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On commutators of idempotents

Roman Drnovšek
Faculty of Mathematics and Physics, University of Ljubljana, Ljubljana, Slovenia; Institute of Mathematics,
Physics, and Mechanics, Ljubljana, Slovenia

ABSTRACT
Let T be an operator on a Banach space X that is similar to −T via an
involutionU. Then,U decomposes the Banach space X as X = X1 ⊕ X2
with respect to which decomposition we have U =

(
I1 0
0 −I2

)
, where Ii

is the identity operator on the closed subspace Xi (i = 1, 2). Further-
more, T has necessarily the form T = (

0 ∗∗ 0

)
with respect to the same

decomposition. In this note, we consider the question when T is a
commutator of the idempotent P = ( I1 0

0 0

)
and some idempotent Q

on X. We also determine which scalar multiples of unilateral shifts on
lp spaces (1 ≤ p < ∞) are commutators of idempotent operators.
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1. Introduction

A (bounded linear) operator C on a Banach space is said to be the commutator of the oper-
atorsA and B ifC = AB − BA = [A,B]. The operators on a separable infinite-dimensional
Hilbert space that arise as commutators have been characterized by Brown and Pearcy [1]
as the operators that are not the sum of a compact operator and a non-zero scalar multiple
of the identity.

It is natural to ask which operators are commutators of operators of given forms. For
example, commutators of self-adjoint operators have been characterized in [2], and com-
mutators of idempotent matrices have been characterized in [3]. In this paper, we first
improve the ring-theoretic characterization of commutators of idempotents from [3], and
then we characterize commutators of the idempotent operators on a Banach space. Moti-
vated with the case p = 2 in [4, Corollary 5.9] we also determine which scalar multiples of
unilateral shifts on lp spaces (1 � p < ∞) are commutators of idempotent operators.

We now recall some definitions. Let R be a unital ring with identity 1. An idempotent
is any p ∈ R such that p2 = p, while u ∈ R is called an involution if u2 = 1. Of course,
elements in R of the form [a, b] := ab − ba are called commutators.

2. A characterization of commutators of idempotents

We first complement the ring-theoretic characterization of commutators of idempotents
as given in [3, Theorem 1]. This sheds new light on the proof of [3, Theorem 1].
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Theorem 2.1: Let R be a unital ring with identity 1 in which the element 2 is invertible, and
let t ∈ R. The following assertions are equivalent:

(i) t is a commutator of a pair of idempotents in R;
(ii) 4t is a commutator of a pair of involutions in R;
(iii) There exist u ∈ R and s ∈ R such that u2 = 1, ut+ tu = 0, us = su, st = ts and s2 =

t2 + 1/4.

Proof: Assume that t = pq − qp for some idempotents p and q. Define u := 2p − 1 and
v := 2q − 1. Then u2 = v2 = 1 and

4t = [2p, 2q] = [2p − 1, 2q] = [u, 2q − 1] = [u, v].

This proves the implication (i)⇒ (ii). Since the proof of the converse implication is similar,
we omit it.

Now assume (ii), that is, 4t = uv − vu for some involutions u and v. Then

4ut + 4tu = (v − uvu) + (uvu − v) = 0.

Define

s := 1
4
(uv + vu).

Then

4us = v + uvu = 4su,

16st = (uv + vu)(uv − vu) = (uv)2 − 1 + 1 − (vu)2 = 16ts,

and

16s2 − 16t2 = ((uv)2 + 1 + 1 + (vu)2) − ((uv)2 − 1 − 1 + (vu)2) = 4.

This completes the proof of the implication (ii) ⇒ (iii).
Now assume (iii). Define v := 2u(s + t) = 2(s − t)u. Then

v2 = 2(s − t)u · 2u(s + t) = 4(s2 − t2) = 1,

and

uv − vu = 2(s + t) − 2(s − t) = 4t.

This proves (ii), and it completes the proof of the theorem. �

Let T be an operator on a complex Banach space X. Suppose that T is similar to −T via
an involution U, so that TU + UT = 0. Then (it is well-known that) U decomposes the
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Banach space X as X = X1 ⊕ X2 with respect to which decomposition we have

U =
(
I1 0
0 −I2

)
,

where Ii is the identity operator on the closed subspace Xi(i = 1, 2). Write

T =
(
A B
C D

)

with respect to the same decomposition. Since TU + UT = 0, we have A = 0 and D = 0.
Now Theorem 2.1 gives the following characterization.

