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A B S T R A C T

This study explores a robust and computationally efficient two-dimensional solution procedure 
for phase-field modelling of crack propagation under tensile, compressive, and shear loadings by 
using the meshless local radial basis function collocation method (LRBFCM). The mechanical 
model is based on the brittle elastic material, and the crack propagation is governed by the fourth- 
order phase field equation coupled in a staggered way. The spectral-split method for strain tensor 
decomposition of a brittle elastic material is used with LRBFCM for crack propagation for the first 
time. It ensures that the crack is propagated physically correctly under different loading types, 
filling the gap in our previous study [1], where crack propagation only under tensile loading was 
possible. The strong-form LRBFCM is constructed on 13-noded subdomains with augmented third- 
order polyharmonic spline shape functions. A novel adaptive loading step size criterion is 
introduced to increase computational efficiency by removing cumbersome internal iteration 
processes. The method’s performance is assessed with three benchmark tests subjected to mixed- 
mode tension, shear and compressive loading. The results are validated with the reference so
lutions regarding accuracy and convergence rates for scattered and regular node arrangements. 
The effects of the iterative and non-iterative processes with different loading step sizes are shown.

1. Introduction

The field of fracture mechanics originates from Griffith’s pioneering contribution in 1920 [2]. He posted that crack propagation is a 
competition between the increase in surface energy and the release of elastic energy. The numerical modelling of cracks can be divided 
into diffuse and discrete approaches. A detailed discussion of these two methods can be found in Egger et al. [3]. Francfort and Marigo, 
at the end of the last century, introduced a diffuse approach for crack propagation based on the phase field method (PFM) [4]. Initially, 
in PFM, the pre-defined cracks were considered for initiation of the crack propagation [4], but later [5], it turned out that PFM can also 
model crack formation and that no pre-defined cracks are required.

The PFM is a generalization of Griffith’s theory, which is achieved through the variational minimization of the total potential 
energy functional [6]. The partial differential equation of the PFM governs the crack propagation. It involves a shape parameter that 
controls the thickness of the crack [7]. The second-order PFM, also referred to as the standard PFM [8], was used initially for crack 
propagation [5]. The PFM is computationally expensive, requiring a certain minimum number of discretization nodes over the crack 
thickness [9]. As a prerequisite for crack propagation, the minimum node spacing in the computational domain must be less than or 
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Nomenclature

Π Total potential energy functional
Ω Domain
Γ Boundary
ϕ Phase field
g(ϕ) Degradation function
ψ(ε) Strain energy density
ε Strain tensor
C Elasticity tensor
l0 Length scale parameter
b Body force
u Displacement field
T Traction
Gc Surface fracture energy
σ Stress tensor
λ,μ Lamé parameters
u,T Prescribed displacement and traction
ΓD,ΓT Displacement and traction boundaries
n Outward normal vector
εu Difference in displacement field
εϕ Difference in PF
ψ+(ε),ψ − (ε) Tensile and compressive parts of ψ(ε)
tr Trace
nd Number of dimensions
ε Principal strains (eigenvalues)
GcI Mode I surface fracture energy
GcII Mode II surface fracture energy
H+ History variable
d(p, l) Nearest distance
p Any point in the domain
l Crack line
B Constant
H0 Initial history field
f Arbitrary function
lN Number of nodes in the local subdomain
lΩ Local subdomain
lα Unknown interpolation coefficients
lΦ(p) Radial basis functions (Shape function)
lp Central node
lpi Nearest nodes to lp
pi Monomials
lΨ(p) Augmented shape functions
M Number of augmented monomials
a Highest degree monomial
A Interpolation matrix
lγ Vector of known values
L Differential operator
ωk Operator coefficients
m Order of PHS
lh Average distance
χ Auxiliary variable
D Modified elasticity
∇s Symmetric gradient operator
n Loading step
i Iteration number
δϕ Relative error in phase field
Δu Loading step size
h Node spacings
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equal to half of the length scale parameter [5]. Borden et al. [10] proposed a fourth-order PFM in order to relax this requirement of a 
high number of nodes. The fourth-order PFM contains a square of the Laplacian operator (Δ2ϕ) in the governing equation, which 
makes the PF solution more regularized with an improved rate of convergence [11]. It guarantees continuous differentiability with a 
more accurate crack surface than the second-order PFM [12].

Many scientific articles use the fourth-order PFM to showcase its computational efficiency and robustness. An adaptive h-refine
ment is adopted in [9] to reduce the computational cost and provide continuous and smooth discretization. It is observed in [13] that 
the fourth-order PFM has a higher accuracy and convergence rate than the second-order PFM. It is also revealed that using only the 
tensile part of the strain energy can predict realistic crack patterns. In [14], the authors used fourth-order PFM, combined with the 
cohesive zone model (PF-CZM), for crack propagation in a quasi-brittle material. The fourth-order PF-CZM proposed in [11] can solve 
strong anisotropic sawtooth fracture. Dynamic crack propagation in hyperelastic materials was successfully solved in [15] using the 
continuous/discontinuous Galerkin method. In [16], the authors used an adaptive isogeometric-meshfree method, showing that the 
fourth-order PF can efficiently capture the ductile fracture patterns. A novel approach for PF modelling of crack propagation in brittle 
and ductile materials based on higher-order nonlocal operators is presented in [17] and [18]. The study in [19] focuses on the 
computational analysis of crack propagation in a brittle material by combining the finite element and phase-field methods. Another 
study [20] uses numerical simulations to explore crack propagation in concrete structures. Similarly, the PF modelling of ductile 
fracture phenomena in [21] aims to study the numerical robustness of the finite element integrations for the ductile fracture analysis. A 
comparative study of two different computational methods, namely the crack element method and the star-convex approach within 
phase-field fracture modelling, is provided in [22]. The study [23] discusses the computational analysis to improve the accuracy of PF 
modelling of brittle fractures by an adaptive refinement strategy. Additionally, the study [24] explores the computational aspects of 
the PF method for mixed-mode crack propagation in brittle materials. The studies [25–34] are mainly devoted to enhancing the 
computational aspects of the PF crack propagation. Similarly, other research work on PF crack propagation using the finite element 
method (FEM) can be found in [19,27,35–37], local maximum entropy approximants in [38] and commercially available software 
such as COMSOL in [39,40], ABAQUS in [41–44], open-source Gridap; Julia in [45–47] and FENICS in [48–50].

