The Quarterly Journal of Mathematics, 2024, 75, 1555-1558
doi:https://doi.org/10.1093/qmath/haae058
Advance Access published on 29 November 2024 OXFORD

Article

LOCAL CONTROL AND BOGOMOLOV
MULTIPLIERS OF FINITE GROUPS

by PRIMOZ MORAVEC'

Faculty of Mathematics and Physics, University of Ljubljana, and Institute of Mathematics, Physics and Mechanics,
Ljubljana 1000, Slovenia

*Corresponding author. E-mail: primoz.moravec@fmfuni-lj.si

ABSTRACT

‘We show that if a Sylow p-subgroup of a finite group G is nilpotent of class at most p, then the p-part of the
Bogomolov multiplier of G is locally controlled.

1. INTRODUCTION

In this note we prove the following result:

THEOREM 1.1 Let G be a finite group, and P a Sylow p-subgroup of G. If the nilpotency class of P
does not exceed p, then the Bogomolov multipliers of G and N (P) have isomorphic Sylow
p-subgroups.

This theorem is related to the following result of Holt [3]:

THEOREM 1.2 ([3]) Let G be a finite group, and P a Sylow p-subgroup of G. If the nilpotency class
of P does not exceed p/2, then the Schur multipliers of G and N (P) have isomorphic Sylow
p-subgroups.

In fact, the majority of the proof of Theorem 1.1 is an adaptation of Holt’s argument. The crucial
difference is the step where the bound on the nilpotency class of the Sylow p-subgroup is improved
from Holt’s p/2 in the Schur multiplier case to p in the Bogomolov multiplier case. Note that this
does not improve the bound in Theorem 1.2; it merely shows that one can relax it when passing to
Bogomolov multipliers.

The outline of the paper is as follows. We first provide some preliminaries in Section 2. Then we
proceed to the proof of Theorem 1.1. To keep the exposition short, we only include the details where
our argument differs from [3] and refer to loc. cit. for the rest.
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2. PRELIMINARIES

Most of the notations follow [2]. The maps and actions are always written from the right.

Let G be a finite group. The second homology group H*(G,Q/Z) is the Schur multiplier of G.
If1 —-R—F— G— 1is a free presentation of G, then H*(G,Q/Z) is naturally isomorphic to
Hom(M(G),Q/Z), where M(G) = (F' NR)/[R,F] = H,(G,Z), see, for example, [2, pp. 42, 145].

Given a G-module M, denote

I"(GM)= (] ker(res§ : H'(G,M) — H"(4,M)).
A<G,
A abelian

Bogomolov [1] studied the group I11*(G,Q/Z) in relationship with Noether’s problem from invari-
ant theory. This group is nowadays called the Bogomolov multiplier of G. It is shown in [4, Proposition
3.8] thatif 1 — R — F — G — 1 is a free presentation of G, then III*(G,Q/Z) is naturally isomor-
phic to Hom(B,(G),Q/Z), where B,(G) = (F' N R)/(K(F) N R). Here K(F) stands for the set of all
commutators [x,y], where x,y € F.

Let a finite group G that acts on a finite group Q. Then G also acts on H*(Q,Q/Z) via the rule
(c+B*(Q,Q/2))g = ¢ +B*(Q,Q/Z), where the cocycle ¢’ : Q X Q — Q/Z is given by the rule
(91,9,) = c(9,87",9,87")- Via a free presentation Q =< F/R of Q, we have an action of G on M(Q),
given as follows. Let F be free on X. Take an isomorphism ¢ : F/R — Q, and let g € G and x € X.
Pick y, € F with the property that (xR)¢g¢ ™" = y,R. This gives rise to an endomorphism ¢ : F — F
that sends x to y,.. Note that R is ¢)-invariant. Thus ) induces an action of G on M(Q ) via (r[R,F])g =
(r))[R,F], where r € F' NR. It is not difficult to show that H*(Q,Q/Z) and Hom(M(Q),Q/Z)
become isomorphic as G-modules.

The Bogomolov multiplier ITT*(Q,Q/Z) is a subgroup of H*(Q, @/Z). Take g € G and v €
II*(Q,Q/Z). Take an arbitrary abelian subgroup A of Q. Then Ag™' is abelian, and hence
aresG _, =0. By definition, (ag)resA =0. Thus I11>(Q,Q/Z) is a submodule of the G-module

HZ(Q,@/Z)

Let ¢: F/R — Q be a free presentation of Q, and let ¢ be as above. Denote M,(Q) =
(K(F) NR)/[R,F].Takeg € Gandx,y € F,with [x,y] € R. Then ([x,y][R,F])g = ([x,y])[R,F] =
[x1), ][R, F]. As Ry C R, it follows that [x,y]¢) € K(F) N R. This shows that M,(Q ) is a submod-
ule of the G-module M(Q ), and hence B,(Q) = M(Q)/M,(Q ) becomes a G-module. Similarly as
above, I1T*(Q,Q/Z) and Hom(B,(Q ), Q/Z) are isomorphic as G-modules.

We will also need a couple of auxiliary results on commutator subgroups. The notations follow (s,

p.119].
LEMMA 2.1 Let A and B be normal subgroups of a group G.

1 [AA,,B] <TIlA4, B, [A,,_B]] foralln > 1.
i=1
2 [v,(B), A] <[A, Blforalln> 1.

