
Chemical Engineering Science 290 (2024) 119909

Contents lists available at ScienceDirect

Chemical Engineering Science

journal homepage: www.elsevier.com/locate/ces

A filtering approach for applying the two-fluid model to gas-liquid flows on 

high resolution grids

Benjamin Krull a,∗, Richard Meller a, Matej Tekavčič b, Fabian Schlegel a
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The two-fluid model is usually combined with closure forces designed for applications on coarse grids, i.e. 
bubbles (or particles) are typically assumed to be smaller than a grid cell. Practical applications however include 
situations where the mesh is comparatively fine, e.g. when meshing the wall boundary layer or in cases with 
growing bubbles. This may lead to non-convergent behaviour in mesh studies or to void fraction oscillations. 
To tackle this problem, a filtering approach is proposed, based on an additional diffusion term in the continuity 
equation. This approach increases the robustness of the results in regions of high spatial resolution, significantly 
reducing mesh-dependency of the simulation results. The implementation is straightforward, without a need 
to solve any additional system of equations. It is analysed in four different bubbly flow cases with varying 
characteristics: 2D/3D, wedge, square, and cuboid computational domains, with resolutions up to 32 cells per 
bubble diameter, laminar and turbulent flows, and several ways of gas injection. The additional computational 
effort varies, but is moderate. The proposed approach is applicable in multi-field two-fluid models for which 
a stable Euler-Euler behaviour on fine meshes is required, for example to prepare the transfer to an interface-

resolving volume-of-fluid representation in morphology-adaptive approaches.
1. Introduction

The two-fluid model is typically applied in combination with closure 
forces designed for coarse grids, i.e. bubbles are typically assumed to be 
smaller than a grid cell (Tomiyama et al., 2003). If the spatial resolution 
is refined such that the grid cells become smaller than the bubble diam-

eter under consideration, the model does not converge to the desired 
result. Unwanted phenomena like gas concentration or unphysical os-

cillations are observed. For example, Tomiyama et al. (2003) reported 
an unphysical accumulation of gas towards the pipe centre when he 
applied his well-known lift force formulation (Tomiyama, 2002) to a 
generic test problem. Comparable effects could also occur when sim-

ulating particle-laden flows, but the current work focuses on bubbly 
flows.

The following situations typically require to run a two-fluid model 
on a fine mesh:

• A simulation is repeated on finer meshes to proof that the results 
are independent with respect to spatial resolution (mesh studies).

* Corresponding author.

• A local refinement is necessary to capture the flow field (e.g. 
boundary layers or vortices) and bubbles are transported into these 
mesh regions.

• Gas bubbles are generated (e.g. by boiling) or grow (due to pressure 
change, phase transfer or coalescence).

The latter aspect is of particular interest in the context of hybrid meth-

ods which conceptually allow that a bubble can be represented as dis-

perse or continuous phase, depending on the local mesh size (Frederix 
et al., 2021; Meller et al., 2021; Colombo et al., 2022). Robust two-fluid 
results are crucial in order to capture the over-resolved state of disperse 
bubbles.

Two approaches are known to overcome this inconsistency:

• Number density transport (Tomiyama et al., 2003),

• Particle-centre averaging (Lyu et al., 2022).

Both concepts tackle the inconsistency problem by taking the bubble 
centre position into account. The former approach is based on a division 
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Table 1

HZDR baseline model for monodisperse bubbly flows (Hänsch et al., 
2021).

Force and turbulence Selected model

Drag force Ishii and Zuber (1979)

Shear-lift force Hessenkemper et al. (2021)

Turbulent dispersion force Burns et al. (2004)

Wall-lift force Hosokawa et al. (2002)

Virtual mass force Constant coefficient (Auton et al., 1988)

Turbulence 𝑘-𝜔 SST (Menter, 2009)

Bubble-induced turbulence Ma et al. (2017)

of cells into sub-cells and a numerical integration of the forces within 
these cells. The latter approach follows the same idea and incorporates 
forces which are consistent with the particle-centre averaged quantities. 
However, an existing code becomes quite complex in both cases and 
computational effort significantly increases.

Instead of aiming for a consistent solution to the inconsistency prob-

lem, the present work aims for a pragmatic stabilisation with low com-

putational effort. The idea is to filter all volume fraction fields equally 
in order to mimic a coarser mesh. The given two-fluid model and the 
applied closure forces (representing interfacial momentum exchange) 
stay untouched. The concept to approach fine meshes with some sort 
of smoothing operation is also applied in the Euler-Lagrangian context 
(Pirker et al., 2011; Huang et al., 2023).

After describing the basic framework for implementation (Sec. 2) 
and the filtering approach (Sec. 3), four different test cases are pre-

sented: A basic test case with bubbles injected in an undisturbed uni-

form flow (Sec. 4), a second case with centred gas injection in a 
parabolic flow (Sec. 5), a pipe flow with near wall gas peaks (Sec. 6), 
and, finally, a bubble column driven by point mass sources (Sec. 7). 
These tests inspect the capability of the proposed method to reduced 
mesh dependence while applying the common closure forces.

