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Abstract
Morphology-adaptive multiphase models are becoming more established for the
numerical description of complex gas-liquid flows adapting dynamically to the
local flow morphology. In the present study, two different numerical methods
originally designed for distinct flow morphologies are combined, namely the
volume-of-fluid and the Euler–Euler method. Both edge cases have been proven
to be capable of delivering reliable predictions in the respective use cases. The
long-term goal is to improve the prediction of gas-liquid flows, regardless of
the flow regime in a specific application. To capture the system dynamics with
a given grid resolution, the flow fields need to be predicted as precise as pos-
sible, while the shape of structures such as gas bubbles need to be recovered
adequately in topology and shape. The goal is to obtain reliable predictions
on intermediate mesh resolutions rather than relying on fine meshes requir-
ing more computational resources. Therefore, a procedure is proposed to locally
measure the degree of resolution. With this information, the hydrodynamics
in the interface region can be controlled by means of a dedicated interfacial
drag formulation in order to improve simulation results across several levels
of spatial resolution. A modified formulation of buoyancy is proposed to pre-
vent unphysical oscillations of vertical velocity near a horizontal interface. The
functionality is demonstrated in a three-dimensional case of a gas bubble ris-
ing in stagnant liquid and in a co-current stratified air-water channel flow in
two-dimensional space. The choice of these different applications demonstrates
the general applicability of the proposed model framework.
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1 INTRODUCTION

Multiphase flows in industrial facilities are typically characterized by a broad range of length and time scales. The different
flow regimes, from now on referred to as morphologies, do even appear in flows bounded by very simple geometries.
Pipe flows for instance can show segregated, bubbly, annular, or slug flow among other morphologies. Those regimes
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may appear at the same time in different locations at given operating conditions. Typically, features of the interface,
that is, the boundary between two immiscible phases, are divided into large-scale interfaces and dispersed interfacial
structures, such as small bubbles, droplets or particles of varying size, and shape. Both aforementioned morphologies can
occur simultaneously and may interact with each other or even evolve, such that they become transformed to each other.
Industrial applications featuring such phenomena are, for instance, centrifugal pumps,1,2 swirling flow separators,3 valve
trays,4,5 or pressurized thermodynamic shock scenarios.6

The numerical methods for fluid dynamic simulations are typically limited in terms of length and time scales that
can be resolved. Scale-resolving approaches, such as the volume-of-fluid (VOF) method,7 are designed to predict large
interfaces in relation to the computational grid. With statistical methods, such as the Euler–Euler model, dispersed struc-
tures are described as sub-grid scale interfaces. In order to cover wider ranges of scales morphology-adaptive multiphase
models (hybrid models) are being developed as a combination of both approaches. A variety of such modeling tech-
niques for multiphase flows exists, that allow for morphology transitions, also referred to as inter-scale transfers.8 Methods
can be distinguished by the underlying averaging method, for example, Euler–Euler versus Euler–Lagrange. Moreover,
the number of equations and other technical details can be used for further specification, for example, domain-wise
blending of level-set and Euler–Euler models or drift-flux models, which are based on VOF. A comprehensive overview
of such methods is beyond the scope at this point, but can be found in literature.9,10 The present work focuses on
approaches that are based on the two-fluid models, that is, transport equations for mass and momentum are stated for
each phase. There are two major modeling strategies when modeling dispersed and resolved interfaces based on the
two-fluid model:

1. the two-field approach, in which all physical phases locally adapt their representation and behavior by blending
between different closure laws depending on the local conditions, and,

2. the four-field approach, where each numerical phase has a fixed representation and then adapts to the local
morphology via being either present or absent as a results of explicitly defined morphology transfers.

Within the two-field approach each physical phase, for example, gas or liquid, is represented by exactly one numerical
phase, that is, the number of numerical equals the number of physical phases. Hence, each numerical phase repre-
sents resolved as well as sub-grid morphologies, depending on an algebraic blending method to detect the individual
morphologies. All known approaches require a blending formulation based on threshold values for absolute values as
well as gradients of the void fractions of the phases in combination with a shape function, which might be of linear,
hyperbolic, or polynomial type. The formulation of blending coefficients for systems of three or more phases quickly
becomes very complex, such as the one in the OpenFOAM Foundation release11 version 10 and higher. Appropriate
scale-dependent interfacial closure models are applied via multiplication of the individual models with a blending fac-
tor. Thus, the inter-scale transfer of phases takes place inside one single numerical phase simply by switching the closure
formulation by means of changing blending factors. Hence, such transfers also do take place due to deficiencies that are
inherent to the numerical method, such as numerical diffusion of the interface modifying the effective blending behav-
ior or the interface compression mechanism.11 Reliable criteria for inter-scale transfers are also hard to determine. For
instance quantities like interface curvature have been used for that purpose by Coste et al.12 and by Wardle and Weller.13

Overall, the two-field approach appears to be quite robust, but not particularly accurate and it has been used for var-
ious applications.1,2,10,12-16 At this point, the recent work of De Santis et al.10 is discussed in more detail, which is
based on the approach of Wardle and Weller.13 The morphology is adapted based on a binary switch that is coupled to
the blending framework implemented in the OpenFOAM Foundation release. That particular blending approach com-
bines the following two closure formulations: (a) the Euler–Euler model including interfacial closures for interfacial
momentum transfer for describing the sub-grid scale dynamics and (b) the large-interface formulation according to
Marschall17 for describing large-scale resolved interfaces together with the continuous surface force approach of Brack-
bill et al.18 for modeling of the surface tension. The binary morphology switch takes a value of 0 for dispersed and a
value of 1 for large-scale interface morphologies. A large-scale interface is indicated, if the following three conditions
are met:

• the interface resolution quality index IRQ19 based on interfacial curvature exceeds a given critical value, and
• the gas void fraction takes values between 1% and 99%, and
• the dispersed bubble or droplet diameter exceeds the local grid spacing by a user-defined factor.
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The approach is tested for various multiphase scenarios: an ethanol droplet in equilibrium, a dam break, a rising gas
bubble, a dispersed flow in a vertical pipe, and a plunging liquid jet. The model is further verified for stratified and slug
flow regimes by Colombo et al.14 Overall a significant over-estimation of the interfacial shear stress is observed, which
is attributed to the interfacial momentum transfer modeling. Especially, the interfacial drag modeling at resolved inter-
faces is the key to high accuracy in that context. More precisely, the interfacial drag formulation needs to ensure the
kinematic condition at the interface, that is, interface normal components of gas and liquid velocity need to be identi-
cal, and at the same time provide an appropriate amount of friction between both phases for the transfer of momentum
directed parallel to the interface. Overall the high complexity of the algebraic blending in connection with the momen-
tum transfer at resolved interfaces makes it difficult to derive generalized closure models in the context of the two-field
approach.

A more promising way to control momentum transfer at a resolved interface and, thereby, to improve the accuracy is
the four-field approach. The main goal of this method is to gain explicit control over which features of the interfacial flow
become resolved directly and which are modeled on a sub-grid scale.8 This approach can be characterized by the number
of numerical and physical phases. The latter quantity is simply defined by the problem statement, for example, a system
of air and water contains two physical phases. Each physical phase might be represented by several numerical phases,
that are each dedicated to a single morphology, for example, dispersed gas (bubbles), continuous gas, dispersed liquid
(droplets), and continuous liquid. A set of balance equations for mass, momentum, energy, and so on, are then defined for
each individual numerical phase. The interfacial closures between the pairs of phases are formulated based on the under-
lying morphology of the numerical phase. In other words, each numerical phase is dedicated to a specific morphology
of a specific physical phase and, hence, no algebraic blending expression is required anymore. As the transition between
morphologies is not inherent to the modeling approach, morphology transfers require explicit modeling strategies via
so-called phase transfer models, some of which are proposed by Frederix et al.8 Due to the increased number of transport
equations, hybrid models based on the four-field approach are more computationally demanding compared to the blend-
ing based two-field approach. For the sake of direct comparison, the results for the edge case of a fully resolved single gas
bubble rising in stagnant water20 are presented in Figure 1. The two-field based model of De Santis et al.10 is compared
to the four-field based model of Meller et al.9 Furthermore, results obtained by Hysing et al.20 with a level-set method
and the ones obtained by Klostermann et al.21 with an algebraic VOF method are shown as references here. It becomes
clear that the four-field approach (Meller et al.9) that utilizes a numerical closure formulation for interfacial drag22 deliv-
ers a clearly defined resolved interface. Those results are very similar to the reference data, while the hybrid model based
on the two-fluid approach (De Santis et al.10) predicts the rising velocity of the gas bubble to be too low. In addition to
the interfacial momentum coupling, the four-field approach allows for interaction of large-scale interfaces with dispersed
phases of an arbitrary number. A comprehensive verification of a four-field model is carried out by Frederix et al.,8 who
apply the method to dispersed bubbly flows, fully resolved single bubble flows, a rising bubble including morphology
transfer as well as to two-phase horizontal pipe flows of several flow regimes. They mainly use interfacial closures for

