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Abstract
We present the topological foundations for solvability of multiplicative Cousin prob-
lems formulated on an axially symmetric domain � ⊂ H. In particular, we provide a
geometric construction of quaternionic Cartan coverings, which are generalizations of
(complex) Cartan coverings as presented in Section 4 of Forstnerič and Prezelj (Math.
Ann. 322(4), 633-666 (2002)). Because of the requirements of symmetry inherent to
the domains of definition of quaternionic regular functions, the existence of quater-
nionic Cartan coverings of � is not a consequence of the existence of complex Cartan
coverings; for the latter, there are no requirements for the symmetries with respect to
the real axis. Due to the real axis’s special role, also the covering restricted to � ∩ R

must have additional properties. All these required properties were achieved by start-
ing from a particular symmetric tiling of the symmetric set � ∩ (R + iR). Finally, we
apply these results to prove the vanishing of ’antisymmetric’ cohomology groups of
planar symmetric domains for n ≥ 2.
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1 Introduction

We denote by H the algebra of quaternions. If � ⊂ H is an axially symmetric open
set, the set of slice-regular functions in � will be denoted by SR(�). The theory
of slice-regular functions (shortly recalled in Sect. 2 where we mainly address our
attention on specific features of SR(�) which will be useful later) clearly shows
many promising aspects to become a good framework to consider the generalizations
of Cousin problems for quaternionic functions; indeed, the notion of slice-regularity is
a good extension of the notion of holomorphicity for quaternionic functions and semi-
regular functions play the role of meromorphic functions. The analogs of Weierstrass
and ofMittag-Leffler Theorems are already obtained in the framework of slice-regular
functions (see [7]). Furthermore, domains of holomorphy are generalized in terms of
quaternionic axially symmetric domains.

In the present paper, we provide the topological foundation for the proofs of the
analogues of the above theorems for an arbitrary axially symmetric domain � ⊂
H. Glueing local solutions is the main technique for proving these theorems in the
holomorphic setting; requested compatibility is related to Cousin problems. To deal
with these problems in the framework of slice-regular functions, one has to work
with Cartan coverings (Definition 4.7), which are quaternionic analogues of Cartan
coverings of domains in C with some additional properties. First, we require that no
four distinct sets of a Cartan covering intersect, i.e. a Cartan covering has the order
at most 3; in addition, due to the fact that only the real numbers form the center of
H — as opposed to complex numbers, where the product is commutative, we require,
among other things, that the subcovering BR ⊂ B of a Cartan covering B defined by
BR := {U ∈ B, U ∩ R �= ∅} has the order 2 and forms ‘a chain’, so no three distinct
sets intersect. The construction of Cartan coverings on axially symmetric domains
is the paper’s core and occupies most of Sect. 4. Section2 gives some preliminaries
on slice-regular functions and axially symmetric domains and Sect. 3 presents the
properties of the set of slice-regular functions on finite unions of disjoint basic sets.

Themain result of this paper is the existence of such coverings for axially symmetric
domains in H.

Theorem 1.1 (Main theorem) LetU be a locally finite axially symmetric open covering
of an axially symmetric domain � ⊂ H and let Z ⊂ � be a discrete set of points or
spheres. Then � admits a Cartan covering B subordinated to (U , Z).

Even more, there exists a Cartan covering B = {Bn}n∈N0 of � and a sequence
{εn}n∈N0 such that also the coverings

Bt := {Bn + B(0, tεn)}n∈N0

are Cartan coverings of � subordinated to (U , Z) for all t ∈ [0, 1].
In the last section (Sect. 5), we apply Cartan coverings to prove a theorem, which is

similar to results on vanishing of H2(D, Z) for complex domains D butwith additional
symmetry properties.

Initially, this paper was only a preliminary part of a longer paper about the existence
of the solutions to Cousin problems in the framework of slice-regular functions; for the
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sake of the reader, the authors have decided to present the sections on Cartan coverings
as a separate paper because of its potential interest also in different settings. At the
same time, the results on the solutions of Cousin problems in SR(�), which will
appear in a forthcoming paper soon and require a specific cohomological approach to
introduce, have better presentations without a too technical part on Cartan coverings,
which will be only recalled and applied.

2 Preliminary Results

Let S be the sphere of imaginary units in H, i.e. the set of quaternions I such that
I 2 = −1. Given any quaternion z /∈ R, there exist (and are uniquely determined) an
imaginary unit I , and two real numbers x, y ( with y > 0) such that z = x + I y. With
this notation, the conjugate of z will be z̄ := x − I y and |z|2 = zz̄ = z̄z = x2 + y2.
Each imaginary unit I generates (as a real algebra) a copy of a complex plane denoted
by CI := R + IR. We call such a complex plane a slice. The upper half-plane in CI ,
namely {x + y I y > 0} will be denoted by C

+
I and called a leaf. Set C

−
I := C

+
−I

and for a subset E ⊂ H define EI := E ∩ CI , E+
I := E ∩ C

+
I , E−

I := E ∩ C
−
I ,

E0 := E ∩ R.

Definition 2.1 (Closure, interior, complex conjugation and complex symmetrization)
For a set D ⊂ C we denote by D its closure, by D̊ or int(D) its interior, by R(D)

the conjugated (reflected) set, R(D) = {z̄, z ∈ D} and by S(D) the symmetrized set,
S(D) = D ∪ R(D). A set D ⊂ C is symmetric if S(D) = D. An open set D ⊂ C is
regular if int(D) = D.

A real-valued function m on a symmetric set D ⊂ C is symmetric if m(z) = m(z̄)
for any z ∈ D. We also use the notation m(x, y) for m(z), if z = x + iy.

Notice that for a smooth symmetric real-valued function defined near a point (x0, 0),
we always have grad m(x0, 0) = λ(1, 0), λ ∈ R.

Definition 2.2 (ε-neighbourhoods) Let D ⊂ C be a bounded set. Given ε > 0, we
say that an open set U , D � U ⊂ {x ∈ C, d(x, D) < ε} is an ε-neighbourhood of D.

The classical lemma below provides the existence of tubular neighbourhoods of
simple closed curves and collars of closed arcs using neighbourhoods of zero sections
in the normal bundle.

Lemma 2.3 Let l : [0, 1] → C be either a smooth arc or a smooth simple closed
curve, n : l∗ → C

∗ its (smooth) unitary normal, where l∗ := l([0, 1]). Then there
exists r > 0 so that φl : l∗ × [−r , r ] → C defined by φl(z, t) = z + n(z)t is a
diffeomorphism onto the image.

Notice that if l∗ is a closed curve, then the image of φl is an open neighbourhood
of l∗, called a tubular neighbourhood. If l∗ is an arc, the image of φl is a double-sided
collar but not a neighbourhood of l∗, since the endpoints of l∗ are on the boundary, so
to get an open neighbourhood, one has to attach a suitable disc centred at each of the
endpoints of l∗.
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We want to extend the notion of the tubular neighbourhood to sets with piecewise
smooth boundaries and closed arcs. Therefore we provide the following definition.

Definition 2.4 (Tubular ε-neighbourhoods) Let D ⊂ C be a bounded regular open set
with a piecewise smooth boundary or a closed piecewise smooth arc. We say that an
open regular setU ⊃ D with a piecewise smooth boundary is a tubular neighbourhood
of D if

(a) U and D are homeomorphic, if D is an open set or
(b) U is homeomorphic to a closed topological disc if D is an arc.

In addition, we require1 that D is a strong deformation retract of U . If, moreover, U is
an ε-neighbourhoodof D for a given ε > 0,wesay thatU is a tubular ε-neighbourhood
of D.

Remark 2.5 Let ε > 0 be given. If D is a closed topological disc with a piecewise
smooth boundary, then we can enlarge it a little bit near the nonsmooth points of the
boundary to obtain a smooth closed topological disc. Then, a suitable smooth collar
attached to the boundary will provide the desired ε-neighbourhood. If D is a closed
piecewise smooth arc, such an ε-neighbourhood can be constructed by first smoothing
the nonsmooth points, using the tubular neighbourhood obtained from the normal
bundle and then attaching a suitable disc centred at each of the endpoints of the arc.

Definition 2.6 The (axial) symmetrization ˜E of a subset E of H is defined by

˜E = {x + I y : x, y ∈ R, I ∈ S, (x + Sy) ∩ E �= ∅}.

If E = {q}, we write q̃ for the set ˜{q}.
A subset � of H is called (axially) symmetric (in H) if ˜� = �.

Proposition 2.7 Let � ⊆ H be an axially symmetric domain. For all I ∈ S, we have
that

� =
⋃

x+I y∈�I

x + Sy

Moreover, for all I ∈ S, the set �I ⊆ CI is invariant under conjugation, i.e., �I =
R(�I ).

We introduce a class of natural domains of definition for slice-regular functions.