2. Basic method

The procedure derived in the next section is publicly available in 
the Multiphase Code Repository by HZDR for OpenFOAM Foundation 
software (Schlegel et al., 2023). It is based on the multiphaseEulerFoam

framework of the Foundation release of OpenFOAM and is available 
under GPL license. The phase-averaged Navier-Stokes equations (Drew 
and Passman, 1999) consist of a continuity and a momentum balance 
equation for each phase 𝛼:

𝜕𝑡𝑟𝛼 +∇⋅
(
𝑟𝛼𝐮𝛼

)
= 0, (1)

𝜕𝑡
(
𝑟𝛼𝐮𝛼

)
+∇⋅

(
𝑟𝛼𝐮𝛼𝐮𝛼

)
= − 1

𝜌𝛼
𝑟𝛼∇𝑝+ 𝜈𝛼∇⋅

(
2𝑟𝛼𝐒𝛼

)
+ 𝑟𝛼𝐠+

1
𝜌𝛼

𝐟𝛼. (2)

The phase-specific volume fraction, density, and viscosity are 𝑟𝛼 , 
𝜌𝛼 = const, and 𝜈𝛼 = const, respectively. The phase-averaged velocity 
vector is 𝐮𝑘, 𝑝 is the pressure, which is shared between all phases, and 
𝐠 denotes the vector of gravity. The phase-specific shear-rate tensor is 
𝐒𝛼 =

1
2

(
∇𝐮T

𝛼 +∇𝐮𝛼
)
− 1

3

(
∇⋅𝐮𝛼

)
𝐈. The vector of interfacial momentum 

exchange is referred to as 𝐟𝛼 .

The equations are spatially discretised with a second order finite 
volume method and integrated in time with a semi-implicit Euler-

scheme of first order accuracy. The pressure-velocity coupling is re-

alised via PIMPLE algorithm (Greenshields and Weller, 2022). An inter-

face compression term is applied to the phase-fraction transport equa-

tions (Weller, 2008).

3. Volume fraction filtering

The idea is to mimic a coarser mesh by applying a smoothing filter 
to the volume fraction. The strategy is as follows:
2

1. Identify a suitable Gaussian filter parameter 𝜎.
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2. Realise the filter as diffusion term in the continuity Eq. (1)

𝜕𝑡𝑟𝛼 +∇⋅
(
𝑟𝛼𝐮𝛼

)
=∇⋅

(
𝐶∇𝑟𝛼

)
with 𝐶 =min

(
𝐶F,𝐶max

)
(3)

with the filter diffusion 𝐶𝐹 computed from 𝜎 and limited by 𝐶max.

Mass conservation is ensured as the diffusion is applied to both phases 
with the same diffusion coefficient which preserves the volume fraction 
sum.

Related methods Note that this approach has to be distinguished from 
approaches filtering the whole set of the basic equations. Such con-

siderations usually lead to closure terms scaling with the given mesh 
resolution, comparable with Large Eddy Simulations. Examples for this 
approach applied for gas-solid flows are reported in Milioli et al. (2013); 
Cloete et al. (2018); Schneiderbauer (2017). The goal of the present 
method however is not the derivation of specific terms, but to extend 
the applicability of an existing method. It starts from a model which 
produces plausible results on coarse meshes and tries to reproduce the 
same behaviour on meshes with much higher spatial resolution.

Identification of filter parameter 𝜎 The volume fraction 𝑟𝛼 is defined as 
the filtered phase function 𝑋𝛼 by

𝑟𝛼(𝐱) = ∫
ℝ𝑛

𝐾(𝐱 − 𝐲)𝑋𝛼(𝐲) d𝐲 (4)

for each phase 𝛼. We assume that the filter is represented by a Gaussian 
filter kernel

𝐾(𝐱 − 𝐲) = 1
(2𝜋𝜎2)𝑛∕2

𝑒
− ||𝐱−𝐲 ||2

2𝜎2 (5)

for a given number of dimensions 𝑛. In the limit 𝜎 → 0, one obtains 
𝑟𝛼 → 𝑋𝛼 which means that the filtering has no effect in this case. Let 
ℎ be a measure for the local cell width of a given mesh, computed by 
the third root of the local cell volume, ℎ =Δ𝑉

1
3 . The goal is to apply a 

filtering on fine meshes with 𝑑 ≫ ℎ so that a coarse mesh is mimicked. 
For this purpose, the filtering should have an integrating effect at the 
order of the bubble diameter:

𝜎 =𝐾𝑑. (6)