F I G U R E 1 Comparison to different hybrid multiphase models9,10,20,21 in two-dimensional benchmark case of a rising gas bubble
according to case 1 of Hysing et al.20 (A) Bubble rising velocity over time. (B) Interface position (gas fraction of 50%) at t = 3 s. [Colour figure
can be viewed at wileyonlinelibrary.com]

 10970363, 2023, 9, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/fld.5215 by Jozef Stefan Institute, W

iley O
nline L

ibrary on [07/04/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

http://wileyonlinelibrary.com


1524 MELLER et al.

dispersed flows and for surface tension at large-scale interfaces similar to De Santis et al.10 However, Frederix et al.8
replace the interfacial drag formulation for large-scale interfaces with the correlation of Schiller and Naumann23 and
define an artificial value for the diameter in the correlation. It is stated, that an interfacial drag coefficient larger than
zero is generally required to stabilize the numerical method in case of vanishing void fraction and, additionally, needs to
be applied to resolved large-scale interface.13 Such a drag closure formulation does not account for the structure of the
relative velocity field between the two phases in the vicinity of the interface. Furthermore, the work of Frederix et al.8
focuses on inter-scale transfers, which are also investigated by Yin et al.3 However, inter-scale transfers are beyond the
scope of the present work. Meller et al.9 verify the improvement of the four-field approach in accuracy by strong interfa-
cial drag coupling for high spatial resolutions via application to the single rising gas bubble as presented in Figure 1. For
fine grids bubble diameter and shape are in accordance to reference data in the literature. However, on very coarse grids,
that is, four computational grid cell per bubble diameter or less, the approach fails to preserve the bubble as a compact
gas structure in the two-dimensional case described above and, hence, fails to predict bubble rising velocity. A similar
dependence of bubble rising velocity on the grid resolution is reported by Frederix et al.8 Hence, the prediction of rising
velocity and shape of gas bubbles generally requires sufficiently high mesh resolution. Typically, a number of 20 cells per
equivalent bubble diameter or higher is necessary to correctly predict the dynamics of the gas bubble.24,25 Nevertheless, a
well-defined behavior of resolved interfacial structures is desired on all levels of grid resolution. Such a property of a mul-
tiphase model is important for the formulation of morphology adaptive models as situations of insufficient grid resolution
are inevitable when coupling scale resolving multiphase models to models based on phase-averaging. It is the belief of
the authors, that the shape prediction with coarse grids plays a minor role in case purely overall phase distributions and
statistical averaged behavior are of interest as long as interfacial structure (bubbles, droplets) are staying compact and are
kept together, that is, unintended numerically induced breakup is successfully prevented.

The present work focuses on the control of interfacial slip on coarse grids in order to improve the prediction of the
momentum transfer across an interface, for example, to improve prediction of bubble rising velocity. The four-field model
of Meller et al.9 forms the conceptual basis of the present work and is referred to as MultiMorph model hereafter. The
main design criteria are presented by Schlegel et al.26 The Euler–Euler (E–E) model based on the two-fluid formulation27

is adopted for small-scale interfacial structures and a VOF-like approach is used to track large-scale interfacial structures.
For both edge cases of very low and very high spatial resolution the individual base models are validated and proven to
work as intended by Rzehak et al.28 and Meller et al.,9 respectively. The model performance for the prediction of resolved
stratified flows with large-scale horizontal interfaces is assessed by Tekavčič et al.29

Contrary to Frederix et al.,8 the present work attempts the formulation of a well-defined interfacial drag for large-scale
interfaces tracked with the computational grid of given resolution by accounting for the local velocity field. This is
achieved by imposing an interfacial no-slip condition, that is, individual phases stick together and, hence, move with
an identical velocity. That capability is indicated by the simulation result of a three-dimensional gas bubble in a skirted
regime in Figure 2 according to regime II as defined by Frederix et al.8 Even with a coarse grid resolution of eight grid
cells per initial bubble diameter the bubble is preserved as a compact gas structure. Apart from that in the Euler–Euler
mode of the hybrid model phase-specific velocity fields generally differ from each other, that is, interfacial slip takes place.
This duality of the hybrid model suggests that the prediction of interface dynamics in gas-liquid flow with intermediate
spatial resolutions requires the amount of interfacial slip to be locally controlled depending on the local degree of res-
olution. While this should be achieved in flows directed tangential to the interface surface via adjustment of interfacial
momentum exchange, phase specific velocities still need to be identical in flows directed orthogonal to the interface in
order to fulfil the kinematic interface condition. This idea is illustrated in the example of a poorly resolved rising gas bub-
ble, which is sketched in Figure 3. On the left hand side, the bubble dimension is small compared to the grid spacing,
which is described with the ensemble-average E–E model and, consequently, gas and liquid phases slip along each other
across the whole volume of the gas structure. Conversely, on the right hand side grid cells are much smaller compared
to the gas bubble. Thus, the VOF-like mode is applied across the whole bubble volume imposing the interfacial no-slip
condition everywhere. For the range of intermediate grid resolution a mixed approach is suggested. The lateral parts of
the bubble interface are associated with an interfacial shear layer and should therefore experience interfacial slip, that
is, locally phase-averaged gas and liquid velocities should differ from each other. On the top and bottom locations of the
bubble interfacial flow is expected to be of stagnant type. In those regions a no-slip condition is maintained between gas
and liquid in order to achieve a clear interface definition.

After presenting the basic numerical method in Section 2, the present work is focused on the classification of the
interface-surrounding flow. Based on that a measure for the degree of spatial under-resolution of interface-parallel
shear flow is proposed in Section 3. This quantity is considered analogue to the well-known dimensionless wall-normal
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MELLER et al. 1525

F I G U R E 2 Three-dimensional gas bubble in skirted regime (regime II of Frederix et al.8) simulated with model presented by
Meller et al.,9 grid spacing is equivalent to 1∕8 the initial bubble diameter, iso-surface of gas void fraction of 30%. (A) t = 0 s. (B) t = 0.2 s. (C)
t = 0.4 s. (D) t = 0.6 s. (E) t = 0.8 s. (F) t = 1.0 s.

F I G U R E 3 Hybrid numerical description; top: varying degrees of spatial resolution over ratio of mesh size Δx of grid cells (grey
squares) to diameter Db of bubble (black circle); center: basic modeling approaches (E–E and VOF) for individual length scale ratios and
regime of adaptive momentum transfer (dashed red arrow); bottom: exemplary application to rising gas bubble with locations of interfacial
slip (purple) and no-slip (red) conditions. [Colour figure can be viewed at wileyonlinelibrary.com]

coordinate in shear boundary layers of wall-bounded flows.30 Subsequently, this measure is utilized to control the
amount of interfacial slip by means of a dedicated drag model for the interfacial momentum exchange, which is
presented in Section 4. In Section 5, the MultiMorph model is then validated in the case of a three-dimensional
gas bubble rising in stagnant liquid according to Adelsberger et al.31 Furthermore, in Section 6 the hybrid model is
assessed in the case of a two-dimensional stratified co-current gas-liquid flow with a flat interface, which is exper-
imentally investigated by Fabre et al.32 In that context, interfacial slip allows for strong velocity oscillations in ver-
tical direction in the interface region, which is handled with a modified formulation of the buoyancy term in the
two-fluid model. Finally, in Section 7 the findings of this work are concluded and perspectives for future investigations
are presented.
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2 NUMERICAL METHOD

