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Let SGLnpF2q be the set of all invertible n ˆ n symmetric 
matrices over the binary field F2. Let Γn be the graph with 
the vertex set SGLnpF2q where a pair of matrices tA,Bu form 
an edge if and only if rankpA ´ Bq “ 1. In particular, Γ3 is 
the well-known Coxeter graph. The distance function dpA,Bq

in Γn is described for all matrices A,B P SGLnpF2q. The 
diameter of Γn is computed. For odd n ě 3, it is shown that 
each matrix A P SGLnpF2q such that dpA, Iq “

n`5
2 and 

rankpA ´ Iq “
n`1

2 where I is the identity matrix induces 
a self-dual code in Fn`1

2 . Conversely, each self-dual code C
induces a family FC of such matrices A. The families given 
by distinct self-dual codes are disjoint. The identfication 
C Ø FC provides a graph theoretical description of self-dual 
codes. A result of Janusz (2007) is reproved and strengthened 
by showing that the orthogonal group OnpF2q acts transitively 
on the set of all self-dual codes in Fn`1

2 .
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1. Introduction

Vector spaces formed by matrices/bilinear forms over a (finite) field, equipped with 
the metric pA,Bq ÞÑ rankpA ´ Bq, are studied in multiple research areas. In algebraic 
combinatorics, they are investigated within association schemes and distance-regular 
graphs [2,4,22,37]. In coding theory, they appear in the context of rank-metric codes [9, 
11,13,36,38,41,42]. In matrix theory, they are explored in preserver problems [10,17, 
20,40,44]. This research field mixes also with the study of graph homomorphisms and 
cores [28,31,33]. Often, the full set of matrices is replaced by a subset of hermitian, 
alternate, or symmetric matrices [7,14,16,18,19,28,31]. If we consider the graph Γ with the 
vertex set formed by all rectangular nˆm matrices with coefficients from a finite field Fq

where a pair tA,Bu of matrices form an edge if and only if rankpA´Bq “ 1, then it is well 
known and easy to see that the distance in this graph equals dΓpA,Bq “ rankpA ´ Bq

for all matrices A,B (cf. [44, Proposition 3.5]). Similar claims are true for analogous 
graphs formed by hermitian, alternate, or symmetric matrices (cf. [44]). In all these 
cases, the simplicity of providing a distance formula for dΓpA,Bq lies in the fact that the 
vertex sets are vector spaces. The distance function as well as many other properties of 
the corresponding subgraphs, which are induced by invertible matrices, are much more 
difficult to investigate because the vertex sets are not closed under the addition. The only 
properties/results about these subgraphs we are aware of are contained in the papers 
[29,30,32] and in the survey [33, Examples 3.11-3.18].

In this paper, we focus on graph Γn where the vertex set is SGLnpF2q, i.e. the set 
of all n ˆ n invertible binary symmetric matrices, and where tA,Bu is an edge if and 
only if rankpA ´ Bq “ 1. There are multiple reasons to focus on graph Γn. As observed 
by the first author in [32], it generalizes the well-known Coxeter graph [8], which is 
obtained if n “ 3 (see Fig. 1). Similarly, the graph obtained by the set HGLnpF4q of all 
n ˆ n invertible hermitian matrices over F4 generalizes the well-known Petersen graph. 
These two graphs are very important as they are among the five (currently) known 
vertex-transitive graphs that do not have a Hamiltonian cycle. Hamiltonicity of vertex
transitive graphs is an active research area with a long tradition (see for example [1, 
3,12,24,26,27] and the references therein). In [32], it was posed as an open problem if 
the graph Γn (and the corresponding graph formed by HGLnpF4q) has a Hamiltonian 
cycle. Here, we do not solve this problem. However, all of the above indicate that the 
ifinite family of graphs Γn pn P Nq should be studied extensively. Some properties of 
graphs Γn were obtained already in [32]. In particular, it was shown that these graphs 
are cores for n ě 3, that is, all their endomorphisms are automorphisms. In this paper, 
we describe the distance function dpA,Bq :“ dΓn

pA,Bq in Γn and hope to report about 
a similar result on HGLnpF4q in the future. We also need to mention that it is expected 
that the computation of the diameter of Γn (Corollary 7.3) will help us to describe all 
automorphisms of Γn as well as some related homomorphisms [34].

To understand better the difficulty of the computation of the distance function in the 
context of invertible matrices, and to provide an additional reason why to focus on the 
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Fig. 1. Graph Γ3 is the Coxeter graph. 

binary field F2, consider the graph pΓn with the vertex set formed by the set SnpF2q of 
all n ˆ n binary symmetric matrices where edges are dfined in the same way as for the 
graph Γn. It is well known that the distance in pΓn is given by d

pΓn
pA,Bq “ rankpA ´ Bq

if A´B is nonalternate or zero, and d
pΓn

pA,Bq “ rankpA´Bq ` 1 if A´B is a nonzero 
alternate matrix (see [44, Proposition 5.5]). In fact, if A ´ B is nonalternate of rank 
r, then B “ A `

řr
i“1 xixJ

i for some linearly independent column vectors x1, . . . ,xr. 
Consequently, if Cj “ A `

řj
i“1 xixJ

i for j P t0, 1, . . . , ru, then A “ C0, C1, . . . , Cr “ B

is a path of length r between A and B. Similarly we can find a path of length r ` 1
if A ´ B is alternate of rank r ą 0 (see Lemma 2.1). It is easy to see that there are 
no shorter paths of this kind. Now, if we consider the case A,B P SGLnpF2q, then it is 
certainly possible that some of the matrices Cj are not invertible. Hence, some distances 
in graph Γn, which is induced by the set SGLnpF2q, could be larger than d

pΓn
pA,Bq. This 

seems quite likely (and turns out to be true) because the proportion of the invertible 
symmetric matrices |SGLnpF2q|

|SnpF2q| is quite low (see Table 1; value |SGLnpF2q| can be found 
in [4, Lemma 9.5.9] or [32]). This fact provides us another reason to focus on the binary 
field F2 because the corresponding proportions over larger finite fields Fq are much higher 
and converge to 1 as q Ñ 8.

Lastly, we mention that the investigation of Γn represents a novel graph theoretical 
technique to study linear codes, self-dual codes in particular. In fact, we show that for 
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Table 1
limnÑ8

|SGLnpF2q|
|SnpF2q| “

ś8
i“1

´

1 ´ 1 
22i´1

¯

“ 0.4194224417951075 . . ..

n 2 3 4 5 6 7 
|SGLnpF2q|

|SnpF2q| 
. 

“ 0.5 0.4375 0.4238 0.4205 0.4197 0.4195 

odd n a certain subset of matrices in SGLnpF2q, which is dfined by the distance and the 
rank function in Γn, corresponds to self-dual codes in Fn`1

2 and vice versa. Moreover, 
the linear codes that are self-dual are completely determined by two graph parameters, 
namely dpA, Iq and d

pΓn
pA, Iq where I is the identity matrix and A P SGLnpF2q is a 

matrix associated to the code. A well-known and intractable open problem in coding 
theory is to determine the number of permutation inequivalent self-dual codes in Fn`1

2 . 
Its value for small n and its asymptotical behavior are determined in [5, Table V]1
and [15], respectively. In [23, Theorem 10], Janusz proved that all self-dual codes are 
‘orthogonally equivalent’. As a corollary, he was able to show that the enumeration of 
permutation inequivalent self-dual codes in Fn`1

2 is equivalent to the enumeration of 
certain double cosets in the orthogonal group On`1pF2q. Our technique enables us to 
improve [23, Theorem 10] by showing that already the group OnpF2q acts transitively 
on the set of all self-dual codes in Fn`1

2 .
The rest of the paper is organized as follows. In Section 2, we describe the necessary 

notation and collect a couple of lemmas with two roles. On one hand, they are applied in 
the proofs, on the other hand, they provide a better understanding of the main results to 
the reader. These are Theorems 3.1 and 3.3, which describe the distance function dpA,Bq

in the graph Γn, and are stated in Section 3. Section 4 contains more auxiliary lemmas 
that are needed in the proofs. We remark that some of the results in Sections 2 and 4
could be interesting on their own from a perspective of linear algebra. Sections 5 and 6
contain the proofs of Theorems 3.1 and 3.3, respectively. In Section 7, we compute the 
diameter of graph Γn (Corollary 7.3). The connection of graph Γn with self-dual codes 
is described in Section 8 (Theorems 8.3, 8.5, 8.6, 8.10). Finally, Section 9 summarizes 
the meaning of the results in this paper.

2. Notation and preliminaries

Throughout the paper, F is a field and F2 “ t0, 1u is the binary field. Given positive 
integers n and m, MnˆmpFq denotes the set of all n ˆ m matrices with coefficients from 
the field F . Similarly, GLnpFq denotes the subset in MnˆnpFq, which is formed by all 
invertible matrices. We use I “ In to denote the identity matrix in GLnpFq, while J “

Jnˆm and O “ Onˆm are the matrices in MnˆmpFq with all coefficients equal to 1 and 0, 
respectively. The determinant, the rank, the transpose, and the trace of a matrix A are 
denoted by detA, rankA, AJ, and TrA, respectively. The elements of Fn :“ Mnˆ1pFq, 

1 The value for n ` 1 “ 30 is corrected in [6].
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i.e. the column vectors, are written in bold style, like x. In particular, jn “ Jnˆ1, while 
ei “ p0, . . . , 0, 1, 0, . . . , 0qJ P Fn where 1 appears as the i-th entry. The linear span of 
column vectors x1, . . . ,xr P Fn is denoted by xx1, . . . ,xry. The subset tA P MnˆnpFq :
AJ “ Au of all symmetric matrices is denoted by SnpFq, while SGLnpFq :“ SnpFq X

GLnpFq and RTr0
1 :“ tA P SnpFq : rankA “ 1, TrA “ 0u. In this paper, we apply 

the equality xJAy “ yJAx, which holds for all A P SnpFq and x,y P Fn, repeatedly. 
Given a column vector x P Fn, let x2 :“ xxJ P SnpFq denote the corresponding rank-one 
matrix. Similarly, for x,y P Fn, let x ˝y :“ xyJ ´yxJ. Observe that x ˝y “ ´y˝x and 
x ˝ py ` zq “ x ˝ y ` x ˝ z for all x,y, z P Fn. Recall that a matrix A “ raijsi,jPt1,...,nu P

MnˆnpFq is alternate if both AJ “ ´A and aii “ 0 for all i, or equivalently xJAx “ 0
for all x P Fn. It is well known that the rank r of an alternate matrix A P SnpFq is even, 
and A “ y1 ˝ y2 ` ¨ ¨ ¨ ` yr´1 ˝ yr for some linearly independent vectors y1, . . . ,yr P Fn

whenever r ą 0 (cf. [44, Proposition 1.34]). Clearly, if characteristic of F , charF , is two, 
then any alternate matrix is symmetric, x ˝ y “ xyJ ` yxJ “ y ˝ x P SnpFq,

px ` yq
2

“ x2
` y2

` x ˝ y and px ` yqJApx ` yq “ xJAx ` yJAy

for all A P SnpFq. On the other hand, each nonalternate matrix A P SnpFq of rank r
where F is a finite (or perfect) field of characteristic two can be written as A “

řr
i“1 x2

i

for some linearly independent x1, . . . ,xr P Fn (cf. [44, Corollary 1.36]). Hence, for such 
a field F , each nonalternate A P SGLnpFq can be written as A “ PPJ where matrix 
P P GLnpFq has xi as the i-th column.

In this paper, our main concern are binary symmetric matrices. To summarize, if 
A P SnpF2q is of rank r ą 0, then there are linearly independent vectors y1, . . . ,yr or 
x1, . . . ,xr in Fn

2 such that either A “
ř

r
2 
i“1 y2i´1 ˝y2i or A “

řr
i“1 x2

i if A is alternate or 
nonalternate, respectively. Lemma 2.1 provides an additional canonical form for alternate 
matrices in characteristic two.

Lemma 2.1. If A P SnpFq is an alternate matrix of rank r ą 0 and charF “ 2, then there 
exist linearly independent column vectors x1, . . . ,xr P Fn such that

A “ x2
1 ` ¨ ¨ ¨ ` x2

r ` px1 ` ¨ ¨ ¨ ` xrq
2.

Moreover, if A “ y1 ˝y2 `¨ ¨ ¨`yr´1 ˝yr for some linearly independent vectors y1, . . . ,yr

where r is even, then the vectors

x1 :“ y1,

x2 :“ y2,

x2k´1 :“ y1 ` ¨ ¨ ¨ ` y2k´2 ` y2k´1, p2 ď k ď r{2q,

x2k :“ y1 ` ¨ ¨ ¨ ` y2k´2 ` y2k, p2 ď k ď r{2q.

have the desired property.
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Proof. Observe that x2k´1 ` x2k “ y2k´1 ` y2k for each k, and consequently

y2k´1 “ x1 ` ¨ ¨ ¨ ` x2k´2 ` x2k´1, p2 ď k ď r{2q,

y2k “ x1 ` ¨ ¨ ¨ ` x2k´2 ` x2k, p2 ď k ď r{2q.

We prove the equality

y1 ˝ y2 ` ¨ ¨ ¨ ` yr´1 ˝ yr “ x2
1 ` ¨ ¨ ¨ ` x2

r ` px1 ` ¨ ¨ ¨ ` xrq
2

by induction on r. If r “ 2, the claim is obvious. Let r ě 4 and assume that

y1 ˝ y2 ` ¨ ¨ ¨ ` yr´3 ˝ yr´2 “ x2
1 ` ¨ ¨ ¨ ` x2

r´2 ` px1 ` ¨ ¨ ¨ ` xr´2q
2.

Then,

A “ x2
1 ` ¨ ¨ ¨ ` x2

r´2 ` px1 ` ¨ ¨ ¨ ` xr´2q
2

` yr´1 ˝ yr

“ x2
1 ` ¨ ¨ ¨ ` x2

r´2 ` px1 ` ¨ ¨ ¨ ` xr´2q
2

`
`

px1 ` ¨ ¨ ¨ ` xr´2q ` xr´1
˘

˝
`

px1 ` ¨ ¨ ¨ ` xr´2q ` xr

˘

“ x2
1 ` ¨ ¨ ¨ ` x2

r´2 ` px1 ` ¨ ¨ ¨ ` xr´2q
2

` 0 ` xr´1 ˝ xr ` px1 ` ¨ ¨ ¨ ` xr´2q ˝ pxr´1 ` xrq

“ x2
1 ` ¨ ¨ ¨ ` x2

r´2 ` px1 ` ¨ ¨ ¨ ` xrq
2

` pxr´1 ` xrq
2

` xr´1 ˝ xr

“ x2
1 ` ¨ ¨ ¨ ` x2

r ` px1 ` ¨ ¨ ¨ ` xrq
2. l

Lemma 2.2 describes trace-zero rank-one symmetric matrices over F2.

Lemma 2.2. Let A P SnpF2q. Then A P RTr0
1 if and only if there exist a permutation 

matrix Q P GLnpF2q and even k P t2, . . . , nu such that

A “ Q

˜

Jkˆk O

O O

¸

QJ. (1)

In this case, A2 “ O, I ` A P SGLnpF2q, and pI ` Aq´1 “ I ` A.

Proof. Since QJ “ Q´1 and Tr is invariant under the similarity operation, it is obvious 
that matrix (1) is in RTr0

1 . Moreover, since k is even, we deduce that

I ` A2
“ pI ` Aq

2
“ Q

˜

pJkˆk ` Ikq2 O

O I2
n´k

¸

QJ “ I.

Hence, A2 “ O and I ` A is invertible with pI ` Aq´1 “ I ` A.
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Suppose now that A “ raijsni,j“1 P RTr0
1 is arbitrary. Dfine the set S1 “ ti P

t1, . . . , nu : aii “ 1u and let k “ |S1| be its cardinality. Since A has zero trace, it 
follows that k is even. Being of rank one, the matrix A is nonalternate and therefore 
k ą 0. Pick a permutation matrix Q such that matrix rbijsni,j“1 “ QJAQ satifies 
ti P t1, . . . , nu : bii “ 1u “ t1, . . . , ku. Since matrix rbijsni,j“1 is symmetric and of rank 
one, it follows that bij “ b2ij “ bijbji “ biibjj , i.e.

rbijs
n
i,j“1 “

˜

Jkˆk O

O O

¸

. l

Lemmas 2.3 and 2.4 contain well-known equalities about the determinant. Lemma 2.3
can be found in [43]. Lemma 2.4 appears in [33, Corollary 2.9] or [45] where it is stated 
in a slightly different form (see also [43]).

Lemma 2.3. Let F be any field. If A P MnˆnpFq is partitioned in blocks as

A “

˜

A11 A12
A21 A22

¸

where A22 is invertible, then detA “ detA22 ¨ detpA11 ´ A12pA22q´1A21q.

Lemma 2.4. Let F be any field, A P GLnpFq, and X,Y P MnˆrpFq. Then,

detpA ` XY Jq “ detpAq ¨ detpIr ` Y JA´1Xq.