Introducing the energy split method to the PFM [5] was crucial to prevent the non-physical crack formation. Therefore, selecting 
the suitable energy-split approach is vital because it provides a driving force for crack propagation. It can alter the crack initiation and 
propagation, specifically during the mixed-mode loading conditions [5]. The volumetric-deviatoric split [51] and the spectral-split [5] 
methods are the most widely used energy split methods. The main idea behind developing such approaches was to handle the chal
lenges of predicting physically correct crack propagation and the consistency of the material response in different strain states. The 
tensile and compressive parts of the strain energy density are separated by the volumetric-deviatoric split. The tensile part is degraded 
and governs crack propagation, capturing the accurate physical properties of the crack [3]. In the spectral-splitting approach, the 
principal strains and their respective principal directions are considered for calculating the strain energy density. The positive strain 
energy density (tensile energy) is considered for crack propagation; thus, all non-physical cracks are prevented. A detailed analysis of 
these approaches is provided in [52].

Solving a higher-order differential equation, like the fourth-order PF equation, is in the context of the FEM very difficult [13] 
because it requires the C1 or higher basis functions, which are complicated to construct in the framework of the standard FEM [37]. In 
meshless methods, it is easy to achieve a high-order approximation space [37]. For example, the fourth-order Cahn-Hilliard PF 
equation [37] was solved by the reproducing kernel particle method [53], and the isogeometric collocation method [54]. A coupled 
domain-boundary type meshless method was used in [55] and [56] for PF modeling of dendritic growth with fluid flow. The meshless 
diffuse approximate method was used to solve the PFM for two-dimensional [57] and axisymmetric Rayleigh-Taylor instability 
problems [58]. The Element-free Galerkin method, with h-adaptivity, was used for 3D crack propagation using the second-order PFM 
[59], showing improved accuracy and computational efficiency compared to the case with no h-adaptivity. The robustness and 
effectiveness of the fourth-order PFM, compared to the second-order PFM, are shown in [12] using the natural element method. The 
meshless local maximum entropy approximation used in [38] shows that the fourth-order PFM needs fewer nodes to successfully 
define the crack with a more precise crack surface than the second-order PFM. For the first time, the fourth-order PFM of crack 
propagation was employed with the strong-form meshless method in [1], showing the efficiency and robustness of the LRBFCM for 
tensile loading crack propagation.

The LRBFCM [60,61] is one of the most widely used strong-form meshless methods. It calculates the weights of the polynomially 
augmented RBFs shape functions for each node by applying the collocation on the local subdomains. These weights are then arranged 
in a global stiffness matrix [62]. Apart from the PF crack propagation, the LRBFCM has been successfully applied to various other 
problems, such as thermo-elasticity [63], hot-shape rolling process [64], heat diffusion problems [60,61], numerical modelling of 
visco-plastic material [65], and a solution of the compressible viscous flow in axisymmetric tubes with varying cross-sections [66]. The 
LRBFCM combined with the augmented polyharmonic spline (PHS) shape functions is used in [62] to simulate small strain elasto- 
plasticity problems. A numerical model for two-dimensional thermo-elasto-plasticity was proposed in [67] using a hybrid radial 
basis function finite difference approach. The model was later successfully applied to the cooling bed modelling in the steel 
manufacturing process [68].

This paper is an extension of our previous work [1], where the fourth-order PFM was used in an isotropic manner to solve crack 

ξmax Maximum singular value
ξmin Minimum singular value
κ Condition number
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propagation under tensile loading. In the last work, there was no application of splitting the strain energy density into compressive and 
tensile parts, which limited the applications to crack propagation under tensile loading only. For the crack propagation under tensile 
loadings, there is no need to divide the strain history field into tensile and compressive parts [52]. The need to split the strain history 
field arises during the mixed-mode crack propagation, such as the crack propagation under shear or compressive loading [5,51]. In 
addition, applying the traction-free boundary conditions for crack propagation under tensile loading was unsuccessful in the previous 
study [1], while this study presents a successful implementation of the traction-free boundary conditions using the boundary stabi
lization technique. This paper is based on the hybrid fourth-order PF formulation [52] with the spectral-split [5] decomposition of the 
strain tensor. It shows the capability of solving crack propagation under shear, tensile and compressive loadings by a local meshless 
method. In addition, a novel adaptive loading step size criterion is defined to speed up the simulations.

2. Physical model

The governing equations of the hybrid fourth-order PFM are derived using the total potential energy functional Π of a body with a 
domain Ω and a boundary Γ, under the given boundary conditions [9,10]. 

Π =

∫

Ω

[

g(ϕ)ψ(ε) + Gc

2l0

(

ϕ2 +
l20
2

Δϕ +
l40
16

Δ2ϕ

)

− b ⋅ u

]

dΩ −

∫

Γ
T ⋅ udΓ, (1) 

where g(ϕ) = (1 − ϕ)2 is a quadratic degradation function, for an isotropic model. The strain energy density is represented as ψ(ε) =
1
2 (ε : C : ε), where C is the elasticity tensor, and ε the strain tensor given as ε = 1

2
(
∇u +∇Tu

)
. The parameter l0 is called the length 

scale parameter that controls the diffusion of the crack [69] and b is the body force acting on the material. The term u is the 
displacement field, and the prescribed traction on the boundary is defined by T. Additionally, Gc is the surface fracture energy, while ϕ 
is the phase field that smoothly transitions from the intact material (ϕ = 0) to completely broken material (ϕ = 1).

The strong form equilibrium and the PFMs can be derived by minimizing the total potential energy in the equation (1) with respect 
to u and ϕ, respectively. By taking ∂Π

∂u = 0 and ∂Π
∂ϕ = 0 the resultant equations can be written as 

∇ ⋅ [g(ϕ)σ ] +b = 0, (2) 

(
2l0ψ(ε)

Gc
+ 1

)

ϕ −
l20
2

Δϕ +
l40
16

Δ2ϕ =
2l0ψ(ε)

Gc
, (3) 

where the stress tensor σ is defined by the Hooke’s law σ = λtr(ε)I+ 2με, where λ and μ, are the Lamé parameters and I the second- 
order identity. The prescribed boundary conditions employed on the boundary Γ = ΓD ∪ ΓT are 

u = u on ΓD, (4) 

g(ϕ)σ ⋅ n = T on ΓT, (5) 

where u and T are the prescribed displacement and traction at ΓD and ΓT, respectively, and n is the vector pointing in the outward 
normal direction of Γ.

In the traditional formulation of PF [70], the crack is allowed to propagate even under compressive loads; that is, it cannot 
differentiate between the tensile and compressive strains during mixed-mode loading conditions. As a result, a physically incorrect 
crack emerges due to the consideration of the crack propagation also under compressive loadings. To tackle this issue, an energy split 
method was introduced in [5], which considers only the tensile part of the strain energy density for the crack initiation and 
propagation.