Definition 2.8 A domain � of H is called a slice domain if, for all I ∈ S, the subset
�I is a domain in CI and if �0 = � ∩ R �= ∅. If, moreover, � is axially symmetric,
then it is called a symmetric slice domain.

On the other hand, slice functions (see [GP]) are naturally defined on axially sym-
metric domains which are not necessarily slice domains.

1 Such tubular neighbourhoods are analogous to regular neighbourhoods as in J. H. C. Whitehead, ‘Sim-
plicial spaces, nuclei and m-groups’, Proc. London Math. Soc. 45 (1939) 243–327.
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Definition 2.9 An axially symmetric domain � of H \ R is called a product domain.

Hence, an axially symmetric domain � is either a symmetric slice domain or a
product domain.

If � ⊆ H is an axially symmetric domain, then for (one and hence for) all I ∈ S,
the set �I is an open subset of CI such that either it is a connected set that intersects
R, or it has two symmetric connected components separated by the real axis, swapped
by the conjugation. In the former case, � is an axially symmetric slice domain; in the
latter case, � is a product domain.

Definition 2.10 An axially symmetric domain� has a slice-piecewise has a piecewise
smooth boundary if for some (and hence for all) I ∈ S, the set�I ⊂ CI has piecewise
smooth boundary.

The following classes of domains will play a key role in this paper.

Definition 2.11 An axially symmetric domain � of H is called an (open) basic set or
a basic domain if, for (one and hence for) all I ∈ S, the single connected component
or both the connected components of �I are simply connected. An open basic set is
also a basic neighbourhood of any of its points. We also define the empty set to be an
open basic set. An axially symmetric closed set V of H is called a closed basic set if,
for (one and hence for) all I ∈ S, the set VI has either a single connected component
if it intersects the real axis or has two connected components otherwise, and in both
cases the connected components of VI are closed topological discs.

A closed basic set intersecting the real axis is a closed topological ball (i.e. homeo-
morphic to a closed ball). Notice that the intersection of a basic domain with the real
axis is either empty or connected. The closure of a basic set is not necessarily a closed
basic set. For example, the sets �1 := {x + I y, y > 0, x2 + (y − 1)2 < 1, I ∈ S} and
�2 := {x + I y, y > 0, x ∈ (−1, 1), (1 − x2)/2 < y <

√
1 − x2, I ∈ S} are open

basic sets (and product domains) while their closures are not closed topological balls.
A closed basic set with a slice-piecewise smooth boundary has a basis of basic sets.

The interested reader can find the standard definition of slice-regular functions and
their properties in [1, 7, 10]. Here, we present an equivalent way of defining the set of
slice-regular functions on axially symmetric domains, together with summation and
∗-multiplication, which is easier for a nonexpert reader. For the equivalence between
the definitions of slice-regularity, we refer the reader to Lemma 6.11 in [10].

Definition 2.12 (Slice-regular functions) Let� be an axially symmetric domain, I ∈ S

and f : �I → CI a Schwarz symmetric holomorphic function, i.e. f (x + I y) =
u(x, y)+Iv(x, y) = f (x − I y),u = 
( f ), v = �( f ). The extensionof f from�I to
�, definedby f (x+J y) = u(x, y)+Jv(x, y) for any J ∈ S, is a slice-preserving slice-
regular function.We denote the set of all such functions bySRR(�). Let {1, i, j, k} ⊂
H be a standard basis of H. The set of all slice-regular functions on � is

SR(�) := { f0 + f1i + f2 j + f3k, f0, . . . , f3 ∈ SRR(�)}.
The set SR∗

R
(�) ⊂ SRR(�) denotes the subset set of all nonvanishing functions and

SR+
R
(�) ⊂ SRR(�) denotes the set of all functions from SRR(�)which are strictly

positive on the real axis, provided that � ∩ R �= ∅.

123



   80 Page 6 of 25 J. Prezelj, F. Vlacci

The set SR(�) is equipped with the topology of uniform convergence on compact
sets. For a compact set K ⊂ � and f ∈ SR(�) we define | f |K := max{| f (q)|, q ∈
K }. The sets U ( f , K , ε) = {g ∈ SR(�), | f − g|K < ε} define a basis for this
topology.

Remark 2.13 Definition 2.12 immediately implies that any slice-regular function is
uniquely defined by its restriction to any slice and vice versa. Given f0, . . . , f3 ∈
O(�I ), there exists a unique extension of f0 + f1i + f2 j + f3k to �.

Let us now define the imaginary unit function

I : H \ R → S

by setting I(q) = I if q ∈ C
+
I . The function I is slice-regular and slice-preserving

because it is an extension of the function defined as f ≡ I on C
+
I and f ≡ −I on

C
−
I , but it is not an open mapping, and is not defined on any slice domain.

Definition 2.14 (The sum and the ∗-product) Given any f , g ∈ SR(�), f = f0 +
f1i + f2 j + f3k, g = g0 + g1i + g2 j + g3k, we define the sum as f + g :=
( f0 + g0)+ ( f1 + g1)i + ( f2 + g2) j + ( f3 + g3)k. The ∗-product of f and g is defined
as f ∗ g := ( f ∗ g)0 + ( f ∗ g)1i + ( f ∗ g)2 j + ( f ∗ g)3k, where

( f ∗ g)0 = f0g0 − f1g1 − f2g2 − f3g3
( f ∗ g)1 = f0g1 + f1g0 + f2g3 − f3g2
( f ∗ g)2 = f0g2 − f1g3 + f2g0 + f3g1
( f ∗ g)3 = f0g3 + f1g2 − f2g1 + f3g0

(2.1)

Notice that the definition of the ∗-product mimics the usual product in quaternions.
It is associative.

Proposition 2.15 Let � ⊆ H be an axially symmetric open set, and let f , g ∈ SR(�)

be two slice-regular functions. Then

(a) the ∗-product f ∗ g is a slice-regular function on � and ( f ∗ g)(q) is either 0 if
f (q) = 0 or else ( f ∗ g)(q) = f (q)g( f (q)−1q f (q));

(b) if f is slice-preserving, then f ∗ g = f g = g ∗ f , i.e, the ∗-product coincides
with the pointwise product;

(c) if f is slice-preserving, then g ◦ f is slice-regular;
(d) if K ⊂ � is compact and axially symmetric, then | f ∗ g|K ≤ | f |K |g|K , therefore

the ∗-product is continuous in the topology of uniform convergence on compact
sets.

Proof For claims (a) – (c) we refer the reader to [7]. For (d), observe that by (a), we
have |( f ∗ g)(q)| = | f (q)||g( f (q)−1q f (q))| and hence |( f ∗ g)(q)| ≤ | f (q)||g|q̃ .
This implies that also | f ∗ g|q̃ ≤ | f |q̃ |g|q̃ and so | f ∗ g|K ≤ | f |K |g|K for axially
symmetric compact sets. Since axially symmetric compact sets exhaust �, the ∗-
product continuity follows from this estimate. ��

123



Quaternionic Cartan Coverings and Applications Page 7 of 25    80 

Remark 2.16 Recall (see [1, 2, 8]) that for any f ∈ SR(�) the function exp∗ f :=
∑∞

n=0 f ∗n/n! is slice-regular on � and if |1 − f |� ≤ r < 1, also log∗(1 − f ) :=
−∑∞

n=1 f ∗n/n is slice-regular and exp∗(log∗(1 − f )) = 1 − f . In contrast with the
complex case, there are nonvanishing functions on balls in H without slice-regular
logarithm.

3 Properties of Slice-Regular Functions on Finite Disjoint Unions of
Basic Sets

We begin the section with this technical lemma.

Lemma 3.1 Let V ⊂ H be a closed basic set, B = V̊ its interior. Then there exists a
homotopy of slice-preserving slice-regular mappings with H(·, 1) the identity mapping
and H(·, 0) a slice-preserving retraction B → q̃ , where q ∈ R if B is a slice domain
and q /∈ R if B is a product domain.

Proof If B is a product domain, choose q = a + ib ∈ B. Then q̃ = a + bS ⊂ B
is a sphere. Denote by � the unit disc in Ci centred at 2i . By Riemann mapping

theorem there exists a biholomorphic mapping fi : B+
i → �. Set fi (z) := f +

i (z̄)
on B−

i . Then the extension of fi to ˜� is slice–regular slice–preserving and such that
f (a + I b) = 2I for each I ∈ S. Set H1(q, t) = 2I(q) + t(q − 2I(q)) on ˜�. Then
H := f −1 ◦ H1 ◦ f is the desired homotopy.

If B is a slice domain choose q ∈ B ∩R, so q̃ = {q}. Fix I ∈ S and letD be the unit
disc. Put D

+ := {z ∈ CI : |z| < 1,�(z) ≥ 0}, D
− := {z ∈ CI : |z| < 1,�(z) ≤ 0},

(∂ BI )
+ := ∂ BI ∩ C

+
I and notice that since BI = VI is a closed topological disc, also

the set B+
I is a closed topological disc.