Theorem 2.2: The operator

T =
(
0 B
C 0

)

is a commutator of the idempotent P = ( I1 0
0 0

)
and some idempotent Q on X if and only if the

operator BC + 1
4 I1 has a square root S1 on X1, the operator CB + 1

4 I2 has a square root S2
on X2, and S1B = BS2, S2C = CS1.

Proof: (⇒) By Theorem 2.1 and its proof (or by the proof of [3, Theorem 1]), there exists
an operator S on X such that SU = US, ST = TS and S2 = T2 + 1

4 I. Since SU = US, S has

the form S =
(
S1 0
0 S2

)
. Since

(
S21 0
0 S22

)
= S2 = T2 + 1

4
I =

⎛
⎜⎝BC + 1

4
I1 0

0 CB + 1
4
I2

⎞
⎟⎠ ,

we have S21 = BC + 1
4 I1 and S22 = CB + 1

4 I2. It follows from ST = TS that S1B = BS2 and
S2C = CS1.

(⇐) Define S :=
(
S1 0
0 S2

)
on X = X1 ⊕ X2. Then

S2 =
(
S21 0
0 S22

)
=

⎛
⎜⎝BC + 1

4
I1 0

0 CB + 1
4
I2

⎞
⎟⎠ = T2 + 1

4
I.

Since S1B = BS2, S2C = CS1, we have ST = TS. Clearly, SU = US. By Theorem 2.1 and its
proof (or by the proof of [3, Theorem 1]), T = ( 0 B

C 0
)
is a commutator of the idempotent

P = ( I1 0
0 0

)
and some idempotent Q on the Banach space X. �

We say that a compact subset K of the complex plane does not separate 0 from∞ if 0 lies
in the unbounded component of the complement of K.
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Corollary 2.3: Let

T =
(
0 B
C 0

)

be an operator on the Banach space X = X1 ⊕ X2. Suppose that σ(BC + 1
4 I1) does not sepa-

rate 0 from ∞. Then T is a commutator of the idempotent P = ( I1 0
0 0

)
and some idempotent

Q on X.

Proof: By the Riesz functional calculus, the assumption implies that BC + 1
4 I1 admits a

square root S1 which lies in the norm-closed algebra generated by BC + 1
4 I1. More pre-

cisely, the hypothesis implies that there is a function f, holomorphic in a simply connected
open set � containing the closed set σ(BC + 1

4 I1) ∪ {14 }, which satisfies (f (z))2 = z. It
is well known that the spectra σ(BC + 1

4 I1) and σ(CB + 1
4 I2) differ perhaps only in the

point 1
4 . So, we can define S1 = f (BC + 1

4 I1) and S2 = f (CB + 1
4 I2). Since (BC + 1

4 I1)B =
B(CB + 1

4 I2), we have S1B = BS2. Similarly, since C(BC + 1
4 I1) = (CB + 1

4 I2)C, it holds
that CS1 = S2C. By Theorem 2.2, T is a commutator of the idempotent P = ( I1 0

0 0
)
and

some idempotent Q on the Banach space X. �

As a special case of Corollary 2.3 we obtain the following generalization of [4,
Lemma 5.6].

Corollary 2.4: Let

T =
(
0 B
C 0

)

be an operator on the Banach space X = X1 ⊕ X2. Suppose that r(BC) < 1
4 , where r denotes

the spectral radius function. Then T is a commutator of the idempotent P = ( I1 0
0 0

)
and some

idempotent Q on X.

3. Multiples of unilateral shifts on lp spaces

Let us begin with the following simple lemma.

Lemma 3.1: Let A be an operator on a Banach space X such that dim(kerA) = 1 and
dim(kerA2) = 2. Then A is not a square of some operator B on X.

Proof: Assume that A = B2 for some operator B on X. Then kerB ⊆ kerA, and so either
kerB = {0} or kerB = kerA. If kerB = {0}, then kerA = kerB2 = {0} that is not true.
Therefore, kerB = kerA = kerB2. Then kerBk = kerB for all positive integers k, by
Abramovich and Aliprantis [5, Lemma 2.19]. In particular, kerB = kerB4 = kerA2. This
contradicts the assumption that dim(kerA2) = 2. �

Let S be the unilateral forward shift on either lp (1 � p < ∞) or c0, that is, the oper-
ator defined by S(x1, x2, x3, . . .) = (0, x1, x2, x3, . . .). In each case, S is an isometry. In [4,
Corollary 5.9] it is shown that when p = 2 the operatorμS is a commutator of idempotents
if and only if the complex numberμ satisfies |μ| � 1

2 .We now consider this in our context.
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To end this, we first write S in the block form
( 0 ∗∗ 0

)
. Let {en}n denote the standard unit vec-

tors in either lp or c0, and write X1 = ∨
n{e2n} and X2 = ∨

n{e2n−1}. Then, X = X1 ⊕ X2,
and with respect to this decomposition S has the form

S0 :=
(
0 I
S 0

)
.