This study considers the spectral split of the strain energy proposed in [69], in which the tensile ψ+(ε) and compressive ψ − (ε) parts 
of the strain energy density can be expressed as 

ψ+(ε) = 1
2

λ〈tr(ε) 〉2
+ + μtr

(
ε2
+

)
, (6) 

ψ − (ε) = 1
2

λ〈tr(ε) 〉2
− + μtr

(
ε2
−

)
, (7) 

where tr stands for the trace, ε+ and ε− can be calculated as ε± =
∑nd

i=1〈εi〉±ni ⊗ ni, nd is the number of dimensions, ε are the principal 
strains (defined via tensor eigenvalues) and n is the normal direction (defined via tensor eigenvectors) of the respective strain tensor. 
The sign 〈 • 〉± defines the operation 〈 • 〉± =

(•±|•| )

2 , positive for tensile and negative for compressive parts, respectively. The current 
study considers the hybrid PFM formulation, but it does not impose the condition prescribed in [52]: ∀x : ψ+ < ψ − ⇒ ϕ := 0. The 
strong-form governing equation for PF can be written by modifying the equation (3)

(
2l0ψ+(ε)

Gc
+ 1

)

ϕ −
l20
2

Δϕ +
l40
16

Δ2ϕ =
2l0ψ+(ε)

Gc
(8) 
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The crack propagation under mixed-mode loads requires different surface fracture energy. For example, the surface fracture energy 
for an opening (Mode I) crack GcI could be different than that of shear (Mode II) crack GcII[71]. The modified PFM proposed in [71] 
considers the combination of GcI and GcII for the calculation of the ratio between Gc and the positive strain energy density ψ+ defined as 

ψ+(ε)
Gc

=
1
2

λ
GcI

〈tr(ε) 〉2
+ +

μ
GcII

tr
(
ε2
+

)
(9) 

The equation (9) considers Mode I and Mode II contributions to the positive strain energy density. Equations (2) and (8) are fully 
coupled, and the crack reverses during unloading conditions. Therefore, to decouple it and enforce the irreversibility condition, Miehe 
et al. in [5] proposed a parameter called the history variable H+ = max

τ=[0,tmax ]
[2l0ψ+(ε(p, τ) )/Gc ]; in any point p at the respective loading 

step τ. By employing the history field in the equation (8), we arrive at the modified strong form of the PFM as 

(H+ + 1)ϕ −
l20
2

Δϕ+
l40
16

Δ2ϕ = H+ (10) 

The history field is used to initiate the crack, which is a function of the nearest distance d(p, l) from any point p to the crack line l as 
[51] 

H0(p) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

BGc

2l0

(

1 −
2d(p, l)

l0

)

; d(p, l)⩽
l0
2

0; d(p, l) >
l0
2

, where B =
1

1 − ϕ
(11) 

In this study ϕ = 1 − 10− 3 (and corresponding B = 103) are used in all the simulations. A 2D crack representation of the fourth- 
order PFM in a cracked body is shown in Fig. 1, with ϕ = 0 and ϕ = 1 showing the intact and broken material, respectively.

3. Numerical method and solution procedure

The strong-form meshless LRBFCM [60] solves the governing equations of the decoupled PFM and the mechanical model using a 
staggered approach proposed in [5]. In LRBFCM, an arbitrary function f with lN nodes in the local subdomain lΩ, as shown in Fig. 2, 
can be numerically approximated as 

lf(p) ≈
∑lN

i=1
lαi lΦi(p), (12) 

where lαi, i = 1, ..., lN are the unknown interpolation coefficients, which are determined by the collocation and lΦi(p) is an RBF 
centred at the nearest nodes lpi to the central node lp.

To overcome the possible ill-conditioning of the local interpolation problem, the RBFs must be augmented with monomials 

lf(p) ≈
∑lN

i=1
lαi lΦi(p)+

∑M

i=1
lα( lN+i)pi(p) =

∑lN+M

i=1
lαi lΨi(p) (13) 

where pi represent the monomials, lΨi(p), i = 1, ...., lN+M describe the augmented shape functions (representing either an RBF or a 
monomial) with M denoting number of augmented monomials. The M can be calculated as a function of the highest degree monomial a 
used and the number of space dimensions nd as 

M =
(a + nd)!

a!nd!
(14) 

Fig. 1. An example of fourth-order PF variable ϕ with length scale parameter l0. Values of ϕ = 0 and ϕ = 1 represent the unbroken and broken 
material, respectively.
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The equation (13) can be written in the form of a system of linear equations as [56] 

∑lN+M

i=1
lAji lαi = lγj (15) 

with the interpolation matrix A consisting of the RBFs and augmented polynomials 

lAji =

⎧
⎨

⎩

Ψi( lpi) if lpi ∈ Ω ∪ Γ
pj− lN( lpi) if j > lN and i⩽ lN
0 otherwise

(16) 

The vector of known values is defined as 

lγj =

{

lf
(

lpj

)
if lpj ∈ Ω ∪ Γ

0 otherwise
(17) 

The application of any linear differential operator L to equation (13) is given as 

L lf(p) ≈
∑lN+M

i=1
lαiL lΨi(p) (18) 

where the unknown coefficients can be approximated from equation (15) as 

lα = lγj

∑lN+M

i=1
lA− 1

ji (19) 

from where the equation (18) can be re-written as 

L lf(p) ≈
∑lN+M

k=1
lγk

∑lN+M

i=1
lA− 1

ik L lΨi(p) (20) 

In a more simplified form equation (20) can be re-written as 

L lf(p) ≈
∑lN+M

k=1
lγk lωk (21) 

where the ωk represent the operator coefficients 

lωk =
∑lN+M

i=1
lA− 1

ik L lΨi(p) (22) 

Fig. 2. Computational domain Ω and boundary Γ with solid circles showing the interior nodes and empty circles showing the boundary nodes. The 
dashed line shows a local subdomain lΩ containing six interior nodes with the central node lp represented with a solid square. The dotted line shows 
a local subdomain containing one boundary node and five interior nodes.
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3.1. Polyharmonic splines (PHSs) as RBFs

The PHS is a specific type of RBF that has recently received much attention [72,73] due to its easy implementation and user- 
friendliness with irregular geometries. Unlike the multiquadrics [60], the PHS contain a trivial formula for selecting the shape pa
rameters [61,74]. In the present work, the PHSs are employed as RBFs in the form of 

lΦi(p) =
(
‖p − lpi‖

lh

)m

(23) 

with m = 1, 3,5, ... being odd order of PHS. Here we employ m = 3, lN = 13 with M = 6 number of augmentation monomials. lh is the 
average distance of the subdomain nodes from the central node as shown in Fig. 2, used as a scaling parameter, which is calculated as 

lh =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

∑lN

i=2

‖ lp − lpi‖
2

lN − 1

√
√
√
√ (24) 

The number of nodes in the local subdomain must be at least twice as large as the number of augmentation monomials to ensure h- 
convergence, governed by the augmentation order [72,75].

