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Abstract. The meshfree RBF-FD method is becoming an increasingly popular discretization
method for challenging PDE problems due to its flexibility with respect to geometry and its ease
of implementation. Using a combination of polyharmonic spline basis functions and polynomial
basis functions has proven to be particularly successful with a convergence rate depending on
the polynomial degree and good behavior at boundaries due to the contribution of the spline
part. A challenge that has been observed is that derivative boundary conditions can give rise
to large errors. A known remedy for this problem is to introduce one or more layers of ghost
points, which improves the boundary approximations. In a recent paper, Tominec, Larsson,
Heryudono (2021), it was shown that using oversampling is another effective way to handle this
problem. Oversampling also allows for theoretical analysis of the method, which can then be
viewed as a discretization of a continuous least-squares projection. By looking deeper into the
error estimates we gain an understanding about how to best implement the method.

1. Introduction
The radial basis function-generated finite difference method (RBF-FD) is a generalization of
finite difference approximations to scattered node layouts. A local RBF interpolant is formed
over a stencil node set, and by differentiating the interpolant, we get the weights in the
stencil approximation of local derivatives. The method first appeared in [1] and was followed
by [2, 3, 4, 5, 6, 7]. In these early papers infinitely smooth RBFs like the multiquadric were
typically used, while the current trend is to combine a low order polyharmonic spline ¢(r) = r3
with a polynomial basis pj(x), j = 1,...,m, for polynomials of degree up to p [8, 9, 10, 11, 12, 13].
We follow the notation in [14] and introduce a scattered data problem, where X = {z)}Y
is the global node set in R? and X}, = {m§k)}?:1 are the nodes in the local influence domain 2,
of the stencil centered at xp. We define the local RBF interpolant as

N k TNk
un(@) = D Aoz =2l l2) + 3 upi(2), @€ (1)
=1 =1
with the constraint Z?:l )\g-k)pg(x;.k)) =0,¢=1,...,m. As a rule of thumb, we choose n > 2m

in two dimensions [10]. We form a linear system to express the interpolation conditions for the
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where the matrices have elements a;; = qﬁ(H:cgk) — azg-k) l2) and pi; = p; (:ng)) The stencil matrix

is invertible if the nodes are distinct and P has full rank. To find the stencil weights (for
interpolation) we evaluate the interpolant at a specific point x
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We choose to express the interpolant in terms of the cardinal functions wj(-k)(az) as

un(2) = Y un (@) (@) = 3 ulPelP (@), (4)
=1 =1

Stencil weights for derivatives can then be expressed using derivatives of the cardinal functions.

When solving PDEs using RBF-FD (and other RBF methods), it is known that derivative
boundary conditions may lead to large errors close to the boundary. A popular remedy is to
introduce a layer of ghost points and then enforce both the PDE and the boundary condition
at the boundary nodes, see, e.g., [15, 9, 10, 11, 16].

In some recent papers, this has been generalized to oversampled RBF-FD [17, 18, 19], and
(oversampled) unfitted RBF-FD [20, 21]. For these methods, the number of least-squares
evaluation points for the PDE and boundary conditions exceeds the number of center points,
which can be placed inside the domain or both inside and outside the domain. Figure 1 illustrates
the different node layouts. Unless otherwise stated, the nodes that are used are generated using
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©e00000000
eee oo

Figure 1. Nodes in a circular domain for a boundary-fitted case (left), with one layer of ghost
nodes (middle), and for an unfitted case (right). The nodes are shown with large red markers.
The smaller blue points are least-squares evaluation points for an oversampling factor a = 3.

Distmesh [22], to limit the influence of node irregularities on the errors.
In this paper, we investigate different aspects of the errors in RBF-FD approximations.
Related and to some extent similar investigations were made in [17, 18, 14].
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2. The behavior of single cardinal functions
When a cardinal function gbj(.k) is evaluated over the stencil, it shows the overall influence of the

(%)

nodal value at u;~’ on the local interpolant. In this section, we illustrate how a single cardinal
functions and its derivative behave at different locations in the stencil. Figure 2 shows results
for a cardinal function at the center of the stencil, a cardinal function one step away from the
edge of the stencil, and a cardinal function at the edge of the stencil, for polynomial degree
p =4 in the PHS + polynomial basis.
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Figure 2. The cardinal functions ¥(z) (top row) and the diagonal derivative V¥ (x)- (-1, —1)
(bottom row), for three different points, at the center (left), next to the edge (middle), and at
the edge (right), in an RBF-FD stencil with n = 35 nodes and polynomial degree p = 4.

In Figure 3, the polynomial degree is increased to p = 8. We note that in particular, the
derivative for the cardinal function next to the boundary gets a large negative value that may
cause edge effects.