The task is to identify 𝐾 so that the filter has no measurable effect on 
coarse meshes with 𝑑 ≤ ℎ. This is done by setting 𝐾 = 1∕𝑚 with 𝑚 ∈ ℕ
and increasing 𝑚 until there is no measurable difference between the 
unfiltered and the filtered field for the border case 𝑑 = ℎ (up to machine 
precision). This procedure leads to 𝐾 = 1∕8 and hence to

𝜎 = 𝑑

8
. (7)

With this choice, no filtering effect is measurable on coarse meshes with 
diameter resolutions 𝑑∕ℎ ≤ 1, but the filter becomes more and more ac-

tive with growing diameter resolutions 𝑑∕ℎ. A decrease would cause the 
filter to be still inactive when needed and an increase of 𝐾 would cause 
measurable filter effects on common Euler-Euler meshes with 𝑑 ≤ ℎ, 
which is unwanted. Some demonstration examples are presented in Ta-

ble 2. By construction, the filtering effect becomes significant on fine 
meshes. The maximum relative deviations between the unfiltered and 
filtered fields for the resolutions 𝑑∕ℎ ≈ 3, 5, 28 are 0.8%, 16.8%, 49.3%, 
respectively. With increasing grid resolution, the unfiltered grid void 
fraction converges towards the phase function. The filtered grid void 
fraction however converges consistently towards the analytically deter-

mined void fraction.

Filter-equivalent diffusion Applying the Gaussian filtering with param-

eter 𝜎 is equivalent to solving the diffusion equation with a given 

diffusion coefficient 𝐶 for a time span 𝜏 (Bronshtein et al., 2015). This 
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Table 2

Void fraction for a given bubble of diameter 𝑑 (black circle) for different spatial resolutions.

Mesh resolution Void fraction on given grid (top), 
additional filter applied (bottom)

Void fraction and underlying phase function along horizontal 
centre line trough the domain shown on the left

9x9 cells

𝑑∕ℎ ≈ 3

filtering

without effect

on coarse mesh

17x17 cells

𝑑∕ℎ ≈ 5

filtering with

slight effect on

intermediate mesh

99x99 cells

𝑑∕ℎ ≈ 28

filtering with

significant effect

on fine mesh
is reflected by the relation 𝜎2 = 2 𝐶𝜏 . The filter diffusion coefficient 𝐶F

is:

𝐶F =
𝜎2

2 𝜏
= 𝑑2

128 𝜏
. (8)

It is crucial that the diffusion time scale 𝜏 is chosen to be indepen-

dent of the time step size Δ𝑡 to make the filtering independent from 
the specific choice of the temporal resolution. However, the diffusion 
time scale should be close to Δ𝑡 so that the desired filtering is realised 
in approximately one time step. Therefore, 𝜏 is chosen as 𝜏 = ℎ∕𝑈
based on a local characteristic velocity 𝑈 defined as the largest ve-

locity magnitude among all phases. This time scale is the characteristic 
time scale of the discrete convective transport and close to Δ𝑡 because 
of the Courant number restriction. As a result, the diffusion coefficient 
scales with ∼ 1∕ℎ, i.e. it is increased on fine meshes. Other possibilities 
to choose 𝜏 are discussed in Lyu et al. (2022).

Diffusion limiter The filter diffusion coefficient is limited by a maxi-

mum diffusion coefficient 𝐶max,

𝐶 =min
(
𝐶F,𝐶max

)
, (9)

to obtain the following properties:

1. The convective transport of the volume fraction should always be 
possible and never be suppressed by the filter diffusion.

2. A small filter diffusion coefficient allows to add the diffusion term 
in an explicit manner. This keeps both implementation effort and 
computational cost low.

Limiting the diffusion coefficient reduces the filtering effect, which is 
acceptable to certain degree. To make sure that the convective transport 
of the volume fraction is always dominating a potential diffusion due 
to filtering, the filter diffusion coefficient is restricted by enforcing a 
minimal value for the mesh Péclet number Pe =𝑈ℎ∕𝐶 :

Pemin ≤ Pe ⇒ 𝐶max =
𝑈ℎ

(10)
3

Pemin
This upper diffusion limit scales with ∼ ℎ, i.e. the diffusion coefficient is 
more and more restricted with increased spatial resolution, approach-

ing zero for extremely high diameter resolutions where switching to 
a volume-of-fluid method is definitely recommended. The lower mesh 
Péclet number limit Pemin has to be chosen carefully. If chosen too 
small, the diffusion may still suppress the convective transport, which 
is not intended. If chosen too high, the filtering is basically switched 
off (𝐶 → 0). Here, Pemin is chosen to be 1∕4 which ensures sufficient 
convectional transport of the volume fraction.