3.2. Solution procedure

The PF and the equilibrium equations are solved in alternating steps, which is referred to in the literature as a staggered approach 
[4]. The staggered approach solves the PF and mechanical models separately by freezing one while updating the other and vice versa, 
as shown in Fig. 3. This paper considers the history field initiated crack using the equation (11). Once the history field is defined, the 

Fig. 3. Solution procedure of the staggered approach. The iterative process is surrounded by the dashed lines.
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PFM is calculated to represent the initial crack in the material, utilizing this history field.

The PFM model is solved by introducing an auxiliary variable χ, defined as χ =
l20
2 Δϕ, leading to the effective transformation of the 

fourth-order PF equation (10) into two second-order partial differential equations as 

l20
2

Δϕ − χ = 0, (25) 

(H+ + 1)ϕ − χ + l20
8

Δχ = H+ (26) 

This splitting of the fourth-order PF equation into two second-order equations can also be done in FEM, and low Cp elements could 
be used to solve the fourth-order PFM. After obtaining the PF, the material stiffness is degraded using the quadratic degradation 
function g(ϕ) = (1 − ϕ)2. The mechanical model presented in the equation (2), with the degraded material properties, is solved using 
the composed approach as outlined in [62]. The governing equation (2), can be written as 

∇ ⋅ [D∇s]nu = − bn (27) 

where D = g(ϕ)C is the degraded elasticity tensor, D∇s = σ is the stress tensor, and ∇s the symmetric gradient operator. This linear 
system of equations is solved for displacement u at each loading step n. The modified elasticity tensor D is space-dependent, where the 
differentiation is achieved by RBFs in combination with PHSs.

The internal iterations within each step are performed to ensure the accuracy of the solution within this staggered setup. The 
solution procedure with internal iterations is labelled as the iterative process, whereas the convergence is checked for both 
displacement and PF as 

εu =
‖ui+1 − ui‖

‖ui+1‖
, εϕ =

‖ϕi+1 − ϕi‖

‖ϕi+1‖
, (28) 

where i is the current iteration number, εu is the difference in the displacement field and εϕ is the difference in the PF parameter. The 
iterative process runs until the difference for both fields fall below the defined tolerance, set to 10− 4 in this study. A scheme of this 
process is shown in Fig. 3, with the iterative process highlighted within a blue box. This work also studies the non-iterative solution 
approach as well. In contrast to the iterative process, in which internal iterations check convergence, the non-iterative process skips 
these internal steps entirely. The non-iterative process, seen outside the dashed lines in Fig. 3, simplifies the solution by directly 
updating each model without checking for intermediate convergence. The numerical results show that a non-iterative solution in 
certain cases provides a faster, albeit less flexible, solution.

Once the displacement is computed, the differential operators obtained with LRBFCM are applied to it to calculate the strain tensor. 
This strain tensor forms the basis for calculating the strain energy density (the spectral split of the strain tensor is used to calculate the 
strain energy density). The tensile strain energy density is then utilized to update the history field, which is passed back to the PFM for 
crack evolution. This alternative exchange of the updated field values is repeated until the material breaks.

3.3. Adaptive loading step size

It has been shown in [52] and [1] that there is no need to use the iterative process because the improvement in the results while 
using the iterative process with a smaller loading step is negligible, thus making the iterative process computationally expensive. To 
reduce these internal iterations, many articles ([5,9,48]) adjusted the load increment to a smaller value on a hit-and-miss basis, and no 
valid criterion is defined for adjusting the load increment after a specific time. This article proposes a criterion for adaptive loading step 
size by calculating the relative error L2 norm between the initial PF ϕin and the current PF ϕ as 

δϕ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

∑N

i=1

⃦
⃦ϕi − ϕin,i

⃦
⃦2

∑N

i=1

⃦
⃦ϕin,i

⃦
⃦2

√
√
√
√
√
√
√
√

(29) 

The relative error δϕ, as shown in the equation (29), is then used as a trigger for adjusting the loading step size Δu as 

Δu =

{
Δularge if δϕ < 0.25
Δusmall otherwise (30) 

3.4. Numerical implementation

The numerical implementation of this method was carried out with Julia (version 1.8.0.). The weights of the coefficient matrix, 
crucial for the accuracy of the computations, were generated using an in-house library. The simulations in this paper were computed 
using the AMD Ryzen 9 7950X 16-core processor running at 4.50 GHz.
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4. Numerical examples

4.1. Symmetric double-edge crack under tensile loadings

PF is suitable for propagating multiple cracks at the same time. This section discusses a symmetric double-edge crack propagation 
subjected to tensile loadings, and the coalescence phenomenon is shown. The geometry, boundary conditions and initial PF are given 
in Fig. 4. The geometry is fixed on the bottom edge, whereas on the top edge, it is free to move in the horizontal direction, while a 
constant loading increment is applied in the vertical direction. Traction-free boundary conditions are used on the left and right 
boundaries. The material properties are taken from the reference [43] as E = 210

[
kN/mm2], ν = 0.3, l0 = 0.0075[mm], GcI = GcII =

2.7× 10− 3[kN/mm]. A regular node arrangement with minimum node spacing h = 0.0037[mm], and a total number of the nodes N =

36176 is employed with lN = 13 subdomain nodes, RBFs of the third-order PHSs and polynomial augmentations with M = 6, unless 
otherwise specified.

4.1.1. Boundary stabilization
It is well-known that, due to the stability issues that emerged because of the oscillations caused by the Neumann boundary con

ditions, the meshless method applications become limited [74,76–79]. Several techniques have been introduced to treat this boundary 
stability problem [74,75,77,79–82]. This article utilizes the approach used in [74] to treat the related instability. The gradient op
erators for Neumann boundary conditions are calculated by shifting the evaluation points in the opposite direction of the outward- 
facing unit normal vector. The boundary conditions are then evaluated with the gradient operators obtained at the virtually shifted 
boundary nodes. In this work, the shift size of 0.5 h was selected.

The results of the displacement magnitude over the field after the first loading step, with and without the stabilization, are shown in 
Fig. 5. Both approaches differ; the solution without stabilization oscillates on the traction-free boundaries due to the sharp gradients. If 
we proceed with the oscillations, a non-physical crack will eventually emerge, as shown in the first part on the left side of Fig. 5. In 
contrast, the results with boundary stabilization are smooth and physically correct, as shown in the second part on the right side of 
Fig. 5. Therefore, it is recommended to use boundary stabilization when dealing with problems related to traction-free boundary 
conditions. This stabilization technique is used in all the numerical examples in section 4.1.

4.1.2. Comparison with the reference solution
This study’s meshless results are compared with those produced by the second-order PF equation in [43]. Due to the unavailability 

of the reference solution for the FEM-based fourth-order PFM for this benchmark test, this study used the second-order PFM-based 
results for comparison.