Proof The item (1) is proved in [3, Lemma 6]. We prove (2) by induction on n. The case n =1
is clear. Suppose the claim holds for some n > 1 and all normal subgroups A and B of G.
Then the three subgroups lemma [$, 5.1.10] implies [7,,,(B),A] = [7,(B),B,A] <
[B,A,~,(B)][A,~,(B),B]. By induction assumption we have [B,A,~,(B)] = [[B,A],
’Yn(B)] <[[B,A], nB] =4, n+1B:|- In addition to that, [A, ’Vn(B))B] =[[4, ’Yn(B)];B]
<[4, ,,,B], again by induction assumption. This proves the result. O

I n+1

3. PROOFOFTHEOREMI1.1
Let H be a subgroup of a finite group G. Let M be a G-module. Given g € G, the conjugation map
H — H¢ induces an isomorphism conj;; : H"(H,M) — H"(H,M). According to [3], we say that
a € H"(H, M) is stable with respect to G (also G-invariant according to [2]) if
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H g HE
Qresy e = CLCONjyTeS e
for every g € G. The following is a crucial property of stable elements:

Lemma 3.1 ([3],Lemma2) Letp be a prime, and let H be a subgroup of G of index coprime to p.
Let P, and Py, be the Sylow p-subgroups of H"(G,M) and H" (H, M), respectively. Then P is
isomorphic to the group of stable elements of Py, which is a direct factor of Py

We first show that an analogous result holds for IIT". Let G and H be asin Lemma 3.1. Let S and Sy
be the Sylow p-subgroups of [I1"(G,M) and III"(H, M), respectively. Then S; < P and S; < Py;.
Let p be the restriction of the map resg to S, and let o be the restriction of the map corg to Sy.
Pick @ € II1"(G, M), and let A be an abelian subgroup of H. Then aresgresf = Ozresg =0, and hence
aresy € I11"(H,M). This shows that p maps S, into S,. Similarly, if 8 € III"(H,M) and if A is an
abelian subgroup of G, then [2, Proposition 9.5, Chapter III] gives

ﬁcorg resg = Z Beonjy, resgzm corﬁsm,
€8
where 8 is a complete set of representatives of double cosets HgA, where g € G. Note that Sconj;, €
HI"(H*,M), and, as H* N A is an abelian subgroup of H’, we get ﬂcoanHresﬁim 4 = 0. Thus the above
formula implies Bcorf; € II1"(G,M). Hence o maps S, into S¢. As |G : H| is not divisible by p; it
follows from [2, Proposition 9.5, Chapter I11] that po = |G : H| - 1is an automorphism of I1I"(G, M).
Similarly as in [3] we can now show the following:

LEMMA 3.2 Let p be a prime, and let H be a subgroup of G of index coprime to p. Let S; and Sy, be
the Sylow p-subgroups of I1I" (G, M) and 111" (H, M), respectively. Then S; is isomorphic to the
group of stable elements of Sy, which is a direct factor of Sy,.

Lemma 3.2 can be used to prove the following counterpart of [3, Theorem 1], with proof being a
straightforward adaptation of Holt’s argument:

CoROLLARY 3.3 Let G be a finite group, and P a Sylow p-subgroup of G. Let M be a trivial
G-module. Let W be a characteristic p-functor which strongly controls fusion in G. Then the
Sylow p-subgroups of III"(G, M) and III"(N;(W (P)), M) are isomorphic.

Our next result is a key step in proving Theorem 1.1.

PROPOSITION 3.4 Let Q be a normal subgroup of a finite group G. Suppose that [Q, ,G] = 1 for
some ¢ > 1. Then [I11*(Q,Q/Z),,,G] = 1.

Proof It suffices to show that [By(Q),._;G] =1.Let1 - R — F — G — 1be afree
presentation of G. Then Q has a free presentation of the form1 - R — F, — Q — 1,
where F; < F. By assumption we have that [F;, .F] < R. Now Lemma 2.1 (1) gives

[F{NR,._,F] < [F,F, _,F]
c-1
< H[[FlliF]l [Flrc—i—lF]]'
i=1

Consider a commutator of the form

w=[[xay,...,a], [y, by, b._i11],
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wherex,y € F, ay,...a,b,b,_,_; € F,1 <i<c¢—1.AsF, is anormal subgroup of F, we

have that w € K(F,). On the other hand, Lemma 2.1 yields that [[F,,,F], [F,,._,_;F]] <
[F,,.F,7..;F] < [F,, .F] <R, and therefore w € R. This shows that [F] N R, _F] <

(K(F,) NR) and hence the result. d

The following result can be proved by essentially repeating the argument of the second part of the
proof of [3, Lemma 7]:

COROLLARY 3.5 Let G be a finite group and P a Sylow p-subgroup of G. Suppose that the
nilpotency class of P does not exceed p. Let Q be a normal subgroup of G. If Q is a p-group,
then [HIZ(Q) Q/7),G] = [H-Iz(Q) @/Z))NG(P)]

Proof Form H = G x IIT1*(Q,Q/Z). Then S = P x I11*(Q, Q/Z) is a Sylow p-subgroup of H.
As P is nilpotent of class < p, Proposition 3.4 implies [IIT*(Q, Q/Z),,.,P] = 1. The rest of
the proof now follows the lines of [3, Proof of Lemma 7]. |

Having Corollary 3.5 at hand, we finish the proof of Theorem 1.1 by applying [3, Lemma 8] and
repeating the argument following it.
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