If A ` XY J P GLnpFq, then

pA ` XY Jq
´1

“ A´1
´ A´1XpIr ` Y JA´1Xq

´1Y JA´1.

Corollary 2.5. Assume that A,B :“ A `
řr

i“1 x2
i P SGLnpFq where x1, . . . ,xr P Fn and 

charF “ 2. Then, xJ
i A

´1xi “ 1 for all i if and only if xJ
i B

´1xi “ 1 for all i.

Proof. Let X be the n ˆ r matrix with xi as its i-th column. Since B “ A ` XXJ,

B´1
“ A´1

´ A´1XpIr ` XJA´1Xq
´1XJA´1

by Lemma 2.4. If xJ
i A

´1xi “ 1 for all i, then Ir`XJA´1X is an alternate matrix. Hence, 
C :“ A´1XpIr ` XJA´1Xq´1XJA´1 is also alternate and xJ

i B
´1xi “ xJ

i A
´1xi ´

xJ
i Cxi “ 1 ` 0 “ 1. The converse is symmetric. l

Corollary 2.6. Let r be an odd integer such that 1 ď r ď n. If x1, . . . ,xr P Fn
2 and 

A,A `
řr

i“1 x2
i P SGLnpF2q, then there exists i such that xJ

i A
´1xi “ 0.
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Proof. Let xi be the i-th column of X P MnˆrpF2q. By Lemma 2.4,

1 “ det
˜

A `

r
ÿ

i“1
x2
i

¸

“ detpA ` XXJq “ detpIr ` XJA´1Xq.

Since r is odd, and alternate matrices have even rank, the symmetric matrix Ir `

XJA´1X is not alternate, i.e. some of its diagonal entries equal one. l

Finally, recall that a vector subspace C Ď Fn
2 is a (binary) linear code of length n and 

dimension dimC. It is self-orthogonal if C Ď CK :“ tx P Fn
2 : xJc “ 0 for all c P Cu

(cf. [21]). In this case, dimC ď t
n
2 u. If C “ CK, then the code is self-dual, n is even, and 

dimC “
n
2 . Given x P Fn

2 , let x P Fn`1
2 be dfined by

x “

˜

x
xJx

¸

.

Lemma 2.7. Let rank
`

rxJ
i xjsri,j“1

˘

ď 1 for some x1, . . . ,xr P Fn
2 . Then, xx1, . . . ,xry is 

a self-orthogonal code in Fn`1
2 . If x1, . . . ,xr are linearly independent, then r ď

X

n`1
2 

\

.

Proof. Since rxJ
i xjsri,j“1 is of rank ď 1, all its 2 ˆ 2 minors vanish. Hence,

xJ
i xj “ xJ

i xj ` xJ
i xi ¨ xJ

j xj “ xJ
i xi ¨ xJ

j xj ´ pxJ
i xjq

2
“ 0

for all i, j and the code xx1, . . . ,xry is self-orthogonal. If x1, . . . ,xr P Fn
2 are linearly 

independent, then dimxx1, . . . ,xry “ r and therefore r ď
X

n`1
2 

\

. l

3. Statement of the main results

Theorems 3.1 and 3.3, which describe the distance dpA,Bq between arbitrary vertices 
A,B P SGLnpF2q in graph Γn, are the main results of this paper. We write A „ B if 
dpA,Bq “ 1. Since Γn is an induced subgraph in pΓn, it follows that dpA,Bq ě d

pΓn
pA,Bq

for all A,B P SGLnpF2q, that is,

dpA,Bq ě

#

rankpA ´ Bq, if A ´ B is nonalternate or zero;
rankpA ´ Bq ` 1, if A ´ B is alternate and nonzero.

(2)

Theorem 3.1 describes dpA,Bq for all A,B P SGLnpF2q where A ´ B is an arbitrary 
nonalternate matrix of rank r.

Theorem 3.1. Let A,B P SGLnpF2q be such that B ´ A “
řr

i“1 x2
i for some linearly 

independent column vectors x1, . . . ,xr P Fn
2 .
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(i) If xJ
i A

´1xi “ 1 for all i, then

dpA,Bq “

#

r ` 2, if xJ
i A

´1xj “ 1 for all i, j;
r ` 1, otherwise.

(ii) If rxJ
i A

´1xjsri,j“1 P RTr0
1 , then dpA,Bq “ r ` 2.

(iii) Otherwise, dpA,Bq “ r.

Remark 3.2. Observe that cases (i), (ii), (iii) are all distinct, except if r is even and 
xJ
i A

´1xj “ 1 for all i, j. In this case A,B fit the assumptions in (i) and (ii).

By Lemma 2.1, Theorem 3.3 describes dpA,Bq for all A,B P SGLnpF2q where A ´ B

is an arbitrary alternate matrix of rank r ą 0.

Theorem 3.3. Let A,B P SGLnpF2q be such that B ´ A “
řr`1

i“1 x2
i for some linearly 

independent x1, . . . ,xr P Fn
2 where r ą 0 is even and xr`1 “

řr
i“1xi.

(i) If rxJ
i A

´1xjs
r`1
i,j“1 is not of rank one, then dpA,Bq “ r ` 1.

(ii) If rxJ
i A

´1xjs
r`1
i,j“1 is of rank one, then dpA,Bq “ r ` 2.

Remark 3.4. Observe that xr`1 “
řr

i“1xi implies that TrprxJ
i A

´1xjs
r`1
i,j“1q “ 0 and 

rankprxJ
i A

´1xjs
r`1
i,j“1q “ rankprxJ

i A
´1xjsri,j“1q.

Remark 3.5. In Theorems 3.1 and 3.3, B “ A ` XXJ where X is the n ˆ r matrix or 
the n ˆ pr ` 1q matrix with xi as the i-th column. By Lemma 2.4,

XJB´1X “ XJA´1X ´ XJA´1XpI ` XJA´1Xq
´1XJA´1X. (3)

Therefore, if rxJ
i A

´1xjsi,j “ XJA´1X P RTr0
1 , then Lemma 2.2 implies that 

pXJA´1Xq2 “ O and pI ` XJA´1Xq´1 “ I ` XJA´1X. Consequently, XJB´1X “

XJA´1X by (3). In particular, rxJ
i B

´1xjsi,j P RTr0
1 . Likewise, if in Theorem 3.1, 

xJ
i A

´1xi “ 1 for all i, then xJ
i B

´1xi “ 1 for all i by Corollary 2.5. Hence, matri
ces A and B really occur symmetrically in Theorems 3.1 and 3.3 (observe that, by 
Corollary 2.6 and Lemma 2.2, the case xJ

i A
´1xj “ 1 for all i, j in Theorem 3.1 (i) is 

equivalent to rxJ
i A

´1xjsi,j P RTr0
1 and xJ

i A
´1xi “ 1 for all i).

4. Auxiliary results

Results in this section are essential for the proofs in Sections 5 and 6. Lemma 4.1 is 
of technical nature and is applied in the proof of Theorem 3.1.
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Lemma 4.1. Let a P F2 be 1 if and only if the positive integer m is odd. Then,
¨

˚

˝

a 1 ` a jJ
m

1 ` a 1 ` a jJ
m

jm jm Im

˛

‹

‚
P SGLm`2pF2q. (4)

Proof. Let A be the 2 ˆ 2 top-left corner of the matrix in (4). By Lemma 2.3,

det
˜

A J2ˆm

JJ
2ˆm Im

¸

“ detpA ´ J2ˆmJJ
2ˆmq

“ detpA ´ aJ2ˆ2q “ det
˜

0 1
1 1

¸

“ 1. l

It is a bit unexpected that the statement of Lemma 4.2 holds for arbitrary A P

SGLnpFq. We apply this lemma in the proof of Lemma 4.3.

Lemma 4.2. Let A P SGLnpFq where charF “ 2, let vectors x1, . . . ,xr P Fn be linearly 
independent, and assume that xJ

i A
´1xi “ 1 for all i. If rankpx2

1 ` ¨ ¨ ¨ ` x2
r ` y2q ă r for 

some y P Fn, then yJA´1y “ 1.

Proof. Pick any P P GLnpFq that has xi as the i-th column for i “ 1, . . . , r. Let z “

P´1y. Then x2
1 ` ¨ ¨ ¨ ` x2

r ` y2 “ P pe2
1 ` ¨ ¨ ¨ ` e2

r ` z2qPJ, so

rankpe2
1 ` ¨ ¨ ¨ ` e2

r ` z2
q ă r. (5)

By [25, Lemma 3.1], z “
řr

i“1 ziei for some zi P F . By (5) and Lemma 2.4,

0 “ detpIr ` pz1, . . . , zrqJpz1, . . . , zrqq “ 1 ` pz1, . . . , zrqpz1, . . . , zrqJ “ 1 `

r
ÿ

i“1
z2
i .

Consequently, in characteristic two we deduce that

yJA´1y “

˜

r
ÿ

i“1
ziei

¸J

PJA´1P

˜

r
ÿ

i“1
ziei

¸

“

r
ÿ

i“1
z2
i ¨ xJ

i A
´1xi “ 1. l

Lemmas 4.3, 4.4 give the lower bounds for the cases (i), (ii) in Theorem 3.1.

Lemma 4.3. Let A,A`
řr

i“1 x2
i P SGLnpF2q where x1, . . . ,xr P Fn

2 are linearly indepen
dent and xJ

i A
´1xi “ 1 for all i. Then, dpA,A `

řr
i“1 x2

i q ě r ` 1.

Proof. By (2), dpA,A `
řr

i“1 x2
i q ě r. Suppose that dpA,A `

řr
i“1 x2

i q “ r. Then there 
exist nonzero vectors y1, . . . ,yr such that A `

řs
i“1 y2

i P SGLnpF2q for all s P t1, . . . , ru
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and 
řr

i“1 y2
i “

řr
i“1 x2

i . In particular, rankp
řr

i“1 x2
i ` y2

1q “ rankp
řr

i“2 y2
i q ď r ´ 1. By 

Lemma 4.2, yJ
1 A

´1y1 “ 1. On the other hand, Lemma 2.4 implies 1 “ detpA ` y2
1q “

1 ` yJ
1 A

´1y1 “ 0, a contradiction. l

Lemma 4.4. Let A,A`
řr

i“1 x2
i P SGLnpF2q where x1, . . . ,xr P Fn

2 are linearly indepen
dent, 2 ď r ď n, and rxJ

i A
´1xjsri,j“1 P RTr0

1 . Then, dpA,A `
řr

i“1 x2
i q ě r ` 2.

Proof. By Lemma 2.2, we can permute vectors x1, . . . ,xr to achieve that

rxJ
i A

´1xjs
r
i,j“1 “

˜

Jkˆk O

O O

¸

(6)

for some even k P t2, . . . , ru.
Suppose that d “ dpA,A `

řr
i“1 x2

i q where d ď r ` 1. Then there exist nonzero 
y1, . . . ,yd P Fn

2 such that A `
řs

i“1 y2
i P SGLnpF2q for all s P t1, . . . , du and 

řd
i“1 y2

i “
řr

i“1 x2
i . If there exists i0 such that yi0 R xx1, . . . ,xry, then

r ` 1 “ rankpx2
1 ` ¨ ¨ ¨ ` x2

r ` y2
i0q “ rank

˜

ÿ

i‰i0

y2
i

¸

ď d ´ 1 ď r,

a contradiction. Hence, xy1, . . . ,ydy Ď xx1, . . . ,xry. On the other hand,

dimxy1, . . . ,ydy ě rankpy2
1 ` ¨ ¨ ¨ ` y2

dq “ rankpx2
1 ` ¨ ¨ ¨ ` x2

rq “ r.

Consequently, d P tr, r ` 1u and xy1, . . . ,ydy “ xx1, . . . ,xry. In particular,

yi “

r
ÿ

j“1
α

piq
j xj pi “ 1, . . . , dq

for some αpiq
j P F2.

We next claim that whenever yJ
s A

´1ys “ 0 for some s, we have also yJ
s A

´1yt “ 0
for all t. In fact,

0 “ yJ
s A

´1ys “

˜

r
ÿ

j“1
α

psq

j xj

¸J

A´1

˜

r
ÿ

j“1
α

psq

j xj

¸

“

r
ÿ

j“1
pα

psq

j q
2xJ

j A
´1xj “

k
ÿ

j“1
α

psq

j

and consequently
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yJ
s A

´1yt “

˜

r
ÿ

j“1
α

psq

j xj

¸J

A´1

˜

r
ÿ

i“1
α

ptq
i xi

¸

“

r
ÿ

j“1

r
ÿ

i“1
α

psq

j α
ptq
i xJ

j A
´1xi

“

˜

k
ÿ

j“1
α

psq

j

¸

¨

˜

k
ÿ

i“1
α

ptq
i

¸

“ 0.

Next, we use the induction to prove that yJ
s A

´1ys “ 0 for all s, and therefore

yJ
s A

´1yt “ 0 for all s, t. (7)

Since 1 “ detpA ` y2
1q “ 1 ` yJ

1 A
´1y1, we deduce that yJ

1 A
´1y1 “ 0. To prove the 

inductive step assume that 0 “ yJ
1 A

´1y1 “ ¨ ¨ ¨ “ yJ
s´1A

´1ys´1. Then,

1 “ det
˜

A `

s 
ÿ

i“1
y2
i

¸

“ det
`

Is ` ryJ
i A

´1yjs
s
i,j“1

˘

“ det
˜

Is´1 Ops´1qˆ1
O1ˆps´1q 1 ` yJ

s A
´1ys

¸

“ 1 ` yJ
s A

´1ys

by Lemma 2.4. Hence, yJ
s A

´1ys “ 0. This completes the proof of (7). Since 
xy1, . . . ,ydy “ xx1, . . . ,xry, both vectors x1,x2 are linear combinations of y1, . . . ,yd. 
Therefore, (7) implies that xJ

1 A
´1x2 “ 0, which contradicts (6). Consequently, 

dpA,A `
řr

i“1 x2
i q ě r ` 2. l

In the case vectors x1, . . . ,xr are linearly independent and r is even, then Lemmas 4.5, 
4.6, and 4.7 all provide some information on a rank-one perturbation of an alternate 
matrix of rank r, for fields of characteristic two.

Lemma 4.5. Let 1 ď s ă r ď n where s is an odd integer, and let x1, . . . ,xr P Fn where 
charF “ 2. Suppose ti1, . . . , isu Ď t1, . . . , ru is a subset with s elements and complement 
tis`1, . . . , iru “ t1, . . . , ruzti1, . . . , isu. If

wj “ xij ` xis`1 ` xis`2 ` ¨ ¨ ¨ ` xir pj “ 1, . . . , sq,

wk “ xik pk “ s ` 1, . . . , rq,

then

x2
1 ` ¨ ¨ ¨ ` x2

r ` px1 ` ¨ ¨ ¨ ` xrq
2

` pxi1 ` ¨ ¨ ¨ ` xisq
2

“ w2
1 ` ¨ ¨ ¨ ` w2

r.
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Moreover, for all C P SnpFq we have

rank
`

rwJ
i Cwjsi,jPt1,...,ru

˘

“ rank
`

rxJ
i Cxjsi,jPt1,...,ru

˘

(8)

and

TrrwJ
i Cwjsi,jPt1,...,ru “

s 
ÿ

j“1
xJ
ij
Cxij .

Proof. By applying the equality pa ` bq2 “ a2 ` b2 ` a ˝ b where b “ xis`1 ` ¨ ¨ ¨ ` xir

several times, we deduce that

w2
1 ` ¨ ¨ ¨ ` w2

r “

r
ÿ

j“1
x2
ij ` pxis`1 ` ¨ ¨ ¨ ` xir q

2
¨ s

` pxi1 ` ¨ ¨ ¨ ` xisq ˝ pxis`1 ` ¨ ¨ ¨ ` xir q

“

r
ÿ

j“1
x2
ij ` pxi1 ` ¨ ¨ ¨ ` xir q

2
` pxi1 ` ¨ ¨ ¨ ` xisq

2

“

r
ÿ

j“1
x2
j ` px1 ` ¨ ¨ ¨ ` xrq

2
` pxi1 ` ¨ ¨ ¨ ` xisq

2.

Let X and W be the n ˆ r matrices with xi and wi as the i-th column, respectively. 
Then, W “ XR for some R P GLrpFq. Therefore,

rwJ
i Cwjs

r
i,j“1 “ WJCW “ RJXJCXR “ RJrxJ

i Cxjs
r
i,j“1R

and rank
`

rwJ
i Cwjsri,j“1

˘

“ rank
`

rxJ
i Cxjsri,j“1

˘

. Since s is odd, we deduce

TrrwJ
i Cwjs

r
i,j“1 “

r
ÿ

i“1
wJ

i Cwi

“

s 
ÿ

j“1
pxij ` xis`1 ` ¨ ¨ ¨ ` xir qJCpxij ` xis`1 ` ¨ ¨ ¨ ` xir q

`

r
ÿ

j“s`1
xJ
ij
Cxij

“

s 
ÿ

j“1
xJ
ij
Cxij ` s ¨

r
ÿ

j“s`1
xJ
ij
Cxij `

r
ÿ

j“s`1
xJ
ij
Cxij

“

s 
ÿ

j“1
xJ
ij
Cxij . l
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Lemma 4.6. Let 1 ď s ă r ď n where s and r are even integers, and let x1, . . . ,xr P Fn

where charF “ 2. Suppose ti1, . . . , isu Ď t1, . . . , ru is a subset with s elements and 
tis`1, . . . , iru “ t1, . . . , ruzti1, . . . , isu is its complement. If

wj “ xij ` xis`1 ` xis`2 ` ¨ ¨ ¨ ` xir pj “ 1, . . . , s ´ 1q,

ws “ xis ,

wk “ xis ` xik pk “ s ` 1, . . . , rq,

then the same claim as in Lemma 4.5 is true.