3. Lebesgue functions for the three choices
Here we consider interpolation over N. > n nodes in the unit disc. With a boundary fitted
approximation, stencils near the boundary become skewed, which means that the cardinal
functions near the edge will have a large impact. With one layer of ghost nodes, stencils centered
at the boundary are less skewed, and the influence of the cardinal functions at the stencil edge
is reduced. For the unfitted method, none of the stencils are skewed.

If we have exact nodal values u(X), then the Lebesgue function measures the worst case error
at any point in the domain such that |up(z) — w(2)|ec < A(z)||t]|so. For the RBF-FD case, we
define the Lebesgue function as

AMa) = D @), (5)

where k(z) is chosen as the index of the node point that is closest to x. That is, when we
evaluate up(x) we choose the nearest stencil. This implicitly defines a division of the domain
into Voronoi regions, and the global RBF-FD interpolant will have small discontinuities at the
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Figure 3. The cardinal functions and their derivatives for three different points, at the center,
next to the edge, and at the edge, in an RBF-FD stencil with n = 99 nodes and polynomial
degree p = 8.

edges of these regions [17, 18]. Figures 4 and 5 show the Lebesgue functions for the three
different types of approximations and for polynomial degrees p = 4 and p = 8. For the lower
order approximation, the boundary effects are pronounced for the fitted node case. This is even
more so for the higher order approximation, but then also one layer of ghost nodes is insufficient
to suppress the boundary effects, and only the unfitted approximation has a uniform behavior.

4. Global error estimates for RBF—FD
In [17], the following global error estimate for oversampled RBF-FD applied to a Poisson problem
with mixed boundary conditions was derived:

1+ 79)(1+no)
(1—17q)

where C' and ¢; are constants, 7; are integration errors and 7); are smoothing errors. These errors
were defined in [17], and further investigated in [14], where it was also shown how to evaluate
the errors locally using generalized eigenvalue problems. Here we apply the same technique to
the full problem, to evaluate the factors that contribute to the error for the three approximation
modes. In Figure 6, we show the integration errors, which indicate how well the oversampling
reproduces the continuous norm, and the smoothing errors that measure how far the RBF—FD
solution and its derivatives are from a smooth function. The oversampling factor « is the ratio
of the number of evaluation points and the number of node points. To compute the smoothed
function that uy is compared with, we applied compactly supported partition of unity weight
functions to each stencil result. The radius of the support is given by Ro(1+ ), where Ry is the
smallest radius that encloses the local Voronoi region and 9§ is the relative overlap parameter.

1
1 o)\ 2 _
Huh — uHZz(Q) < \/QC (( ( + L )> (Cohp+1 + Clhp + Cth 1) ‘u|W£o+1(Q)’ (6)

5. Discussion
The experiments we performed show that approximation errors at the boundary are greatly
reduced when moving nodes outside the domain. For higher order methods more nodes outside
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max [A| = 3.57, min[A] =1
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Figure 4. The Lebesgue functions for interpolation (top row) and for the diagonal derivative
(bottom row) for the boundary-fitted node set (left), with one layer of ghost nodes (middle), and
for the unfitted node set (right). RBF-FD stencils with n = 30 nodes and polynomial degree
p = 4 where used. The total number of centers inside the unit disc domain is N, = 139 in the
first two cases and NN, = 138 in the unfitted case.

max |A| = 33.9, min [A] = 1.01 max |A] = 4.98, min|A| = 1.01 max [A] = 2.12, min|A| = 1.04

Figure 5. The Lebesgue functions for interpolation (top row) and for the diagonal derivative
(bottom row) for the boundary-fitted node set (left), with one layer of ghost nodes (middle), and
for the unfitted node set (right). RBF-FD stencils with n = 90 nodes and polynomial degree
p = 8 where used. The total number of centers inside the unit disc domain is N, = 643 in the
first two cases and N, = 652 in the unfitted case.
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Figure 6. To the left, we show the integration error factors (1+79)"/2 and 1/(1—7,)"/? (marked
with O ), and to the right, we show the smoothing error factors (1+70)"/? and (1+n,)"/? (marked
with O ) for the three types of approximations.

are needed to suppress errors. On the other hand, the stability factors in the error estimate
become larger when nodes are placed outside [20], since we do not control the outside solution.
The smoothing error can be reduced by increasing the stencil size [18], but is otherwise fixed,
while the integration error is reduced (at a cost) by increasing the oversampling. It was shown
in [17] that boundary-fitted oversampled RBF-FD performed better than collocated boundary-
fitted RBF-FD in terms of time to achieve a given accuracy.
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