The hybrid multiphase model is based on the morphology-adaptive multifield two-fluid model MultiMorph.9 The term
two-fluid underlines the fact, that this work is based on the assumption of two (or more) interpenetrating continua. Indi-
vidual physical phases might be described as a set of different numerical phases, which is expressed by the term multifield.
More precisely, physical phases are characterized by certain fluid properties, while numerical phases additionally have
a certain flow morphology as a property, such as continuous or dispersed flow. For instance, gas is either described as
a continuous gas or as a dispersed gas, that is, gas bubbles. The phase-averaged Navier-Stokes-Equations33 consist of a
continuity and a momentum balance equation for each individual phase 𝛼,

𝜕 r
𝛼

𝜌
𝛼

𝜕 t
+

𝜕 r
𝛼

𝜌
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𝛼
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+
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𝛼
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+
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∑
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The Einstein summation convention applies for Latin indices. A partial derivative with respect to time t or spatial
direction xi is denoted 𝜕∕𝜕t or 𝜕∕𝜕xi, respectively. The phase-specific volume fraction, density, and viscosity are r

𝛼

, 𝜌
𝛼

=
const, and 𝜇

𝛼

= const, respectively. The phase-averaged velocity vector is u
𝛼,i, p is the pressure, which is shared between

all phases, and gi denotes the vector of gravity. The symbols 𝜎
𝛼𝛽

, 𝜅
𝛼𝛽

, and n
𝛼𝛽,i denote the surface tension coefficient of the

phase pair 𝛼 and 𝛽, the curvature, and the normal vector of an interface, respectively. The phase-specific shear-rate tensor
is S

𝛼,ij = 1∕2
(
𝜕u

𝛼,j∕𝜕xi + 𝜕u
𝛼,i∕𝜕xj

)
− 1∕3 𝛿ij 𝜕u

𝛼,k∕𝜕xk. The vector of interfacial momentum exchange is referred to as f
𝛼,i.

The equations are spatially discretized with a second order finite volume method for unstructured grids and inte-
grated in time with a semi-implicit Euler-scheme of first order accuracy. An interface compression term34 is applied to
the phase-fraction transport equations. Pressure-velocity coupling is realized via the compact momentum interpolation
method.35 The resolution of the stiff system of equations due to potentially large interfacial coupling forces is realized by
means of an approximate formulation of the partial elimination algorithm36 according to Meller et al.9 The hybrid model
is implemented in the multiphaseEulerFoam framework of the C++ library OpenFOAM Foundation release.11 The hybrid
multiphase model MultiMorph is available under GPL license.37

3 DETECTION OF UNDER-RESOLVED INTERFACE REGIONS

The basic idea is to relate the near interface shear flow to the local thickness of the interface representation in order
to obtain a local measure for grid resolution. It is inherent to the underlying algebraic VOF method, that the interface
thickness strongly correlates with the local size of the computational grid cells. The local shear is determined in terms
of the relative phase-specific velocity and of the interface orientation. The length scale of the interface thickness is then
related to a dimensionless shear-based length scale in the interface region, similarly to the dimensionless wall distance
y+ = y∕L

𝜏

in wall-bounded flows with wall-normal coordinate y and shear length scale L
𝜏

.30 Such a measure has been
proposed by Coste38 before along with a corresponding procedure to calculate the interfacial drag. Within that approach
it is assumed, that the interface consists of exactly three cells and the interface thickness is separately calculated for
both sides of the interface. Furthermore, Coste38 applied the interfacial drag coupling in a tensorial manner by imposing
different drag coefficients in interface normal direction and in the direction tangential to the interface, which is not
compatible with the compact momentum interpolation method used in the present work. Hence, the procedure presented
in the following differs from the approach of Coste38 by the following:

• no explicit distinction is made between gas and liquid sides of the interface,
• it is not limited to an interface thickness of exactly three cells, which is likely to be exceeded in case of phase transitions

in the hybrid model,
• the drag formulation adapts to the local flow morphology rather than adapting to the phase fraction distribution and
• the drag formulation is a scalar formulation rather than a tensorial one.

In order to formulate the interface thickness measure, three different pieces of information are required: (1.) the
phase-specific velocities u

𝛼

and (2.) u
𝛽

as well as (3.) the interface vector, i
𝛼𝛽

= r
𝛽

∇r
𝛼

− r
𝛼

∇r
𝛽

. A schematic of the interface
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MELLER et al. 1527

F I G U R E 4 Relevant information in an interface (black) between phases 𝛼 and 𝛽 and denotation of different regions: (A) pure phase 𝛼,
(B) the interface region, and (C) pure phase 𝛽.

F I G U R E 5 Schematic representation of step-wise transport of information across the interface over multiple grid cells (black
rectangles) of the different regions (grey) for NI = 4. [Colour figure can be viewed at wileyonlinelibrary.com]

including the locations of all three vector quantities mentioned before is shown in Figure 4. Note that the interface vector
is not normalized and, hence, has the unit of inverse length.

Both regions that contain the pure phase 𝛼 or 𝛽 are denoted A and B, respectively. They are separated by the interface
region with 0 < {r

𝛼

, r
𝛽

} < 1 referred to as region C. As typical for an algebraic volume-of-fluid(-like) method, that is, one
edge case of the utilized hybrid model, the interface is smeared out across several grid cells. Therefore, region C has a
finite thickness. Due to the underlying phase-averaging procedure,33 the three pieces of information mentioned above
are meaningful at different individual locations. Namely, phase velocity u

𝛼

is of significance inside phase 𝛼 (region A),
indicated by phase fraction r

𝛼

, and phase velocity u
𝛽

inside phase 𝛽 (region B), indicated by phase fraction r
𝛽

. The interface
vector i

𝛼𝛽

is of significance in the interface region C. At the same time its magnitude, |i
𝛼𝛽

|, serves as an indicator for the
interface region. In order to make the required information available all across the interface at a certain interface position
including adjacent locations, a transport of the values of all three quantities is required. This is achieved via an iterative
procedure, by which the information are transported step-wise across neighboring grid cells along the negative gradient
of each individual distribution of meaningfulness, that is, −∇r

𝛼

(for u
𝛼

), −∇r
𝛽

(for u
𝛽

), and −∇|i
𝛼𝛽

| (for i
𝛼𝛽

). A constant
number of NI iterations is carried out, which defines the maximum accepted number of grid cells across the interface due
to numerical smearing. In that way, all three pieces of information are transported form the location of their origin, that
is, the region of highest meaningfulness, to the locations of the interface, where the information is missing, that is, the
region of low meaningfulness. The procedure is visualized in Figure 5.

In order to achieve a robust algorithm in cases of two- or three-dimensional space, special care has to be taken. Prior
to the assessment of the transport direction of the individual quantities via the gradients of individual indicators, namely
r
𝛼

, r
𝛽

, and |i
𝛼𝛽

|, these three field variables are smoothed by simply interpolating the field data from cell centers to cell face
centers and back again. Furthermore, if values of an interface quantity are transported into a grid cell from multiple cell
neighbors, the information originating from the location with the higher respective meaningfulness is preferred.

The quantities resulting from the presented algorithm–either directly or via derived quantities–are denoted with
superscript I.

Finally, the same meaningful value for each quantity of interest is available at each cell in the interface region. Note,
that the procedure strictly avoids to gather velocity information from within the interface region. Instead, it clearly
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1528 MELLER et al.

F I G U R E 6 Different canonical interfacial flows with shear interface indicator function 𝜓

I. (A) Stagnation flow at interface: 𝜓 I = 0. (B)
Shear flow at interface: 𝜓 I = 1.

determines values related to positions very close to both sides of the interface. The region within the interface is the region
to be controlled by appropriate slip formulations.