The claim follows from the fact that there exists, by Riemann mapping theorem, a
biholomorphic mapping f I : BI → B2(0, 1), such that f I (z̄) = f I (z).

To see this, let ϕ : B+
I → D be a biholomorphism. Because ∂ B+

I is a Jordan

curve, the mapping extends to a homeomorphism ϕ : B+
I → D and hence ϕ(B0) is

a closed arc in the unit circle. Therefore ϕ(B+
I ∪ B0) can be mapped to D

+ := {z ∈
CI : |z| < 1,�(z) ≥ 0} via a Riemann mapping ψ , so that (ψ)−1(−1, 1) = ϕ(B0).
The mapping f +

I := ψ ◦ ϕ, extended to D
− := {z ∈ CI : |z| < 1,�(z) ≤ 0} by

reflection, defines the mapping f I with the required properties. The extension of f I

to B slice-preserving slice-biregular mapping f : B → B4(0, 1) ⊂ H, such that
f (q) = 0. Set H1(q, t) = tq on B4(0, 1). Then H := f −1 ◦ H1 ◦ f is a homotopy of
slice-preserving slice-regular mappings with H(·, 1) the identity mapping and H(·, 0)
a slice-preserving retraction B → {q}. ��
Proposition 3.2 Let B ⊂ H be a basic domain with B a closed basic set. Then, the
group of nonvanishing slice-regular functions (SR∗(B), ∗) is connected.

In addition, if B is a slice domain, then the group (SR∗
R
(B), ∗) has two connected

components and if B is a product domain then the group (SR∗
R
(B), ∗) has one con-

nected component.
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Proof If B is a slice domain, Lemma 3.1 shows that F = f ◦ H is a homotopy through
nonvanishing slice-regular functions between f and a nonzero constant, which is
homotopic to the constant 1 through nonzero constants.

If B is a product domain and f a nonvanishing slice-regular function, then Lemma
3.1 gives a homotopy F = f ◦H throughnonvanishing slice-regular functions between
f = F(·, 1) and F(q, 0) = f (a + I(q)b) = q0 + I(q)q1 which is nonvanishing.
If q1 = 0, we are done. If not, we can write q0 + Iq1 = (q0q−1

1 + I)q1 and by
using a homotopy between q1 and 1 in H \ {0}, we may assume that F(q, 0) is of
the form F(q, 0) = q0 + I(q). Consider a homotopy ht (q) : q �→ q0 + I(q)t . If
ht (q) �= 0, then we are done. Otherwise there exist p, t0 so that q0 + I(p)t0 = 0
and hence q0 is purely imaginary. For any ε ∈ (0,∞), the map q �→ q0 + I(q)

is homotopic to q �→ q0 + ε + I(q) through nonvanishing functions and then the
homotopy χt (q) = q0 + ε +I(q)t is nonvanishing with χ0(q) = q0 + ε �= 0. Clearly,
χ0 is homotopic to 1 through nonzero constants.

Assumenow f ∈ SR∗
R
(B). If B is a slice domain, then either f (B∩R) ⊂ (0,∞) or

f (B∩R) ⊂ (−∞, 0). Since slice-preserving functionsmap the real axis to itself, slice-
preserving functions f and gwith f (B∩R) ⊂ (0,∞) and g(B∩R) ⊂ (−∞, 0) cannot
be connected through a homotopy of nonvanishing slice-preserving functions. Since B
is a slice domain, then the above F from Lemma 3.1 connects f with F(q, 0) = f (a)

and the value f (a) is a nonzero real number. Because R\{0} has two connected
components, also (SR∗

R
(B), ∗) has two connected components.

If B is a product domain, then f is homotopic to F(q, 0) = f (a + I(q)b) =
q0 + I(q)q1 with q0, q1 real. A similar argument as in the first part of the proof
provides a homotopy between this map and constant 1. ��
Proposition 3.3 (Compare [11], VI.E, Lemma 2) Let B be a basic domain such that
B is a closed basic set and K ⊂ B a compact set. Then for any f ∈ SR∗(B) there
exist f1, f2, . . . , fn ∈ SR∗(B) such that

f = f1 ∗ f2 ∗ · · · ∗ fn in B

and | f j − 1|
˜K < 1 for j = 1, 2, . . . , n.

Proof Because SR∗(B) is a (path) connected topological group (equipped with the
topology of uniform convergence on compact sets), every neighbourhood of 1 gener-
ates the whole group. Since there exists a homotopy between f ∈ SR∗(B) and the
constant 1 and its image is compact, there exist functions f1, . . . fn from the neigh-
bourhood U := {g, |g − 1|

˜K < 1} of 1 so that f = f1 ∗ . . . ∗ fn . ��
Remark 3.4 Proposition 3.3 also holds for the interior of a finite union of disjoint
closed basic sets.

Question 3.5 We do not know whether a bounded slice-regular function f on a basic
domain � admits a (finite) factorization to slice-regular functions f j satisfying | f j −
1|� < 1. The positive answer could be of interest to prove the contractibility of the
subgroup of bounded functions in SR∗(�).
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We finish this section by proving Runge-type approximation results; see also [3]
for Theorem 3.6 and [11], VI.E, Theorem 3, for Theorem 3.8.

Theorem 3.6 (Runge Theorem for SRR and SR) Let U ⊂ � be axially symmetric
domains, K ⊂ U a compact set and f ∈ SR(U ). If for some I ∈ S the set UI is
Runge in �I and if ε > 0, then there exists f̃ ∈ SR(�) so that | f − f̃ |K < ε. If, in
addition, f ∈ SRR(U ), then we can also choose f̃ ∈ SRR(U ).

Proof Assume that f is slice-preserving. The restriction f |UI is holomorphic, then, by
classical results, it can be approximated on K I by a holomorphic function g ∈ O(�I )

as well as we wish. The function f̃ (z) := (g(z)+ g(z̄))/2 also approximates f |UI on
K I and extends to a slice-preserving function on �. Because by definition of slice-
regularity, for f ∈ SR(U ) we have f = f0 + f1i + f2 j + f3k with f0, . . . , f3
slice-preserving, the Runge theorem also holds for slice-regular functions. ��
Remark 3.7 Because inC, any holomorphic function defined on an open set containing
a finite union V of disjoint closed discs in C can be approximated uniformly on V
by entire functions and hence by holomorphic polynomials, also any slice-regular
function defined on an open neighbourhood of a finite union V of disjoint closed basic
sets can be approximated uniformly on V by slice-regular polynomials.

Theorem 3.8 (Runge theorem for SR∗) Let K be a union of finitely many disjoint
closed basic sets in H and let f ∈ SR∗(�) with � an open axially symmetric neigh-
bourhood of K . Then, for any ε > 0, there exists g ∈ SR∗(H) such that

| f − g|K < ε.

Proof ByProposition 3.3, for j = 1, . . . , n, one can define h j := log( f j ) on a suitable
neighbourhood U of K in �. By Remark 3.7 there exist slice-regular polynomials p j

such that |h j − p j |K can be made as small as desired. Following the proof in [11] we
see that the function g := g1 ∗ g2 ∗ · · · ∗ gn, where g j =: exp∗(p j ), j = 1, . . . , n,

fulfills the requirements of the theorem. ��

4 Cartan Coverings

To proceed towards Cousin problems in the framework of slice-regular functions, one
needs to define a special type of axially symmetric coverings of axially symmetric
open sets � ⊂ H; without loss of generality we will assume that � is an axially
symmetric domain. We have seen in the previous section that for good approximation
properties, the sets in question have to be finite disjoint unions of closed basic sets.

The assumptions on symmetry allow us to construct the open covering in the com-
plex plane and then extend it to quaternions by symmetrization. The construction in
the plane resembles, in part, the construction of Lebesgue; Lebesgue’s ‘bricks’ are
symmetric tiles in our setting, with additional properties for the tiles intersecting the
real axis. Moreover, to be able to proceed inductively, the elements of the covering
have to be ordered in such a way that for any n the intersection of the n-th tile with the
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union of the previous ones is a finite union of disjoint closed basic sets with piecewise
smooth boundaries.

4.1 Symmetric Exhaustions and Symmetric Coverings

A symmetric covering of a symmetric set is defined as expected.

Definition 4.1 Let D ⊂ C be a symmetric open set and let D = {Dλ}λ∈� be an open
covering of D. The covering D is a symmetric open covering of D if each Dλ ∈ D is
symmetric.