A constant loading step size Δu = 1× 10− 5mm, similar to the one in [43], is used for comparison with the reference solution. The 

Fig. 4. Geometry, boundary conditions (left), and initial PF (right). All dimensions are in mm.
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force–displacement graphs for the current study and the reference solution are shown in Fig. 6. The results of the present study possess 
the same slope as that of the reference solution, but the material breaks early with a slightly lower peak load. The lower peak load for 
the present study occurs because the reference solution is based on the second-order PFM, and it has been reported in [8] that the 
fourth-order PFM always produces a lower peak load than the second-order PFM. In addition, actual notches are used for the initial 
cracks in the reference solution with pre-refined mesh in the expected critical zone. In contrast, the present study uses initial history- 
based induced cracks and uniform node arrangements. The above explanation indicates that the difference in the peak load can be 
attributed to the variations in the order of the PFM, initial crack representation and node arrangements. The overall trend of the 
present study is consistent with the reference solution despite all the differences mentioned. The meshless LRBFCM provide consistent 
results for modelling brittle fracture.

The results in Fig. 6 are produced using the non-iterative process, and a good agreement can still be seen with the reference solution 
even though the reference solution uses many internal iterations. The non-iterative process with a smaller loading step size is more 
accurate because the hybrid PFM does not require any internal iteration if a sufficiently small loading step size is used; a similar trend 
can also be seen in [52]. Another aspect of Fig. 6 is that comparing the results with and without splitting the strain field into 
compressive and tensile strain energies is identical since, during tensile loading, the entire strain field consists of the tensile strains and 
the compressive strains make only a negligible contribution. Therefore, the strain decomposition using the tensile loadings does not 
impact the results. All the simulations in the rest of the paper are done with the spectral-splitting decomposition of the strains unless 

Fig. 5. Displacement and PF evolution after the first loading step (two figures on the left side) and the evolution of the respective fields after the 
final loading step (two figures on the right side) with and without boundary stabilization, respectively.

Fig. 6. Comparison of the force–displacement graph with the reference solution [43].

I. Ali et al.                                                                                                                                                                                                               Engineering Fracture Mechanics 323 (2025) 111207 

10 



otherwise specified.
The PF evolution after the final step is shown in Fig. 7, where the coalescence phenomenon can be seen at the point where both 

cracks meet. The PF evolution agrees well with the reference solutions in [43,83].

4.1.3. Effects of the adaptive loading step size
The comparison of different loading step sizes is shown in Fig. 8, where it is clearly shown that as the size of the loading step 

increases, the peak load increases (i.e. Δu = 1× 10− 4mm), and the material breaks in a non-brittle manner, provided that the non- 
iterative process is used. If the iterative process is used, the peak load decreases, but the computation becomes expensive. Due to 
the internal iterations, the material stiffness matrix degrades within a single step, resulting in the material’s complete failure at a lower 
peak load than the reference solution, as shown in Fig. 8. If a sufficiently small loading step size is used (i.e. Δu = 1× 10− 5mm), then 
the material breaks in a brittle manner, but again, due to the smaller loading increments, the computational time is high. It can be seen 
in Fig. 8 that during the elastic region, the slope of all the loading steps is the same. Applying a larger loading step size in the elastic 
region and then adjusting it with the adaptive loading step size, as explained in section 3.3. the computational time can be reduced 
significantly. After calculating the δϕ from equation (29), the equation (30) is utilized for adjusting the loading step as 

Δu =

{
1 × 10− 4[mm] if δϕ < 0.25
1 × 10− 6[mm] otherwise (31) 

Table 1 shows the total CPU time required to complete the simulations with a specific loading step size and the corresponding peak 
load. The fastest simulation is the one carried out with a non-iterative process and a loading step size of Δu = 1× 10− 4mm, but due to 
the very high peak load and non-brittle nature of the material, this is loading step size is physically incorrect. However, the loading step 
Δu = 1 × 10− 5mm is computationally expensive compared to the adaptive loading step size. Therefore, it is recommended to use an 
adaptive loading step size for better computational efficiency and numerical accuracy.

4.1.4. Comparison of scattered and regular node arrangements
One of the important characteristics of meshless methods is that they can cope with complicated geometry and non-uniform or 

scattered node distributions [61] that are needed in solving real-world problems. It is essential to test the method’s performance for 
scattered node (SCN) arrangements by comparing it with the regular node arrangements (RGN). This section compares the perfor
mance of the proposed method for SCN and RGN with h = 0.0037mm.

The force–displacement graphs calculated with RGN and SCN are shown in Fig. 9. Both graphs are in agreement. This agreement of 
the RGN and SCN results shows that LRBFCM and PHSs as interpolation functions can be used with SCN to simulate crack propagation 
in any arbitrary complex geometry. The PF and displacement evolution fields at different applied loading for RGN and SCN are shown 
in Fig. 10. It has been reported in [83] and [43] that using a large loading increment results in a symmetric crack, and the coalescence 
phenomenon can be observed midway between the two cracks, as shown in Fig. 7 (where a constant loading increment of Δu = 1 ×

10− 4mm was used). In the same studies ([83;43]), it has also been reported that using a smaller loading step size can make the crack 

Fig. 7. The final PF solution with the coalescence phenomenon.
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Fig. 8. Comparison of the force–displacement graphs obtained with different schemes of loading steps.

Table 1 
Number of iterations taken for the used step sizes and total time taken.

Δu[mm] Total iterations Peak load [kN] CPU time [hrs]

Iterative 1× 10− 4 541 0.62 3.00
Non-Iterative 1× 10− 4 120 0.70 0.40
Non-Iterative 1× 10− 5 857 0.63 4.25
Non-iterative-adaptive 1× 10− 4→1× 10− 5 250 0.63 1.10

Fig. 9. Comparison of the force–displacement graphs obtained with adaptive loading step size for RGN and SCN.
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asymmetric. A similar phenomenon can be observed in this study for both RGN and SCN with adaptive loading steps, as shown in 
Fig. 10. The simulation in this section was initiated with the loading increment Δu = 1× 10− 4mm, and then the adaptive step size 
criterion (31) was used to reduce it to Δu = 1× 10− 6mm. Due to the numerical artefacts, the crack starts propagating from the tip of 
one crack and reaches the other crack. Another valid reason is that decreasing the loading increment makes the stress distribution 
uneven, which makes the resulting strain energy density higher on the tip of one crack and lower on the other crack tip. As a result of 
this uneven strain density, the crack starts propagating from one crack and reaching the other, as shown in Fig. 10.

