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ABSTRACT

We show that if a Sylow p-subgroup of a finite group G is nilpotent of class at most p, then the p-part of the 
Bogomolov multiplier of G is locally controlled.

1 . I N T R O D U CT I O N
In this note we prove the following result:

Theorem 1.1 Let G be a finite group, and P a Sylow p-subgroup of G. If the nilpotency class of P 
does not exceed p, then the Bogomolov multipliers of G and NG(P) have isomorphic Sylow 
p-subgroups.

This theorem is related to the following result of Holt [3]:

Theorem 1.2 ([3])  Let G be a finite group, and P a Sylow p-subgroup of G. If the nilpotency class 
of P does not exceed p/2, then the Schur multipliers of G and NG(P) have isomorphic Sylow 
p-subgroups.

In fact, the majority of the proof of Theorem 1.1 is an adaptation of Holt’s argument. The crucial 
difference is the step where the bound on the nilpotency class of the Sylow p-subgroup is improved 
from Holt’s p/2 in the Schur multiplier case to p in the Bogomolov multiplier case. Note that this 
does not improve the bound in Theorem 1.2; it merely shows that one can relax it when passing to 
Bogomolov multipliers.

The outline of the paper is as follows. We first provide some preliminaries in Section 2. Then we 
proceed to the proof of Theorem 1.1. To keep the exposition short, we only include the details where 
our argument differs from [3] and refer to loc. cit. for the rest.
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2 . P R E L I M I N A R I E S
Most of the notations follow [2]. The maps and actions are always written from the right.

Let G be a finite group. The second homology group H2(G,ℚ/ℤ) is the Schur multiplier of G. 
If 1 → R → F → G → 1 is a free presentation of G, then H2(G,ℚ/ℤ) is naturally isomorphic to 
Hom(M(G),ℚ/ℤ), where M(G) = (F′ ∩ R)/[R, F] ≅ H2(G,ℤ), see, for example, [2, pp. 42, 145].

Given a G-module M, denote 

Шn(G, M) = ⋂
A ≤ G,

A abelian

ker(resG
A : Hn(G, M) → Hn(A, M)).

Bogomolov [1] studied the group Ш2(G,ℚ/ℤ) in relationship with Noether’s problem from invari-
ant theory. This group is nowadays called the Bogomolov multiplier of G. It is shown in [4, Proposition 
3.8] that if 1 → R → F → G → 1 is a free presentation of G, then Ш2(G,ℚ/ℤ) is naturally isomor-
phic to Hom(B0(G),ℚ/ℤ), where B0(G) = (F′ ∩ R)/⟨K(F) ∩ R⟩. Here K(F) stands for the set of all 
commutators [x, y], where x, y ∈ F.

Let a finite group G that acts on a finite group Q. Then G also acts on H2(Q ,ℚ/ℤ) via the rule 
(c + B2(Q ,ℚ/ℤ))g = c′ + B2(Q ,ℚ/ℤ), where the cocycle c′ : Q × Q → ℚ/ℤ is given by the rule 
c′(q1, q2) = c(q1g−1, q2g−1). Via a free presentation Q ≅ F/R of Q, we have an action of G on M(Q ), 
given as follows. Let F be free on X. Take an isomorphism 𝜙 : F/R → Q , and let g ∈ G and x ∈ X . 
Pick yx ∈ F with the property that (xR)𝜙g𝜙−1 = yxR. This gives rise to an endomorphism 𝜓 : F → F
that sends x to yx. Note that R is 𝜓-invariant. Thus 𝜓 induces an action of G on M(Q ) via (r[R, F])g =
(r𝜓)[R, F], where r ∈ F′ ∩ R. It is not difficult to show that H2(Q ,ℚ/ℤ) and Hom(M(Q ),ℚ/ℤ)
become isomorphic as G-modules.