We recall the following

Definition 4.2 Given any open set D ⊂ C, the sequence {Kn}n∈N0 of compact sets is
called an exhaustion of D with compact sets if Kn � Kn+1 and ∪n∈N0 Kn = D. If the
set D and the sets {Kn}n∈N0 are symmetric, then the exhaustion is called a symmetric
exhaustion of D. If, moreover, {Kn}n∈N0 are Runge in D, the exhaustion is called a
symmetric Runge exhaustion of D.

NotationLet K ⊂ C be homeomorphic to a closed k-annulus. Then there exists a finite
family of disjoint closed topological discs D1, . . . , Dk , called holes, with interiors
disjoint from K so that the filled K , K • := K ∪ (∪k

j=1D j ) is simply connected. If
K = K1∪ . . .∪ Km is a union of disjoint compact sets K j , each one homeomorphic to
a closed k j -annulus, then the filled K is K • = K •

1 ∪ . . . ∪ K •
m . We also set ∅

• := ∅.

Proposition 4.3 Let D ⊂ C be a symmetric set and K ⊂ D a symmetric compact
set with smooth boundary, that is Runge in D. Then there exists a symmetric Runge
exhaustion of D with compact sets {Kn}n∈N0 such that ∂Kn is smooth for each n and
K0 = K if K �= ∅. If K = ∅, then we choose the set K0 ⊂ D to be either a closed
symmetric topological disc or K0 = D ∪ R(D), where D is a closed topological disc
in the upper half-plane.

Remark 4.4 Since Kn is compact with a smooth boundary, it has a finite number of
connected components. For each connected component K of Kn , there exists a k ∈ N0
so that K is homeomorphic to a closed k-annulus.

Proof Consider first the case when D ∩ R = ∅ and assume that K = ∅. Then the set
D+ := D ∩ C

+ is Stein, and by classical results, there exists a strictly subharmonic
exhaustion function m : D+ → [0,∞) with only nondegenerate critical points and
with a global minimum 0 attained at precisely one point. Since the set of regular values
is an open set, there exists a strictly increasing sequence of regular values numbers
{rn}n∈N0 . Set K +

n := m−1((−∞, rn]). Then the sets Kn := K +
n ∪ R(K +

n ) have all the
desired properties provided r0 is small enough.

If K = K0 �= ∅ is already given, then we choose r1 to be such that K0 � K1.
If D ∩ R �= ∅, then let m1 : D → [0,∞) be a strictly subharmonic exhaustion

function with only nondegenerate critical points and with a global minimum 0 attained
at precisely one point, m−1

1 (0) = (x0, 0). Then the function m : D → [0,∞) defined
by m(x, y) = m1(x, y) + m1(x,−y) is a symmetric strictly subharmonic exhaustion
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functionwithm−1(0) = (x0, 0) a globalminimum and (x0, 0) a nondegenerate critical
point. If {rn}n∈N0 is a strictly increasing sequence of regular values, then the sets
Kn := m−1([0, rn]), n ∈ N0 are Runge in D. If K = K0 is already given, then we
choose r1 to be such that K0 � K1. If K0 is not given, we choose r0 to be close enough
to 0 and then m−1([0, r0]) is a closed symmetric topological disc.

��

4.2 Axially Symmetric Coverings and Symmetric Tilings

In this section,we introduce the coverings of axially symmetric domainswe are looking
for induced by tilings.

Definition 4.5 Let � ⊂ H be an axially symmetric domain and let U = {Uλ}λ∈� be
an open covering of �. The covering U is an axially symmetric open covering if each
Uλ ∈ U is an axially symmetric open set.

A covering U of � is a basic covering if each Uλ ∈ U is a basic set.
An indexed family U ′ = {U ′

λ′ }λ′∈�′ of subsets of � is said to be subordinated to
the covering U of � if for each U ′

λ′ ∈ U ′ there exists Uλ ∈ U such that U ′
λ′ ⊂ Uλ.

If � ⊂ H is an axially symmetric domain of H, U = {Uλ}λ∈� a covering of �,
then {Uλ ∩ CI }λ∈� is a symmetric covering of �I which will be denoted by UI .
For any given indexed family V = {Vλ}λ∈� of sets we indicate their intersections
by using the following standard notation: if (λ1, . . . , λk) ∈ �k is a multiindex, then
Vλ1...λk := Vλ1 ∩ . . . ∩ Vλk .

Definition 4.6 is an adaptation of Cartan strings (see Sect. 4 in [5] or Sects. 6.7–6.9
in [4]) to axially symmetric domains in H.

Definition 4.6 (Cartan pair, Cartan string) Let A, B ⊂ H be axially symmetric com-
pact sets with slice-piecewise smooth boundaries fulfilling the separation property
(A\B) ∩ (B\A) = ∅. If B is a closed basic set and A ∩ B a finite union of dis-
joint closed basic sets then we say that the pair (A, B) is a Cartan pair or a Cartan
2-string. A sequence (A1, . . . , An) of axially symmetric compact sets with piece-
wise smooth boundaries contained in H is a Cartan n-string if (A1, . . . , An−1) and
(A1 ∩ An, . . . An−1 ∩ An) are Cartan (n − 1)-strings and (A1 ∪ . . . ∪ An−1, An) is a
Cartan pair.

Definition 4.7 (Cartan sequence) Let � be an axially symmetric domain. Let A =
{An}n∈N0 be a sequence of closed basic sets in � such that

(1) for all n ∈ N0 the sets An have slice-piecewise smooth boundary,
(2) An1n2 and An1n2n3 are closed basic sets for distinct n1, n2, n3;
(3) if Ani ∩ R �= ∅ for i ∈ {1, 2} with n1 �= n2 and An1n2 �= ∅, then An1n2 ∩ R �= ∅;

moreover, if An ∩ R �= ∅ there exists at most two indices n1 �= n2 different from
n with Ani ∩ R �= ∅, i = 1, 2, such that Ann1 �= ∅, Ann2 �= ∅; if this is the case,
then An1n2 = ∅.

(4) An1n2n3n4 = ∅ for distinct n1, n2, n3, n4;
(5) for each n ∈ N, the sequence (A0, . . . , An) is a Cartan n + 1-string.
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Then, we define such a sequence A to be a Cartan sequence in �.
Let U = {Uλ}λ∈� be an axially symmetric open covering of �, let Z ⊂ � be a

discrete set of points or spheres S = {x + I y I ∈ S} and A a Cartan sequence in �.
If each An is contained in an open set Uλ ∈ U and An1n2 ∩ Z = ∅ for n1 �= n2, then
we say thatA is a Cartan sequence subordinated to the pair (U , Z). If, in addition, the
sets in the sequence B := {Bn := Ån, n ∈ N0} form a covering of �, then we call the
sequence B a Cartan covering subordinated to (U , Z).

Notice that, being basic, a set Ån ∈ B intersects at most one connected component
of � ∩ R.

For the reader familiar with cohomology groups with values in a sheaf, let us briefly
explain the reasons for chosing coverings with the listed properties. As mentioned, the
set of real points in a domain � ⊂ H plays a different role than nonreal quaternions.
For example, we have seen in Proposition 3.2 that the group of nonvanishing slice-
preserving functions on a basic slice domain, which is the interior of a closed basic set,
has two components. In contrast, on a basic product domain, it has one component.
In particular, there is no quaternionic logarithm of −1 in the class of slice-preserving
functions on a basic slice domain [2, 8]. Condition (3) says that the covering has
order 2 when restricted to the reals and that the nonempty intersection of two sets that
intersect the real axis is connected and also intersects the real axis but all such double
intersections are disjoint; when dealingwith cocycles of slice-preserving nonvanishing
functions, this enables us to choose representatives of a cocycle in the connected
component of 1, where slice-preserving logarithm exists [2, 8]. For similar reasons
related to the existence of logarithm, we require in (2) that An1n2 , An1n2n3 for distinct
n1, n2, n3 are closed basic sets and the intersections (A1 ∪ . . . ∪ An−1) ∩ An consist
of a finite number of disjoint closed basic sets; namely on such sets one has the
possibility of finding slice-regular logarithmic functions. Because the topology of an
axially symmetric domain � is determined by the topology of �I , we require that the
covering reflects this fact: conditions (2) and (4) imply that the nerve of the covering
is planar. The requirement (5), among other things, says that besides (A0, . . . , An−1)

also (A1 ∩ An, . . . An−1 ∩ An) is a Cartan string and this allows us to work with
higher cohomology groups. Sometimes certain subclasses of slice-regular functions
intrinsically determine a discrete set Z of points and spheres, which have to be avoided,
therefore, we require that Z ∩ An1n2 = ∅.

The assumption of axial symmetry for the sets considered enables us to search for
such coverings by restricting the problem to (any) slice CI . Recall that if B ⊂ H is a
basic set, then for each I ⊂ S, the set BI is simply connected if B is a slice domain.
If B is a product domain then B ∩ R = ∅ and BI = B+

I ∪ B−
I is a union of two

disjoint simply connected open sets. In particular, the sets BI are always symmetric
in the sense of Definition 2.1.

