o(v1) ~ p(v2) in Y and j1 # jo, then A, ~ A.,j, in T/X¥, which implies that there
are 4,45 € {1,...,m} such that wy = (e14},71) ~ (g2}, j2) = wa. Finally notice that
since j; # jo, there is an element of X* that maps w; to v; and wy to vy, implying that
vy ~ vg. If j1 = jo, the fact that vy ~ v follows from the choice of (A, k).

Finally, Item 3 follows from the fact that any transposition preserving D/ X* must be
a transposition swapping the two vertices of I'/ X* contained in a block of D/X*. Those
transpositions induce an automorphism of I whose existence contradicts the fact that
G(VI‘\D) = {1} X Sym(m) O

Theorem 3.14 completes the classification of vertex transitive graphs whose automor-
phism group contains a group satisfying Item 2 of Lemma 3.8. It just remains to classify
the graphs whose automorphism group contains a group as in Item 3 of Lemma 3.8. That
is, we may assume that I" is a graph whose vertex-set VT'is {1, —1,2,-2,...,m, —m} X [K]
and Aut(T") contains a group G satisfying

(CF)H)F < G <V wrSym(k)
for some Y < Cy wr Sym(m). The following result classifies those graphs.

Proposition 3.15. Let T' be a vertexz-transitive whose vertex set VI is {1,—1,2,-2,...,
m,—m} x [k]. Assume that Aut(T") contains a group G satisfying

(Cm)M)k < G <Y wr Sym(k)
for some Y < Cy wr Sym(m). If m > 3, then u(T') = 2.

Proof. Consider the vertices oy = (1,1) and ay = (—1,1). We shall prove that T'(aq) \
{az} = T'(ag) \ {a1}. Assume that w € T'(a1) \ {az}. Since m > 3, there must exist
i €{2,...,m} such that w & {(4,1),(—4,1)}. Let v3 = (¢,1) and 72 = (—4,1). By our
assumptions on G, the permutation (a; «s2)(71 y2) is an element in G. This permutation
fixes w while swapping «; and ag proving that w € I'(az) \ {a1}. The other inclusion is
analogous. 0O

Finally, observe that if I" satisfies the hypothesis of Proposition 3.15 with m = 2 then,
up to a relabelling of the vertices, I' satisfies the assumptions of Theorem 3.14. It is
enough to observe that groups (C2)* and {1} x Sym(2) acting on {1,—1} x {1,2} are
permutation isomorphic. This concludes the proof of Theorem 1.1.
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