The Bogomolov multiplier Ш2(Q ,ℚ/ℤ) is a subgroup of H2(Q ,ℚ/ℤ). Take g ∈ G and 𝛼 ∈
Ш2(Q ,ℚ/ℤ). Take an arbitrary abelian subgroup A of Q. Then Ag−1 is abelian, and hence
𝛼resG

Ag−1 = 0. By definition, (𝛼g)resG
A = 0. Thus Ш2(Q ,ℚ/ℤ) is a submodule of the G-module 

H2(Q ,ℚ/ℤ).
Let 𝜙 : F/R → Q  be a free presentation of Q, and let 𝜓 be as above. Denote M0(Q ) =

⟨K(F) ∩ R⟩/[R, F]. Take g ∈ G and x, y ∈ F, with [x, y] ∈ R. Then ([x, y][R, F])g = ([x, y]𝜓)[R, F] =
[x𝜓, y𝜓][R, F]. As R𝜓 ⊆ R, it follows that [x, y]𝜓 ∈ K(F) ∩ R. This shows that M0(Q ) is a submod-
ule of the G-module M(Q ), and hence B0(Q ) = M(Q )/M0(Q ) becomes a G-module. Similarly as 
above, Ш2(Q ,ℚ/ℤ) and Hom(B0(Q ),ℚ/ℤ) are isomorphic as G-modules.

We will also need a couple of auxiliary results on commutator subgroups. The notations follow [5, 
p. 119].

Lemma 2.1 Let A and B be normal subgroups of a group G.

1 [A, A, nB] ≤
n

∏
i=1

[[A, iB], [A, n−iB]] for all n ≥ 1.

2 [𝛾n(B), A] ≤ [A, nB] for all n ≥ 1.

Proof The item (1) is proved in [3, Lemma 6]. We prove (2) by induction on n. The case n = 1 
is clear. Suppose the claim holds for some n ≥ 1 and all normal subgroups A and B of G. 
Then the three subgroups lemma [5, 5.1.10] implies [𝛾n+1(B), A] = [𝛾n(B), B, A] ≤
[B, A,𝛾n(B)][A,𝛾n(B), B]. By induction assumption we have [B, A,𝛾n(B)] = [[B, A],
𝛾n(B)] ≤ [[B, A], nB] = [A, n+1B]. In addition to that, [A,𝛾n(B), B] = [[A,𝛾n(B)], B]
≤ [A, n+1B], again by induction assumption. This proves the result. �

3 . P R O O F O F T H EO R E M 1 . 1
Let H be a subgroup of a finite group G. Let M be a G-module. Given g ∈ G, the conjugation map 
H → Hg  induces an isomorphism conjg

H : Hn(H, M) → Hn(Hg , M). According to [3], we say that 
𝛼 ∈ Hn(H, M) is stable with respect to G (also G-invariant according to [2]) if
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𝛼resH
H∩Hg = 𝛼conjg

HresHg

H∩Hg

for every g ∈ G. The following is a crucial property of stable elements:

Lemma 3.1 ([3], Lemma 2)  Let p be a prime, and let H be a subgroup of G of index coprime to p. 
Let PG and PH be the Sylow p-subgroups of Hn(G, M) and Hn(H, M), respectively. Then PG is 
isomorphic to the group of stable elements of PH, which is a direct factor of PH.

We first show that an analogous result holds for Шn. Let G and H be as in Lemma 3.1. Let SG and SH
be the Sylow p-subgroups of Шn(G, M) and Шn(H, M), respectively. Then SG ≤ PG and SH ≤ PH . 
Let 𝜌 be the restriction of the map resG

H  to SG, and let 𝜎 be the restriction of the map corG
H  to SH. 