First of all, the flow surrounding an interface is classified by its direction relative to the interface normal vector i
𝛼𝛽

.
One of the two extreme cases illustrated in Figure 6 is stagnation flow, in which the relative velocity between both fluids
is directed perpendicular to the interface. The other extreme case is shear flow, where both liquids have a relative flow
velocity parallel to the interface. The degree of shear is expressed as the shear flow indicator:

𝜓

I
𝛼𝛽

=

||||

(
uI
𝛼

− uI
𝛽

)
× i

𝛼𝛽

||||
|uI

𝛼

− uI
𝛽

| |i
𝛼𝛽

|
. (3)

In case either factor in the denominator takes the value zero, the shear flow indicator is set to 𝜓

I
𝛼𝛽

= 0. Besides pure
stagnation flow such a situation is faced in regions, which are not located in the vicinity of the gas-liquid interface and, in
consequence, no interfacial shear flow is predicted there. The indicator takes values between zero and one for flow types
other than stagnation or shear, depending on the angle between relative velocity and interface normal vector. At this point
it is stressed, that the degree of shear, 𝜓 I

𝛼𝛽

, is based on the velocity information transported with the algorithm presented
before, while the information on the interface direction is local. In this way, a smooth distribution of 𝜓 I

𝛼𝛽

is achieved.
In order to estimate the degree of spatial under-resolution, the dimensionless interface thickness is defined

analogously to the theory of boundary layers in wall-bounded flows:30

y+I
𝛼𝛽

=
ΔI

𝛼𝛽

L∗I
𝛼𝛽

. (4)

This quantity represents the ratio of the local interface thickness ΔI
𝛼𝛽

to the local shear length scale L∗I
𝛼𝛽

. Assuming
that the phase volume fractions are distributed linearly across the interface and that the interface region reaches all the
way from r

𝛼

= 0 to r
𝛼

= 1, the inverse of |iI
𝛼𝛽

| gives an estimate for the interface thickness:

ΔI
𝛼𝛽

≈ 1
|||i

I
𝛼𝛽

|||
. (5)

The distribution of shear stress in a linear shear flow along coordinate y can be expressed as 𝜏(y) = 𝜇 𝜕u∕𝜕y with
dynamic viscosity 𝜇 and velocity component in flow direction u. Based on Equation (5), the shear stress across the whole
interface thickness can be estimated as

𝜏

I
𝛼𝛽

= 𝜇
𝛼𝛽

|||(u
I
𝛼

− uI
𝛽

) × iI
𝛼𝛽

||| , (6)

regardless of the distribution of individual phase-specific velocities inside the interface region. Using the shear stress
approximation, an interfacial shear velocity is defined as

u∗I
𝛼𝛽

=

√√√√ 𝜏

I
𝛼𝛽

𝜌
𝛼𝛽

. (7)
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MELLER et al. 1529

F I G U R E 7 Form function for under-resolution in case of a pure shear interface, that is, 𝜓 I
𝛼𝛽

= 1.

Analogous to the viscous length scale in wall bounded flows, the shear length scale L∗I
𝛼𝛽

is calculated as

L∗I
𝛼𝛽

=
𝜈
𝛼𝛽

u∗I
𝛼𝛽

. (8)

The material properties of the phase pair 𝛼𝛽, namely density 𝜌
𝛼𝛽

, kinematic and dynamic viscosity, 𝜈
𝛼𝛽

and 𝜇
𝛼𝛽

, are
calculated as arithmetic means of the individual phase-specific values as𝜑

𝛼𝛽

= (𝜑
𝛼

+ 𝜑
𝛽

)∕2. The arithmetic mean value of
fluid properties is used instead of a phase-weighted mean value for instance, because the mixture quantities are required
to be represented by constant values in order to achieve an integral shear length scale for the whole interface, while the
composition of the fluid mixture changes across the interface region. As for wall-bounded flows, it is assumed, that a
dimensionless interfacial thickness y+I

𝛼𝛽

< 1 indicates a complete resolution of the shear boundary layer. As mentioned
before, the expected interface width is not larger than NI grid cells, meaning, that the interfacial velocity gradient is
captured on the computational grid in the aforementioned case. In the opposite case, if the quantity y+I

𝛼𝛽

is larger than
unity, under-resolution is assumed. As for wall-bounded flows, y+I

𝛼𝛽

is a measure for the ratio of grid spacing to length
scale of velocity gradients.

Based on both the shear flow indicator 𝜓 I
𝛼𝛽

and dimensionless interfacial cell size y+I
𝛼𝛽

, the under-resolution indicator
is proposed as

𝜉

UR
𝛼𝛽

=

{
𝜓

I
𝛼𝛽

(
1 − e1−y+I

𝛼𝛽

)
, if y+I

𝛼𝛽

> 1,

0 , otherwise.
(9)

The function is illustrated in Figure 7.
This quantity becomes effectively one in case of a fully under-resolved shear flow, that is, y+I

𝛼𝛽

≫ 1, at the respective
interface position. If the flow is either of stagnation type or is considered fully resolved, that is, y+I

𝛼𝛽

< 1, the indicator takes
the value zero. For other cases 𝜉UR

𝛼𝛽

takes values between zero and one.

4 ADAPTIVE DRAG MODELING

Based on the proposed criterion for detecting under-resolved interface regions, an adaptive drag formulation is derived.
The interfacial drag force is generally formulated as

fD
𝛼𝛽

= KD
𝛼𝛽

(
u
𝛽

− u
𝛼

)
. (10)
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1530 MELLER et al.

In order to achieve tight coupling of phase-specific velocity fields for resolved interfaces (volume-of-fluid-like mode
of the hybrid model), the interfacial drag formulation of Štrubelj and Tiselj22 is adopted. This drag model is referred to as
resolving drag model, which is indicated by the superscript R for the drag coefficient KD,R

𝛼𝛽

, which is defined as

KD,R
𝛼𝛽

= r
𝛼

r
𝛽

𝜌
𝛼𝛽

𝜏r
,with 𝜌

𝛼𝛽

=
r
𝛼

𝜌
𝛼

+ r
𝛽

𝜌
𝛽

r
𝛼

+ r
𝛽

. (11)

The phase-fraction weighted density of the phase pair 𝜌
𝛼𝛽

is formulated such that it is applicable to situations with
more than two phases present. The relaxation time is chosen as 𝜏r = 10−8Δt with physical time step Δt, which generally
leads to very high values of the resolving drag coefficient KD,R

𝛼𝛽

. Hence, the relative velocity between phases 𝛼 and 𝛽 becomes
negligibly small.

Considering a gas bubble, which is much smaller than the computational grid spacing, the Euler–Euler model is
applied in the frame of the used hybrid approach. However, if the gas structure is of similar dimension compared to the
grid spacing, situations arise in which the whole bubble is still depicted on the computational grid, but the dynamics in the
region around the gas-liquid interface cannot be captured with the given grid resolution. In that case, the local interface
is treated under-resolved by allowing for local interfacial slip. That is achieved with the under-resolving (UR) drag model
formulation KD,UR

𝛼𝛽

considering a drag coefficient Cd:39

KD,UR
𝛼𝛽

= r
𝛼

𝜌
𝛼𝛽

CdAd ||u𝛽

− u
𝛼

|| ,with Ad =
2 ∇r

𝛼

∇r
𝛽

∇r
𝛼

+ ∇r
𝛽

. (12)

Gauss et al.40 propose to set the model constant to Cd = 0.22 in order to reproduce consistent bubble rising velocities
on coarse to very coarse grids. With that value for the model parameter in combination with the hybrid model formulation
under investigation, this turns out to cause disintegration of a gas bubble on coarse computational grids. A value of
Cd = 0.8 has been determined in preliminary investigations by manual calibration and has shown to be better suited for
this kind of problem and, hence, is used hereafter. From that drag coefficient follows, that KD,UR

𝛼𝛽

takes moderate values,
which in turn allows for interfacial slip, that is, a relative velocity between phases in the interface region.

As the values of both drag formulations named above differ by several magnitudes for KD
𝛼𝛽

, a simple linear interpolation
appears to be inappropriate. The harmonic average is used to obtain the resulting drag coefficient:

KD
𝛼𝛽

=
KD,UR
𝛼𝛽

KD,R
𝛼𝛽

KD,UR
𝛼𝛽

+ 𝜉

UR
𝛼𝛽

KD,R
𝛼𝛽

. (13)

This formulation effectively blends between the resolving drag formulation for 𝜉UR
𝛼𝛽

= 0 and the under-resolving one
for 𝜉UR

𝛼𝛽

= 1. The distribution of KD
𝛼𝛽

over 𝜉UR
𝛼𝛽

for exemplary values of KD,UR
𝛼𝛽

= 1 and KD,R
𝛼𝛽

= 104 is shown in Figure 8.
The proposed formulation is referred to as resolution adaptive drag model.

5 THREE-DIMENSIONAL RISING GAS BUBBLE

In order to assess the framework of interface classification and resolution adaptive drag modeling as described before, a
three-dimensional test case is selected, which is proposed by Adelsberger et al.31 It features a three-dimensional single gas
(G) bubble initialized as sphere with diameter Db = 0.5 m rising in stagnant liquid (L) under the influence of gravity. The
computational domain has a cuboid shape with dimensions of 2Db × 4Db × 2Db in the three respective spatial directions
x × y × z with gravity being directed in negative y direction. The origin of the coordinate system is located in the lower
left rear corner of the domain. Initially, gas and liquid phases are at rest and the gas bubble is located at (1Db, 1Db, 1Db),
that is, in the centre of the domain one bubble diameter above the lower boundary. All boundaries are considered to be of
Dirichlet type for phase-specific velocity fields with value zero. For pressure and phase fraction fields all boundaries are
Neumann conditions imposing zero derivative.