An important stability criterion is the diffusion number 𝐷𝑖 =
𝐶Δ𝑡∕ℎ2. It is relevant if the temporal discretisation of the diffusion term 
includes an explicit contribution. The limit for the one-dimensional 
fully explicit discretisation of the diffusion term is 𝐷𝑖 ≤ 1∕2. The 
above choice of the minimum mesh Péclet number implies an up-

per limit to the diffusion number: it imposes 𝐷𝑖 ≤ 4𝐶𝑜 because of 
𝐷𝑖 = 𝐶𝑜∕𝑃𝑒 ≤ 𝐶𝑜∕𝑃𝑒min. This means that the formally required dif-

fusion number limit could be violated in some cases. However, this 
condition is a sufficient stability criterion, not a necessary one. Go-

ing beyond this criterion does not necessarily mean that the method 
becomes unstable. For efficiency reasons, it is not strictly enforced in 
most cases (Ferziger and Perić, 2012). No explicit diffusion number 
limit is taken into account in the present work because the limit im-

posed by imposing a minimum mesh Péclet number is considered as 
sufficient. If required by future applications, the parameter 𝑃𝑒min could 
be increased: this would result in less filtering diffusion, an earlier on-

set of the maximum clipping and a lower diffusion number. However, 
the choice of Pemin = 1∕4 turned out to be a suitable choice for the cases 
under consideration.

Complete expression The complete expression for the diffusion coeffi-

cient can be written as:

𝐶 = 𝑈

ℎ
min

(
𝐾1𝑑

2,𝐾2ℎ
2) (11)

or, expressed as a function of the bubble diameter resolution 𝑑∕ℎ, as( (
𝑑
) (

𝑑
)−1)
𝐶 =𝑈𝑑 min 𝐾1 ℎ
,𝐾2 ℎ

, (12)
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Fig. 1. Dependence of filter diffusion from bubble diameter resolution for 𝐾1 =
1∕128 and 𝐾2 = 4, supplemented by smooth lower and upper bounds.

with the constants 𝐾1 = 1∕128 and 𝐾2 = Pe−1min = 4. The behaviour of 
the filter coefficient 𝐶 is sketched in Fig. 1. Both the lower and the up-

per bound of the effective (limited) diffusion are sketched in Fig. 1. The 
average of both is 1.5 

(
𝐶−1

F
+𝐶−1

max

)−1
which could serve as a smooth 

replacement to Eq. (12), but is not applied here. The limiter gets ac-

tive for diameter resolutions 𝑑∕ℎ larger than the critical value 𝑑∕ℎ =√
128∕Pemin which is approximately 𝑑∕ℎ ≈ 23 for the given parameters 

(kink in Fig. 1). Because of the relation 𝐾2 = Pe−1min =
(
𝑑∕ℎ

)2
∕128, the 

choice of a minimum mesh Péclet number is equivalent to the choice of 
a certain critical diameter resolution determining the onset of the dif-

fusion limiter. Note that 𝐶 may vary in space, depending on the local 
representative diameter and the local characteristic velocity.

Solution procedure for volume of fluid method The finite volume multi-

phase formulation for the filter diffusion coefficient is

𝐶 = 1
2
max
𝛼

(∑
𝑓

|𝜙𝛼,𝑓 |) min
⎛⎜⎜⎜⎝𝐾1

𝑑2

Δ𝑉
,𝐾2

1∑
𝑓

𝑆𝑓||Δ𝐱𝑓 ||
⎞⎟⎟⎟⎠ , (13)

with the filter constant 𝐾1 = 1∕128 and the limiter constant 𝐾2 =
1∕Pemin = 4. The left factor is the local maximum of the cell face (𝑓 ) 
flux sums determined over all phases (𝛼). The right factor is a pure ge-

ometrical expression, where Δ𝑉 is the cell volume, 𝑆𝑓 is the cell face 
area, and || Δ𝐱𝑓 || is the cell centre difference. Formula (13) is obtained 
from Eq. (11) by replacing the terms 𝑈∕ℎ and ℎ2 with the finite volume 
equivalents

𝑈

ℎ
→max

𝛼

(
1

2Δ𝑉
∑
𝑓

|𝜙𝛼,𝑓 |) , ℎ2 →
Δ𝑉∑

𝑓

𝑆𝑓||Δ𝐱𝑓 ||
(14)

with the convective fluxes 𝜙𝛼,𝑓 . These expressions are a consequence of 
the finite volume formulas for Courant number and diffusion number, 
respectively. The filtering is implemented as diffusive flux

−⌊𝐶⌋𝑓 ∇n𝑟𝛼 (15)

when solving the modified continuity equation (3), where ⌊𝐶⌋𝑓 de-

scribes the linearly face-interpolated value of 𝐶 . These fluxes are added 
to the existing convective fluxes in an explicit manner when solving the 
modified continuity Eq. (3). Recall that this operation is applied to all 
4

phases to avoid the violation of mass conservation.
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Remark on the risk of gradient overshoot on fine meshes High spatial res-

olutions allow gradient overshoots. This cannot occur on coarse meshes 
which are the typically chosen for TFM applications. Assume that a clo-

sure force is derived on the basis of the filter described above (Eqn. (4)

together with the filter width chosen according to Eqn. (7)) and that 
this force is implemented to the two-fluid model in the usual manner, 
i.e. without any additional explicit filtering. On fine meshes, such a 
closure force may encounter much higher volume fraction gradients 
as expected. The reason is the following. The filtering described by 
Eqn. (4) and Eqn. (7) implies, that there is a theoretical maximum gra-

dient:

||∇𝑟𝛼 || ≤ 8√
2𝜋𝑑

≈ 3
𝑑
. (16)