4.1.5. h-convergence for displacements in space
A convergence test is carried out regarding the displacement field in space to check the proposed method’s performance. A relative 

L2 error norm is calculated for the displacement field with various node arrangements. The reference solution is calculated with the 
smallest node spacing h = 0.0033 [mm], and l0 = 0.04[mm] for all the simulations in this section. The relative error is defined as 

e2 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
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√
√
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√
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√

, (32) 

where û is the solution with the smallest node spacings (reference solution in this case) and u represents the solution with gradually 
increasing node spacings. The relative error is calculated after interpolating the data (û) obtained with the smallest h to the respective 
coarse nodes. Fig. 11 shows the convergence plot by plotting the relative errors against different node spacings. A second-order- 

convergence line O
(

h2.0
)

is also plotted for reference, and the results for both RGN and SCN show a second-degree convergence 

rate. Despite using the boundary stabilization method, a second-degree convergence rate is observed even though it is reported in [74] 
that due to the boundary stabilization, the method loses one degree of convergence compared to the order of augmentation. The results 
for SCN show a slightly larger error than RGN, but still, the difference with RGN is small, and SCN behaves similarly to RGN.

4.2. A single-edge crack under shear loadings

The single-edge cracked square plate subjected to shear loading is one of the most widely used benchmark tests to validate the 
performance and implementation of the PFM, especially during mixed-mode loading conditions. Due to the shear loading, the need to 
split the strain energy density becomes prominent because otherwise, physically incorrect crack propagation occurs. The geometry and 

Fig. 10. PF (left) and displacement field (right) evolution for RGN (top) and SCN (bottom) at the respective applied load.
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boundary conditions are shown on the left side, whereas the history field initiated crack in the domain is shown on the right side of 
Fig. 12. For a pure shear case, the domain is fixed at all boundaries in the y-direction, fixed at the lower edge in both the x- and y- 
directions, and a load at increment n is defined for ux on the top boundary as un = un− 1 + Δu. In order to test the performance of the 
proposed meshless method, the material properties are taken the same as used in [69,84–86]: λ = 121.15

[
kN/mm2], μ =

80.77
[
kN/mm2], GcI = GcII = 2.7 × 10− 3[kN/mm] and l0 = 0.015[mm]. A regular node distribution with minimum node spacing h =

0.00625[mm] and a total of N = 25596 nodes are used for the simulations. The number of nodes used in the local subdomain are lN =

13. The augmentation employs six monomials M = 6. These material properties and simulation parameters are used in all the sim
ulations carried out in the section 4.2., except mentioned.

4.2.1. Comparison with the reference solution
In this section, the results were obtained using a constant loading step of Δu = 10− 5[mm] with an iterative process, as shown in 

Fig. 3. The results of the present study are compared with the reference solution [85,86]. The reference solution from [85] is referred to 
as “Yu et al.,” the reference solution from [86] is referred to as “Weinberg et al.,” and the reference solution from the paper [87] is 
referred to as “Li et al.,” as shown in Fig. 13. The results from both the reference solutions (Yu et al. and Weinberg et al.) were obtained 
using the fourth-order PFM, whereas Li et al. is based on the second-order PFM. In Yu et al. and Li et al., a pre-refined mesh at the 

Fig. 11. h-convergence for displacement in space for RGN and SCN.

Fig. 12. Geometry and boundary conditions under pure shear loadings (left) and the initial PF (right).
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expected crack path and an actual notch are used, and additionally, Yu et al. used an adaptive loading step from 1× 10− 4mm to 1×

10− 5mm. In contrast, the Weinberg et al. used 256 × 256 uniform isogeometric elements with a mesh-induced (actual notch) initial 
crack and a constant loading step of 10− 6[mm] in their simulations.

The reason for comparing our meshless method results with two different reference solutions is to show that the PFM of crack 
propagation depends on many aspects like mesh density, loading increment, length scale parameter and numerical method used to 
solve the PF governing equation. A similar trend of the deviation of the results was also reported in [88] and [84]. Due to the reasons 
above, the results of the present study don’t match the reference solutions precisely, but they are still in reasonably good agreement. 
The trend of the current study is more similar to the results of Yu et al.. It can be seen that after the peak load is approached, the 
material breaks abruptly, showing a more brittle nature of the material.

4.2.2. Effects of splitting the strain history field
The model without splitting the strain history field into compressive and tensile parts is called the isotropic model, referred to as a 

no-split model here. Here, the effects of the strain history field with and without splitting are discussed in detail. This article uses the 
spectral split, proposed by Miehe et al. in [69], for splitting the strain history field into compressive and tensile strain history fields. The 
tensile part of the strain history field is used as a driving force for crack growth in the PFM. The force–displacement graph for both 
approaches is shown in Fig. 14, whereas the PF evolution is shown in Fig. 15. Fig. 15 shows an unphysical crack evolution that emerges 
using the no-split approach. This non-physical crack propagation occurs because, during the no-split approach, the PF driving force 
cannot differentiate between the compressive and tensile strains, and that’s why crack propagation occurs even at the compressive 
strains. The spectral-split approach will be used for the rest of the simulations in this paper.

4.2.3. Effects of the internal iterations
The process with internal iterations is referred to as the iterative process, and the process without internal iterations is referred to as 

the non-iterative process. The force–displacement diagram for the iterative and non-iterative processes is shown in Fig. 16. If the 
iterative process is used, a large loading step produces the same results as a smaller one. If a large loading step is used, the material will 
reach the peak load quickly, thus saving significant computational time. The number of iterations required for each loading increment 
is shown in Fig. 17. It can be seen that the number of iterations necessary for a smaller loading increment, that is Δu = 1× 10− 5mm, is 
much larger than that for a larger loading increment, that is Δu = 1× 10− 4mm. The number of iterations required, the peak load, and 
the time needed for both iterative and non-iterative processes until the material breaks are shown in Table 2. It can be seen that a large 
number of iterations are required while using a smaller loading increment, whereas using a larger loading increment needs relatively 
less time with approximately the same peak load value. Fig. 16 shows that during the elastic region, even if we use a larger loading step 
with either an iterative or non-iterative process, the force–displacement diagrams overlap each other, showing no change in the elastic 
region. A significant change can be seen with different loading increments for the non-iterative process as soon as the peak load 
approaches. Still, with the iterative process, a negligible difference can be seen in the peak load. It is also clear that by using a larger 
loading step, the material breaks in a non-brittle manner, and by decreasing the loading step size, the material behaves physically more 
correctly and approaches the iterative process in terms of the peak load.

Additionally, the convergence behaviour of the PF parameter and displacement field, with a horizontal tolerance line at 10− 4, 
during the iterative process is shown in Fig. 18. The relative difference presented in eq. (28) is plotted in a log scale on the vertical axis, 

Fig. 13. Comparison of the force–displacement diagram obtained with our method (solid curve) with “Yu et al.” from [85], “Weinberg et al.” from 
[86] and “Li et al.” from [87].
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Fig. 14. Comparison of the force–displacement diagram for splitting and non-splitting strain history field.