Proof. By applying the equality pa ` bq2 “ a2 ` b2 ` a ˝ b several times, and recalling 
that s, r are both even, we deduce that

r
ÿ

j“1
w2

j “

r
ÿ

j“1
x2
ij ` ps ´ 1q ¨ pxis`1 ` ¨ ¨ ¨ ` xir q

2

`

s´1
ÿ

j“1 
xij ˝ pxis`1 ` ¨ ¨ ¨ ` xir q ` pr ´ sq ¨ x2

is `

r
ÿ

j“s`1
xij ˝ xis

“

r
ÿ

j“1
x2
ij ` pxis`1 ` ¨ ¨ ¨ ` xir q

2

` pxi1 ` ¨ ¨ ¨ ` xis´1q ˝ pxis`1 ` ¨ ¨ ¨ ` xir q ` xis ˝ pxis`1 ` ¨ ¨ ¨ ` xir q

“

r
ÿ

j“1
x2
ij ` pxis`1 ` ¨ ¨ ¨ ` xir q

2
` pxi1 ` ¨ ¨ ¨ ` xisq ˝ pxis`1 ` ¨ ¨ ¨ ` xir q

“

r
ÿ

j“1
x2
ij ` pxi1 ` ¨ ¨ ¨ ` xir q

2
` pxi1 ` ¨ ¨ ¨ ` xisq

2

“

r
ÿ

j“1
x2
j ` px1 ` ¨ ¨ ¨ ` xrq

2
` pxi1 ` ¨ ¨ ¨ ` xisq

2

as claimed. We prove (8) in the same way as in the proof of Lemma 4.5. Finally,

TrrwJ
i Cwjs

r
i,j“1 “

r
ÿ

i“1
wJ

i Cwi

“

s´1
ÿ

j“1 
pxij ` xis`1 ` ¨ ¨ ¨ ` xir qJCpxij ` xis`1 ` ¨ ¨ ¨ ` xir q

` xJ
is
Cxis `

r
ÿ

j“s`1
pxij ` xisqJCpxij ` xisq
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“

s´1
ÿ

j“1 
xJ
ij
Cxij ` ps ´ 1q ¨

r
ÿ

j“s`1
xJ
ij
Cxij

` xJ
is
Cxis `

r
ÿ

j“s`1
xJ
ij
Cxij ` pr ´ sq ¨ xJ

is
Cxis

“

s 
ÿ

j“1
xJ
ij
Cxij . l

Lemma 4.7. Let x1, . . . ,xr,v P Fn where r is even and charF “ 2. Then,

x2
1 `¨ ¨ ¨`x2

r `px1 `¨ ¨ ¨`xrq
2

`v2
“ px1 `¨ ¨ ¨`xr `vq

2
`px1 `vq

2
`¨ ¨ ¨`pxr `vq

2. (9)

Proof. Since pz ` wq2 “ z2 ` w2 ` z ˝ w, the right-hand side of (9) equals

px1 ` ¨ ¨ ¨ ` xrq
2

` v2
` px1 ` ¨ ¨ ¨ ` xrq ˝ v `

r
ÿ

i“1
px2

i ` v2
` xi ˝ vq

“px1 ` ¨ ¨ ¨ ` xrq
2

` v2
` r ¨ v2

`

r
ÿ

i“1
x2
i ,

which equals the left-hand side of (9) because r is even. l

Lemma 4.8 is a special case of [35, Theorem 3], which is a version of Witt theorem for 
nonalternate symmetric bilinear forms over a field with characteristic two. We apply it 
in the proofs of Lemmas 4.9 and 4.10, which are used in the proof of Theorem 3.1. We 
apply Lemma 4.8 also in the proof of Theorem 8.10.

Lemma 4.8. Let U be a vector subspace in Fn
2 and let σ : U Ñ Fn

2 be an injective linear 
map such that

σpu1qJσpu2q “ uJ
1 u2 (10)

for all u1,u2 P U . Then, σ can be extended to an injective linear map σ : Fn
2 Ñ Fn

2
such that (10) holds for all u1,u2 P Fn

2 if and only if the following two conditions are 
satified:

(i) jn P U if and only if jn P σpUq,
(ii) if jn P U , then σpjnq “ jn.

Lemma 4.9. Let A P SGLnpF2q be a nonalternate matrix where n ě 5 and assume that 
vectors x1,x2,x3 P Fn

2 are linearly independent. If
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rxJ
i A

´1xjs
3
i,j“1 “

¨

˚

˝

1 1 0
1 1 0
0 0 0

˛

‹

‚
,

then there exists w P Fn
2 such that

wJA´1w “ 1 “ wJA´1x1, wJA´1x2 “ 0 “ wJA´1x3 (11)

or

wJA´1w “ 1 “ wJA´1x2, wJA´1x1 “ 0 “ wJA´1x3. (12)

Proof. Since A´1 is nonalternate, there exists P P GLnpF2q such that A´1 “ PJP . 
Denote 9xi “ Pxi for all i. Then,

r 9xJ
i 9xjs

3
i,j“1 “

¨

˚

˝

1 1 0
1 1 0
0 0 0

˛

‹

‚
.

We split the proof in two cases.

Case 1. Let jn P x 9x1, 9x2, 9x3y. Suppose that n is even. Then, jJ
n jn “ 0 and jn P t 9x3, 9x1 `

9x2, 9x1` 9x2` 9x3u. Since jJ
n 9x1 “ 9xJ

1 9x1 “ 1, and values 9xJ
3 9x1, p 9x1` 9x2qJ 9x1, p 9x1` 9x2` 9x3qJ 9x1

are all zero, we have a contradiction. Hence, n is odd, jJ
n jn “ 1, and jn P t 9x1, 9x2, 9x1 `

9x3, 9x2 ` 9x3u. We consider two subcases.

Subcase 1. Let jn P t 9x1, 9x1 ` 9x3u. Dfine vectors y1 “ jn, y2 “ e1, y3 “ e2 ` e3 and the 
map σ : xy1,y2,y3y Ñ Fn

2 by

σpα1y1 ` α2y2 ` α3y3q “ α1jn ` α2 9x2 ` α3 9x3 pα1, α2, α3 P F2q.

Then, σ is linear and injective. Moreover,

σpjnq “ jn P xy1,y2,y3y X σpxy1,y2,y3yq,

and

ryJ
i yjs

3
i,j“1 “

¨

˚

˝

1 1 0
1 1 0
0 0 0

˛

‹

‚
“ rσpyiq

Jσpyjqs
3
i,j“1. (13)

Consequently,

σpyqJσpzq “ yJz (14)
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for all y, z P xy1,y2,y3y. By Lemma 4.8, we can extend σ to a linear map σ on Fn
2 such 

that (14) holds for all y, z P Fn
2 . Then w “ P´1σpe5q satifies

wJA´1w “ σpe5qJσpe5q “ eJ
5 e5 “ 1,

wJA´1x1 “ σpe5qJ 9x1 P tσpe5qJσpjnq, σpe5qJσpjn ` y3qu

“ teJ
5 jn, eJ

5 pjn ` y3qu “ t1u,

wJA´1x2 “ σpe5qJσpy2q “ eJ
5 y2 “ 0,

wJA´1x3 “ σpe5qJσpy3q “ eJ
5 y3 “ 0.

Hence, (11) is true.

Subcase 2. Let jn P t 9x2, 9x2 ` 9x3u. Here we dfine vectors y1 “ e1, y2 “ jn, y3 “ e2 ` e3
and the map σ : xy1,y2,y3y Ñ Fn

2 by

σpα1y1 ` α2y2 ` α3y3q “ α1 9x1 ` α2jn ` α3 9x3 pα1, α2, α3 P F2q.

Then we continue as in Subcase 1 to deduce that w “ P´1σpe5q satifies (12).

Case 2. Let jn R x 9x1, 9x2, 9x3y. Suppose n “ 5 and let 9x3 “ pβ1, β2, β3, β4, β5qJ. Since 
9x1, 9x2 are linearly independent, 1 “ 9xJ

1 9x1 “ 9xJ
2 9x2 “ 9xJ

1 9x2, and 9x1, 9x2 differ from j5, it 
follows that either

t 9x1, 9x2u “ tei, ei ` ej ` eku or t 9x1, 9x2u “ tei ` ej ` ek, ei ` el ` emu

for some indices ti, j, k, l,mu “ t1, 2, 3, 4, 5u. In both cases, the equalities 0 “ 9xJ
1 9x3 “

9xJ
2 9x3 “ 9xJ

3 9x3 imply that βi “ 0, βj “ βk, and βl “ βm. Hence, 9x1 ` 9x3 “ j5 or 
9x2 ` 9x3 “ j5 or 9x1 ` 9x2 ` 9x3 “ 0, which contradicts the assumption of Case 2 or the 
linear independence of 9x1, 9x2, 9x3.

Therefore, n ě 6. Dfine vectors y1 “ e1 ` ¨ ¨ ¨ ` e5, y2 “ e1, y3 “ e2 ` e3 and the 
map σ : xy1,y2,y3y Ñ Fn

2 by

σpα1y1 ` α2y2 ` α3y3q “ α1 9x1 ` α2 9x2 ` α3 9x3 pα1, α2, α3 P F2q.

Then, jn R x 9x1, 9x2, 9x3y “ σpxy1,y2,y3yq. Since n ě 6, it follows that jn R xy1,y2,y3y. 
Moreover, (13) is still true, which implies (14) for all y, z P xy1,y2,y3y. We continue as 
in Subcase 1 to see that w “ P´1σpe5q fits (11). l

Lemma 4.10. Let x1, . . . ,xr P Fn
2 be linearly independent vectors where r is an even 

number such that 2 ď r ď n. If A P SGLnpF2q and xJ
i A

´1xj “ 1 for all i, j ď r, then 
there exists xr`1 P Fn

2 such that

xJ
s A

´1xr`1 “ 1 for some s P t1, . . . , ru (15)
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and

xJ
t A

´1xr`1 “ 0 for all t P t1, . . . , r ` 1uztsu. (16)

Remark 4.11. Observe that vectors x1, . . . ,xr`1 must be linearly independent. In fact, 
if we pre-multiply the equation xr`1 “

řr
k“1 αkxk by xJ

s A
´1 and by xJ

t A
´1 where 

t P t1, . . . , ruztsu, respectively, then we deduce that 1 “
řr

k“1 αk “ 0, which is not 
possible.

Proof. Clearly, A´1 is not alternate. Hence, there exists P P GLnpF2q such that 
A´1 “ PJP . Dfine 9xi “ Pxi for all i. Then, 9xJ

i 9xj “ 1 for all i, j. In particular, 
rank

`

r 9xJ
i 9xjsri,j

˘

“ 1. By Lemma 2.7, r ď
X

n`1
2 

\

, i.e. n ě 2r ´ 1. Firstly, we prove that

if n “ 2r ´ 1, then jn P x 9x1, . . . , 9xry. (17)

In fact, if n “ 2r ´ 1 and jn R x 9x1, . . . , 9xry, then 9x1, . . . , 9xr, jn are linearly independent. 
Since n is odd it follows that jJ

n jn “ 1 “ 9xJ
i 9xi “ 9xJ

i jn for all i. As above, Lemma 2.7
implies that r ` 1 ď

X

n`1
2 

\

“ r, a contradiction.
We split the rest of the proof in two cases.

Case 1. Let jn R x 9x1, . . . , 9xry. Dfine vectors yi “
ř2i´1

j“1 ej for i P t1, . . . , ru and the map 
σ : xy1, . . . ,yry Ñ Fn

2 by

σ

˜

r
ÿ

i“1
αiyi

¸

“

r
ÿ

i“1
αi 9xi pαi P F2q.

Since n ě 2r by (17), it follows that jn R xy1, . . . ,yry. Since σpxy1, . . . ,yryq “

x 9x1, . . . , 9xry, it follows that jn R σpxy1, . . . ,yryq. Since yJ
i yj “ 1 “ σpyiq

Jσpyjq for 
all i, j, we deduce (14) for all y, z P xy1, . . . ,yry. By Lemma 4.8, we can linearly extend 
σ on whole Fn

2 such that (14) is true for all y, z P Fn
2 . If xr`1 :“ P´1σpe1 ` e2q, then

xJ
1 A

´1xr`1 “ 9xJ
1 σpe1 ` e2q “ σpy1qJσpe1 ` e2q “ yJ

1 pe1 ` e2q “ 1,

xJ
t A

´1xr`1 “ yJ
t pe1 ` e2q “ 0 pt P t2, . . . , ruq,

xJ
r`1A

´1xr`1 “ pe1 ` e2qJpe1 ` e2q “ 0,

as claimed.

Case 2. Let jn P x 9x1, . . . , 9xry. Then jn “
řr

i“1 βi 9xi for some βi P F2. Hence,

1 “ 9xJ
j 9xj “ 9xJ

j jn “

r
ÿ

i“1
βi 9xJ

j 9xi “

r
ÿ

i“1
βi (18)

for all j, and therefore
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jJ
n jn “

˜

r
ÿ

j“1
βj 9xj

¸J ˜

r
ÿ

i“1
βi 9xi

¸

“

r
ÿ

i,j“1
βiβj 9xJ

j 9xi “

˜

r
ÿ

i“1
βi

¸2

“ 1,

i.e. n is odd. Since r is even, (18) implies the existence of s, k P t1, . . . , ru such that βs “ 0
and βk “ 1. Hence, vectors in the set tjn, 9x1, . . . , 9xruzt 9xku are linearly independent. 
Denote them by :x1, . . . , :xr in some order where :x1 “ 9xs and :xr “ jn. Further let ym “
ř2m´1

j“1 ej for m P t1, . . . , r ´ 1u and yr “ jn. Then y1, . . . ,yr are linearly independent 
and the map σ : xy1, . . . ,yry Ñ Fn

2 ,

σ

˜

r
ÿ

i“1
αiyi

¸

“

r
ÿ

i“1
αi:xi pαi P F2q,

is well dfined. Moreover,

σpjnq “ jn P xy1, . . . ,yry X σpxy1, . . . ,yryq.

Since yJ
i yj “ 1 “ σpyiq

Jσpyjq for all i, j, we can apply Lemma 4.8 as above to extend 
σ linearly on whole Fn

2 such that (14) is true for all y, z P Fn
2 . If xr`1 :“ P´1σpe1 ` e2q, 

then

xJ
s A

´1xr`1 “ 9xJ
s σpe1 ` e2q “ σpy1qJσpe1 ` e2q “ yJ

1 pe1 ` e2q “ 1,

xJ
t A

´1xr`1 “ σpe1 ` e2 ` ¨ ¨ ¨ qJσpe1 ` e2q “ 0 pt P t1, . . . , ruzts, kuq,

xJ
r`1A

´1xr`1 “ σpe1 ` e2qJσpe1 ` e2q “ 0,

xJ
kA

´1xr`1 “ 9xJ
k σpe1 ` e2q “

˜

jn `
ÿ

j‰k,s

βj 9xj

¸J

σpe1 ` e2q

“ σ

˜

jn `

r´1
ÿ

j“2 
βjyj

¸J

σpe1 ` e2q “

˜

jn `

r´1
ÿ

j“2 
βjyj

¸J

pe1 ` e2q

“ 0,

as claimed. l

Recall from Section 2, that each nonalternate or alternate matrix A P SnpFq of rank 
r ą 0 over a finite field of characteristic two can be written as A “

řr
i“1 x2

i or A “
řr

i“1 x2
i `px1 `¨ ¨ ¨`xrq2, respectively where vectors x1, . . . ,xr are linearly independent. 

Typically, these forms are not unique. Lemma 4.12 implies that the corresponding vectors 
always span the same vector space.

Lemma 4.12. Let x1, . . . ,xr P Fn be linearly independent and charF “ 2. If

r
ÿ

i“1
x2
i “

r
ÿ

i“1
y2
i where r P t1, . . . , nu
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or

r
ÿ

i“1
x2
i ` px1 ` ¨ ¨ ¨ ` xrq

2
“

r
ÿ

i“1
y2
i ` py1 ` ¨ ¨ ¨ ` yrq

2 where r P t1, . . . , nu is even

for some y1, . . . ,yr P Fn, then xx1, . . . ,xry “ xy1, . . . ,yry.