The selected test case is originally denoted with Case 231 and is characterized by the following dimensionless numbers:
The ratios of density and dynamic viscosity between liquid and gas are 1000 and 100, respectively. The Eötvös number
Eo = 𝜌LU2

g Db∕𝜎GL and the Reynolds number Reg = 𝜌LUgDb∕𝜇L have values of 125 and 15, respectively, and are based on
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MELLER et al. 1531

F I G U R E 8 Mixed drag coefficient as a function of 𝜉UR
𝛼𝛽

for KD,R
𝛼𝛽

= 104 and KD,UR
𝛼𝛽

= 1.

T A B L E 1 Overview over different computational grids for mesh study of three-dimensional rising gas bubble.

Grid G1 G2 G3 G4 G5

No. grid cells 8 × 16 × 8 16 × 32 × 16 32 × 64 × 32 64 × 128 × 64 128 × 256 × 128

Δx∕Db 4 8 16 32 64

gravitational velocity Ug =
√

gDb. The domain is spatially discretized with a regular computational grid with cubical cells
(Table 1). The numerical setup is reported by Hänsch et al.41

In order to assess the performance of the hybrid model, five different grids are used, namely G1 to G5. Detailed infor-
mation about the different grids are listed in Table 1, which includes the ratio of cell size Δx to sphere-equivalent bubble
diameter Db besides the number of grid cells in each direction.

Assuming the proposed algorithm for the detection of local under-resolution delivers reasonable results, the follow-
ing model behavior is expected: The reference solution can be recovered with the resolving drag model on the finest
grid resolution (G5), which demonstrates the equivalence of the hybrid model approach to recover the homogeneous
model behavior in case of high spatial resolution. The results with the resolving drag model obtained on coarser grids
(G1 to G4) will reveal wrong bubble dynamics, that is, the gas bubble is rising too slow on coarse grids. Application of
the under-resolving drag model will lead to a faster bubble rising velocity exceeding the reference values. The resolution
adaptive drag model will lead to more consistent bubble dynamics for all grid resolutions.

5.1 Recovering homogeneous model behavior

Adelsberger et al.31 obtained the reference data on grid G5. With the current approach, the reference data are reproduced
with the resolving drag model on the same grid. The results in terms of vertical bubble velocity over time as well as interface
location at time t = 3.5 s are presented in Figure 9.

The reference lacks information regarding the scale and absolute position of the gas-liquid interface shown in
Figure 9B. Hence, those data of interface location are scaled equally in all directions and are then translated such that
they match the current results as close as possible. Therefore, the reference data for the interface position purely serves
for comparison of the shape of the bubble. It turns out, that reference results are reproduced with the resolving drag model
and with an identical grid resolution considering the bubble shape and rising velocity. That demonstrates the equiva-
lence of the hybrid model approach to the homogeneous model in case of high spatial resolutions with the according drag
model in this particular case. This observation is in line with the findings of Yan and Che,42 who have mathematically
proven that two-fluid model and homogeneous model are generally equivalent in the boundary case of an infinitely large
interfacial drag coupling.
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1532 MELLER et al.

F I G U R E 9 Results obtained with grid G5 and with resolving drag model KD,R. (A) Bubble rising velocity over time. (B) Interface
position (𝛼G = 0.5) at t = 3.5 s. [Colour figure can be viewed at wileyonlinelibrary.com]

F I G U R E 10 Results of grid study obtained with resolving drag model KD,R. (A) Bubble rising velocity over time. (B) Interface position
(𝛼G = 0.5) at t = 3.5 s. [Colour figure can be viewed at wileyonlinelibrary.com]

5.2 Resolving drag model

The results obtained with the resolving drag model according to Equation (11) are presented in Figure 10. Contrary to the
previous section, the simulation is carried out on several coarser grids (G1 to G4 in Table 1) in order to assess the influence
of the spatial resolution.

As evident from the reference data, the bubble initially accelerates from rest and reaches a temporary maximum rising
velocity before maintaining a nearly constant velocity with a slightly lower value. Finally the bubble starts to decelerate
for t > 3 s, as it approaches the upper wall. The bubble rising velocity predicted with grid G4 is nearly identical to the
reference data, while a strong underestimation is observed on the coarse grids, especially with G1. The temporary velocity
maximum is reached too late and the value is 5.7% and 18.9% lower with G2 and G1, respectively. Subsequently, the gas
bubble continues decelerating further on these two grids instead of rising with nearly constant velocity.

Considering the bubble shape in Figure 10B, the result obtained with G4 is very close to the reference results, except
for the tips of both ligaments at the bottom of the bubble being slightly less sharp. Grid G3 reveals a more narrow bubble
shape with more elongated ligaments and the bubble reaches a slightly lower vertical position compared to G4. A lower
vertical position is reached at t = 3.5 s on the coarse grids G1 and G2 compared to G4, which results directly from the
reduced rising velocity as discussed before. On grid G2, the bubble is deformed in such a way, that its shape is narrower
and more bend, resulting in a curved shape of the interface at the centre bottom of the gas bubble. The bubble shape
obtained with G1 differs even more from the reference data as it shows a peak at the top of the gas structure. The smaller
apparent size of the bubble on the coarse grid G1 is explained with the strong smearing of the interface, that is, gas diffuses
into the liquid, due to the low spatial resolution, while the total volume of the gas is conserved.
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MELLER et al. 1533

F I G U R E 11 Results of grid study obtained with under-resolving drag formulation KD,UR. (A) Bubble rising velocity over time. (B)
Interface position (𝛼G = 0.5) at t = 3.5 s. [Colour figure can be viewed at wileyonlinelibrary.com]

Therefore, the resolving drag model is assessed to be a reasonable approach for high spatial resolution, which allows to
reproduce simulation results of the homogeneous model.9 On coarse computational grids, this drag formulation delivers
a bubble rising velocity, which is too slow, while the gas bubble is deformed in a nonphysical way.

5.3 Under-resolving drag model

As pointed out in Section 4, the drag formulation according to Equation (12) with a constant coefficient Cd with a value
of 0.8 is utilised for cases, in which an interfacial slip velocity is allowed across the volume of the whole gas bubble. A grid
refinement study with grids according to Table 1 is carried out with the under-resolving drag formulation. The results are
shown in Figure 11.

Considering the bubble rising velocity in Figure 11A, it is evident, that the bubble is predicted to rise too fast on coarse
grids, especially G1, compared to the reference data. With G1, the maximum vertical velocity is overestimated by 40.8%.
In the following period, the bubble rising velocity is oscillating and is higher than the reference value until t = 3.1 s.
Subsequently, the velocity drops rapidly, because the gas bubble reaches the top boundary of the computational domain
too early. With grid G2, the bubble decelerates too much after reaching its maximum velocity. In contrast to the resolving
drag model, on the fine grid G4, the rising velocity is too high compared to the reference data. The velocity is overestimated
by 4.2% at its maximum and does not reach the reference value until t = 3.5 s.

On grid G1 the gas bubble reaches the top wall (y = 2 m) before t = 3.5 s, which is in line with the strong
over-prediction of bubble rising velocity shown in Figure 11A. Hence, in that case the interface is located outside the
visible range in Figure 11B. On all other computational grids under investigation, the bubble is too flat compared to the
reference data and no sharp ligaments are observed at all. Hence, it is assumed, that with the under-resolving drag formu-
lation the convergence rate of the results towards the reference values is extremely low, if the latter are even achieved at
any level of spatial resolution.

5.4 Resolution adaptive drag model

The interface classification approach presented in Section 3 and the resolving drag formulation described in Section 4 are
assessed in combination with the same grid refinements study. The resulting under-resolution indicator 𝜉UR

GL is shown in
Figure 12.