This upper limit is automatically fulfilled on coarse meshes, because 
the mesh can produce a volume fraction gradient of 1∕ℎ at most (which 
is lower than 3∕𝑑 for low spatial resolutions with 𝑑 < 3ℎ). Hence, no 
gradient overshoot can happen on coarse meshes. On fine meshes, how-

ever, gradients may become significantly higher than the theoretical 
maximum (1∕ℎ exceeds 3∕𝑑 for high spatial resolutions with 𝑑 > 3ℎ). 
As a consequence, forces based on the volume fraction gradient, such as 
turbulent dispersion (Burns et al., 2004) and solid phase pressure (Gi-

daspow and Ettehadieh, 1983), may be overestimated on fine meshes if 
no additional measure is taken.

Remark on hyperbolicity Some authors report that the hyperbolicity of 
the overall system is of fundamental importance to obtain meaningful 
results (Syamlal, 2011; Fox, 2019), some authors consider it to be too 
restrictive for the non-linear second order TFM equations (Thyagaraja 
and Fletcher, 1989), many authors do not take this property into con-

sideration at all. An interesting stability analysis for the TFM is given 
by Stewart (1979): even if well-posedness (hyperbolicity) is not guar-

anteed, the TFM usually behaves well, provided the mesh is not too 
fine. The present work does not focus on hyperbolicity for the follow-

ing reasons: A) The unphysical gas distributions on fine meshes reported 
in Tomiyama et al. (2003) are triggered by a lateral force, but lateral 
forces have no influence on hyperbolicity (Fox et al., 2020). Therefore, 
the potential lack of hyperbolicity cannot be the only explanation for 
such implausible results. B) The test described in Sec. 5, repeated with 
a hyperbolic closure taken from Panicker et al. (2018), still leads to 
unphysical results. C) The proposed approach mimics a coarser mesh 
which should avoid the growth of perturbations regardless of hyperbol-

icity (Stewart, 1979).

4. Gas injection in unhindered flow

All four presented cases (Sec. 4-7) feature air bubbles in water, 
covering different geometries and different bubble diameters in the 
range from 2.3 mm to 10 mm. The material properties applied are: 
𝜌gas = 1.246 kgm−3, 𝜌liquid = 999.7 kgm−3, 𝜇gas = 1.84 ⋅ 10−5 kgm−1 s−1, 
𝜇liquid = 8.9 ⋅ 10−4 kgm−1 s−1, 𝜎gas,liquid = 0.072 Nm−1.

As a first test (Fig. 2), gas is injected in a vertical pipe with constant 
liquid velocity (uniform inflow with 1 m∕s, free-slip walls to avoid wall 
effects). The pipe with a radius of 𝑅 = 20 mm and a length of 𝐿 = 2𝑅
is modelled with a wedge geometry with 2.5°. The injected bubbles 
have a diameter of 𝑑 = 𝑅∕5. The injection into the free flow is ap-

plied at 𝑟 = 𝑅∕2 in a region of width 𝑑 with a vertical extension of 
(1∕10)𝐿 ≤ 𝑦 ≤ (3∕20)𝐿. The wedge is resolved with one cell layer in 
the circumferentical direction, 𝑁 cells over the radial and 2𝑁 cells in 
axial directions, respectively. The wedge is resolved using an uniform 
grid with 𝑁 cells over the radial and 2𝑁 cells in axial direction, respec-

tively.

The momentum closure terms (forces) are applied according to the 
baseline standard as listed in Table 1. Five refinement levels with factor 
2 are applied, starting from 𝑁 = 10 up to 𝑁 = 160. The Courant number 

Co =𝑈Δ𝑡∕ℎ is kept below 0.4.
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Fig. 2. Sketch of the computational domain for testing a box-shaped gas injec-

tion in unhindered flow.

A comparison is performed right after the injection region at a dis-

tance of one 𝑑 (Fig. 3). The filtering procedure produces a consistent 
solution and, hence, a grid convergent behaviour is observed.

5. Vertical parabolic flow with centric gas injection

This test case features a gas injection in a fully developed parabolic 
liquid flow as reported in Lyu et al. (2022) motivated by Tomiyama et 
al. (2003).