Theorem 3.2: Let μ be a complex number. Then μS0 is a commutator of the idempotent
P = ( I1 0

0 0
)
and some idempotent Q on either lp (1 � p < ∞) or c0 if and only if |μ| � 1

2 .

Proof: Since S is similar to αS via a diagonal operator whenever α ∈ {z ∈ C : |z| = 1} we
may assume without loss of generality that μ � 0. We consider 3 cases.

Case 1. If 0 � μ < 1
2 , then r(μS · μI) < 1

4 , and so by Corollary 2.4μS0 is a commutator
of the idempotent P = ( I1 0

0 0
)
and some idempotent Q.

Case 2. Ifμ = 1
2 , then by Theorem 2.2wemust show that the operator 1

4S + 1
4 I = 1

4 (S +
I) has a square root commuting with S. It is well-known that

∑∞
n=0 |( 1

2
n
)| < ∞, and so

R := ∑∞
n=0

( 1
2
n
)
Sn converges absolutely, RS = SR and R2 = S + I.

Case 3. If μ > 1
2 , then put λ := − 1

4μ2 ∈ (−1, 0), so that μ2S + 1
4 I = μ2(S − λI). In

view of Theorem 2.2 it is enough to show that S − λI has no square root on either lp
(1 � p < ∞) or c0. Then it is enough to prove that the adjoint operator A := S∗ − λI has
no square root on either the dual space (lp)∗ = lq, where q is the conjugate exponent of p,
or the dual space c∗0 = l1. To end this, we apply Lemma 3.1. It is easy to show that

kerA =
∨

{(1, λ, λ2, λ3, . . .)} and

kerA2 =
∨

{(1, λ, λ2, λ3, . . .), (0, 1, 2λ, 3λ2, 4λ3, . . .)},

so that dim(kerA) = 1 and dim(kerA2) = 2. This completes the proof. �

In the similar manner one can prove the corresponding result for the unilateral
backward shift B on either lp (1 � p < ∞) or c0, that is, the operator defined by
B(x1, x2, x3, . . .) = (x2, x3, x4, . . .). We will omit its proof.

As before, we first write B in the block form
( 0 ∗∗ 0

)
. Let {en}n denote the standard unit

vectors in either lp or c0, and write X1 = ∨
n{e2n} and X2 = ∨

n{e2n−1}. Then X = X1 ⊕
X2, and with respect to this decomposition B has the form

B0 :=
(
0 B
I 0

)
.

Theorem 3.3: Let μ be a complex number. Then μB0 is a commutator of the idempotent
P = ( I1 0

0 0
)
and some idempotent Q on either lp (1 � p < ∞) or c0 if and only if |μ| � 1

2 .

Disclosure statement

No potential conflict of interest was reported by the author(s).



654 R. DRNOVŠEK

Funding

The author acknowledges the financial support from the Slovenian Research and Innovation Agency
(research core funding No. P1-0222).

References

[1] Brown A, Pearcy C. Structure of commutators of operators. Ann Math. 1965;82(2):112–127.
doi: 10.2307/1970564

[2] Radjavi H. Structure of A∗A − AA∗. J Math Mech. 1966;16:19–26.
[3] DrnovšekR, RadjaviH, Rosenthal P. A characterization of commutators of idempotents. Linear

Algebra Appl. 2002;347:91–99. doi: 10.1016/S0024-3795(01)00533-X
[4] Marcoux LW, Radjavi H, Zhang Y. Around the closure of the set of commutators of idem-

potents in B(H): biquasitriangularity and factorisation. J Funct Anal. 2023;284(8):109854 doi:
10.1016/j.jfa.2023.109854Paper No. 109854.

[5] Abramovich YA, Aliprantis CD. An invitation to operator theory. Providence: American
Mathematical Society; 2002.

https://doi.org/10.2307/1970564
https://doi.org/10.1016/S0024-3795(01)00533-X
https://doi.org/10.1016/j.jfa.2023.109854

	1. Introduction
	2. A characterization of commutators of idempotents
	3. Multiples of unilateral shifts on lp spaces
	Disclosure statement
	Funding
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile ()
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [493.483 703.304]
>> setpagedevice