It is evident, that the largest degree of under-resolution is detected on grid G1 at the lateral positions of the gas bubble
with a maximum value of approximately 0.7. This is expected as shear flow exists in this region of the interface, which is
shown schematically in Figure 6B. Contrarily stagnation flow (see Figure 6A) is observed on the centre top and bottom
locations of the interface, which results in a lower under-resolution indicator 𝜉UR

GL . With increasing spatial resolution, the
region of detected under-resolution and the maximum predicted value of 𝜉UR

GL become smaller. On G4 full resolution is
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1534 MELLER et al.

F I G U R E 12 Under-resolution indicator 𝜉UR
GL as contour of the xy-plane and interface position (𝛼G = 0.3) marked as black line for all

four computational grids for three-dimensional rising gas bubble at t = 2 s. [Colour figure can be viewed at wileyonlinelibrary.com]

F I G U R E 13 Results of grid study obtained with resolution adaptive drag formulation KD. (A) Bubble rising velocity over time. (B)
Interface position (𝛼G = 0.5) at t = 3.5 s. [Colour figure can be viewed at wileyonlinelibrary.com]

predicted with 𝜉

UR
GL = 0. This demonstrates the functionality of the classification procedure for under-resolved interfacial

shear flow.
The grid study results are presented in Figure 13. The reference data in Figure 13B has the same scaling and offset as

in Figure 10B.
The rising velocity in Figure 13A as predicted with G1 still overshoots the reference data by up to 21.1% before reaching

its temporary maximum. But compared to the velocity over-estimation of up to 40.8% obtained with the under-resolving
drag formulation in the previous section the error in the prediction on the coarse grid G1 is nearly reduced by half its
value. This is a remarkable improvement, especially considering the extremely low grid resolution of four grid cells per
sphere-equivalent bubble diameter. Further improvements are expected if the drag coefficient may be modelled in a more
adaptive fashion in the future rather than taking a constant value of Cd = 0.8. After reaching the highest rising velocity,
with G1 the bubble decelerates and the deviation from the reference data shrinks. With grid G2, a rising velocity is pre-
dicted, which is much closer to the reference data than with both the resolving and the under-resolving drag formulations
with the same spatial resolution. An improvement in terms of bubble rising velocity, shape and interface position is com-
pared to the basic drag formulations is also observed on G3. The results with G4 are quasi identical to the resolving drag
formulation on G4 and, hence, almost no error is observed when compared to the reference data.

Considering the bubble shape in Figure 13B, the solution obtained with G1 reveals, that the gas bubble is located
slightly ahead of the position obtained with G4, but the difference is minor compared to result G1 with the under-resolving
drag formulation. The bubble shape obtained with this grid is flat and shows no ligaments. It is worth noting, that grid
G1 corresponds to a spatial resolution of four grid cells per sphere-equivalent bubble diameter, thus it is impossible to
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MELLER et al. 1535

F I G U R E 14 Vertical position of gas bubble at time t = 3.5 s depending on spatial resolution. [Colour figure can be viewed at
wileyonlinelibrary.com]

capture more complex shapes on such a grid. Similarly to Figure 10B, the volume bounded by the interface according to
definition 𝛼G = 0.5 appears to be smaller with G1 compared to finer grids due to the smeared interface, while the total
gas volume is conserved. For grids G2 to G4, convergent bubble shapes are observed resulting in minor deviations from
the reference solution with G4.

In this test case, the resolution adaptive drag modeling framework delivers results, which are reasonable across all
levels of grid refinement under investigation improving especially the solution on very coarse computational grids. In
contrast, the under-resolving drag formulation with a fixed drag coefficient all across the computational domain turns
out to deliver unreliable results for all levels of spatial resolution. For fine grids, the solution of the resolution adaptive
drag model converges towards the volume-of-fluid-like solution obtained with the resolving drag formulation and, hence,
is quite close to the reference data. This is confirmed by comparing the vertical position of bubble centre of gravity at
t = 3.5 s over spatial resolution for different interfacial drag modeling approaches, which is presented in Figure 14.

The under-resolving and the resolving drag model approaches show over and under prediction of the vertical position
at the time instance, respectively. The resolution adaptive drag model approach delivers a in-between result, which is less
depending on the spatial resolution, hence, contributing to more reliable results on coarse computational grids. At the
same time, the results on fine grids are equivalent to the ones obtained with the resolving drag model. That behavior is
close to an ideal mesh independent behavior of the resolution adaptive drag model, which is represented by the horizontal
line, that is, the final position of the gas bubble would be Yb∕Db(t = 3.5 s) = 3.17 for all grid resolutions.

6 TWO-DIMENSIONAL CO- CURRENT STRATIFIED CHANNEL FLOW

The second test case considers a horizontal co-current stratified air-water flow in a rectangular channel according to the
experiment of Fabre et al.32 Both air and water flows are fully turbulent. The case under investigation refers to case 250
of the reference, which is defined by volume flow rates of water and air of 0.003 m3 s−1 and 0.0454 m3 s−1, respectively. In
the experiments that results in a non-wavy smooth water surface with a measured mean water depth of 38 mm. Measured
bulk velocities for both phases are Uwater = 0.395 m s−1 and Uair = 3.66 m s−1. That results in channel Reynolds numbers
of Rewater ≈ 16,800 and Reair ≈ 14,500 based on the respective height of the channel section of each fluid. Fluid properties
are presented in Table 2.

The two-dimensional computational domain for the numerical setup features a rectangular channel section with a
length of 12 m and a height of 0.1 m. Upstream of the rectangular channel, two inlet regions of 1 m length each for both
air and water are attached with the water section being 38 mm high according to the measured water level. Both inlet
regions are separated by a thin baffle, which is treated as no-slip wall for both fluids. In order to achieve fully developed
turbulent channel flows in each individual inlet section, instantaneous profiles of flow quantities are mapped from the
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1536 MELLER et al.

T A B L E 2 Fluid properties of water and air for case of two-dimensional co-current stratified channel flow.

Phase 𝝆𝜶 [kg m−3] 𝝁𝜶 [Pa s] 𝝈𝜶𝜷 [N m−1]

Water 997 8.904 × 10−4 0.072

Air 1.184 1.8479 × 10−5

F I G U R E 15 Computational domain of co-current stratified channel flow with dimensions, boundary conditions, initial water
distribution (grey), initial velocity field (black), baffle position (red), mapping of flow and turbulence properties of water (blue) and air
(green), and line of data extraction (orange). [Colour figure can be viewed at wileyonlinelibrary.com]

T A B L E 3 Overview over different computational grids for the study of air-water co-current stratified flow; number of cells given for
the vertical direction (Ny) for both, air and water sections, and in the whole domain (N).

Grid G1 G2 G3 G4 G5 G6

Nair
y 6 12 24 48 96 192

Nwater
y 4 8 16 32 64 128

N 78 × 10 156 × 20 312 × 40 624 × 80 1248 × 160 2496 × 320

end of the respective inlet section back to its beginning. The geometry of the computational domain along with boundary
and initial conditions is presented in Figure 15.

For each individual phase the k − 𝜔 SST model43 is applied including asymmetric turbulence damping (in the air
only) in the interface region according to Reference 29. Turbulent wall functions44 are specified as boundary conditions
for both, turbulent kinetic energy k and turbulent specific dissipation rate 𝜔, for the individual phases. Vertical data
profiles are extracted at position x = 9.1 m downstream of the tip of the baffle in order to be compared to experimental
data.32 Spatial discretization is realised via an orthogonal grid with equidistant spacing in streamwise direction. In the
vertical direction, grid spacing is constant within the individual sections for air and water. The characteristics of different
computational grids are presented in Table 3.

In order to compare the results for the stratified air-water flow, profiles of velocity u and of turbulent kinetic energy
k are presented as mixture quantities unless specified otherwise. All mixture quantities 𝜑 are calculated from the
phase-specific quantities 𝜑

𝛼

:

𝜑 =
∑

𝛼

r
𝛼

𝜑
𝛼

. (14)

Similarly to Section 5, the case is initially investigated with the resolving and with the under-resolving drag for-
mulations. As it turns out, a modification of the formulation of the buoyancy term is required, when applying the
under-resolving drag formulation either exclusively or in the context of the resolution adaptive drag formulation. This
modification will be applied to the under-resolving drag model setup before assessing the performance of the resolution
adaptive drag model together with the modified buoyancy term formulation.
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MELLER et al. 1537

F I G U R E 16 Results of co-current stratified flow case of grid study over vertical coordinate y at x = 9.1 m obtained with resolving drag
model KD,R. (A) Stream-wise component of mixture velocity. (B) Stream-wise component of water velocity. (C) Vertical component of mixture
velocity. (D) Mixture turbulent kinetic energy. [Colour figure can be viewed at wileyonlinelibrary.com]

6.1 Resolving drag model

The results achieved with the resolving drag model (see Section 4, Equation (11)) are presented in Figure 16.
The streamwise mixture velocity profile in Figure 16A shows rather large deviations in the air section among various

grid spacings. On the coarse grids G1 and G2, the velocity close to the upper channel wall is over-predicted compared to
experimental data. Close to the interface, the velocity gradients are predicted to be too small, most likely as a consequence
of the large grid spacing. With an increasing grid resolution, the velocity gradient in the air section just above the interface
becomes larger, while the maximum velocity slightly decreases. That leads to an under-prediction of maximum velocity
in the air section, especially on fine computational grids. With all grids the vertical position of the maximum velocity is
predicted to be too high compared to experimental data.