The idea is to define a fine enough symmetric grid � in �I , � ∩ (˜Z)I = ∅, such
that the regions cut by the grid define a tiling T of the set�I , subordinated to UI ,with
the tiles being closed topological discs (or symmetric pairs of such) with piecewise
smooth boundaries satisfying Tl1l2l3 ∩ R = ∅ and Tl1l2l3l4 = ∅. The tiles, listed in the
correct order, define a sequence of compact sets {Tl}l∈N and the symmetrizations (in
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H) of their suitable open tubular neighbourhoods with piecewise smooth boundaries
give the desired Cartan covering subordinated to U .

Remark 4.8 The requirement that the grid misses the discrete set (˜Z)I of points and
spheres is easy to achieve by locally perturbing the grid. Small enough symmetric
perturbations do not destroy other properties. Therefore, it suffices to construct a grid
such that the tiles fulfill all other requirements, i.e. from now on Z = ∅.

Let us first define precisely what a symmetric tiling of a symmetric set in CI is.

Definition 4.9 (Tiling) Let K ⊂ C be a compact symmetric set with a piecewise
smooth boundary and U a symmetric open covering of K . A symmetric tiling T of K
subordinated to U is a finite sequence T = (T0, T1, . . . , Tm) of symmetric closed sets
with piecewise smooth boundaries and disjoint interiors such that for each Tl there
exists U ∈ U and Tl ⊂ U and the following holds:

(i)
m
⋃

l=0
Tl = K ;

(ii) each Tl and is either a closed topological disc (if it intersects R) or Tl =
D ∪ R(D) with D ⊂ C

+ a closed topological disc (if Tl does not intersect
R); moreover, it intersects the union of the previous tiles only in boundary
points, i.e. for each l = 1, . . . , m, then we have Tl ∩ (T0 ∪ . . . ∪ Tl−1) =
∂Tl ∩ ∂(T0 ∪ . . . ∪ Tl−1) and this set is either empty or a finite union of disjoint
piecewise smooth closed arcs; the set Tl1l2 , l1 �= l2, if not empty, is either a
symmetric closed arc or Tl1l2 = γ1 ∪ R(γ1) with the arc γ1 ⊂ C

+,
(iii) for 0 ≤ l1 < l2 < l3 ≤ m each set of the form Tl1l2l3 or Tl1l2 ∩∂K , if not empty,

consists of a pair of symmetric nonreal points which are called the vertices of
the tiling and Tl1l2l3l4 = ∅ for 0 ≤ l1 < l2 < l3 < l4 ≤ m;

(iv) if Tl ∩ R �= ∅, then ∂Tl ∩ R consists of two points; moreover, there exists
at most two tiles Tl1 , Tl2 which intersect the real axis and also Tl ; in this case
Tl1l2 = ∅.

If D ⊂ C is a symmetric open set and U a symmetric open covering of D, then a
symmetric tiling T of D subordinated to U is an infinite sequence T = (T0, T1, . . .)
such that for each m, the sequence T m := (T0, . . . , Tm) is a symmetric tiling of the
compact symmetric set T0∪ . . .∪Tm , subordinated to U , and fulfills also the condition
⋃∞

l=0 Tl = D.

If K ⊂ C
+
I then the tiling T + of K is defined in the same manner as the symmetric

set’s tiling but with the requirement for the symmetry dropped (and analogously for
D ⊂ C

+
I ).

Given δ > 0, a tiling is a δ-tiling, if the diameters of the connected components of
the tiles are less than δ.

Remark 4.10 The tiles which intersect the real axis form a ‘chain’ of closed topological
discs which covers the set D ∩ R. Their intersections with the real axis are bounded
closed intervals.

Remark 4.11 If K ⊂ C
+
I , and we have a tiling T + = (T0, . . . , Tm) of K fulfilling

all the conditions except the requirement that the tiles are symmetric, then T :=
(T0 ∪ R(T0), . . . , Tm ∪ R(Tm)) is a symmetric tiling of K ∪ R(K ).
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In general, the union of tilings of two sets with disjoint interiors is not a tiling of
the union of these sets.

Definition 4.12 Let A, B be two compact sets and TA = (TA,0, . . . , TA, j ), TB =
(TB,0, . . . , TB,k) their tilings, then

TA ∪−→TB := (TA,0, . . . , TA, j , TB,0, . . . , TB,k).

If this is tiling of A ∪ B then we say that we have extended the tiling from the set A
to the set A ∪ B and that the tiling TA ∪−→TB is an extension of the tiling TA with the
tiling TB .

Proposition 4.13 represents a part of Theorem 1.1.

Proposition 4.13 Let � ⊂ H be an axially symmetric domain, together with U =
{Un}n∈N, a locally finite axially symmetric covering of � and T , a symmetric tiling of
�I subordinated to UI for some I ∈ S. Then T generates a Cartan covering B of �

subordinated to U .

Proof For each l ∈ N0, let Dl � �I be an axially symmetric tubular neighbourhood
of Tl such that

(1) if Tl ⊂ U j,I then Tl ⊂ Dl ⊂ Dl ⊂ U j,I ,

(2) if nonempty, the intersection Dl ∩ R is connected and ∂ Dl ∩ R consists of two
points; moreover, there exists at most two sets Dl1, Dl2 which intersect the real
axis and Dl and Dl1l2 = ∅;

(3) for 0 ≤ l1 < l2 < l3 ≤ l each set of the form Dl1l2l3 or Dl1l2 , if not empty, is
either a symmetric topological disc, if it intersects the real axis, or, if it does not,
it is equal to U ∪ R(U ), where U is a topological disc contained in the upper
half-plane. Moreover, Dl1l2l3l4 = ∅ for 0 ≤ l1 < l2 < l3 < l4 ≤ l;

(4) the intersections Dl ∩ (D0 ∪ . . . ∪ Dl−1) are tubular neighbourhoods of the arcs
Tl ∩(T0∪. . .∪Tl−1) i.e. finite unions of open topological discs, such that also their
closures are disjoint and the sets Dl and (D0 ∪ . . . ∪ Dl−1) enjoy the separation
property (Definition 4.6).

As depicted in Fig. 1, the neighbourhoods are obtained by enlarging the tiles’s
interiors. The separation property means that their closures share a piece of boundary.
This property is insured if the tiles are in the same geometric position as the left
and the right tile in Fig. 1. If we place a tile on top of them, we have to enlarge the
neighbourhood near the boundary the top tile shares with the lower ones to achieve
the separation property (black dashed line in Fig. 1).

These properties ensure that if Tl is a closed topological disc with a piecewise
smooth boundary, then Dl is an open disc, and if Tl is a union of two closed disjoint
topological discs, then the set Dl is a union of two open disjoint topological discs.
Without loss of generality we assume that the closures of these two discs are also
disjoint (else we shrink them a little). Denote by Bl := D̃l the axial symmetrization
of Bl . Then B := {Bl}l∈N0 is a Cartan covering of �. ��
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Fig. 1 Tiles (left) and tiles with neighbourhoods (right)

Fig. 2 (a) Symmetric tilings of the square and (b) the annulus A(0; 1, 3) with c0 = 1, c1 = 2 and c2 = 3

From now, on we restrict our considerations to constructing the symmetric tilings
of �I .

Example 4.14 As the first model example, we present a tiling of the square [−1, 1] ×
[−1, 1] ⊂ R

2 ∼= CI which also serves as a model case. The tiling is obtained from a
symmetric grid which consists of horizontal and vertical lines chosen in the manner
presented in Fig. 2a. By choosing a finer division in the coordinate directions, the
resulting tiles can be as fine as we wish. In addition, if a finite number of points is
given on the boundary of the square, we can choose the horizontal and vertical lines so
that the intersection points of the boundary of the square and vertical and horizontal
segments do not contain any of the given points. The tiles are listed in such an order,
that the tiles on the real axis come first and then the tiles which consist of pairs of
symmetric regions are added so that the distance from the real axis is increasing.
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Fig. 3 (a) Pair of squares and (b) tiling of the model square Q = [−1, 1] × [1, 3]

Example 4.15 As another example, consider the closed annulus A(0; 1, 3) (Fig. 2b). In
a slice CI , the grid can be defined by using polar coordinates. Given an axially sym-
metric open covering U , the intersection with CI defines a symmetric open covering
of CI .

To tile the closed annulus A(0; 1, 3), divide [1, 3] to 1 = c0 < c1 < · · · < cm = 3
and [0, π ] to 0 < ϕ0 < ϕ1 < · · · < ϕ2k+1 < π. Cut the annuli A(0, c2i , c2i+1)

with rays ϕ = ±ϕ2 j and the annuli A(0; c2i+1, c2i+2) with rays ϕ = ±ϕ2 j+1. If both
partitions are fine enough, then the grid defined by the circles r = ci and by the rays
ϕ = ±ϕ2 j is such that each tile defined by this grid is contained in a member of the
covering. The same holds for the grid defined by the circles r = ci and by the rays
ϕ = ±ϕ2 j+1.