Fig. 15. Crack evolution with spectral split (left) and no split (right) strain history field.

Fig. 16. Effects of the iterative and non-iterative process with Δu = 1 × 10− 5mm and Δu = 1 × 10− 4mm showing the loading increment used in the 
respective process.
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while the cumulative iterations are plotted on the horizontal axis. The loading increment used in the generation of Fig. 18 is Δu = 1×

10− 4mm. A new loading increment is applied as soon as the difference in both the PF variable and displacement field falls below 
tol⩽10− 4. The repeated sawtooth-like pattern shows the iterative process in each loading step; the difference is high at the beginning of 
each loading step and eventually decreases as the internal iterations increase. Interestingly, the displacement field converges faster 
than the PF parameter; thus, the PF parameter dictates the required number of iterations for the convergence process. At the beginning 
of the simulations (before loading step 88), the PF parameter and displacement field converge in a few iterations because there is no 
crack propagation, and the PF parameter has a smaller value. At the end of the simulations (after loading step 120), both the PF 
parameter and displacement field show a sharp drop in the difference and converge in a few internal iterations, indicating a complete 
failure of the material.

4.2.4. Effects of the adaptive loading step size
It is shown in Table 2 that the non-iterative process with Δu = 1 × 10− 5mm is closer to the iterative process, and it is much faster 

compared to the solution with the iterative process. Fig. 16 shows that the loading increment does not affect the results during the 
elastic region; i.e. a larger loading step size can be utilized before the peak load.

The initial loading step size is taken as Δu = 5 × 10− 4mm , and then decreased adaptively to Δu = 1 × 10− 6mm by calculating δϕ 
from equation (29) and the equation (30) becomes 

Δu =

{
5 × 10− 4mm if δϕ < 0.25
1 × 10− 6mm otherwise (33) 

The results of the adaptive loading step size PFM are shown in Fig. 19, and the respective CPU timing is given in Table 3; it can be 
seen that the result of the PF with the adaptive loading step size is much closer to the reference solution and also closer to the iterative 
process with Δu = 1× 10− 5mm. On the other hand, even though the adaptive approach is carried out with a non-iterative process, the 
material still breaks in a brittle manner, unlike the non-iterative process with a constant loading step, which breaks in a non-brittle 
nature.

4.2.5. Comparison of scattered and regular node arrangements
The adaptive loading step size with a non-iterative process, as shown in the equation (30), with minimum node spacing, h =

Fig. 17. The number of iterations required for each loading increment.

Table 2 
Number of iterations at the used step size and total CPU time.

Δu[mm] Total iterations Peak load [kN] CPU time [hrs]

Iterative 1× 10− 4 6049 0.45 18
Iterative 1× 10− 5 17,246 0.47 51
Non-iterative 1× 10− 4 170 0.53 0.34
Non-iterative 1× 10− 5 1198 0.48 3.41
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0.00625[mm] is used for both SCN and RGN. The material and numerical parameters are the same as in the previous sections. The 
force–displacement diagram for SCN and RGN is shown in Fig. 20. The SCN results agree with the RGN, showing that the method is 
well-suited for complicated crack patterns because it can perform well while using SCN.

A condition number (κ) is calculated for the final global stiffness matrix of the mechanical model to check the conditioning 
behaviour of the proposed method as 

κ =
ξmax

ξmin
(34) 

where ξmax and ξmin are the maximum and minimum singular values. The condition number is calculated with various node densities 
for SCN and RGN after the first loading step, and the results are plotted on a log–log scale against the minimum node spacing, as shown 
in Fig. 21. The condition number is inverse to the minimum node spacing, i.e., as the node spacing decreases, the condition number 

Fig. 18. Convergence history of ϕ and u during the cumulative inner iterations of the iterative process.

Fig. 19. Comparison of the adaptive loading step size model with the iterative process and the reference solution from [85].

Table 3 
Number of iterations, peak load and CPU time as a function of the step size approach.

Δu[mm] Total iterations Peak load [kN] CPU time [hrs]

Iterative 10− 4 6049 0.45 18
Iterative 10− 5 17,246 0.47 51
Non-iterative-adaptive 5× 10− 4→1× 10− 6 1193 0.50 4
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increases. This behaviour is expected in the RBF-based methods, as reported in [89], that even though the condition number for PHS as 
RBFs is higher, the interpolants do not suffer instability because of this ill-conditioning. Similar results are explained in detail in [90] 
for the relationship between the node density and the condition number. Another study [74] also calculated the condition numbers, 
which fall in the same range as in this study. Therefore, the condition numbers of the RGN and SCN distributions are in the range, so 
solving complex problems like crack propagation is possible using the LRBFCM.

The PF and displacement magnitude evolution under different loading steps for the SCN and RGN are shown in Fig. 22 and Fig. 23, 
respectively. A similar PF crack propagation contour plot can be seen widely in the literature [9,49,51,69].

4.2.6. h-convergence for displacements in space
A relative L2 error norm is calculated for the displacement field with various node arrangements using the equation (32). The 

reference solution is calculated with the smallest node spacing h = 0.004[mm] and l0 = 0.04[mm] for all the simulations in this section. 

Fig. 24 shows the convergence plot using RGN and SCN. As expected, the convergence rate is approximately O
(

h2.0
)

, showing that the 

augmentation order governs the convergence rate.

4.2.7. Computational cost
The computational cost at different simulation stages is recorded using various node densities (100× 100, 160× 160, and 200×

200). The computational cost is divided into the average time required for the stiffness matrix assembly for the mechanical and PF 

Fig. 20. Force-displacement graph for RGN and SCN with adaptive loading step size.

Fig. 21. Condition number as a function of minimum node spacings.
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Fig. 22. PF evolution for RGN and SCN at the respective applied load.

Fig. 23. Displacement field evolution for RGN and SCN at the respective applied load.
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models and then the solution of the assembled stiffness matrices, as shown in Fig. 25. In Fig. 25, the most dominant is the assembly of 
the mechanical matrix, followed by the time taken for the solution of the mechanical model. These results highlight the computational 
cost of the proposed approach, which increases as the node density increases, even in a 2D setting.

Extending this approach to a 3D case would significantly increase the computational cost because the number of nodes will grow 
cubically. Therefore, the matrix operations will become more complex and require a large memory. However, implementing a 3D case 
may require adaptive refinement of nodes near the critical regions susceptible to crack growth. The adaptive node refinement is outside 
the scope of this study but is an essential direction for future work, which will be considered in future studies.

Fig. 24. h-convergence for displacement calculated with RGN and SCN.