Proof. Let Ax P
�
řr

i“1 x2
i ,
řr

i“1 x2
i ` px1 ` ¨ ¨ ¨ ` xrq2

(

. Then, rankAx “ r. If there 
exists j such that yj R xx1, . . . ,xry, then the equation Ax “ Ay where Ay is de
fined analogously as Ax implies that r ` 1 “ rankpAx ´ y2

j q “ rankpAy ´ y2
j q ď r, 

a contradiction. Hence, yj P xx1, . . . ,xry for all j. Since rankAy “ r, it follows that 
xx1, . . . ,xry “ xy1, . . . ,yry. l

In the case of a binary field, more relations between vectors y1, . . . ,yr and x1, . . . ,xr

are provided by Lemma 4.14 and Lemma 4.15 (ii). On the other hand, Lemma 4.13 and 
Lemma 4.15 (i) give us some tools for the inductive step in the proof of Theorem 3.1.

Lemma 4.13. Let x1, . . . ,xr P Fn
2 be linearly independent where 4 ď r ď n. Further, 

let A,A `
řr

i“1 x2
i P SGLnpF2q and assume that xJ

i A
´1xi “ 0 for some i P t1, . . . , ru. 

Then there exist y1, . . . ,yr P Fn
2 such that 

řr
i“1 x2

i “
řr

i“1 y2
i and both matrices A `

řr´2
i“1 y2

i , A `
řr´1

i“1 y2
i are in SGLnpF2q.

Proof. Let B “ A `
řr

i“1 x2
i . Dfine S0 “ ti P t1, . . . , ru : xJ

i B
´1xi “ 0u and S1 “ ti P

t1, . . . , ru : xJ
i B

´1xi “ 1u. By Corollary 2.5, |S0| ě 1. If |S0| “ 1 and S0 “ tju, then 
there exist k, l,m P S1 and we can dfine vectors 9x1, . . . , 9xr by

9xt :“
#

xt if t R tj, k, l,mu,

xt ` xj ` xk ` xl ` xm if t P tj, k, l,mu.

Then,

1 “ 9xJ
j B

´1
9xj , 0 “ 9xJ

kB
´1

9xk “ 9xJ
l B

´1
9xl “ 9xJ

mB´1
9xm

so the set 9S0 “ ti P t1, . . . , ru : 9xJ
i B

´1 9xi “ 0u has three elements and 
řr

i“1 x2
i “

řr
i“1 9x2

i . Since we can replace vectors x1, . . . ,xr by 9x1, . . . , 9xr, we assume in the rest of 
the proof that |S0| ě 2.

Next, we claim that there exist i1, i2 P t1, . . . , ru such that

0 “ xJ
i1
B´1xi1 “ xJ

i2
B´1xi2 “ xJ

i1
B´1xi2

or (19)

0 “ xJ
i1
B´1xi1 , 1 “ xJ

i2
B´1xi2 “ xJ

i1
B´1xi2 .
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Suppose (19) is not true. Then, for each s P S0 the row s of the matrix Ir `

rxJ
j1
B´1xj2srj1,j2“1 equals pa1, . . . , arq where aj2 “ 1 if and only if j2 P S0. Since |S0| ě 2, 

it follows that

det
`

Ir ` rxJ
j1
B´1xj2s

r
j1,j2“1

˘

“ 0.

On the other hand, Lemma 2.4 implies that

1 “ detA “ det
˜

B `

r
ÿ

i“1
x2
i

¸

“ det
`

Ir ` rxJ
j1
B´1xj2s

r
j1,j2“1

˘

,

a contradiction.
Let ty1, . . . ,yru “ tx1, . . . ,xru where yr´1 “ xi2 and yr “ xi1 . Then,

det
˜

A `

r´1
ÿ

i“1 
y2
i

¸

“ detpB ` y2
rq “ 1 ` yJ

r B
´1yr “ 1,

det
˜

A `

r´2
ÿ

i“1 
y2
i

¸

“ detpB ` y2
r´1 ` y2

rq

“ det
˜

I2 `

˜

yJ
r´1B

´1yr´1 yJ
r´1B

´1yr

yJ
r B

´1yr´1 yJ
r B

´1yr

¸¸

“ 1,

as claimed. l

Lemma 4.14. Suppose 1 ď r ď n, A P SGLnpF2q, and x1, . . . ,xr P Fn
2 are linearly 

independent. If xJ
i A

´1xj “ 1 for all i, j, and 
řr

i“1 x2
i “

řr
i“1 y2

i for some vectors 
y1, . . . ,yr P Fn

2 , then yJ
i A

´1yj “ 1 for all i, j.

Proof. By Lemma 4.12, xy1, . . . ,yry “ xx1, . . . ,xry. Hence, for each i there exist con
stants αpiq

k P F2 s.t. yi “
řr

j“1 α
piq
k xk. Let X,Y P MnˆrpF2q and P P MrˆrpF2q be 

the matrices with the i-th column equal to xi, yi and pi “ pαi
1, . . . , α

i
rqJ, respectively. 

Obviously, Y “ XP . Therefore,

XXJ “ x2
1 ` ¨ ¨ ¨ ` x2

r “ y2
1 ` ¨ ¨ ¨ ` y2

r “ Y Y J “ XPPJXJ,

i.e. XpIr ´ PPJqXJ “ 0. Since rankX “ r, we deduce that PJ “ P´1. Hence,

ryJ
i A

´1yjs
r
i,j“1 “ Y JA´1Y “ PJXJA´1XP “ PJJP “: z2

where z “ pz1, . . . , zrqJ “ PJjr. Since Ir “ PJP “ rpJ
i pjsri,j“1, it follows that pJ

i pi “ 1
for all i. Since the underlying field is F2, we deduce that zi “ pJ

i jr “ pJ
i pi “ 1 for all i. 

Hence, ryJ
i A

´1yjsri,j“1 “ J as claimed. l
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Lemma 4.15. Let A P SGLnpF2q and let x1, . . . ,xr P Fn
2 be linearly independent where 

2 ď r ď n, rxJ
i A

´1xjsri,j“1 P RTr0
1 , and xJ

i A
´1xj “ 0 for some i, j.

(i) Let k P t2, . . . , r ´ 1u be even. Then, there exist linearly independent vectors 
y1, . . . ,yr P Fn

2 and a permutation matrix Q P GLrpF2q such that

r
ÿ

i“1
x2
i “

r
ÿ

i“1
y2
i , 

r
ÿ

i“1
xi “

r
ÿ

i“1
yi, (20)

and

ryJ
i A

´1yjs
r
i,j“1 “ Q

˜

Jkˆk O

O O

¸

QJ.

(ii) If 
řr

i“1 x2
i “

řr
i“1 y2

i for some y1, . . . ,yr P Fn
2 , then ryJ

i A
´1yjsri,j“1 P RTr0

1 and 
yJ
i1A´1yj1 “ 0 for some i1, j1.

Proof. (i) The linear independence of y1, . . . ,yr will follow from Lemma 4.12 and (20). 
By Lemma 2.2, there is a permutation matrix Q P GLrpF2q s.t.

rxJ
i A

´1xjs
r
i,j“1 “ Q

˜

Jlˆl O

O O

¸

QJ (21)

for some even l P t2, . . . , ru. By the assumption, l ď r´1. To simplify writings we assume 
that Q “ Ir. The claim is obvious if k “ l. Moreover, since we can apply an induction 
process, it suffices to prove the claim for the case k “ l ` 2 whenever l ` 2 ď r ´ 1 and 
for the case k “ l ´ 2 whenever l ´ 2 ě 2.

Case 1. Let k “ l ` 2 and l ` 3 ď r. Dfine vectors y1, . . . ,yr by

yi :“
#

xi if i R tl, l ` 1, l ` 2, l ` 3u,

xi ` xl ` xl`1 ` xl`2 ` xl`3 if i P tl, l ` 1, l ` 2, l ` 3u.

Then, (20) is true and

ryJ
i A

´1yjs
r
i,j“1 “

¨

˚

˚

˚

˝

Jpl´1qˆpl´1q Opl´1qˆ1 Jpl´1qˆ3 O

O1ˆpl´1q 0 O1ˆ3 O

J3ˆpl´1q O3ˆ1 J3ˆ3 O

O O O O

˛

‹

‹

‹

‚

“ 9Q

˜

Jpl`2qˆpl`2q O

O O

¸

9QJ

for appropriate permutation matrix 9Q.
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Case 2. Let k “ l ´ 2 and l ě 4. Dfine vectors y1, . . . ,yr by

yi :“
#

xi if i R tl ´ 2, l ´ 1, l, l ` 1u,

xi ` xl´2 ` xl´1 ` xl ` xl`1 if i P tl ´ 2, l ´ 1, l, l ` 1u.

Then, (20) is true and

ryJ
i A

´1yjs
r
i,j“1 “

¨

˚

˚

˚

˝

Jpl´3qˆpl´3q Opl´3qˆ3 jl´3 O

O3ˆpl´3q O3ˆ3 O3ˆ1 O

jJ
l´3 O1ˆ3 1 O

O O O O

˛

‹

‹

‹

‚

“ 9Q

˜

Jpl´2qˆpl´2q O

O O

¸

9QJ

for appropriate permutation matrix 9Q.

(ii) By Lemma 4.12, xy1, . . . ,yry “ xx1, . . . ,xry so y1, . . . ,yr are linearly independent. 
By (i), we may assume that in (21), l “ 2 and Q “ Ir. If we multiply the equation

x2
1 ` ¨ ¨ ¨ ` x2

r “ y2
1 ` ¨ ¨ ¨ ` y2

r (22)

from the right-hand side by A´1x1 and A´1x2, respectively, we deduce that

r
ÿ

i“1
yi ¨ yJ

i A
´1x1 “ x1 ` x2 “

r
ÿ

i“1
yi ¨ yJ

i A
´1x2.

The linear independence of y1, . . . ,yr implies that yJ
i A

´1x1 “ yJ
i A

´1x2 “: bi for all 
i P t1, . . . , ru. Moreover, there exists i0 P t1, . . . , ru such that bi0 “ 1. If we multiply (22)
by A´1xj , we deduce that

yJ
i A

´1xj “ 0 pi P t1, . . . , ru, j P t3, . . . , ruq. (23)

Let cij :“ yJ
i A

´1yj . Then cji “ cij . If we multiply (22) by A´1yi, (23) implies

bipx1 ` x2q “

r
ÿ

j“1
cjiyj pi P t1, . . . , ruq. (24)

Let S1 “ ti P t1, . . . , ru : bi “ 1u and S0 “ ti P t1, . . . , ru : bi “ 0u. If i P S0, then (24)
and the linear independence of y1, . . . ,yr show that

cij “ cji “ 0 pj P t1, . . . , ruq. (25)

Moreover, if i1, i2 P S1, then the same arguments imply that
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cji1 “ cji2 “ ci2j “ ci1j pj P t1, . . . , ruq. (26)

Since i0 P S1, (24) implies the existence of j P t1, . . . , ru such that cji0 “ 1. By (25), 
j P S1. Consequently, (26) implies that ci1i0 “ 1 for all i1 P S1 and therefore ci1i2 “ 1
for all i1, i2 P S1. Along (25), it implies that the matrix rcijsri,j“1 “ ryJ

i A
´1yjsri,j“1 is of 

rank one. Moreover, (24) implies that x1 ` x2 “
ř

jPS1
yj and consequently

0 “ xJ
1 A

´1x1 ` xJ
2 A

´1x2

“ px1 ` x2qJA´1
px1 ` x2q “

ÿ

jPS1

yJ
j A

´1yj “ |S1| pmod 2q,

i.e. ryJ
i A

´1yjsri,j“1 P RTr0
1 . By Lemma 4.14, yJ

i1 A´1yj1 “ 0 for some i1, j1. l

5. Proof of Theorem 3.1

Firstly, we prove the cases r ď 2 and r “ 3.

Proof of Theorem 3.1 for r ď 2. If r “ 1, then obviously dpA,Bq “ r. This is also 
claimed by Theorem 3.1 because 1 “ detB “ detpA ` x2

1q “ 1 ` xJ
1 A

´1x1 implies 
that xJ

1 A
´1x1 “ 0, and therefore the assumption (iii) holds.

Let r “ 2. By Lemma 2.4, 1 “ detB “ detpI2 ` rxJ
i A

´1xjs2i,j“1q, i.e.

xJ
1 A

´1x1 ` xJ
2 A

´1x2 ` xJ
1 A

´1x1 ¨ xJ
2 A

´1x2 ´ pxJ
1 A

´1x2q
2

“ 0. (27)

We separate two cases.

Case 1. Let xJ
i A

´1xi “ 0 for some i P t1, 2u. If j P t1, 2uztiu, then (27) implies that 
xJ
j A

´1xj “ xJ
i A

´1xj , and therefore the assumption (iii) holds. Moreover, detpA`x2
i q “

1 `xJ
i A

´1xi “ 1. Hence, A`x2
i is adjacent to both A and B, i.e. dpA,Bq ď 2. From (2)

we deduce that dpA,Bq “ 2 as claimed.

Case 2. Let xJ
1 A

´1x1 “ 1 “ xJ
2 A

´1x2. Then, (27) implies that xJ
1 A

´1x2 “ 1. As 
indicated in Remark 3.2, we need to prove that dpA,Bq “ 4. Since xJ

1 A
´1x1 ‰ 0, it 

follows that A´1 is nonalternate. Hence, A´1 “ PJP for some P P GLnpF2q. Since 
vectors Px1, Px2 are linearly independent, they are nonzero, and at least one of them 
is different from jn. We may assume that Px1 “: pα1, . . . , αnqJ is such. Then there 
exist j, k such that αj “ 0 and αk “ 1. Let y “ P´1pej ` ekq. Then yJA´1y “ 0 and 
yJA´1x1 “ 1. Consequently, regardless of the value yJA´1x2, Lemma 2.4 implies that

detpA ` y2
q “ 1 ` yJA´1y “ 1,

detpA ` y2
` x2

1q “ det
˜

I2 `

˜

yJA´1y yJA´1x1
yJA´1x1 xJ

1 A
´1x1

¸¸

“ 1,
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detpA ` y2
` x2

1 ` x2
2q

“ det

¨

˚

˝
I3 `

¨

˚

˝

yJA´1y yJA´1x1 yJA´1x2
yJA´1x1 xJ

1 A
´1x1 xJ

1 A
´1x2

yJA´1x2 xJ
1 A

´1x2 xJ
2 A

´1x2

˛

‹

‚

˛

‹

‚
“ 1,

which means that A „ A`y2 „ A`y2 `x2
1 „ A`y2 `x2

1 `x2
2 „ B. Hence, dpA,Bq ď 4. 

By Lemma 4.4, dpA,Bq “ 4. l

Proof of Theorem 3.1 for r “ 3. By Lemma 2.4,

1 “ detB “ det
`

I3 ` rxJ
i A

´1xjs
3
i,j“1

˘

. (28)

Since alternate matrices have even rank, there exists k P t1, 2, 3u such that xJ
kA

´1xk “ 0. 
We separate two cases.

Case 1. Let rxJ
i A

´1xjs3i,j“1 P RTr0
1 . Then we may assume that

rxJ
i A

´1xjs
3
i,j“1 “

¨

˚

˝

1 1 0
1 1 0
0 0 0

˛

‹

‚
(29)

(otherwise we permute vectors x1,x2,x3). Let Q P GLnpF2q be any invertible matrix 
with x1,x2,x3 as the first three columns. Then, (29) is the top-left 3 ˆ 3 block of the 
invertible matrix QJA´1Q P SGLnpF2q. Hence, n ą 3. Moreover, a straightforward 
computation of the determinant shows that no member of SGL4pF2q has (29) in the 
top-left corner. Hence, n ě 5. By Lemma 4.9, there exists w P Fn

2 such that (11) or (12)
is true. We may assume (11) (otherwise we permute vectors x1,x2). Now, we can apply 
Lemma 2.4 as in the proof for r “ 2 to deduce that matrices in the path

A „ A ` px1 ` x2 ` x3q
2

„ A ` px1 ` x2 ` x3q
2

` w2

„ A ` px1 ` x2 ` x3q
2

` w2
` px1 ` x3 ` wq

2

„ A ` px1 ` x2 ` x3q
2

` w2
` px1 ` x3 ` wq

2
` px1 ` x2 ` wq

2

“ A ` x2
1 ` x2

2 ` x2
3 ` px2 ` x3 ` wq

2
„ B

have determinant one. Hence, dpA,Bq ď 5. By Lemma 4.4, dpA,Bq “ 5.

Case 2. Let rxJ
i A

´1xjs3i,j“1 R RTr0
1 . Since xJ

kA
´1xk “ 0, the assumption of (iii) is 

satified. We may assume that k “ 3 (otherwise we suitably permute vectors x1, x2, x3). 
We claim that there exist distinct i, j P t1, 2, 3u such that
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0 “ xJ
i A

´1xi “ xJ
j A

´1xj “ xJ
i A

´1xj

or (30)

0 “ xJ
i A

´1xi, 1 “ xJ
j A

´1xj “ xJ
i A

´1xj .

To prove (30) we separate three subcases.