The tiles have to be listed in the correct order in the sense that for each i, all tiles
in A(0, ci , ci+1) are listed before those in A(0, ci+1, ci+2). It is obvious that in this
manner, a newly added tile intersects the previously added tiles in a union of smooth
arcs.

Example 4.16 As the third model example (Fig. 3), we present a tiling of the union of
squares [−1, 1] × [−3,−1] ∪ [−1, 1] × [1, 3].

By Remark 4.11, it suffices to construct a nonsymmetric tiling of [−1, 1] × [1, 3]
and then extend it to [−1, 1] × [−3,−1] by reflection. The tiling is obtained from a
grid which consists of horizontal and vertical lines chosen in the manner presented
on Fig. 3. The resulting tiles can be as fine as we wish by choosing a finer division in
the coordinate directions. As in the previous model example, the tiles with a smaller
distance from the real axis are listed first.

Notice that the tiling of a square in Example 4.14 can be obtained by tiling the upper
rectangle [0, 1] × [−1, 1] following the scheme in this example and then symmetrize
the tiles.
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4.3 Symmetric Tilings for the General Case

Themain result of this section,Theorem4.17,whose proofwill be given after providing
some extra tools, is a key ingredient for the proof of Theorem 1.1.

Theorem 4.17 Let � be an axially symmetric domain and UI = {UI ,n}n∈N
a symmetric locally finite open covering of �I . Then, there exists a symmetric tiling
T of �I subordinated to UI .

Proof of Theorem 1.1 Theorem 1.1 follows directly from Theorem 4.17 and Proposi-
tion 4.13. It is obvious from the construction in the proof of Proposition 4.13 that a
sequence {εn > 0}n∈N0 exists so that the family Bt defined in Theorem 1.1 has all the
desired properties. ��
Remark 4.18 In complex analysis, a covering of this sort appears when considering a
Morse function. An extensive explanation of this approach can be found in [4, Sect.
3.9]. In particular, in one complex variable, one could use the regular level sets and
flows of the gradient vector field of the Morse exhaustion function of a domain (and
its small perturbations) to obtain a sufficiently fine grid in the domain.

Also, in several variables, the approach relies upon the Morse function, but the
construction is different and uses to the so-called “bump method” introduced by
Henkin–Leiterer in [12].

In general, for an axially symmetric slice domain � ⊂ H a symmetric Morse
function �I → R may not exist, since in the construction of a Morse function of a
set, one has to use Sard’s theorem. Even if it existed, controlling the number of sets
intersecting for the covering restricted to the real axis is difficult.

Another possibility would be to approximate m by a Morse function and construct
the covering by reflecting its level sets and integral curves of the gradient vector field
in the upper closed leaf. Unfortunately, if there were a degenerate critical point on
the real axis, a regular level set of the approximated function might intersect the real
axis many times. Hence, the reflection of the sublevelset creates a hole that cannot be
covered without creating a non-simply connected intersection.

Before going to the proof we will define some useful notions. The following defi-
nition explains how we join the given family of smooth discs in a necklace.

Definition 4.19 (D-necklace) Let D be a closed topological disc with a piecewise
smooth boundary and let D := {Di ⊂ D, i = 1, . . . , k} be a family of closed disjoint
discs in D̊ with smooth boundaries. Let li : [0, 1] → D, i = 1, . . . , k be smooth
disjoint arcs so that

• ∪k1
i=1li ((0, 1)) ∩ Di = ∅ for all i,

• l1(0) ∈ ∂ D, l1(1) ∈ ∂ D1 and li (0) ∈ ∂ Di−1, li (1) ∈ ∂ Di , i = 2, . . . , k,

• the intersections of the arcs with the boundaries of the discs are perpendicular.

Then the sequence {l1, D1, l2, D2, . . . , lk, Dk} is called a D-necklace. If the discs are
all contained in C

+, then we require that also the arcs are in C
+. If D and the discs

Di are symmetric and the arcs li are segments on the real axis, the necklace is called a
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symmetric D-necklace. If, in addition, a segment lk+1 on the real axis joining ∂ Dk and
∂ D is added, then {l1, D1, l2, D2, . . . , lk, Dk, lk+1} is called a complete D-necklace.
A complete necklace is trivial if D is empty and the arc is l := id|D∩R.

With the next definition, we explain how to define a tiling in a neighbourhood of a
necklace.

Definition 4.20 A δ-tiling of a (symmetric) D-necklace {l1, D1, l2, D2, . . . , lk, Dk} in
a closed topological disc D is defined to be any tiling T = (T0, . . . , Tn) of T :=
T0 ∪ . . . ∪ Tn ⊂ D so that for any j the connected components of Tj have diameter
at most δ, the sets l∗j , ∂ D j ⊂ T and for any tile Tl we have Tl ∩ ∂ D j = Tl ∩ D j [i.e.
the tiles are attached to ∂ D j from the outside (see Fig. 4)]. Moreover, we require that
none of the sets ∂ D j is contained in the union of only two tiles.

In the sequel, wewill construct a specific tiling of a necklace {l1, D1}, where tiles are
listed in the precise order, following the order of arcs and discs given by the necklace
and their orientations. Recall that if the necklace is symmetric (i.e. D and D1 are both
symmetric), the arc is a segment on the real axis. If D1 is in the upper half-plane, also
the arc is in the upper half-plane.

Let λ1 : [0, 1] → ∂ D1 be a parametrization of positively oriented ∂ D1 and let
n : ∂ D → C

∗ be its unitary outer normal. Choose 0 = t0 < t1 < . . . < t j = 1 for
some j ≥ 3 so that λ1(ti ) �= l1(1), diam λ1([ti , ti+1]) < δ/4 and diam l1([ti , ti+1]) <

δ/4 for i = 0, . . . j − 1. Moreover, if ∂ D1 is symmetric, we choose ti so that the
points di = λ1(ti ) are symmetric and nonreal. Let r > 0 and φl1 , φλ1 be given by
Lemma 2.3 and assume that δ < r so that Lemma 2.3 applies and, moreover, that
diam(φλ1(λ1([ti , ti+1]) × [0, δ/4])) < δ and diam(φl1(l1([ti , ti+1]) × [0, δ/4])) < δ

for i = 0, . . . j − 1.
Tiles attached to ∂ D1. Define the sets by Si := φλ1(λ1([ti , ti+1]) × [0, δ/4]),

i = 0, . . . j − 1. Without loss of generality, we my assume that S0 is the only one of
the sets Si which intersects the arc l1. Set Tλ1 := (T0 := S0, . . . , Tj := S j ).

In the case of a symmetric necklace, we define the tile T0 in the same manner, and
the rest of the tiles are unions of pairs of symmetric sets Si following the orientation
of the part of the circle in the upper half-plane, as in Fig. 2b.

Tiles covering l1. Choose δ1 < δ/4 and set T ′′
i := φl1(l1([ti , ti+1]) × [0, δ1])

for i = 0, . . . j − 1. Let δ1 be so small, that the tiles T ′′
i do not intersect the tiles

T1, . . . , Tj . Define T ′
i := T ′′

i \T0, discard the empty tiles and list the remaining tiles
in the tiling Tl1 := (T ′

0, . . . , T ′
j ′) following the orientation of the arc l1. By choosing

δ1 small enough, we achieve that the tiles T ′
k , k = 0, . . . , j ′ do not contain points

φλ1(λ1(ti ) × {δ/4}) for i = 0, 1, and so Tl1 ∪−→Tλ1 is a δ-tiling of the union of all of its
tiles. Any such a tiling is called an ordered δ-tiling of the D-necklace. If the necklace
is symmetric, then the constructed tiling is also symmetric and called a symmetric
ordered δ-tiling of the D-necklace.

The construction of the tiling of a necklace {l1, D1, . . . , lk, Dk} or a D-complete
necklace is analogous, taking into account the ordering of the necklace. If all the discs
are in the upper half-plane, so can be the necklaces and the tilings.
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Fig. 4 Symmetric D- and B-necklaces and their tilings

Remark 4.21 If, in addition, a finite set of points on ∂ D ∪ (∪D j ∈D∂ D j ) is given, the
tiling can be chosen in such a way that the vertices of the tiling avoid the given points.

Remark 4.22 If we have two families of disjoint discs D and B in D, it is straightfor-
ward that we can construct disjoint D- and B-necklaces with disjoint tilings.

An example of such a (symmetric) tiling with two families is presented in Fig. 4,
D = {D1}, B = {B1, B2}, where D1 is a white disc and B1, B2 are black disks.