Fig. 25. Computational time required for different stages of the simulation with various node densities.
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4.3. A rectangular plate with a centrally inclined crack subjected to compressive loads

The crack propagation under compressive loads is essential because it provides valuable insights into the failure mechanisms of the 
materials subjected to complex loadings in real-world applications. When subjected to compressive loading, the inclined crack ex
periences a combination of shear and normal stresses. Interestingly, the inclined cracks under compression start propagating in the 
direction of the applied load [91], which is unusual compared to tensile loading, where the cracks usually propagate perpendicular to 
the applied load. In the compressive loading on the inclined cracks, the crack experiences an inward force, potentially leading to 
closing the crack. At the same time, the shear component promotes the sliding and thus, crack extension occurs. In the inclined crack 
under compression, the compressive stress state dominates [56], so the crack propagates under compressive loading. Experimental 
[91,92] and numerical studies [71,93,94] have shown that wing-shaped crack propagation, parallel to the applied loading, occurs 
under compressive loads.

In this section, an inclined crack at 45◦ to the horizontal axis is studied under the compressive loads, as shown on the left side of 
Fig. 26, with a PF representation of the initial crack on the right side of Fig. 26. The bottom edge is fixed to move in the vertical 
direction, and the top edge is fixed to move in the horizontal direction. In contrast, an incremental displacement is applied in the 
negative vertical direction on the top edge. The material properties are taken from [71] and are used for both RGN and SCN as E =

650[MPa], ν = 0.2, Δu = 0.1mm, h = 0.4[mm], l0 = 2h[mm], GcI = 9.1
[

N/m

]

, and GcII = 130
[

N/m

]

.

The results of the current study obtained with RGN and SCN are compared with the experimental crack path, taken from [71], in 
Fig. 27. The symmetrical wing cracks are produced with RGN and SCN arrangements, which agree well with the experimental crack 
path, as shown in Fig. 27. A similar trend of the resultant wing cracks (shown in Fig. 27) of an inclined crack under compressive loading 
is also reported in [71,91,92].

5. Conclusions

This paper is an extension of the previous study [1], where the application of crack propagation was limited to tensile loading only. 
This work successfully overcame this limitation using the spectral split to calculate the strain energy density. The present paper shows 
the first strong-form meshless method solution of crack propagation under mixed-mode shear and tensile loading. The performance of 
the strong-form meshless LRBFCM with augmented PHS shape functions for solving the PFM coupled with the mechanical model is 
shown for both RGN and SCN. The mechanical and PF models are coupled in a staggered form, allowing for more flexibility and 
decoupling of the models. The strain energy density is calculated using the spectral-split decomposition of the strains. The spectral split 
ensures that the crack propagates only under tensile strains. The strain energy density tensile part is utilized as a crack driving force. An 
adaptive loading step size criterion is introduced for better computation efficiency. The method’s numerical implementation and 
performance are tested with two benchmark tests.

Fig. 26. Geometry and boundary conditions for centrally inclined crack under compressive loads on the left and the initial crack represented with 
PF on the right side (all dimensions are in mm).
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In the first test case, a symmetric double-edge cracked plate subjected to tensile loadings is considered. Due to high gradients and 
the oscillations on the boundaries produced by the traction-free boundary conditions, non-physical crack propagation occurs. Phys
ically correct crack propagation was shown using the boundary stabilization technique proposed in [74]; the results agree well with the 
reference solution. An essential aspect of splitting the strain energy density is verified. Under the tensile loadings, strain decomposition 
is unnecessary, as it produces the same results with or without the decomposition of strains. The coalescence phenomenon is shown 
midway between the cracks if large loading steps are utilized. Otherwise, the coalescence can be seen on one side of the plate if small 
loading steps are used because of the uneven stress distribution or numerical artefacts. It is also shown that using a smaller loading step 
does not need any internal iterations because the results with only one iteration are comparable with the iterative process, with less 
computational cost. The effects of the adaptive loading step size revealed that using the adaptive loading step size requires less 
computational time than using constant loading steps. At the same time, the numerical accuracy remains the same. The effects of the 
RGN and SCN are also shown using the adaptive loading step size. The SCN performs well, and the results agree with the RGN. At the 
end of the first case, an h-convergence study is conducted for RGN and SCN, showing a second-degree convergence. Therefore, the 
method converges consistent with the second-order augmentation used with the PHSs.

The second case shows the method’s performance for a single-edge cracked square plate under shear loadings. Since the PFM is 
highly sensible to both the mesh size and the numerical method used for the computations, the results of this case were compared with 
three different solutions obtained with the same material properties. The iterative process results fall between three reference solu
tions, showing the best agreement with the “Yu et al.” [85] reference solutions. Next, the effects of the decomposition of the strain 
history field are shown. A crack bifurcation can be seen using the strain without splitting it into compressive and tensile parts. It was 
concluded that a specimen under shear loading produces physically incorrect results if the strain decomposition is not carried out. 
Therefore, it is mandatory to utilize strain decomposition for any case under shear/mix mode loading conditions. This study uses a 
spectral split for strains, and the results agree well with the reference solution. The effects of the iterative process show that the 
iterative process is independent of the loading step size; that is, using a larger loading step (like Δu = 1× 10− 4mm) or a smaller 
loading step (like Δu = 1× 10− 5mm) produces the same results, but the iterative process is computationally expensive due to a high 
number of internal iterations.

In contrast, if a smaller loading step size is used with a non-iterative process, then the results are comparable in accuracy with the 
iterative process with high computational efficiency compared to the iterative process. Therefore, the non-iterative process was uti
lized for simulations with a smaller loading step size. To further decrease the computational time, an adaptive loading step size is used, 
and it is concluded that the adaptive loading step size requires less computational time compared to an iterative process with a constant 
loading step size. The proposed method performs well when using RGN or SCN. The crack evolution and the corresponding 
displacement field were also shown. At the end of the second test case, the h-convergence for the displacement field shows a second- 
degree convergence rate.

The third test case is a rectangular plate with a centrally inclined crack subjected to compressive loads. This test case shows the 
LRBFCM’s ability to handle mixed-mode crack propagation. The results were compared with the experimental crack path, and a good 
agreement was reached. The above test cases and h-convergence tests show the robustness and accuracy of the proposed strong-form 
meshless LRBFCM for crack propagation with differently oriented loading and boundary condition types. The limitation of the current 
work is that it is computationally expensive due to the requirement of very dense nodes. In the future, this computation time can be 
somewhat reduced while using the variable or adaptive node density near the crack propagation path. One of the possibilities for doing 
this is the strategy described in [95] for accelerating the LRBFCM in PF simulations. This study will be extended to crack propagation 
under complex loading conditions like thermo-mechanical crack propagation and different material models.

Fig. 27. PF crack propagation under compressive loading obtained with RGN and SCN and its comparison with the reproduced experimental crack 
path of sample 2 in [71].
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