Subcase 1. Let xJ
1 A

´1x1 “ 0 “ xJ
2 A

´1x2. If (30) is not true, then the invertible matrix 
in the right-hand side of (28) equals J3ˆ3, a contradiction.

Subcase 2. Let xJ
1 A

´1x1 “ 1 “ xJ
2 A

´1x2. If (30) is not true, then xJ
1 A

´1x3 “ 0 “

xJ
2 A

´1x3. Since rxJ
i A

´1xjs3i,j“1 R RTr0
1 , we have xJ

1 A
´1x2 “ 0. This is a contradiction 

because the invertible matrix in the right-hand side of (28) is

¨

˚

˝

0 0 0
0 0 0
0 0 1

˛

‹

‚
.

Subcase 3. Let txJ
1 A

´1x1,xJ
2 A

´1x2u “ t0, 1u. If (30) is not true, then we get in contra
diction as above, i.e. the matrix in the right-hand side of (28) equals

¨

˚

˝

1 0 1
0 0 0
1 0 1

˛

‹

‚
or

¨

˚

˝

0 0 0
0 1 1
0 1 1

˛

‹

‚
.

Now, if i, j are as in (30), then Lemma 2.4 implies that matrices in the path

A „ A ` x2
i „ A ` x2

i ` x2
j „ A ` x2

1 ` x2
2 ` x2

3 “ B

have determinant one. Hence, dpA,Bq ď 3. By (2), dpA,Bq “ 3 as claimed. l

The proof of Theorem 3.1 for r ě 4 applies the induction process. In it, we say that 
a pair of matrices pA,Bq in SGLnpF2q satisfy the condition (i), (ii), or (iii) with respect 
to vectors x1, . . . ,xr if the conditions (i), (ii), or (iii) in the statement of Theorem 3.1
are satified, respectively.

Proof of Theorem 3.1 for r ě 4. We already know that the claim is true for r P t1, 2, 3u. 
Let r ě 4 and assume the claim is true for values 1, 2, . . . , r´1. We separate three cases.

Case 1. Let (ii) be satified and assume (i) is not, i.e. rxJ
i A

´1xjsri,j“1 ‰ Jrˆr. By 
Lemma 2.2, there exists i0 such that xJ

i0
A´1xj “ 0 “ xJ

j A
´1xi0 for all j. Hence, 

rxJ
i A

´1xjsi,jPt1,...,ruzti0u P RTr0
1 . By Lemma 2.2, there exists a permutation matrix 

Q P GLr´1pF2q such that
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rxJ
i A

´1xjsi,jPt1,...,ruzti0u “ Q

˜

Jkˆk O

O O

¸

QJ

for some even k ě 2. Let B1 “ A `
ř

i‰i0
x2
i . By Lemma 2.4,

detB1
“ det

`

Ir´1 ` rxJ
i A

´1xjsi,jPt1,...,ruzti0u

˘

“ det
˜

Q

˜

Ik ` Jkˆk O

O Ir´1´k

¸

QJ

¸

“ detpIk ` j2kq

“ 1 ` jJ
k jk “ 1

because k is even. Hence, B1 P SGLnpF2q. By the induction hypothesis, dpA,B1q ď

pr´ 1q ` 2 “ r` 1. Consequently, dpA,Bq ď dpA,B1q `dpB1, Bq ď r` 2. By Lemma 4.4, 
dpA,Bq “ r ` 2 as claimed.

Case 2. Let (iii) be satified. Then, there exists i such that xJ
i A

´1xi “ 0. By Lemma 4.13, 
there exist y1, . . . ,yr P Fn

2 such that 
řr

i“1 x2
i “

řr
i“1 y2

i and both matrices B2 “

A `
řr´2

i“1 y2
i and B1 “ A `

řr´1
i“1 y2

i are in SGLnpF2q. Moreover, y1, . . . ,yr are linearly 
independent by Lemma 4.12. By Lemma 2.4,

1 “ detB1
“ det

´

Ir´1 ` ryJ
i A

´1yjs
r´1
i,j“1

¯

(31)

and

1 “ detB2
“ det

´

Ir´2 ` ryJ
i A

´1yjs
r´2
i,j“1

¯

. (32)

Therefore, there exist i0, j0 ď r ´ 1 such that

yJ
i0
A´1yj0 “ 0. (33)

In fact, the opposite would force the matrices in the right-hand side of (31), (32) to 
be alternate, a contradiction because such matrices have even rank, while one of the 
numbers r ´ 2 and r ´ 1 is odd. We split Case 2 into three subcases, depending on the 
type of the pair pA,B1q with respect to vectors y1, . . . ,yr´1.

Subcase 1. Suppose that pA,B1q satisfy the condition (ii). By Lemma 4.15 (i) and (33), 
we may assume that

ryJ
i A

´1yjs
r´1
i,j“1 “ Q

˜

J2ˆ2 O

O O

¸

QJ

for some permutation matrix Q P GLr´1pF2q. If 9Q P GLrpF2q is the permutation matrix 
with Q in the top-left corner and 1 in the pr, rq-entry, then
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ryJ
i A

´1yjs
r
i,j“1 “ 9Q

¨

˚

˝

J2ˆ2 O 9b
O O :b
9bJ :bJ br

˛

‹

‚

9QJ (34)

for some 9b “ pb1, b2qJ P F2
2 , :b “ pb3, . . . , br´1qJ P Fr´3

2 , br P F2. Since

1 “ detB “ det
`

Ir ` ryJ
i A

´1yjs
r
i,j“1

˘

“ det

¨

˚

˝

9Q

¨

˚

˝

J2ˆ2 ` I2 O 9b
O Ir´3 :b
9bJ :bJ 1 ` br

˛

‹

‚

9QJ

˛

‹

‚

“ det

¨

˚

˝

J2ˆ2 ` I2 O 9b
O Ir´3 :b
9bJ :bJ 1 ` br

˛

‹

‚
, (35)

the last column of the matrix in (35) is not a linear combination of the other columns. 
Hence, 1 ` br ‰ b3 ` ¨ ¨ ¨ ` br´1, i.e.

br “ b3 ` ¨ ¨ ¨ ` br´1. (36)

Since rxJ
i A

´1xjsri,j“1 R RTr0
1 by the assumption of Case 2, Lemma 4.15 (ii) implies that 

pb1, . . . , brq is not the zero vector. Moreover, (34) implies that

ryJ
σpiqA

´1yσpjqs
r
i,j“1 “

¨

˚

˝

J2ˆ2 O 9b
O O :b
9bJ :bJ br

˛

‹

‚

for some permutation σ of the set t1, . . . , ru.
If there exists s P t1, 2u such that bs “ 1 and ttu “ t1, 2uztsu, then we can consider 

the matrix 9B1 “ A `
ř

i‰σptq y2
i . Since

ryJ
σpiqA

´1yσpjqsi,jPt1,...,ruzttu “

¨

˚

˝

1 O 1
O O :b
1 :bJ br

˛

‹

‚
,

we have 9B1 P SGLnpF2q by Lemma 2.4. If pA, 9B1q is of type (ii) for vectors 
yσp1q, . . . ,yσpt´1q,yσpt`1q, . . . ,yσprq, then br “ 1 and :b “ 0, which contradicts (36). 
Clearly, pA, 9B1q is not of type (i). Hence, pA, 9B1q is of type (iii). By the induction hy
pothesis, dpA, 9B1q “ r ´ 1. Consequently, dpA,Bq ď dpA, 9B1q ` dp 9B1, Bq “ r. Therefore, 
(2) implies that dpA,Bq “ r.

If b1 “ 0 “ b2 and there exists k P t3, . . . , r ´ 1u such that bk “ 0, then consider the 
matrix :B1 “ A `

ř

i‰σpkq
y2
i . Since
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ryJ
σpiqA

´1yσpjqsi,jPt1,...,ruztku “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 1 0 ¨ ¨ ¨ 0 0 ¨ ¨ ¨ 0 0
1 1 0 ¨ ¨ ¨ 0 0 ¨ ¨ ¨ 0 0
0 0 0 ¨ ¨ ¨ 0 0 ¨ ¨ ¨ 0 b3
...

...
...

. . .
...

... ¨ ¨ ¨
...

...
0 0 0 ¨ ¨ ¨ 0 0 ¨ ¨ ¨ 0 bk´1
0 0 0 ¨ ¨ ¨ 0 0 ¨ ¨ ¨ 0 bk`1
...

... ¨ ¨ ¨
...

...
...

. . .
...

...
0 0 0 ¨ ¨ ¨ 0 0 ¨ ¨ ¨ 0 br´1
0 0 b3 ¨ ¨ ¨ bk´1 bk`1 ¨ ¨ ¨ br´1 br

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

and br “
řr´1

i“3,i‰k bi, Lemma 2.4 implies that

det :B1
“ det

´

Ir´1 ` ryJ
σpiqA

´1yσpjqsi,jPt1,...,ruztku

¯

“ 1,

i.e. :B1 P SGLnpF2q. Clearly, the pair pA, :B1q is not of type (i) with respect to vectors 
yσp1q, . . . ,yσpk´1q,yσpk`1q, . . . ,yσprq. It is not of type (ii) either because pb1, . . . , brq is 
not the zero vector. Therefore, it is of type (iii). As above, we now deduce dpA, :B1q “ r´1
and dpA,Bq “ r by applying the induction step.

Finally, to end Subcase 1, let b1 “ 0 “ b2 and 1 “ b3 “ ¨ ¨ ¨ “ br´1. By (36),

br “

#

1 if r is even,
0 if r is odd.

Dfine vectors z1, . . . , zr by

zi :“
#

yσpiq if i R t1, 2, 3, ru,

yσpiq ` yσp1q ` yσp2q ` yσp3q ` yσprq if i P t1, 2, 3, ru.

Then 
řr

i“1 z2
i “

řr
i“1 y2

i , and a straightforward computation shows that

rzJ
i A

´1zjsi,jPt2,...,ru “

˜

p1 ` brqJ2ˆ2 J2ˆpr´3q

Jpr´3qˆ2 Opr´3qˆpr´3q

¸

` e2
2. (37)

Let ;B1 “ A `
řr

i“2 z2
i . By Lemma 2.4, ;B1 has the same determinant as matrix Ir´1 `

rzJ
i A

´1zjsi,jPt2,...,ru, which equals the invertible matrix (4) from Lemma 4.1 where a “ br
and m “ r ´ 3. Therefore, ;B1 P SGLnpF2q. Since r ě 4, it is clear from (37) that the 
pair pA, ;B1q is of type (iii) with respect to vectors z2, . . . , zr. Hence, we deduce that 
dpA,Bq “ r as above.

Subcase 2. Suppose that pA,B1q satisfy the condition (iii). Then by induction hypothesis, 
dpA,B1q “ r ´ 1 and consequently, dpA,Bq ď dpA,B1q ` dpB1, Bq “ r. As above, (2)
implies that dpA,Bq “ r.
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Subcase 3. Suppose that pA,B1q satisfy the condition (i). Then yJ
i A

´1yi “ 1 for all 
i P t1, . . . , r ´ 1u. Since B2, B1 P SGLnpF2q and one of the numbers r ´ 2, r ´ 1 is odd, 
we get a contradiction by Corollary 2.6.

Case 3. Let (i) be satified. By Corollary 2.6, r is even. Suppose firstly that xJ
i A

´1xj “ 1
for all i, j. By Lemma 4.10, there exists xr`1 P Fn

2 such that (15) and (16) is true. We 
may assume that s “ 1 in (15)-(16) (otherwise we permute vectors x1, . . . ,xr). Let 
B1 “ A `

řr`1
j“1 x2

j . By Lemmas 2.4 and 2.3,

detB1 “ det
`

Ir`1 ` rxJ
i A

´1xjsi,jPt1,...,r`1u

˘

“ det
˜

Jrˆr ` Ir e1
eJ
1 1

¸

“ detpJrˆr ` Ir ` e2
1q. (38)

Clearly, the columns space of matrix Jrˆr ` Ir ` e2
1 equals the whole space Fr

2 . Hence, 
B1 P SGLnpF2q. Let B2 “ A `

řr`1
j“1,j‰2 x2

j . As in (38), we deduce that detB2 “

detpJpr´1qˆpr´1q ` Ir´1 ` e2
1q and B2 P SGLnpF2q. Moreover, the pair pA,B2q is of the 

type (iii) with respect to the vectors x1,x3, . . . ,xr`1, which are linearly independent by 
Remark 4.11. By Case 2, dpA,B2q “ r. Consequently,

dpA,Bq ď dpA,B2q ` dpB2, B1q ` dpB1, Bq “ r ` 2.

By Lemma 4.4, dpA,Bq “ r ` 2.
Suppose now that there exist i, j such that xJ

i A
´1xj “ 0. By Lemma 4.3, dpA,Bq ě

r ` 1. Dfine vectors y1, . . . ,yr`1 by

yi “ x1 ` x2 ` x3 ` xi pi “ 1, 2, 3q,

y4 “ x1 ` x2 ` x3,

yi “ xi´1 pi “ 5, . . . , r ` 1q.

Then, 
řr`1

i“1 y2
i “

řr
i“1 x2

i . Let the matrix D “ rdijs
r`1
i,j“1 be dfined by

D “ Ir`1 ` ryJ
i A

´1yjs
r`1
i,j“1,

and let Dij denote the determinant of the r ˆ r submatrix of D, which is obtained by 
deleting the i-th row and the j-th column. By Lemma 2.4,

1 “ detB “ detD.

The Laplace expansion along the i-th row yields 1 “
řr`1

j“1 dijDij for all i. Since
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dii “

#

1 if i P t1, 2, 3u,

0 if i P t4, . . . , r ` 1u,

r is even, dij “ dji, and Dij “ Dji, in characteristic two we deduce that 1 “
řr`1

i“1
řr`1

j“1 dijDij “ D11 ` D22 ` D33. Consequently, there exists i P t1, 2, 3u such that 
Dii “ 1. We may assume that D11 “ 1. Let B1 “ A `

řr`1
i“2 y2

i . Since

detB1
“ detpIr ` ryJ

i A
´1yjs

r`1
i,j“2q “ D11 “ 1,

we have B1 P SGLnpF2q. The diagonal of ryJ
i A

´1yjs
r`1
i,j“2 is p0, 0, 1, . . . , 1q. If

ryJ
i A

´1yjs
r`1
i,j“2 ‰

˜

O2ˆ2 O2ˆpr´2q

Opr´2qˆ2 Jpr´2qˆpr´2q

¸

, (39)

then pA,B1q is of type (iii) with respect to the vectors y2, . . . ,yr`1, which are linearly 
independent. Consequently, dpA,B1q “ r by Case 2 and therefore dpA,Bq ď dpA,B1q `

dpB1, Bq “ r ` 1. Hence, dpA,Bq “ r ` 1 as claimed.
Finally, assume that the two matrices in (39) are the same. Then, for each i ě 5 we 

have 0 “ yJ
2 A

´1yi “ xJ
1 A

´1xi´1 ` xJ
3 A

´1xi´1, i.e. xJ
1 A

´1xi´1 “ xJ
3 A

´1xi´1. If we 
replace y2 by y3 in this computation we further deduce that

xJ
1 A

´1xi´1 “ xJ
2 A

´1xi´1 “ xJ
3 A

´1xi´1 “: ai´1 p5 ď i ď r ` 1q.

Consequently, for i, j ě 5 we have

0 “ 1 ` 1 “ yJ
4 A

´1yi ` yJ
4 A

´1yj

“ px1 ` x2 ` x3qJA´1xi´1 ` px1 ` x2 ` x3qJA´1xj´1

“ ai´1 ` aj´1.

Hence, a4 “ ¨ ¨ ¨ “ ar. Moreover, for i, j ě 5 we have also

1 “ yJ
i A

´1yj “ xJ
i´1A

´1xj´1.

Since xJ
i A

´1xi “ 1 for all i, the expansion of the equalities yJ
2 A

´1y4 “ 0 “ yJ
3 A

´1y4
implies that

xJ
1 A

´1x2 “ xJ
1 A

´1x3 “ xJ
2 A

´1x3. (40)

Consequently,

0 “ yJ
2 A

´1y3 “ xJ
1 A

´1x1 ` xJ
1 A

´1x2 ` xJ
3 A

´1x1 ` xJ
3 A

´1x2 “ 1 ` xJ
1 A

´1x2,

which means that all values in (40) equal 1. Hence,
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rxJ
i A

´1xjs
r
i,j“1 “

˜

J3ˆ3 a4J3ˆpr´3q

a4Jpr´3qˆ3 Jpr´3qˆpr´3q

¸

.

Since xJ
i A

´1xj “ 0 for some i, j, it follows that a4 “ 0. Consequently, Lemma 2.4 implies 
that

1 “ detB “ det
˜

J3ˆ3 ` I3 O

O Jpr´3qˆpr´3q ` Ir´3

¸

,

a contradiction because matrix J3ˆ3 ` I3 is not invertible. l

6. Proof of Theorem 3.3

We prove the parts (i) and (ii) separately. In both we rely on Theorem 3.1.