Pick 𝛼 ∈Шn(G, M), and let A be an abelian subgroup of H. Then 𝛼resG
HresH

A = 𝛼resG
A = 0, and hence 

𝛼resG
H ∈Шn(H, M). This shows that 𝜌 maps SG into SH. Similarly, if 𝛽 ∈Шn(H, M) and if A is an 

abelian subgroup of G, then [2, Proposition 9.5, Chapter III] gives 

𝛽corG
H resG

A = ∑
s∈𝒮

𝛽conjs
H resHs

Hs∩A corA
Hs∩A,

where 𝒮 is a complete set of representatives of double cosets HgA, where g ∈ G. Note that 𝛽conjs
H ∈

Шn(Hs, M), and, as Hs ∩ A is an abelian subgroup of Hs, we get 𝛽conjs
HresHs

Hs∩A = 0. Thus the above 
formula implies 𝛽corG

H ∈Шn(G, M). Hence 𝜎 maps SH into SG. As |G : H| is not divisible by p; it 
follows from [2, Proposition 9.5, Chapter III] that 𝜌𝜎 = |G : H| ⋅ 1 is an automorphism of Шn(G, M). 
Similarly as in [3] we can now show the following:

Lemma 3.2 Let p be a prime, and let H be a subgroup of G of index coprime to p. Let SG and SH be 
the Sylow p-subgroups of Шn(G, M) and Шn(H, M), respectively. Then SG is isomorphic to the 
group of stable elements of SH, which is a direct factor of SH.

Lemma 3.2 can be used to prove the following counterpart of [3, Theorem 1], with proof being a 
straightforward adaptation of Holt’s argument:

Corollary 3.3 Let G be a finite group, and P a Sylow p-subgroup of G. Let M be a trivial 
G-module. Let W  be a characteristic p-functor which strongly controls fusion in G. Then the 
Sylow p-subgroups of Шn(G, M) and Шn(NG(W (P)), M) are isomorphic.

Our next result is a key step in proving Theorem 1.1.

Proposition 3.4 Let Q be a normal subgroup of a finite group G. Suppose that [Q , cG] = 1 for 
some c ≥ 1. Then [Ш2(Q ,ℚ/ℤ), c−1G] = 1.

Proof It suffices to show that [B0(Q ), c−1G] = 1. Let 1 → R → F → G → 1 be a free 
presentation of G. Then Q  has a free presentation of the form 1 → R → F1 → Q → 1, 
where F1 ⊴ F. By assumption we have that [F1, cF] ≤ R. Now Lemma 2.1 (1) gives 

[F′
1 ∩ R, c−1F] ≤ [F1, F1, c−1F]

≤
c−1

∏
i=1

[[F1, iF], [F1, c−i−1F]].

Consider a commutator of the form 

𝜔 = [[x, a1,… , ai], [y, b1,… , bc−i−1]],
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where x, y ∈ F1, a1,…ai, b1, bc−i−1 ∈ F, 1 ≤ i ≤ c − 1. As F1 is a normal subgroup of F, we 
have that 𝜔 ∈ K(F1). On the other hand, Lemma 2.1 yields that [[F1, iF], [F1, c−i−1F]] ≤
[F1, iF,𝛾c−iF] ≤ [F1, cF] ≤ R, and therefore 𝜔 ∈ R. This shows that [F′

1 ∩ R, c−1F] ≤
⟨K(F1) ∩ R⟩ and hence the result. �

The following result can be proved by essentially repeating the argument of the second part of the 
proof of [3, Lemma 7]:

Corollary 3.5 Let G be a finite group and P a Sylow p-subgroup of G. Suppose that the 
nilpotency class of P does not exceed p. Let Q  be a normal subgroup of G. If Q  is a p-group, 
then [Ш2(Q ,ℚ/ℤ), G] = [Ш2(Q ,ℚ/ℤ), NG(P)].

Proof Form H = G ⋉Ш2(Q ,ℚ/ℤ). Then S = P ⋉Ш2(Q ,ℚ/ℤ) is a Sylow p-subgroup of H. 
As P is nilpotent of class ≤ p, Proposition 3.4 implies [Ш2(Q ,ℚ/ℤ), p−1P] = 1. The rest of 
the proof now follows the lines of [3, Proof of Lemma 7]. �

Having Corollary 3.5 at hand, we finish the proof of Theorem 1.1 by applying [3, Lemma 8] and 
repeating the argument following it.
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