The domain is a two-dimensional duct of width 𝑊 = 30 mm and 
length 𝐿 = 500 mm (Fig. 4). The bubbles are of size 𝑑 = 10 mm =𝑊 ∕3. 
The vertical upward liquid velocity is prescribed as a parabolic profile 
with 0.1 m∕s maximum in the centre and zero at both no-slip walls:

𝑢𝑦 = 0.1
(
1 −

( 2𝑥
𝑊

)2)
m∕s. (17)

The origin of the Cartesian coordinate system is located in the centre of 
the pipe at the inlet boundary. The same profile is used to initialise the 
velocity field of both water and dispersed gas phases. The injection is 
realised by prescribing the void fraction field on the inlet as:

𝑟gas =

{
0.005

(
1 − (2𝑥∕𝑑)2

)
, for |𝑥| ≤ 𝑑∕2;

0 , else.
(18)

The domain is discretised with 𝑁 cells in horizontal direction and 
5𝑁 cells in the vertical direction, equidistant in each direction. The 
refinement levels for the comparison are achieved by doubling the num-

ber of cells in each direction, resulting in even values for 𝑁 (Fig. 6). 
Additional refinement levels feature odd values for 𝑁 so that raw cen-

tre values are available, without any interpolation potentially hiding 
oscillations (Fig. 5). Again, the time step size was adjusted so that 
the Courant number is kept below 0.4. The momentum closure terms 
(forces) are applied according to the baseline standard as listed in Ta-

ble 1.

If the standard model is applied, i.e. the void fraction field is not fil-

tered, the void fraction amplitude increases with each refinement step, 
which is unphysical (Figs. 5 and 6). Oscillations are observed on very 
fine meshes (Fig. 5). These oscillations correlate with the cell width 
and introduce a transient behaviour. Note that the peak values get 
even larger if the case is computed with a laminar setup (no turbu-
5

lence model, no turbulent dispersion, no bubble-induced turbulence; 
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not shown here). The turbulent dispersion plays a key role here, being 
responsible for the saturation of the centre amplitude visible in Fig. 5.

If the filtering is applied, the void fraction profiles are getting simi-

lar to the results on the coarse mesh (Fig. 6). The oscillations observed 
with the standard model disappear. Overall, the results in Fig. 6 are very 
similar to the results obtained with the particle-centre average method 
in Lyu et al. (2022), but obtained with less effort both in terms of im-

plementation and computational resources.

6. Pipe flow with gas accumulation near wall

A vertical pipe flow with wall-near void fraction peaks is investi-

gated. The selected case is taken from Liu (1989); Liu and Bankoff 
(1993a,b). It features a vertical flow through a pipe with a radius of 
𝑅 = 19 mm and a length of 𝐿 = 1 m and is defined by the superficial ve-

locities 𝐽gas = 0.027 m∕s and 𝐽liquid = 1.087 m∕s. The numerical setup is 
published by Hänsch et al. (2022).

The pipe is modelled as wedge geometry with a wedge angle of 2.5°. 
The injected bubbles have a diameter of 𝑑 = 2.3 mm ≈ 𝑅∕8. The injec-

tion is applied by prescribing 𝑟gas = 2.42% uniformly at the inlet with a 
uniform inlet velocity of 𝑈inlet = 1.114 m∕s. The wedge is resolved with 
one cell layer in the circumferentical direction, 𝑁 cells over the radial 
and (18∕5)𝑁 cells in axial direction, respectively. Again, the cell width 
is equidistant in each spatial direction and the momentum closure terms 
(forces) are applied according to the baseline standard as listed in Ta-

ble 1. Five refinement levels with factor 2 are applied ranging from 
𝑁 = 5 to 𝑁 = 80. The Courant number Co is kept below 0.4.

The Euler-Euler modelling of such cases is challenging, because the 
wall peaks of the void fraction profile are significantly over-predicted 
with the standard model. The model predicts a wall-near gas volume 
fraction peak of more than 0.2, which is more than twice the exper-

imentally measured gas volume fraction wall-peak of approximately 
0.08 (Fig. 7a, Fig. 7c). Even if the peak is not dampened for all spa-

tial resolutions, the proposed filtering leads to improved results, which 
are qualitatively and quantitatively closer to the experimental data re-

sulting in a very good agreement on the finest resolution with 𝑑∕ℎ = 9.6
(Fig. 7b, Fig. 7d). The proposed method helps to predict such wall peak 
situations, even if the results are not perfect yet, which indicates the 
need of further modelling work regarding the closure for wall-near bub-

ble behaviour.

7. Bubble column

Bubble column cases are more complicated than pipe flows because 
a) the bubbles drive the liquid flow which makes predicting their cor-

rect behaviour much more important and b) numerical errors (artifacts, 
transients) stemming from initial conditions do not dissipate from the 
system through an outlet. Bubble columns are of industrial relevance 
and typically come with very different bubble sizes.