Proof of Theorem 3.3 (i). Since A´B is an alternate matrix of rank r and (2) holds, it 
suffices to prove that dpA,Bq ď r ` 1. Dfine

S0 “
�

i P t1, . . . , r ` 1u : xJ
i A

´1xi “ 0
(

, (41)

S1 “
�

i P t1, . . . , r ` 1u : xJ
i A

´1xi “ 1
(

. (42)

Since xJ
r`1A

´1xr`1 “
řr

i“1 xJ
i A

´1xi and r is even, it follows that |S0| ě 1. We separate 
three cases.

Case 1. Let |S0| “ 1 and r “ 2. Since x1 ` x2 ` x3 “ 0 and each pair of vectors among 
x1,x2,x3 are linearly independent, we may assume that S0 “ t1u and S1 “ t2, 3u. Let 
a “ xJ

1 A
´1x2. Then,

xJ
1 A

´1x3 “ a, xJ
2 A

´1x3 “ 1 ` a.

If X is the n ˆ 3 matrix with xi as its i-th column, then Lemma 2.4 implies that

1 “ detB “ detpA ` XXJq “ detpI3 ` XJA´1Xq “ det

¨

˚

˝

1 a a

a 0 1 ` a

a 1 ` a 0

˛

‹

‚
. (43)

Consequently, a “ 0. Hence, rxJ
i A

´1xjs
r`1
i,j“1 is of rank-one, a contradiction.

Case 2. Let |S0| ą 1 and r “ 2. Since x1 ` x2 ` x3 “ 0, we deduce that |S0| “ 3, i.e. 
xJ
i A

´1xi “ 0 for i “ 1, 2, 3. Let a “ xJ
1 A

´1x2. Then,

xJ
1 A

´1x3 “ a “ xJ
2 A

´1x3.
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As in (43) we deduce that

1 “ detB “ det

¨

˚

˝

1 a a

a 1 a

a a 1

˛

‹

‚
,

i.e. a “ 0. Dfine B1 “ A ` x2
1 ` x2

2. Then

detB1
“ det

˜

I2 `

˜

xJ
1 A

´1x1 xJ
1 A

´1x2
xJ

1 A
´1x2 xJ

3 A
´1x3

¸¸

“ 1.

By Theorem 3.1, dpA,B1q “ 2. Hence, dpA,Bq ď dpA,B1q ` dpB1, Bq “ 3 “ r ` 1.

Case 3. Let r ě 4. If |S0| “ 1, i.e. S0 “ ti0u for some i0 P t1, . . . , r ` 1u, then there exist 
j1, k1, l1 P S1 and we can dfine y1, . . . ,yr`1 by

yi0 “ xj1 ` xk1 ` xl1 ,

yj1 “ xi0 ` xk1 ` xl1 ,

yk1 “ xi0 ` xj1 ` xl1 ,

yl1 “ xi0 ` xj1 ` xk1 ,

and yi “ xi for all i P t1, . . . , r ` 1uzti0, j1, k1, l1u. Then 
řr`1

i“1 x2
i “

řr`1
i“1 y2

i , yr`1 “
řr

i“1yi, vectors y1, . . . ,yr are linearly independent, and

|
�

i P t1, . . . , r ` 1u : yJ
i A

´1yi “ 0
(

| “ |tj1, k1, l1u| “ 3.

Moreover, if X and Y are the n ˆ pr ` 1q matrices with xi and yi as its i-th col
umn, respectively, then Y “ XR for appropriate R P GLr`1pF2q, and matrices 
ryiA

´1yjs
r`1
i,j“1 “ Y JA´1Y , rxiA

´1xjs
r`1
i,j“1 “ XJA´1X have equal rank. By replac

ing x1, . . . ,xr`1 with y1, . . . ,yr`1, we may assume that |S0| ě 2.
To proceed, observe that as in (43) we can deduce that detD “ 1 where D “

rdijs
r`1
i,j“1 :“ Ir`1 `XJA´1X. Let Dij be the determinant of the submatrix obtained by 

removing the i-th row and the j-th column of D. Then, for each i P t1, . . . , r ` 1u, the 
Laplace expansion along the i-th row yields 1 “

řr`1
j“1 dijDij . Since D is symmetric, we 

have dij “ dji and Dij “ Dji. Since r is even,

1 “

r`1
ÿ

i“1 

r`1
ÿ

j“1 
dijDij “

r`1
ÿ

i“1 
diiDii.

Therefore, there exists i P t1, . . . , r ` 1u such that dii “ 1 “ Dii. We may assume 
that i “ r ` 1 (otherwise we permute vectors x1, . . . ,xr`1 in appropriate order). Dfine 
B1 :“ A ` x2

1 ` ¨ ¨ ¨ ` x2
r . Then,
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detB1
“ det

`

Ir ` rxJ
i A

´1xjs
r
i,j“1

˘

“ detDr`1,r`1 “ 1.

Since |S0| ě 2, the matrix rxJ
i A

´1xjsri,j“1 must have at least one zero on the diagonal. 
By Remark 3.4, rankprxJ

i A
´1xjsri,j“1q “ rankprxJ

i A
´1xjs

r`1
i,j“1q ‰ 1. By Theorem 3.1, 

dpA,B1q “ r. Hence, dpA,Bq ď dpA,B1q ` dpB1, Bq “ r ` 1. l

Proof of Theorem 3.3 (ii). Let S0, S1 be as in (41), (42). By Remark 3.4, 0 “

TrprxJ
i A

´1xjs
r`1
i,j“1q “

řr`1
i“1 xJ

i A
´1xi, so |S1| “ 2t for some t ď

r
2 . Since the matrix 

rxJ
i A

´1xjs
r`1
i,j“1 is of rank one, it is not alternate. Hence, its diagonal is not zero every

where, and therefore t ě 1. We may assume that

S1 “ t1, 2, . . . , 2tu and S0 “ t2t ` 1, 2t ` 2, . . . , r ` 1u; (44)

(otherwise we permute the vectors x1, . . . ,xr`1). Since B ´ A is an alternate matrix of 
rank r, (2) implies that

dpA,Bq ě r ` 1.

Moreover, Lemma 2.4, Lemma 2.2, and (44) imply that

B´1
“ A´1

´ A´1XpIr`1 ` XJA´1XqXJA´1

“ A´1
´ A´1X

˜

I2t ` Jp2tqˆp2tq O

O Ir`1´2t

¸

XJA´1, (45)

where X is the n ˆ pr ` 1q matrix with xi as its i-th column. We divide the rest of the 
proof into three steps.

Step 1. We claim that dpA,Bq ě r ` 2.
Suppose that dpA,Bq “ r ` 1. Then, rankpB1 ´ Bq “ 1 and dpA,B1q “ r for some 

B1 P SGLnpF2q. In particular, B1 “ B ` y2 for some nonzero y P Fn
2 .

If y R xx1, . . . ,xry, then

B1
´ A “ B ´ A ` y2

“ P

¨

˚

˝

Jrˆr ` Ir Orˆ1 O

O1ˆr 1 O

O O O

˛

‹

‚
PJ,

for any P P GLnpF2q with x1, . . . ,xr,y as the first r`1 columns. In particular, rankpB1 ´

Aq “ r ` 1. Hence, (2) implies that dpA,B1q ě r ` 1, a contradiction.
Therefore, y P xx1, . . . ,xry, i.e. y “

řs
j“1 xij for some subset ti1, . . . , isu Ď t1, . . . , ru

of distinct indices. If s “ r, then B1 “ A ` x2
1 ` ¨ ¨ ¨ ` x2

r. From Remark 3.4 and (44)
we deduce that rxJ

i A
´1xjsri,j“1 P RTr0

1 . Consequently, dpA,B1q “ r ` 2 by Theorem 3.1, 
a contradiction. Therefore 1 ď s ă r. If S1

1 :“ tj P t1, . . . , su : ij ď 2tu and j ď s, 
then (45) implies
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xJ
ij
B´1xij “ xJ

ij
A´1xij ´ xJ

ij
A´1X

˜

I2t ` Jp2tqˆp2tq O

O Ir`1´2t

¸

XJA´1xij

“

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

1 ´ p1 ¨ ¨ ¨ 1
loomoon

2t 
0 ¨ ¨ ¨ 0q

˜

I2t ` Jp2tqˆp2tq O

O Ir`1´2t

¸

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1
...
1
0
...
0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

if j P S1
1,

0 ´ p0 ¨ ¨ ¨ 0q

˜

I2t ` Jp2tqˆp2tq O

O Ir`1´2t

¸

¨

˚

˝

0
...
0

˛

‹

‚
if j R S1

1,

“

#

1 if j P S1
1,

0 if j R S1
1.

By Lemma 2.4,

1 “ detB1
“ detpB ` y2

q “ 1 ` yJB´1y “ 1 `

s 
ÿ

j“1
xJ
ij
B´1xij “ 1 ` |S1

1| pmod 2q,

which means that |S1
1| is even. We denote tis`1, . . . , iru “ t1, . . . , ruzti1, . . . , isu and 

separate two cases to end the proof of Step 1.

Case 1. Let s be odd. Then we dfine w1, . . . ,wr as in Lemma 4.5, which together with 
Remark 3.4 imply that

B1
“ A ` w2

1 ` ¨ ¨ ¨ ` w2
r, rank

`

rwJ
i A

´1wjs
r
i,j“1

˘

“ 1,

TrrwJ
i A

´1wjsi,jPt1,...,ru “

s 
ÿ

j“1
xJ
ij
A´1xij “ |S1

1| pmod 2q “ 0.

By Theorem 3.1, dpA,B1q “ r ` 2, a contradiction. Hence, dpA,Bq ě r ` 2.

Case 2. Let s be even. Then we repeat the proof in Case 1 where we replace Lemma 4.5
by Lemma 4.6.

Step 2. We claim the matrix B´1 ´ A´1 is not alternate.

If B´1 ´ A´1 is alternate, then it follows from (45) that

X

˜

I2t ` Jp2tqˆp2tq O

O Ir`1´2t

¸

XJ “
ÿ

1ďiăjď2t
xi ˝ xj ` x2

2t`1 ` ¨ ¨ ¨ ` x2
r`1
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is alternate. Therefore, x2
2t`1 ` ¨ ¨ ¨ ` x2

r`1 is alternate as well. If we select a matrix 
P P GLnpF2q such that Pxi “ ei for i “ 1, . . . , r, then the equality xr`1 “

řr
i“1 xi

implies that matrix

P px2
2t`1 ` ¨ ¨ ¨ ` x2

r`1qPJ “

¨

˚

˝

Op2tqˆp2tq Op2tqˆpr´2tq O

Opr´2tqˆp2tq Ir´2t O

O O O

˛

‹

‚
`

˜

Jrˆr O

O O

¸

is alternate, which is not true.

Step 3. We claim that dpA,Bq “ r ` 2.
Since rxJ

i A
´1xjs

r`1
i,j“1 “ XJA´1X is of rank one, it follows from (44) that

rxJ
i A

´1xjs
r`1
i,j“1 “

˜

Jp2tqˆp2tq O

O O

¸

.

In particular,

xJ
i A

´1X “

$

&

%

p0, . . . , 0, 0, . . . , 0q if i ą 2t,
p1, . . . , 1
loomoon

2t 

, 0, . . . , 0q if i ď 2t.

Consequently, (45) implies that

xJ
i pB´1

´ A´1
qxj “ 0 pi, j P t1, . . . , r ` 1uq. (46)

By Step 2, there exists nonzero z P Fn
2 such that

zJpB´1
´ A´1

qz “ 1. (47)

From (46) we deduce that z R xx1, . . . ,xry. Dfine column vector

v “

#

z if zJB´1z “ 0,
z ` x1 if zJB´1z “ 1.

Then, (44), (46), (47) imply that vJB´1v “ 0 and vJA´1v “ 1. In particular, B1 “

B`v2 is an invertible matrix. From Lemma 4.7 we deduce that B1 “ A`
řr`1

i“1 v2
i where 

vi “ xi ` v for all i P t1, . . . , r ` 1u. Since vectors v1, . . . ,vr`1 span the vector space 
xx1, . . . ,xr, zy, they are linearly independent. Moreover,

TrrvJ
i A

´1vjsi,jPt1,...,r`1u “

r`1
ÿ

i“1 
vJ
i A

´1vi
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“

r`1
ÿ

i“1 
xJ
i A

´1xi ` pr ` 1qvJA´1v

“ TrrxJ
i A

´1xjsi,jPt1,...,r`1u ` pr ` 1qvJA´1v

“ 0 ` 1 “ 1.

Since r ` 1 is odd, it follows from Corollary 2.6 that vJ
i A

´1vi “ 0 for some i. 
Consequently, Theorem 3.1 implies that dpA,B1q “ r ` 1 and therefore dpA,Bq ď

dpA,B1q ` dpB1, Bq “ r ` 2. From Step 1 we infer that dpA,Bq “ r ` 2. l

7. Diameter of Γn

To determine the diameter of graph Γn we need two more lemmas.

Lemma 7.1. Let n ě 2.

(i) A pair pA,Bq of matrices in SGLnpF2q that satisfy the condition (i) from Theo
rem 3.1 where xJ

i A
´1xj “ 1 for all i, j exists if and only if r P t1, . . . , t

n`1
2 uu is 

even.
(ii) A pair pA,Bq of matrices in SGLnpF2q that satisfy the condition (i) from Theo

rem 3.1 where xJ
i A

´1xj “ 0 for some i, j exists if and only if r P t1, . . . , nuzt2u is 
even.

(iii) A pair pA,Bq of matrices in SGLnpF2q that satisfy the condition (ii) from Theo
rem 3.1 exists if and only if r P t2, 3, . . . , t

n`1
2 uu.

(iv) A pair pA,Bq of matrices in SGLnpF2q that satisfy the condition (iii) from Theo
rem 3.1 exists for each r P t1, . . . , nu.

Proof. (i) If xJ
i A

´1xj “ 1 for all i, j, then r is even by Corollary 2.6. Moreover, A´1 is 
nonalternate. Hence, A´1 “ PPJ for some P P GLnpF2q and vectors yi :“ PJxi satisfy 
yJ
i yj “ 1 for all i, j. In particular, rank

`

ryJ
i yjsri,j“1

˘

“ 1. By Lemma 2.7, r ď t
n`1

2 u.
Conversely, if r ď

X

n`1
2 

\

, then vectors xi “
ř2i´1

k“1 ek for i “ 1, . . . , r satisfy xJ
i xj “ 1

for all i, j. By Lemma 2.4, the matrix B :“ In `
řr

i“1 x2
i satifies detB “ detpIr `Jrq “

detpIr ` j2rq “ 1 ` jJ
r jr “ 1 whenever r is even. Hence, pA,Bq where A “ In is a required 

pair.
(ii) If pA,Bq is any such pair, then, as above, r is even by Corollary 2.6. In the case 

r “ 2 we would necessarily have xJ
1 A

´1x2 “ 0. Consequently, Lemma 2.4 would imply 
that 1 “ detB “ detpI2 ` I2q “ 0, a contradiction.

Suppose now that r P t1, . . . , nuzt2u is even. If r “ 4k for some k ě 1, then we set 
A “ In and B “ In `

řr
i“1 x2

i where

xi “

#

ei if i P t1, . . . , 2ku,

ei´2k ` ei´2k`1 ` ¨ ¨ ¨ ` ei if i P t2k ` 1, . . . , 4ku.
(48)
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Clearly, x1, . . . ,xr are linearly independent and A P SGLnpF2q. By Lemma 2.4, B and 
Ir ` rxJ

i xjsri,j“1 have the same determinant. Observe that

Ir ` rxJ
i xjs

r
i,j“1 “

˜

O L

LJ A22

¸

where A22 P S2kpF2q and L “ rlijs2ki,j“1 is the lower triangular matrix with lij “ 1 if and 
only if i ě j. Consequently, L is invertible and therefore B P SGLnpF2q. If r “ 4k ´ 2
for some k ě 2, then we replace vectors (48) by

xi “

$

’

’

’

&

’

’

’

%

ei if i P t1, . . . , 2k ´ 1u,

e1 ` e2 ` ¨ ¨ ¨ ` e2k`1 if i “ 2k,
ei`1´2k ` ei`2´2k ` ¨ ¨ ¨ ` ei`1 if i P t2k ` 1, . . . , 4k ´ 3u,

e1 ` e2k´1 ` e2k if i “ 4k ´ 2.

Now, the only difference is that L “ rlijs
2k´1
i,j“1 satifies lij “ 1 if and only if i ě j or 

pi, jq “ p1, 2k ´ 1q. Again, L P GL2k´1pF2q and therefore B P SGLnpF2q.
(iii) Let the pair pA,Bq satisfy rxJ

i A
´1xjsri,j“1 P RTr0

1 . By Lemma 2.2, r ě 2. 
Moreover, xJ

i A
´1xi “ 1 for some i. Hence, A´1 is not alternate and there exists 

P P GLnpF2q such that A´1 “ PPJ. Linearly independent vectors yj :“ PJxj sat
isfy ryJ

i yjsri,j“1 P RTr0
1 . By Lemma 2.7, r ď t

n`1
2 

\

.
Conversely, let r P t2, 3, . . . , t

n`1
2 uu, in particular n ě 3. Dfine A “ In and B “

In `
řr

i“1 x2
i where

x1 “ e1, x2 “ e1 ` e2 ` e3, xi “ e2i´2 ` e2i´1 if i P t3, . . . , ru.