The streamwise water velocity in the lower section of the channel is presented in Figure 16B. While the water velocity
is over-predicted on the coarse grids, the profile is similar on fine grids G4 to G6. With grid G6 the experimental data are
reproduced well.

The profile of vertical mixture velocity component is presented in Figure 16C. Compared to negative experimentally
measured values of v ∈ (−3.8 × 10−3 m s−1,−1.3 × 10−3 m s−1) the vertical water velocity predicted by the numerical model
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1538 MELLER et al.

is negligibly small. In the air section vertical velocity contributions are larger compared to most experimentally obtained
data but they are very small compared to both experimental outlier values of v = 1 × 10−2 m s−1. For grids G1 and G4 the
vertical air velocity is negative with small values while it takes slightly larger positive values for all other grids. In terms
of vertical velocity no mesh convergent behavior is observed.

The profile of mixture turbulent kinetic energy k is shown in Figure 16D. The qualitative behavior observed in the
experimental results is captured with the numerical method across all grids. Generally, k is decreasing with increasing
wall distance in both air and water section at the very top and at the very bottom of the channel. The turbulent kinetic
energy takes a local minimum in the air section, that is, boundary layers resulting influences of both upper wall and
air-side of the interface meet at that point. The vertical position of the extremum coincides with the local maximum of
horizontal mixture velocity u and, hence, is also located too high across all grids. Right above the gas-liquid interface
quantity k is over-predicted, especially on the coarse grids G1 to G3. Generally, the profile of turbulent kinetic energy
reveals a mesh convergent behavior. However, inside the water flow an under-prediction is observed with all grids and
the deviation from experimental measurements increases with higher grid resolution.

6.2 Under-resolving drag model

The results achieved with the under-resolving drag formulation according to Equation (12) with a constant coefficient Cd
with a value of 0.8 are presented in Figure 17.

The streamwise velocity profiles in Figure 17A reveal sharper mixture velocity gradients close to the interface
compared to results obtained with the resolving drag model in Figure 16A. This is explained with the slip between
phase-specific velocities at the interface, which allows less momentum transfer between air and water across the interface
due to the chosen interfacial drag formulation. Furthermore, a strong over-prediction of the air velocity is observed for
coarse grid G1. The value of the maximum air velocity decreases with finer grid resolution, while its vertical position is
again too high compared to experiments. On medium and fine grids the velocity profiles in the air section of the channel
show the maximum velocity at a lower vertical position compared to resolving drag model results.

From Figure 17B it becomes clear, that the streamwise water velocity is nearly constant across the channel height for
coarse grids. The value of this quantity is heavily under-predicted on the coarse grids, especially with grid G1. This behav-
ior can be explained with the vertical position of the gas-liquid interface, which is indicated by the kink in the streamwise
velocity profiles, being located at a much higher position for the coarse grids compared to finer grids. From mass conser-
vation it follows, that such a higher water level results in a lower bulk velocity. For increasing spatial resolution the water
velocity is predicted to be larger and more similar to a boundary layer profile. Finally, with finest grid G6 the deviations
from experimental data are very small except in the vicinity of the interface.

Profiles of the vertical mixture velocity are presented in Figure 17C. Large negative peaks are observed for coarse
grids in the vicinity of the gas-liquid interface. This effect is most pronounced on grid G3 with a minimum of −0.9m s−1

which is two orders of magnitude larger than the extremum of the experimental data. An explanation for this behavior
is the gravity acting on both air and water phases via the different phase-specific densities of 𝜌air and 𝜌water, respectively.
As a consequence, both phases are being accelerated in opposite directions locally in each cell, which is allowed by the
two-fluid model. This leads to the strong peaks in vertical velocity. As the under-resolving interfacial drag formulation
with constant coefficient allows for interfacial slip, those peaks are not dampened out as in the case of the resolving drag
model.

Profiles of mixture turbulent kinetic energy k are presented in Figure 17D. In the air flow k is predicted correctly in a
qualitative manner for grids G2 to G6 and the position of the local minimum is consistent for all medium and fine grids,
that is, grids G3 to G6. However, in the water flow the predicted profiles are qualitatively wrong for all grids. Especially
on the coarse grids, the mixture turbulent kinetic energy is strongly over predicted, while an increase of k towards the
interface is contrary to experimental results. This behavior can be explained by the strong peaks in the vertical velocity,
which erroneously add to the production of turbulence kinetic energy in the interface region. Additionally, in the interface
region a negative peak is observed, which is most pronounced on coarse grids.

6.3 Under-resolving drag model with buoyancy modification

In order to overcome the flaw of strong negative vertical velocity peaks, a modification of the buoyancy term is proposed
here. In detail, in the buoyancy term r

𝛼

gi𝜌𝛼 , that is, in the third term on R.H.S. of Equation (2), for each phase sharing
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MELLER et al. 1539

F I G U R E 17 Results of co-current stratified flow case of grid study over vertical coordinate y at x = 9.1 m obtained with under-resolving
drag model KD,UR. (A) Stream-wise component of mixture velocity. (B) Stream-wise component of water velocity. (C) Vertical component of
mixture velocity. (D) Mixture turbulent kinetic energy. [Colour figure can be viewed at wileyonlinelibrary.com]

the large scale interface the phase-specific density 𝜌
𝛼

is replaced by mixture density 𝜌, which is defined analogously to
Equation (14). With that change, the proposed gravity term in Equation (2) reads:

r
𝛼

gi𝜌. (15)

Away from the interface, the proposed formulation is effectively identical to the old one as 𝜌 = 𝜌
𝛼

, wherever r
𝛼

= 1. This
modification is purely applicable to continuous phases, that is, phases, which are never treated dispersed in the context of
the Euler-Euler model. The buoyancy still acts on the mixture similar to a usual VOF method. In other words gravity effects
on large scale interfaces are still covered, as the mixture density reflects local density changes. The proposed modification
purely neglects buoyancy forces inside the interface region separating phases of different phase-specific densities. Both
phases are not locally accelerated in opposite directions anymore.

The modified buoyancy formulation is applied to the setup with under-resolving drag model with constant coefficient
and results are presented in Figure 18.

The streamwise velocity profiles in Figure 18A are generally similar to the ones obtained without modification of the
buoyancy term. With grid G1 the over-prediction in the air flow is diminished. With finer grids, G2 to G6, the air velocity
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1540 MELLER et al.

(B)(A)

(D)(C)

F I G U R E 18 Results of co-current stratified flow case of grid study over vertical coordinate y at x = 9.1 m obtained with under-resolving
drag model KD,UR and continuous buoyancy formulation. (A) Stream-wise component of mixture velocity. (B) Stream-wise component of
water velocity. (C) Vertical component of mixture velocity. (D) Mixture turbulent kinetic energy. [Colour figure can be viewed at
wileyonlinelibrary.com]

is under-predicted similarly to the last section. The prediction of the vertical position of the air velocity maximum is
improved on coarse grids, especially with G2 and G3. The velocity gradients right above the interface are slightly smaller
compared to the results obtained with the under-resolved drag formulation without buoyancy modification but still larger
than predicted with the resolved drag formulation.

The profiles of the streamwise water velocity in Figure 18B are qualitatively improved with the buoyancy modification,
that is, in the vicinity of the interface velocity profiles reflect the nature of a wall boundary layer with all grid resolutions.
With grid G6 the results are nearly identical to the simulations without buoyancy modification. That is explained by the
fact, that the thickness of the interface region is proportional to the grid spacing, which is inherent to the used hybrid
multiphase model leading to a comparably small influence of processes inside the interface region. However, on the coarse
grids the elimination of erroneous velocity peaks, as will be shown in the following, reveals a large impact improving the
prediction of streamwise water velocity.