A generic case of a bubble column with large bubbles is investigated, 
featuring a monodisperse case with large bubbles (Fig. 8). The bub-

ble column has a size of (𝑊 , 𝐷, 𝐻) = (100, 40, 100) mm with bubbles of 
size 𝑑 = 5 mm, injected close to the bottom centre. To allow several re-

finement levels with moderate computational effort, only a quarter of 
a bubble column is simulated, i.e. the computation domain is of size 
(𝑊 ∕2, 𝐷∕2, 𝐻) = (50, 20, 100) mm with two symmetry boundaries.

The gas injection is realised by two point mass sources with a com-

mon mass flow rate of 3.552 × 10−6 kg∕s. Both point mass sources are 
located at a distance of (5 +𝜀) mm from the large symmetry plane (𝑧 = 0) 
and at distances of (5 + 𝜀) mm and (15 + 𝜀) mm from the small symme-

try plane (𝑥 =𝑊 ∕2). The offset 𝜀 = 0.1 mm is numerically motivated: it 
ensures that the point sources are never located at cell faces and never 
assigned to cells with direct contact to the symmetry boundaries. The 
side walls are no-slip walls, the top boundary allows slip and allows de-

gassing. The degassing boundary condition replaces each gas fraction 

arriving in the uppermost cell layer with the corresponding amount of 
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Fig. 3. Gas volume fraction profile at a distance of one bubble diameter (𝑑 =𝑅∕5) above the injection region for different mesh resolutions.
Fig. 4. Test case setup for parabolic gas injection in parabolic flow.

water. The domain is resolved with 𝑁 cubic cells in the lateral direction 
(𝑥), (2∕5)𝑁 cells in depth direction (𝑧), and 2𝑁 cells in the vertical di-

rection, respectively. The cell size for the coarsest resolution with 𝑁 = 5
is indicated on the bottom of the domain in Fig. 8. Five refinement lev-

els with factor 2 are applied, the Courant number is kept below 0.4. The 
momentum closure terms (forces) are applied according to the baseline 
standard as listed in Table 1, except that the turbulent dispersion was 
excluded to obtain a stationary result for simpler comparison.

A slight over-resolution with 𝑑 = 2ℎ is already enough to produce 
an increased gas volume fraction peak (Table 3, top row). For even 
higher diameter resolutions, a multi-peak gas volume fraction profile is 
observed, similar to the patterns found in the basic test case in Sec. 4. 
The filtering reduces the overshoot and aligns the solutions obtained on 
6

the fine meshes with a diameter resolution of 4 and 6 cells (Table 3, 
Fig. 5. Instantaneous void fraction values along vertical centre axis obtained 
with the standard model (no filtering). Oscillations are visible on the two finest 
resolutions. A filtered solution is shown as reference (finest mesh, dashed line).

bottom row). The results obtained on the coarse mesh with 𝑑 ≤ ℎ are 
not disturbed by the filtering procedure.

8. Computational effort

For efficiency reasons, the authors decided to implement an explicit 
solution procedure, which directly adds the numerical fluxes resulting 
from filtering to the convective fluxes when solving the modified con-

tinuity equation, Eq. (3) (see Sec. 3). Tests showed that the alternative 
implementation as additional fractional sub-step would come with an 
increased effort of approximately +30% to +100% CPU time in the nu-

merical context described in Sec. 2. Recall that the diffusion limiter is 
of fundamental importance for a stable explicit treatment, which means 
that the parameter 𝐾2 = 4 has a direct influence on the computational 
effort.

The explicit realisation of the proposed filtering has the following 
impact on the computational effort: On coarse meshes, there is almost 
no additional computational cost, the solution procedure is carried out 
as usual. For slightly over-resolved cases with several cells per bubble 
diameter, a reduction of the computational time may be achieved. The 
effort increases in cases of very high diameter resolutions before it de-

creases again due to the diffusion limiter.

Some numbers are given for the considered cases, to get an impres-

sion. Note that these numbers reflect tendencies, because the cases have 
not been repeated often enough to rule out possible delays of the com-

putational system. In the basic case (Sec. 4), the change with respect 
to computational time was in the order of −80% and +120% (average 

−40%) if compared to the computational time without filtering, i.e. the 
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Fig. 6. Gas volume fraction values along horizontal lines for three different vertical positions without and with filtering applied. The distance between the dashed 
lines is equal to the bubble diameter.
7

Fig. 7. Wall-peak behaviour at different refinement levels without and with filtering applied.
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Table 3

Gas volume fraction along the lines A and B at height 𝑦 = 0.5𝐻 (see Fig. 8).

gas fraction profile along line A gas fraction profile along line B

no filtering 
applied

filtering 
applied
Fig. 8. Sketch of the bubble column (solid lines) and the computational domain 
(coloured). The back plane and the right plane are symmetry boundaries. The 
black dashed lines (A, B) are the lines chosen for extraction of line data for 
comparison. The coarsest grid with 𝑁 = 5 is indicated at the bottom wall. The 
dashed spheres indicate the approximate bubble size.