Then, A P SGLnpF2q,

rxJ
i A

´1xjs
r
i,j“1 “

˜

J2ˆ2 O

O O

¸

P RTr0
1 ,

and detB “ detpIr ` rxJ
i A

´1xjsri,j“1q “ 1 by Lemma 2.4, i.e. B P SGLnpF2q.
(iv) Let r P t1, . . . , nu, A “ In, and B “ In `

řr
i“1 x2

i where

xi “

$

’

&

’

%

ei if i is even,
en´2 ` en if i “ r “ n is odd,
ei ` ei`1 otherwise.

It is straightforward to check that x1, . . . ,xr are linearly independent and A,B P

SGLnpF2q. If r “ 1, then xJ
1 A

´1x1 “ 0 implies that the pair pA,Bq does not fit the 
assumptions (i), (ii) from Theorem 3.1. If r ě 2, then the same conclusion is obtained 
by observing in addition that xJ

2 A
´1x2 “ 1 “ xJ

1 A
´1x2. l



M. Orel, D. Višnjić / Finite Fields and Their Applications 103 (2025) 102580 39

Lemma 7.2. Let n ě 2 and suppose 0 ă r ď n is even.

(i) A pair pA,Bq of matrices in SGLnpF2q that satisfy the condition (i) from Theo
rem 3.3 exists if and only if pr, nq R tp2, 2q, p2, 3qu.

(ii) A pair pA,Bq of matrices in SGLnpF2q that satisfy the condition (ii) from Theo
rem 3.3 exists if and only if r ď t

n`1
2 u.

Proof. (i) Let A “ In. If r “ 2 and n ě 4, then it is easy to check that, for x1 “ e1 `e2, 
x2 “ e3`e4, we have B “ A`x2

1`x2
2`px1`x2q2 P SGLnpF2q and rxJ

i A
´1xjs

r`1
i,j“1 “ O. 

If r “ 4k or r “ 4k ` 2 for some k ě 1, then dfine

B “ A `

¨

˚

˚

˚

˚

˚

˚

˝

C

C
. . .

C

0

˛

‹

‹

‹

‹

‹

‹

‚

and B “ A `

¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

C

C
. . .

C

D

0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚

, (49)

respectively where

C “

¨

˚

˚

˚

˝

0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0

˛

‹

‹

‹

‚

and D “

¨

˚

˚

˚

˚

˚

˚

˚

˝

0 1 0 0 0 0
1 0 1 0 0 0
0 1 0 1 0 0
0 0 1 0 1 0
0 0 0 1 0 1
0 0 0 0 1 0

˛

‹

‹

‹

‹

‹

‹

‹

‚

.

In (49), C appears k and k ´ 1 times respectively. Clearly, B P SGLnpF2q. Since C “

e1 ˝ e2 ` e3 ˝ pe2 ` e4q and D “ e1 ˝ e2 ` e3 ˝ pe2 ` e4q ` e5 ˝ pe4 ` e6q, we deduce 
that in both cases B ´ A “ y1 ˝ y2 ` ¨ ¨ ¨ ` yr´1 ˝ yr for some linearly independent 
vectors y1, . . . ,yr P Fn

2 where y1 “ e1, y2 “ e2, y3 “ e3, y4 “ e2 ` e4. By Lemma 2.1, 
B ´ A “ x2

1 ` ¨ ¨ ¨ ` x2
r ` px1 ` ¨ ¨ ¨ ` xrq2 where x1 “ e1, x2 “ e2, x3 “ e1 ` e2 ` e3, 

x4 “ e1 ` e4. Hence, xJ
1 A

´1x1 “ 1 “ xJ
1 A

´1x4 and xJ
4 A

´1x4 “ 0, which means that 
rxJ

i A
´1xjs

r`1
i,j“1 has rank at least two.

Conversely, suppose that r “ 2, n P t2, 3u, A P SGLnpF2q, and B “ A ` x2
1 ` x2

2 `

px1 ` x2q2 P SGLnpF2q where x1,x2 are linearly independent, and rxJ
i A

´1xjs
r`1
i,j“1 is 

not of rank one. Let α “ xJ
1 A

´1x1, β “ xJ
2 A

´1x2, γ “ xJ
1 A

´1x2. In characteristic two, 
Lemma 2.4 implies that

1 “ detB “ detpI3 ` rxJ
i A

´1xjs
r`1
i,j“1q
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“ det

¨

˚

˝

1 ` α γ α ` γ

γ 1 ` β β ` γ

α ` γ β ` γ 1 ` α ` β

˛

‹

‚
“ 1 ` αβ ´ γ2.

Hence, αβ “ γ2. By Remark 3.4, rankrxJ
i A

´1xjs2i,j“1 ‰ 1, i.e. α, β, γ are all zero. If 
A´1 is not alternate, then A´1 “ PPJ for some P P GLnpF2q, and xPJx1, PJx2y is 
a self-orthogonal code of length n and dimension 2. Hence, n ě 4, a contradiction. If 
A´1 is alternate, then n “ 2, A´1 “ e1 ˝ e2, and tx1,x2,x1 ` x2u “ te1, e2, e1 ` e2u. 
Consequently B “ O, a contradiction.

(ii) If 0 ă r ď t
n`1

2 u is even, then dfine A “ In, B “ A `
řr`1

i“1 x2
i where

x1 “ e1, xi “ e2i´2 ` e2i´1 pi “ 2, . . . , rq, xr`1 “ x1 ` ¨ ¨ ¨ ` xr.

Then, rxJ
i A

´1xjs
r`1
i,j“1 “ pe1 ` er`1q2 is of rank one and A,B P SGLnpF2q.

Conversely, suppose that a pair pA,Bq of matrices in SGLnpF2q satifies the con
dition (ii) in Theorem 3.3. By Remark 3.4, rank

`

rxJ
i A

´1xjsri,j“1
˘

“ 1. In particular, 
xJ
i A

´1xi “ 1 for some i, which means that A´1 is not alternate. Hence, there exists 
P P GLnpF2q such that A´1 “ PPJ and rank

`

ryJ
i yjsri,j“1

˘

“ 1 for linearly independent 
vectors yj :“ PJxj . By Lemma 2.7, r ď t

n`1
2 

\

. l

Theorems 3.1, 3.3 and Lemmas 7.1, 7.2 imply Corollary 7.3.

Corollary 7.3. The diameter of graph Γn equals

diampΓnq “

$

’

’

’

&

’

’

’

%

2 if n “ 2,
4 if n “ 3,
n ` 1 if n ě 4 is even,
n if n ě 5 is odd.

Corollary 7.3 and the formula for d
pΓn

pA,Bq (cf. (2)) imply that

diamppΓ2kq “ diampΓ2kq “ diampΓ2k`1q “ diamppΓ2k`1q “ 2k ` 1

is an odd number for k ě 2.

8. Binary self-dual codes and Γn

In this section, we provide an identfication of binary self-dual codes in Fn`1
2 with 

certain subsets of matrices in SGLnpF2q. The identfication relies on the distance function 
in graph Γn. Since the self-dual codes exist in even dimension, we assume that n ě 3 is 
odd in this section. Recall that, given x P Fn

2 , we dfined

x “

˜

x
xJx

¸

P Fn`1
2 .
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For y P Fn`1
2 , let y P Fn

2 be obtained from y by deleting the last entry. Then,

x1 ` x2 “ x1 ` x2, y1 ` y2 “ y1 ` y2,

xJx “ 0, and dimxx1, . . . ,xry “ dimxx1, . . . ,xry for all column vectors. Moreover, 
y “ pyq whenever yJy “ 0. Hence, if self-dual codes C “ xy1, . . . ,yn`1

2 y and D “

xz1, . . . , zn`1
2 y satisfy xy1, . . . ,yn`1

2 y “ xz1, . . . , zn`1
2 y, then C “ D.

Let SDn Ď SGLnpF2q be the subset of all matrices A such that

dpA, Inq “
n ` 5

2 
and rankpA ´ Inq “

n ` 1
2 

.

If A P SDn, then Theorems 3.1, 3.3, and Remark 3.4 imply that A´In is nonalternate and 

A´In “
ř

n`1
2 

i“1 x2
i or A´In is alternate, n`1

2 is even, and A´In “
ř

n`1
2 

i“1 x2
i `

´

ř

n`1
2 

i“1 xi

¯2
, 

for some linearly independent x1, . . . ,xn`1
2 P Fn

2 such that rxJ
i xjs

n`1
2 

i,j“1 is of rank one. In 

the nonalternate case, Tr
´

rxJ
i xjs

n`1
2 

i,j“1

¯

“ 0.

Proposition 8.1. Each A P SDn determines a unique self-dual code C “ xx1, . . . ,xn`1
2 y

in Fn`1
2 where x1, . . . ,xn`1

2 are as in the previous paragraph.

Proof. By Lemma 2.7, the code C is self-orthogonal. Since

dimxx1, . . . ,xn`1
2 y “ dimxx1, . . . ,xn`1

2 y “
n ` 1

2 
,

C is self-dual. By Lemma 4.12, C is uniquely determined by A. l

Conversely, assume now that C is any self-dual code in Fn`1
2 . Let BC be the set of 

all its bases. Then BC “ B1
C Y B2

C where B1
C consists of bases having an odd number 

of member-vectors with the last entry 1. Similarly, bases in B2
C have an even number 

of vectors with the last entry 1. Given a basis B “ ty1, . . . ,yn`1
2 u P BC , consider the 

matrices

A1
B :“In `

n`1
2 
ÿ

i“1 
yi

2, (50)

A2
B :“In `

n`1
2 
ÿ

i“1 
yi

2
` py1 ` ¨ ¨ ¨ ` yn`1

2 q
2. (51)

From the proof of Theorem 8.3 we will be able to observe that

A1
B is invertible ðñ B P B2

C (52)
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whereas A2
B is always invertible. Nevertheless, A2

B turns out to be ‘relevant’ for even n`1
2 

only. To each self-dual code C in Fn`1
2 we associate the set

FC :“
#

tA1
B : B P B2

Cu Y tA2
B : B P BCu if n`1

2 is even,
tA1

B : B P B2
Cu if n`1

2 is odd.

Remark 8.2. For n ě 7, there exist distinct bases B and pB of a self-dual code C such that 
A1

B “ A1
pB and A2

B “ A2
pB. For example, we can obtain such pB from B by replacing vectors 

y1,y2,y3,y4 with y1 ` y2 ` y3 ` y4 ` yi pi “ 1, 2, 3, 4q. Moreover, for arbitrary n ě 3, 
A2

B “ A2
p

pB
whenever ppB is obtained from B by replacing one of the vectors y1, . . . ,yn`1

2 in 

B with y1 ` ¨ ¨ ¨ ` yn`1
2 .

Theorem 8.3. tFC : C is a self-dual code in Fn`1
2 u is a partition of SDn.

Proof. As explained in Proposition 8.1 and in the paragraph above it, each matrix A P

SDn is of the form A “ A1
B or A “ A2

B where B “ tx1, . . . ,xn`1
2 u is a basis of a self-dual 

code C “ xx1, . . . ,xn`1
2 y. Moreover, in the second case n`1

2 is even, while in the first 

case 0 “ Tr
´

rxJ
i xjs

n`1
2 

i,j“1

¯

“
ř

n`1
2 

i“1 xJ
i xi meaning that xJ

i xi “ 1 for an even number of 
indices i P t1, . . . , n`1

2 u. Therefore, B P B2
C in the case A “ A1

B. Hence, A P FC .
The uniqueness part of Proposition 8.1 implies that FC XF

rC “ H whenever the self
dual codes C and rC are distinct. It remains to prove that FC Ď SDn for each self-dual 
code C in Fn`1

2 .
Let B “ ty1, . . . ,yn`1

2 u P BC for some self-dual code C. By Lemma 2.4,

detA1
B “ det

´

In`1
2 ` ryi

Jyjs
n`1

2 
i,j“1

¯

, (53)

detA2
B “ det

´

In`3
2 ` ryi

Jyjs
n`3

2 
i,j“1

¯

(54)

where yn`3
2 “ y1 ` ¨ ¨ ¨ ` yn`1

2 . Since yJ
i yj “ 0 for i, j ď

n`1
2 , it follows that

yi
Jyj “

#

1 if the last entries of yi,yj are both 1,
0 otherwise,

(55)

yn`3
2 

Jyn`3
2 “

#

1 if B P B1
C ,

0 if B P B2
C ,

yn`3
2 

Jyi “ yi
Jyn`3

2 “

#

1 if B P B1
C and the last entry of yi is 1,

0 otherwise.

Observe that at least one vector in B has the last entry equal to 1 because the oppo
site would imply that en`1 P CK, which contradicts the self-duality and the fact that 
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eJ
n`1en`1 “ 1. Hence, matrices ryi

Jyjs
n`1

2 
i,j“1 and ryi

Jyjs
n`3

2 
i,j“1 are both of rank one. More

over, Tr
´

ryi
Jyjs

n`3
2 

i,j“1

¯

“ 0, whereas Tr
´

ryi
Jyjs

n`1
2 

i,j“1

¯

“ 0 if and only if B P B2
C . By 

Lemma 2.2 and (53)-(54), A2
B P SGLnpF2q while A1

B P SGLnpF2q whenever B P B2
C . 

Since y1, . . . ,yn`1
2 are linearly independent, it follows that rankpA1

B ´ Inq “
n`1

2 . On 
the other hand,

A2
B ´ In “ P

˜

In`1
2 ` Jn`1

2 O

O O

¸

PJ

for any P P GLnpF2q that has y1, . . . ,yn`1
2 as the first n`1

2 columns. Since det
´

In`1
2 `

Jn`1
2 

¯

“ 1 ` jJ
n`1

2 
jn`1

2 by Lemma 2.4, it follows that rankpA2
B ´ Inq “

n`1
2 whenever 

n`1
2 is even. It now follows from Theorems 3.1 and 3.3 that A1

B, A
2
B P SDn whenever 

A1
B, A

2
B P FC . l

Example 8.4. It is well-known (cf. [21, Theorem 9.5.1]) that there exist three self-dual 
codes in F4

2 , namely C1 “ xe1 ` e2, j4y, C2 “ xe1 ` e3, j4y, C3 “ xe1 ` e4, j4y. Their 
families are

FC1 “

$

’

&

’

%

¨

˚

˝

0 1 1
1 0 1
1 1 1

˛

‹

‚
,

¨

˚

˝

1 0 1
0 1 1
1 1 1

˛

‹

‚

,

/

.

/

-

,

FC2 “

$

’

&

’

%

¨

˚

˝

0 1 1
1 1 1
1 1 0

˛

‹

‚
,

¨

˚

˝

1 1 0
1 1 1
0 1 1

˛

‹

‚

,

/

.

/

-

,

FC3 “

$

’

&

’

%

¨

˚

˝

1 1 1
1 0 1
1 1 0

˛

‹

‚
,

¨

˚

˝

1 1 1
1 1 0
1 0 1

˛

‹

‚

,

/

.

/

-

.

The set SD3 “
Ť3

i“1 FCi
can be determined also with the help of Fig. 1.

In view of Theorem 8.3 and the identfication C Ø FC , Theorem 8.5 says that self-dual 
codes are detected by graph parameters dpA, Inq and d

pΓn
pA, Inq.

Theorem 8.5. If n`1
2 is odd, then

SDn “

!

A P SGLnpF2q : dpA, Inq “
n`5

2 , dpΓn
pA, Inq “

n`1
2 

)

. (56)

If n`1
2 is even, then

SDn “

!

A P SGLnpF2q : dpA, Inq “
n`5

2 , dpΓn
pA, Inq P t

n`1
2 ,

n`3
2 u

)

. (57)
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Proof. Let M be the set in the right-hand side of (56)-(57). If A P SDn, then rankpA ´

Inq “
n`1

2 and A´ In is nonzero. Hence, either A´ In is nonalternate and d
pΓn

pA, Inq “

rankpA´Inq “
n`1

2 , or A´In is alternate with even rank n`1
2 , in which case d

pΓn
pA, Inq “

rankpA ´ Inq ` 1 “
n`3

2 . Therefore, A P M.
Conversely, assume that A P M. Let r “ rankpA ´ Inq. We split two cases.

Case 1. Let d
pΓn

pA, Inq “
n`1

2 . Then, n`1
2 ě r. Since n`5

2 ´ r “ dpA, Inq ´ r ď 2 by 
Theorems 3.1 and 3.3, it follows that r “

n`1
2 , i.e. A P SDn.