Remark 4.23 It follows from the construction above that given an arbitrary open cov-
ering U = {Uλ}λ∈� of a smooth closed disc D ⊂ C, one can choose δ > 0 so that the
constructed ordered δ-tiling of any necklace in D is subordinated to U . If, in addition,
D, the open covering U and the necklace are all symmetric, the ordered δ-tiling of D
can be constructed symmetric.

Proposition 4.24 Let D be a closed disc with a piecewise smooth boundary, D =
{Di ⊂ D, i = 1, . . . , k1} and B = {B j ⊂ D, j = 1, . . . k2} families of smooth
disjoint closed discs, which can be also empty, i.e. k1 = 0 or k2 = 0. Set � :=
D\int(D1 ∪ . . . ∪ Dk1 ∪ B1 ∪ . . . ∪ Bk2) and let V ⊂ ∂� be a discrete set of points
containing all nonsmooth points of ∂ D.

Let δ > 0 be given. Then there exists a δ-tiling T� of �, so that the vertices of the
tiling are disjoint from V . More precisely,

T� = TB ∪−→T ∪−→TD,

where TB is a δ-tiling of the B-necklace, TD is a δ-tiling of the D-necklace and T is
a tiling of the closure of the set � with tiles from TB and TD removed.

Proof Let TB be an ordered δ-tiling of the B-necklace, TD an ordered δ-tiling of the
D-necklace with the vertices of both tilings disjoint from V . Define TB := ∪T ∈TB T ,

TD := ∪T ∈TD T , and let K := �\(TB ∪ TD). The set K needs to be tiled.
Assume that k1, k2 > 0. The set K is a topological disc with a piecewise smooth

boundary and can be mapped by a map, smooth up to the boundary (except at finitely
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many points, where it is only continuous, compare Theorem 3.9 in [13]) to the model
square Q = [−1, 1] × [1, 3] of Example 4.16, Fig. 3b, in such a way that ∂K ∩ TB is
mapped to [−1, 1] × {1} and ∂K ∩ TD is mapped to [−1, 1] × {3}. As δ-tiling T of
K consider the one induced by a fine enough tiling of the model square Q. We may
assume that the images of vertices of TB and TD and the images of set V are not the
endpoints of horizontal and vertical segments of the grid of Q. Then TB ∪−→T ∪−→TD is
the desired tiling of �.

If k1 = 0 (or k2 = 0), we apply the same argument without the requirements that
the ∂K ∩ TB (or ∂K ∩ TD) is mapped to the edge [−1, 1] × {1} (or [−1, 1] × {3}).

��

4.4 Proof of Theorem 4.17

Since the problem for axially symmetric domains which are not slice domains will be
covered as a subproblem for slice domains, we assume that �I is a slice domain.

We proceed in two steps: by Proposition 4.3, we first exhaust �I by symmetric
compact sets {Kn}n∈N0 with smooth boundaries and then proceed by induction. Once
the tiling Tn of Kn is defined, we extend it to the tiling of Kn+1 by tiling the set
Kn+1\K̊n in the following manner: we first extend the tiling of Kn with a tiling of
Kn+1\ ˚(K •

n ) (extension outwards), and then we extend the new tiling with a tiling of
the set K •

n ∩ Kn+1 (extension inwards).
The initial tile is T0 = K0; recall that K0 ∩R �= ∅. For the induction step, let Tn be

the symmetric tiling of Kn which is already defined. Observe that because the covering
is locally finite, there exists δn+1 > 0 such that for each z ∈ Kn+1 the disc B(z, δn+1)

is contained in all of the open sets of the coveringUI that intersect B(z, δn+1). Fix such
a δn+1. To satisfy the condition that the tiling is subordinated to the given covering, it
suffices to construct tiles such that their connected components have a diameter less
than δn+1.

Denote the union of connected components of Kn, which intersect the real axis by
K ′

n, and the union of those which do not by K ′′
n . Hence Kn = K ′

n ∪ K ′′
n , similarly

Kn+1 = K ′
n+1 ∪ K ′′

n+1; analogously, for the filled components of Kn, we set K •
n =

K ′•
n ∪ K ′′•

n , where K ′•
n (resp. K ′′•

n ) denote the union of filled components of Kn that
intersect (resp. do not intersect the real axis). Notice that (K ′

n)
• = (K •

n )′, (K ′′
n )• =

(K •
n )′′.
Let Kn+1,ν be a connected component of Kn+1. Put K−1 := Kn ∩ Kn+1,ν . We

extend the tiling to the set Kn+1,ν in two steps. First we extend the tiling to Kn+1,ν \
˚(K •−1) (outwards) and then to K •−1 ∩ Kn+1,ν . (inwards).
We also distinguish two cases: (1) if the set Kn+1,ν is in the upper half-plane, we

extend the tiling from Kn to Kn+1,ν and then extend it to Kn+1,ν ∪ R(Kn+1,ν) by
reflection over the real axis; (2) if Kn+1,ν intersects the real axis, it is symmetric and
hence we have to extend the symmetric tiling of Kn to a symmetric tiling Kn+1,ν .

Case 1: Kn+1,ν ⊂ K ′′
n+1. Then either Kn+1,ν ⊂ C

+
I or Kn+1,ν ⊂ C

−
I and without loss

of generality we assume that Kn+1,ν ⊂ C
+
I . By Remark 4.11 it suffices to define the

tiling of Kn+1,ν and then extend it to Kn+1,ν ∪ R(Kn+1,ν) by reflection.
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Consider the set Kn+1,ν ∪ K •−1. It is a topological closed disc with finitely many
holes D1, . . . Dk1 and contains (at most) finitely many closed discs B1, . . . Bk2 , which
are all the connected components of K •−1. Put K := K •

n+1,ν, D = {D1, . . . Dk1},
B = {B1, . . . Bk2}.

(i) Extending the tiling outwards. Proposition 4.24 with D := K and families B,D
of closed discs yields the desired tiling so that the vertices of the new grid that are on
the set K−1 are different from the ones on ∂K−1 induced by the tiling of Kn .

(ii) For the extension of the tiling inwards it suffices to explain the construction for
one of the discs B ∈ B, since they are disjoint.

If B is a connected component of Kn, it is already tiled, and there is nothing to do.
Hence, assume that B is not a connected component of Kn and therefore B ∩ Kn has
at least one hole. Because Kn is Runge in Kn+1, the intersection B ∩ Kn also has at
least one smaller hole in each hole of B ∩ Kn . Let D′

1, . . . , D′
k1
be the holes of Kn+1,ν

contained in B. Take a small disc B(p, r) � D′
1 and reflect the set B ∩ Kn across the

circle ∂ B(p, r). The reflection transforms the problem of extending inwards to the
problem of extending outwards, and by (i), we can extend the tiling.
Case 2: Kn+1,ν ⊂ K ′

n+1.Also, in this case,we proceed similarly. First, wefill outwards
and then inwards.

Consider the set Kn+1,ν∪K •−1. It is a symmetric closed discwith finitelymany holes
D1, . . . Dk1 and contains (at most) finitely many closed symmetric discs B1, . . . Bk2
which are connected components of K •−1. Recall that on ∂ B j there are vertices of the
tiling of Kn to be avoided.

(i) Extending the tiling outwards. Form a complete (symmetric) necklace of all Di

and B j that contain real points and let the symmetric δn+1- tiling of the necklace be
given by Remark 4.23 with vertices disjoint from vertices on tilings contained in the
discs B j . In the case of a trivial necklace, tile the line segment. Define the set V as
the set of the vertices of this tiling of the necklace. Remove the union of the tiles from
the set Kn+1,ν\ ˚(K •−1) and define D to be the connected component of the new set in
the upper half-plane. So D is a closed disc with a piecewise smooth boundary which
contains all the remaining discs B j and has all the remaining holes Di . As before, we
collect them in the families B andD. Proposition 4.24 for D and the set of vertices V
yields the desired tiling.

(ii) It remains to extend the tiling inwards, i.e. to tile the closure of the set (K •−1 ∩
Kn+1,ν)\Kn .Choose a connected component B of K •−1. If B is a connected component
of Kn, it is already tiled, and there is nothing to do. Hence, assume that B is not a
connected component of Kn .