results were improved and the computational effort was reduced on av-

erage. Fewer iterations were needed for the pressure-velocity coupling, 
possibly a consequence of weaker gradients. In the second case (Sec. 5), 
the change of the computational time depends strongly on the existence 
of the oscillations mentioned above: for the cases without oscillations, 
the computational time was about −40% and +80% (average +5%) in 
comparison to the computational time without filtering. The damping 
of the oscillations, however, causes significantly more computational 
effort (about +100% on the finest mesh). More detailed studies of these 
cases could provide information on how to improve closure models. In 
the third and fourth case (Sec. 6 and Sec. 7), the impact of the filtering 
on computational cost was between −20% and +60%, correlating with 
the height of the gas volume fraction peaks. Note that the values above 
were obtained on the same hardware, but not repeated several times, 
which is why they only reflect a tendency.

9. Conclusions

The standard Euler-Euler model and the corresponding closure 
8

forces are not designed to be applied on very fine meshes where the bub-
ble diameter exceeds the local cell size. This may result in unphysical 
distributions of the disperse phase, even if hyperbolicity of the overall 
system is ensured. A volume fraction filtering approach is proposed to 
obtain more reliable results in these over-resolved cases. The approach 
suggests an additional diffusive term in the continuity equation (Eq. (3)) 
with a specific limited diffusion coefficient depending on the resolution 
of the bubble diameter. The diffusion term can be implemented explic-

itly, which comes with low implementation effort. There is no need to 
solve an additional system of equations. The impact of the procedure 
on the computational effort varies strongly depending on the physical 
problem and the spatial resolution. The maximum observed deviations 
from the standard computational time are −80% and +120% for specific 
cases, i.e. there are also cases where the present procedure saves compu-

tational cost. The method is applied to four different cases with different 
characteristics: 2D/3D, wedge, square, and cuboid domain geometry, 
laminar and turbulent flow, various gas injection methods (cell set in 
free flow, uniform and non-uniform inlet profiles, point mass sources), 
and diameter resolutions up to 32 cells per diameter. The method allows 
a sufficiently reliable behaviour of the Euler-Euler models, even if the 
diffusion is slightly too strong or slightly too high for some intermediate 
resolutions. For the Euler-Euler method in consideration, the mesh de-

pendence of the results was significantly decreased. This paves the way 
for simulations of complex practical problems with local mesh refine-

ment, for polydisperse cases with various bubble sizes, or particle-laden 
flows, which may all be subject of future endeavours. The procedure can 
be incorporated in morphology-adaptive methods to ensure a consistent 
behaviour for over-resolved Euler-Euler situations (as the counter-part 
to the under-resolved volume-of-fluid scenarios addressed in Meller et 
al. (2023)).

CRediT authorship contribution statement

Benjamin Krull: Conceptualization, Formal analysis, Investigation, 
Methodology, Software, Visualization, Writing – original draft, Writ-

ing – review & editing. Richard Meller: Conceptualization, Formal 
analysis, Investigation, Methodology, Software, Writing – review & 
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Ferziger, J.H., Perić, M., 2012. Computational Methods for Fluid Dynamics. Springer Sci-

ence & Business Media. ISBN 3-540-42074-6.

Fox, R.O., 2019. A kinetic-based hyperbolic two-fluid model for binary hard-sphere mix-

tures. J. Fluid Mech. (ISSN 1469-7645) 877, 282–329. https://doi .org /10 .1017 /jfm .
2019 .608.

Fox, R.O., Laurent, F., Vié, A., 2020. A hyperbolic two-fluid model for compressible flows 
with arbitrary material-density ratios. J. Fluid Mech. (ISSN 1469-7645) 903. https://

doi .org /10 .1017 /jfm .2020 .615.

Frederix, E.M.A., Dovizio, D., Mathur, A., Komen, E.M.J., 2021. All-regime two-phase flow 
modeling using a novel four-field large interface simulation approach. Int. J. Multiph. 
Flow 145, 103822. https://doi .org /10 .1016 /j .ijmultiphaseflow .2021 .103822.

Gidaspow, D., Ettehadieh, B., 1983. Fluidization in two-dimensional beds with a jet. 2. 
Hydrodynamic modeling. Ind. Eng. Chem. Fundam. 22 (2), 193–201. https://doi .org /
10 .1021 /i100010a008.

Greenshields, C., Weller, H., 2022. Notes on Computational Fluid Dynamics: General Prin-

ciples. CFD Direct Ltd, Reading, UK.

Hänsch, S., Evdokimov, I., Schlegel, F., Lucas, D., 2021. A workflow for the sustainable de-

velopment of closure models for bubbly flows. Chem. Eng. Sci. 244, 116807. https://

doi .org /10 .1016 /j .ces .2021 .116807.

Hänsch, S., Draw, M., Evdokimov, I., Khan, H., Krull, B., Lehnigk, R., Liao, Y., Lyu, H., 
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