Case 2. Let d
pΓn

pA, Inq “
n`3

2 and n`1
2 be even. If A ´ In is alternate, then r “

d
pΓn

pA, Inq ´ 1 “
n`1

2 and A P SDn. Assume now that A ´ In is nonalternate. Then, 
r “ d

pΓn
pA, Inq “

n`3
2 is odd and dpA, Inq “ r`1. By Theorem 3.1, A´In “

řr
i“1 x2

i for 
some linearly independent x1, . . . ,xr P Fn

2 such that xJ
i xi “ 1 for all i, and there exist 

i, j such that xJ
i xj “ 0. We get a contradiction by Lemma 7.1 (ii) because r is odd. l

In the rest of the paper, we describe how ‘classical’ automorphisms of the graph Γn

that fix the identity matrix In, namely the maps

ΦpAq “ A´1 and ΦpAq “ PAPJ where PJ “ P´1
pA P SGLnpF2qq,

act on SDn (the classfication of all automorphisms of Γn is expected in [34]). Observe 
that we really have ΦpSDnq “ SDn for both automorphisms because

d
`

ΦpAq, In
˘

“ d
`

ΦpAq,ΦpInq
˘

“ dpA, Iq,

rankpA´1
´ Inq “ rank

`

ApA´1
´ Inq

˘

“ rankpA ´ Inq,

rankpPAPJ ´ Inq “ rank
`

P pA ´ InqPJ
˘

“ rankpA ´ Inq

for all A P SGLnpF2q. We denote F´1
C “ tA´1 : A P FCu, PFCPJ “ tPAPJ : A P FCu, 

and refer P P GLnpF2q with PJ “ P´1 as an orthogonal matrix. Orthogonal matrices 
form a group, here denoted by OnpF2q. Given P P OnpF2q, let P ‘ 1 P On`1pF2q be 
dfined by

˜

P Onˆ1
O1ˆn 1

¸

.

Observe that pP ‘ 1qy “ Py whenever y P Fn`1
2 satifies yJy “ 0. Given a self-dual 

code C in Fn`1
2 , we denote pP ‘ 1qC “ tpP ‘ 1qy : y P Cu.

Theorem 8.6. F´1
C “ FC for each self-dual code C in Fn`1

2 .

Proof. Let A P FC . Observe from (50)-(51) that there exists a basis B “ ty1, . . . ,yn`1
2 u P

BC such that either A “ In ` Y Y J or A “ In ` Y pIn`1
2 ` Jn`1

2 qY J where Y is the 
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n ˆ
`

n`1
2 

˘

matrix with yi as the i-th column. By Lemma 2.4, A´1 “ In ` Y BY J for a 
suitable matrix B P Sn`1

2 pF2q. Since A´1 P SDn, it follows that rankpY BY Jq “
n`1

2 , 

i.e. B P SGLn`1
2 pF2q. By Lemma 2.1, either Y BY J “

ř

n`1
2 

i“1 z2
i ` pz1 ` ¨ ¨ ¨ ` zn`1

2 q2 or 

Y BY J “
ř

n`1
2 

i“1 z2
i for some linearly independent vectors z1, . . . , zn`1

2 P Fn
2 , depending 

on whether Y BY J is alternate or not. The alternate case is possible only if n`1
2 is even.

We claim that xz1, . . . , zn`1
2 y “ xy1, . . . ,yn`1

2 y. If this is not true, then zj R

xy1, . . . ,yn`1
2 y for some j. Let R P GLnpF2q be any invertible matrix with Y as its 

n ˆ
`

n`1
2 

˘

left block and zj as its 
`

n`3
2 

˘

-th column. Then,

R

¨

˚

˝

B O O

O ´1 O

O O O

˛

‹

‚
RJ “ Y BY J ´ z2

j P

#

ÿ

i‰j

z2
i ,
ÿ

i‰j

z2
i ` pz1 ` ¨ ¨ ¨ ` zn`1

2 q
2

+

is a contradiction because the left-hand side is a matrix of rank n`3
2 , while the right-hand 

side is a matrix with rank at most n`1
2 . Therefore, the set 9B “ tz1, . . . , zn`1

2 u is a basis 
of C and either A´1 “ A2

9B with n`1
2 even or A´1 “ A1

9B. In the last case, (52) yields 
9B P B2

C . Hence, A´1 P FC . l

Remark 8.7. If n`1
2 is even and all members of a basis B “ ty1, . . . ,yn`1

2 u P BC have the 
last entry 1 (i.e. yi

Jyj “ 1 for all i, j), then it follows from Lemma 2.4 and Lemma 2.2
that pA1

Bq´1 “ A2
B and pA2

Bq´1 “ A1
B.

To understand how automorphisms of the form A ÞÑ PAPJ, with P orthogonal, act 
on SDn, we need two more lemmas. The proof of Lemma 8.8 is straightforward and left 
to the reader.

Lemma 8.8. Let C be a self-dual code in Fn`1
2 and P P OnpF2q. Then, rC “ pP ‘ 1qC is 

a self-dual code. Moreover, if B “ ty1, . . . ,yn`1
2 u P BC , then rB “ tpP ‘ 1qy1, . . . , pP ‘

1qyn`1
2 u P B

rC and:

(i) B P B2
C if and only if rB P B2

rC
;

(ii) if A1
B P FC , then PA1

BP
J “ A1

rB P F
rC ;

(iii) if A2
B P FC , then PA2

BP
J “ A2

rB P F
rC ;

(iv) PFCPJ “ F
rC .

Lemma 8.9. Each self-dual code C in Fn`1
2 has a basis ty1, . . . ,yn`1

2 u such that y1 `

¨ ¨ ¨ ` yn`1
2 “ jn`1.

Proof. Let tz1, . . . , zn`1
2 u be an arbitrary basis of C. Since jn`1 P C, there exists a 

nonempty subset S Ď t1, . . . , n`1
2 u such that jn`1 “

ř

iPS zi.
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If Sc “ H, we select yi “ zi. Otherwise, we fix s P S and t P Sc to dfine

wi “

#

zi if i ‰ s,

zs ` zt if i “ s.

Then, jn`1 “
ř

iPSYttu wi and tw1, . . . ,wn`1
2 u P BC . Now we repeat the last paragraph 

(possibly several times) with S, zi replaced by S Y ttu,wi. l

Theorem 8.10. If C, rC are self-dual codes in Fn`1
2 , then there exists P P OnpF2q such 

that rC “ pP ‘ 1qC and statements (i)-(iv) in Lemma 8.8 are true.

Proof. It suffices to find P P OnpF2q with rC “ pP ‘ 1qC. The rest follows from 
Lemma 8.8. If n “ 3, then it is easily deduced from Example 8.4 that F

rC “ PFCPJ for 
an appropriate permutation matrix P . A straightforward argument shows that the same 
permutation matrix P satifies rC “ pP ‘ 1qC.

Hence, we may assume that n ě 5. We claim that there exist tz1, . . . , zn`1
2 u P BC

and trz1, . . . ,rzn`1
2 u P B

rC such that

z1 ` ¨ ¨ ¨ ` zn`1
2 “ jn “ rz1 ` ¨ ¨ ¨ ` rzn`1

2 (58)

and

ziJzj “ rziJ
rzj

ˆ

1 ď i, j ď
n ` 1

2 

˙

. (59)

Lemma 8.9 provides B “ ty1, . . . ,yn`1
2 u P BC , rB “ try1, . . . , ryn`1

2 u P B
rC with

y1 ` ¨ ¨ ¨ ` yn`1
2 “ jn`1 “ ry1 ` ¨ ¨ ¨ ` ryn`1

2 (60)

and therefore

y1 ` ¨ ¨ ¨ ` yn`1
2 “ jn “ ry1 ` ¨ ¨ ¨ ` ryn`1

2 . (61)

We separate two cases.

Case 1. Let n “ 5. By (60), either all vectors y1,y2,y3 have the last entry 1, or there 
exist i and distinct j, k P t1, . . . , n`1

2 uztiu such that yi has the last entry 1, whereas 
yj ,yk have the last entry 0. In the first case we select tz1, z2, z3u “ ty1,y2,y3u whereas 
in the second case we dfine zi “ yi, zj “ yj ` yi, zk “ yk ` yi. We dfine rz1,rz2,rz3
analogously and achieve (58), (59).

Case 2. Let n ě 7. We may assume that each of the bases B, rB contains at least one 
vector with the last entry 0, and at least two vectors with the last entry 1. In fact, if for 
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example B does not meet this criteria, then as in Case 1 either all vectors in B have the 
last entry 1, or yi, for some i, is the only such vector. In both cases, we select distinct 
j, k P t1, . . . , n`1

2 uztiu and replace yj ,yk by yj ` yi,yk ` yi. Since n ě 7, we get the 
desired property while keeping (60).

Further, by permuting the indices we may assume the last entries of yn`1
2 and ryn`1

2 
are both 1. Hence,

yn`1
2 

Jyn`1
2 “ 1 “ ryn`1

2 
J
ryn`1

2 , (62)

yi1
Jyi1 “ 1 “ ryj1

J
ryj1 , (63)

yi2
Jyi2 “ 0 “ ryj2

J
ryj2 (64)

for some i1, i2, j1, j2 P t1, . . . , n´1
2 u and (61) is true. Recall from the proof of Theo

rem 8.3 that matrices ryi
Jyjs

n`1
2 

i,j“1 and rryi
J
ryjs

n`1
2 

i,j“1 are both of rank one, but their 
traces are 1, as (60) implies that B P B1

C and rB P B1
rC
. By (62)-(64), we deduce 

that matrices ryi
Jyjs

n´1
2 

i,j“1, rryi
J
ryjs

n´1
2 

i,j“1 are both in RTr0
1 and they have at least one 

zero entry. Consequently, by Lemmas 4.15 (i), 4.12, and (61), there exist linearly 
independent w1, . . . ,wn´1

2 P Fn
2 , linearly independent rw1, . . . , rwn´1

2 P Fn
2 , and per

mutation matrices Q, rQ P GLn´1
2 pF2q such that xw1, . . . ,wn´1

2 y “ xy1, . . . ,yn´1
2 y, 

xrw1, . . . , rwn´1
2 y “ xry1, . . . , ryn´1

2 y,

w1 ` ¨ ¨ ¨ ` wn´1
2 ` yn`1

2 “ jn “ rw1 ` ¨ ¨ ¨ ` rwn´1
2 ` ryn`1

2 (65)

and

rwJ
i wjs

n´1
2 

i,j“1 “ Q

˜

J2ˆ2 O

O O

¸

QJ, rrwJ
i rwjs

n´1
2 

i,j“1 “ rQ

˜

J2ˆ2 O

O O

¸

rQJ.

Hence, by permuting the indices in rw1, . . . , rwn´1
2 we may assume that wJ

i wj “ rwJ
i rwj

for all i, j. If we dfine zi “ wi, rzi “ rwi for i ď
n´1

2 and zn`1
2 “ yn`1

2 , rzn`1
2 “ ryn`1

2 , then 

(59) is automatically guaranteed for i, j ď
n´1

2 , while (62) covers the case i “
n`1

2 “ j. 
Moreover, tz1, . . . , zn`1

2 u P BC , trz1, . . . ,rzn`1
2 u P B

rC , and (65) implies (58). Lastly, the 

equality (58) for i ď
n´1

2 implies that

ziJzn`1
2 “ ziJ

´

z1 ` ¨ ¨ ¨ ` zn´1
2 ` jn

¯

“ ziJ

´

z1 ` ¨ ¨ ¨ ` zn´1
2 ` zi

¯

“ rziJ
´

rz1 ` ¨ ¨ ¨ ` rzn´1
2 ` rzi

¯

“ rziJ
´

rz1 ` ¨ ¨ ¨ ` rzn´1
2 ` jn

¯
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“ rziJ
rzn`1

2 ,

which completes the proof of the claim (58)-(59).

Consider the linear map σ : xz1, . . . , zn`1
2 y Ñ Fn

2 dfined by σ
`

zi
˘

“ rzi for all 
i. By (58)-(59), σpjnq “ jn and (10) is satified for all u1,u2 P xz1, . . . , zn`1

2 y. By 

Lemma 4.8, σ can be linearly and injectively extended on Fn
2 such that (10) holds for all 

u1,u2 P Fn
2 . Consequently, σpxq “ Px for all x P F2 where P P GLnpF2q has σpeiq as its 

i-th column. Since the pi, jq-th entry of PJP equals σpeiqJσpejq “ eJ
i ej for all i, j, it 

follows that P is orthogonal. Since, xPz1, . . . , Pzn`1
2 y “ xrz1, . . . ,rzn`1

2 y, we deduce that 
rC “ xrz1, . . . ,rzn`1

2 y “ xPz1, . . . , Pzn`1
2 y “ xpP ‘ 1qz1, . . . , pP ‘ 1qzn`1

2 y “ pP ‘ 1qC. l

By Theorem 8.10, the subgroup tP‘1 : P P OnpF2qu in On`1pF2q, which is isomorphic 
to OnpF2q, acts transitively on the set of all self-dual codes in Fn`1

2 . This improves the 
result of Janusz [23, Theorem 10], which states that On`1pF2q acts transitively. Some 
generators of OnpF2q can be found in [23,39].

9. Conclusion

The main contribution of this paper is the computation of the distance formula dpA,Bq

in the graph Γn, which generalizes the Coxeter graph (Theorems 3.1 and 3.3). In contrast 
with the distance formula in graph pΓn, which is easy to compute, and equals d

pΓn
pA,Bq “

rankpA´Bq whenever A´B is nonalternate or zero, and d
pΓn

pA,Bq “ rankpA´Bq ` 1
otherwise, the formula for dpA,Bq is much more complicated. Since Γn is an induced 
subgraph in pΓn, we obviously have dpA,Bq ě d

pΓn
pA,Bq for all A,B P SGLnpF2q. The

orems 3.1 and 3.3 compute dpA,Bq explicitly. In particular, they imply that

dpA,Bq P

!

d
pΓn

pA,Bq, d
pΓn

pA,Bq ` 1, d
pΓn

pA,Bq ` 2
)

for all A,B P SGLnpF2q. With that said, Corollary 7.3 implies that graphs Γn and 
pΓn have the same diameters for n ě 4 despite that there exist A,B P SGLnpF2q such 
that diamppΓnq “ diampΓnq “ dpA,Bq ą d

pΓn
pA,Bq as it follows from Theorem 3.1 and 

Lemma 7.1.
In Section 8, we showed that the graph Γn can be used to study binary linear self-dual 

codes in Fn`1
2 where n ě 3 is odd. In fact, each matrix in the set

SDn “
�

A P SGLnpF2q : dpA, Inq “
n`5

2 , rankpA ´ Inq “
n`1

2 
(

,

which equals
!

A P SGLnpF2q : dpA, Inq “
n`5

2 , dpΓn
pA, Inq “

n`1
2 

)

if n`1
2 is odd, (66)
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and
!

A P SGLnpF2q : dpA, Inq “
n`5

2 , dpΓn
pA, Inq P t

n`1
2 ,

n`3
2 u

)

if n`1
2 is even, (67)

induces a self-dual code C in Fn`1
2 . Conversely, to each self-dual code C we associated 

a family FC Ď SDn. Since tFC : C is a self-dual code in Fn`1
2 u is a partition of SDn by 

Theorem 8.3, we can identify C with FC . With this identfication, equations (66)-(67)
(i.e. Theorem 8.5) imply that self-dual codes can be described by two graph parameters, 
dpA, Inq and d

pΓn
pA, Inq. It is of great interest in coding theory to know/study which self

dual codes are permutation (in)equivalent. That is, in general it is not known for which 
self-dual codes C and rC in Fn`1

2 there exists a permutation matrix Q P GLn`1pF2q such 
that rC “ QC. By considering this problem, Janusz [23, Theorem 10] proved that there 
always exists an orthogonal matrix P P GLn`1pF2q such that rC “ PC. In Theorem 8.10, 
we improved this result and showed that there exists an orthogonal matrix P P GLnpF2q

such that rC “ pP‘1qC. For any such matrix P , the map A ÞÑ PAPJ is an automorphism 
of Γn that fixes the identity matrix. Theorem 8.10 and Lemma 8.8 imply that such an 
automorphism acts very naturally on the families FC that are associated to self-dual 
codes. Hence, the identfication C Ø FC gains on the meaning. The parameters dpA, Inq

and d
pΓn

pA, Inq that determine the self-dual codes are very basic from a graph theoretical 
point of view. We expect that a deeper analysis of the graph Γn could provide new insights 
in coding theory in the future.

We could also study matrices in SGLnpFqq over an arbitrary (finite) field Fq and the 
distance function in the corresponding graph Γnpqq. However, as briefly mentioned in the 
introduction, it is expected that, for q large enough, dΓnpqqpA,Bq “ d

pΓnpqq
pA,Bq for all 

A,B P SGLnpFqq where pΓnpqq is dfined analogously as the graph pΓn “ pΓnp2q. Actually, 
some computer programming showed us that this equality holds already if q “ 5 and 
n “ 3. A more interesting generalization of the work presented in this paper seems the 
study of the distance function in the subgraph of pΓnpqq, which is induced by the set 
tA P SnpFqq : detA “ λu for a fixed nonzero λ P Fq. Some basic properties of such 
a graph are mentioned in [33, Example 3.18].2 It is possible that this graph contains 
information about the self-dual codes in Fn`1

q also for some values q ą 2.
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