If B is in the upper (or lower) half-plane, then Case 1 applies.
Assume that B intersects the real axis. As before, Kn ∩ B equals B with finitely

many holes, and each of them contains a hole of Kn+1,ν (see Fig. 5a). Since the holes
of Kn ∩ B are disjoint, each one can be filled separately, so we may assume that there
is either a pair of symmetric holes (Fig. 5b on the right) and then Case 1 applies or
there is only one (Fig. 5b, the light grey disc with centre at the origin) and intersects
the real axis. Assume the latter and denote the hole by D′. We aim to extend the tiling
to the set D′ ∩ Kn+1,ν .
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Fig. 5 (a) the set B ∩ Kn+1,ν , (b) the set Kn ∩ B (grey), already tiled, with a hole D (light grey centred at
the origin) that intersects the real axis and with a pair of symmetric holes (light grey), filled components of
Kn (dark grey), domain to be tiled (light grey) and holes of Kn+1 (white), (c) the symmetric tiling of the
complete symmetric necklace

The set (D′ ∩ Kn+1,ν)∪(Kn ∩ D′)• equals D′ with holes D1, . . . , Dk1 and contains
filled components B1, . . . , Bk2 of Kn ∩ D′. It may happen, that k2 = 0, but since D′
is a hole of Kn, k1 is necessarily strictly positive. If D j for some j ∈ {1, . . . , k1} is a
hole on the real axis, then by reflection across small circle S(a, r) ⊂ D j , centred at
the real axis, we transform the case to the first part of Case 2 (filling outwards).

If there is no hole on the real axis, then we form a complete symmetric (possibly
trivial) necklace with the filled components of Kn contained in D′, which intersect
the real axis (Fig. 5c) and extend the already constructed tiling with the tiling of the
necklace. Remove the union of tiles of this tiling of the necklaces from the set D′,
denote the closure of the connected component in the upper half-plane by K ′ and by
V the set of vertices of the tiling in ∂K ′. Then it suffices to extend the tiling to K ′ and
reflect it over the real axis to obtain the tiling of D′ ∩ Kn+1,ν .

Recall that the outer boundary of K ′ is already contained in the tiling. Since there
is at least one hole in K ′, the associated family of holes, D, is not empty, hence we
can extend the existing tiling with the one provided by Proposition 4.24 for the set
D := K ′, the family D (and the family B of filled connected components of Kn , if
it exists). Observe that in this manner, we do get the extension of the tiling because
the last tiles are added around the holes; therefore, it does not happen that the last tile
intersects the union of the previously added tiles in a closed curve.

Notice that since D′ itself may contain the filled components of Kn ∩ D′,which are
not connected components of Kn , we have to proceed inductively to extend the tiling
to (Kn ∩ D′)• ∩ Kn+1,ν . Since there are only finitely many of them, the process stops
and defines a (finite) tiling of the compact set Kn+1. This completes the induction
step. ��

5 Application to antisymmetric homology groups of symmetric
planar domains

As for the holomorphic case, one has to take into account that the slice-preserving
quaternionic exponential exp has some periodicity, but this periodicity only applies
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when the function exp is restricted to a sliceCI and cannot be extended automatically;
to bemore precise, the function f (z) = exp(z+2π i) is periodic inCi but it is no longer
slice-preserving (it is only Ci preserving), hence the periodicity of the (extension) of
the function f to H is not preserved. On the other hand the function exp(z) is 2πI-
periodic in H\R.

To give a consistent definition of fundamental domains of exp and its restrictions
expI on each slice CI , it is convenient to extend the lattice iZ in Ci and consider the
(image of) IZ in H as its generalization. Observe that, if z ∈ H\R, then

I(z) = −I(z). (5.2)

To investigate the periods of quaternionic exponential function in looking for solu-
tions to the multiplicative quaternionic Cousin problems, we first restrict the problem
to slices. The property (5.2) instructs us to consider antisymmetric functions on sym-
metric domains in C. Namely, the periods of the function exp(z) are of the form 2πnI
onH\R and when restricted to a sliceCI we have values 2πnI on the upper half-plane
and values −2πnI on the lower half-plane.

In a more general setting, these problems can be formulated in terms of the van-
ishing of properly defined cohomology groups, which the authors will present in a
forthcoming paper. In particular, we formulate an extension of Theorem 5.2 in the
quaternionic setting with the help of the function I.

Definition 5.1 (Antisymmetric complexes and cohomology groups) Let D ⊂ C be
an open symmetric set and U = {Uλ}λ∈� an open symmetric covering of D. An
antisymmetric m-cochain of U is any collection {( fL , UL), fL : UL → Z}L∈�m with
fL continuous, constant in U+

L and satisfying the antisymmetric property:

fL(z) = − fL(z̄).

Antisymmetric cochain complexes and coboundary operators are defined as usual
and corresponding cohomology groups denoted by Hn

a (U , Z). The open symmetric
coverings of D form a directed set under refinement; therefore, we define Hn

a (D, Z)

to be a direct limit over symmetric open coverings of D.

Notice that the definition of the antisymmetric m-cochain implies that fL = 0
whenever UL ∩ R �= ∅.

Theorem 5.2 (Vanishing of antisymmetric cohomology groups) Let D ⊂ C be a
symmetric open set. Then

Hn
a (D, Z) = 0 for all n ≥ 2.

Proof Take n = 2. Without loss of generality we may assume, by Theorem 1.1, that
there exists a Cartan coveringU of ˜D ⊂ H,which defines an open symmetric covering
UI when restricted to CI ∼= C and that the antisymmetric cocycle Ccoc is given by

Ccoc = {( fklm, Uklm,I ), fklm : Uklm,I → Z}k,l,m∈N0 .
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We would like to show that Ccoc is a coboundary, i.e. there exists an antisymmetric
cochain C = {( fkl , Ukl,I ), fkl : Ukl,I → Z}k,l∈N0 which is mapped to Ccoc by the
coboundary operator.

By definition, if Uklm,I consists of two symmetric components, Uklm,I = U+
klm,I ∪

U−
klm,I , then fklm equals nklm on U+

klm,I and −nklm on U−
klm,I . If it has only one

connected component, then it intersects the real axis and so nklm = 0.
Define a new covering V = {Vκ}κ∈N0 , where the open sets are the connected

components of the sets Uk,I , i.e. the sets U 0
k,I := Uk,I if connected and the sets U+

k,I

and U−
k,I otherwise.

We define the cocycle CI := {(νκλμ, Vκλμ)}κ,λ,μ∈N0 in D for the standard integer-
valued cohomology groups in the following manner. If Vκ is a connected component
of Uk,I , Vλ a connected component of Ul,I , Vμ a connected component of Um,I , then
we set

νκλμ :=
⎧

⎨

⎩

nklm, if Vκλμ ⊂ C
+
I ,

−nklm, if Vκλμ ⊂ C
−
I ,

0, if Vκλμ ∩ R �= ∅,

because if Vκλμ ∩ R �= ∅, we have that nklm = 0.
Sincewe know that the standard cohomology group H2(D, Z) is trivial, the cocycle

CI is a coboundary, hence there exists a cochain C1 := {(νκλ, Vκλ)}κ,λ∈N so that
νκλμ = νκλ + νλμ + νμκ in Vκλμ.

We are looking for a cochain with the following antisymmetric properties; if Vκ =
U+

k,I , Vλ = U+
l,I and Vκ1 = U−

k,I , Vλ1 = U−
l,I , we would also like have νκλ = −νκ1λ1 ,

which is not generally the case. Using the notation above, we define a new cochain
by setting μκλ := −νκ1λ1 and μκ1λ1 := −νκλ. In the case Vκ = U 0

k,I Vλ = U+
l,I ,

Vλ1 = U−
l,I we take κ1 = κ and use the same formula to define μκλ as above. In the

case Vκ = U 0
k,I , Vλ = U 0

l,I ,we defineμκλ := −νκλ. Set Nκλ = (νκλ+μκλ)/2. Then,
by construction, Nκλ = −Nκ1λ1 . In particular, if Vκλ ∩ R �= ∅, we get Nκλ = 0.

Since the covering is symmetric, the cochain C2 := {(μκλ, Vκλ), κ, λ ∈ N} is
mapped to the cocycle CI and hence also cochain C3 := {(Nκλ, Vκλ), κ, λ ∈ N} is
mapped to CI by the coboundary operator.

To define the antisymmetric cochain C = {( fkl , Ukl,I ), k, l ∈ N} we proceed as
follows. Let Vκ ⊂ Uk,I , Vλ ⊂ Ul,I . If Ukl,I ∩ R �= ∅, then it equals Vκλ; we set
nkl = Nκλ(= 0). If Ukl,I ∩ R = ∅, then Ukl,I = U+

kl,I ∪ U−
kl,I . If U+

kl,I = Vκλ

then define fkl := Nκλ on U+
kl,I and fkl := −Nκλ on U−

kl,I . If U−
kl,I = Vκλ then

define fkl := Nκλ on U−
kl,I and fkl := −Nκλ on U+

kl,I . This implies that C is indeed
an antisymmetric cocycle that is mapped to Ccoc by the coboundary operator thus
making Ccoc a coboundary.

If n ≥ 3, the groups Hn
a (D, Z) are trivial because there exist arbitrarily fine Cartan

coverings and they have order at most 3, which means that no four distinct sets of such
a covering intersect. ��
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