The vertical mixture velocity presented in Figure 18C is the main focus, when assessing the proposed buoyancy modi-
fication. The proposed formulation successfully suppresses vertical velocity peaks and oscillations in the interface region.
The results are qualitatively similar to the ones obtained with the resolving drag model. The largest extremum is observed
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MELLER et al. 1541

F I G U R E 19 Distribution of dimensionless interface thickness y+I
𝛼𝛽

over vertical coordinate y at position x = 9.1 m for different grids;
obtained with resolution adaptive drag model KD and modified buoyancy formulation. [Colour figure can be viewed at wileyonlinelibrary.com]

for grid G2 and lies below experimental outlier values. A smooth distribution of vertical mixture velocity is observed for
grids G2 to G6.

In Figure 18D it becomes clear, that the prediction mixture turbulent kinetic energy profile is strongly improved
compared to the results obtained without buoyancy modification. Especially the profile in the water flow down below
the gas-liquid interface shows the same qualitative behavior as observed in the experimental results. That means, that k
actually decreases with larger wall distance before jumping to higher values on the gas side of the interface. This is a result
of the erroneous peaks in vertical velocity (see Figure 17C) now being effectively dampened by the modified buoyancy
formulation. The value of turbulent kinetic energy is still under-predicted in the water section, but results are very similar
across all grid resolutions. In the water flow the results are also close to the ones obtained with the resolving drag model.
In the air flow, the local minimum of k is recovered with grids G2 to G4. Compared to the resolving drag model the value
of the local minimum is consistent across all grids while the vertical location of the extremum is lower on coarse grids
G2 and G3 and rises with increasing spatial resolution. Solely with the coarsest grid G1 the steep jump in k cannot be
recovered as the quantity rises gradually from the interface location to the upper wall of the channel. It is suspected,
that the elimination of vertical velocity peaks leads to an improved prediction of turbulent kinetic energy, which in turn
improves also the transport of streamwise momentum across the interface due to turbulent diffusivity.

Overall, the buoyancy modification eliminates the flaw of strong vertical velocity peaks, while also improving
streamwise velocity and turbulent kinetic energy profiles.

6.4 Resolution adaptive drag model with buoyancy modification

The performance of the resolution adaptive drag formulation is assessed together with the modified buoyancy formulation
proposed in the previous section. In that context the procedure for the estimation of the degree of under-resolution from
Section 3 shall be further verified. For this purpose the distribution of dimensionless interface thickness y+I

𝛼𝛽

across the
gas liquid interface on different grids (see Table 3) is visualised in Figure 19.

The dimensionless interface thickness y+I
𝛼𝛽

only takes positive values in the interface region, which is more narrow
on finer grids. Aside from the with of the interface region the quantity y+I

𝛼𝛽

itself scales with the grid spacing. For grid
G6 a maximum value of y+I

𝛼𝛽

≈ 10 is observed. Hence, the shear flow is considered under-resolved in the interface region,
even with the finest grid. However, due to the formulation of the resolution adaptive drag coefficient in Equation (13)
in connection with the under-resolution indicator in Equation (9) the effective interfacial drag coupling depends on the
value of y+I

𝛼𝛽

as long as it is larger than unity.
The vertical profiles of velocity and turbulent kinetic energy resulting from the resolution adaptive drag model together

with buoyancy modification are presented in Figure 20.
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1542 MELLER et al.

F I G U R E 20 Results of co-current stratified flow case of grid study over vertical coordinate y at x = 9.1 m obtained with resolution
adaptive drag model KD and continuous buoyancy formulation. (A) Stream-wise component of mixture velocity. (B) Stream-wise component
of water velocity. (C) Vertical component of mixture velocity. (D) Mixture turbulent kinetic energy. [Colour figure can be viewed at
wileyonlinelibrary.com]

The streamwise mixture velocity profiles presented in Figure 20A reveal, that the over-prediction in the air flow close
to the upper wall is reduced or even eliminated for G1 and G2, respectively. The vertical position of that extremum is
improved for fine grids compared to the resolving drag model and velocity gradients above the gas-liquid interface are
sharper on coarse grids. Value and vertical position of the kink in the velocity profile at the interface location is nearly
identical for all grid resolutions under investigation.

The streamwise water velocity profiles are shown in Figure 20B. Compared to the under-resolving drag model together
with buoyancy modification the under-prediction of water velocity is further reduced for grids G2 to G5. The result of
grid G1 is further improved, while grid G6 produces a water velocity profile, which is comparably good as achieved with
the under-resolving drag model with buoyancy modification.

In Figure 20C profiles of vertical mixture velocity are presented. The highest maximum is observed with grid G3 with
values less than half of the experimental outlier values. Negative values are much smaller in magnitude compared to
experimental data. For grid G2 and finer smooth distributions are observed.

Profiles of turbulent kinetic energy k are shown in Figure 20D and the results are similar to the ones obtained with
under-resolving drag model with buoyancy modification. In the water flow, the values are very consistent across grids G2
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MELLER et al. 1543

to G6, while the under-prediction compared to experimental results is maintained. In the air flow, the experimentally
obtained distribution of k is qualitatively recovered. While a under-prediction is observed close to the upper channel wall,
the values above the gas-liquid interface are rather close to experimental reference data, especially for grids G4 to G6. The
value of the local minimum in the centre of the air section is nearly grid independent and its vertical position coincides
with the streamwise velocity maximum.

Overall, the predicted velocity profiles obtained with resolution adaptive drag model and buoyancy modification are
superior over all other results presented earlier in this section. Compared to both resolving and under-resolving drag models
the results are more consistent across all grids and improved especially on coarse and very coarse grids.

7 CONCLUSION AND PERSPECTIVE

Based on the morphology-adaptive multifield two-fluid model MultiMorph,9 a new procedure for the modeling of
gas-liquid interfaces is proposed, which adapts to varying degrees of grid spacing. For this purpose, two characteristics
are determined across the interface region: the type of flow surrounding the interface and the degree of spatial resolu-
tion of the interfacial shear layer. The derived indicator function allows detection of regions of under-resolution, which
is used to adapt the drag locally, allowing for local interfacial slip. This is realized as a controlled combination of com-
mon resolving and under-resolving drag model formulations. The functionality of this framework is demonstrated for
two cases: a 3D gas bubble rising in stagnant liquid and a 2D co-current stratified channel flow. In the context of the
latter case, a modification for the formulation of the buoyancy is proposed, which prevents erroneous peaks in vertical
velocity in case of interfacial slip in horizontal interfaces. It is shown, that solutions converge towards reference data
if the grid is refined. It is remarkable that the present approach predicts bubble rising velocity and shape as well as
velocity and turbulent kinetic energy profiles reasonably well for coarse grid resolutions. These contributions are inte-
grated in the MultiMorph model allowing more reliable predictions of gas-liquid flows by means of arbitrary spatial
resolutions.

In the future, the applicability of the proposed buoyancy modification to flows with interface orientations other than
horizontal ones shall be investigated. Moreover, performance and robustness of the proposed method need to be assessed
for non-orthogonal, non-uniform, and non-hexahedral computational grids and improved, if necessary. Regarding the
dimensionless interfacial grid spacing y+I

𝛼𝛽

, a boundary value or a transition range between under-resolved shear flow
regimes and resolved ones shall be assessed in more detail to further improve independence of results across a large range
of grid spacings. The coefficient Cd of the under-resolving drag model might be adjusted after assessing model performance
in further test cases. Moreover, a more sophisticated drag modelling approach for under-resolved multiphase flow with
smooth or rough interfaces might be adapted to the proposed modelling framework, such as the one proposed by Coste.38

Furthermore, the information about the estimated degree of under-resolution might be used for other modeling aspects in
the context of multiphase flow simulation, for example, turbulence damping in the vicinity of the interface or controlled
morphology transitions between continuous and disperse phases. Finally, the application of the presented framework
to more complex and industrially relevant test cases might be focus of future endeavors. The overall goal is to achieve
consistent results over a large range of spatial resolutions in the context of the hybrid multiphase model MultiMorph in
order to flexibly adapt between high precision with fine grids and reasonable results with coarse grids, depending on
available computational resources.
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