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1. Introduction

Vector spaces formed by matrices/bilinear forms over a (finite) field, equipped with
the metric (A, B) — rank(A — B), are studied in multiple research areas. In algebraic
combinatorics, they are investigated within association schemes and distance-regular
graphs [2,4,22 37]. In coding theory, they appear in the context of rank-metric codes [9,
11,13,36,38,41,42]. In matrix theory, they are explored in preserver problems [10,17,
20,40,44]. This research field mixes also with the study of graph homomorphisms and
cores [28,31,33]. Often, the full set of matrices is replaced by a subset of hermitian,
alternate, or symmetric matrices [7,14,16,18,19,28 31]. If we consider the graph T" with the
vertex set formed by all rectangular n x m matrices with coefficients from a finite field [F,
where a pair {A, B} of matrices form an edge if and only if rank(A—B) = 1, then it is well
known and easy to see that the distance in this graph equals dr(A, B) = rank(4 — B)
for all matrices A, B (cf. [44, Proposition 3.5]). Similar claims are true for analogous
graphs formed by hermitian, alternate, or symmetric matrices (cf. [44]). In all these
cases, the simplicity of providing a distance formula for dr(A, B) lies in the fact that the
vertex sets are vector spaces. The distance function as well as many other properties of
the corresponding subgraphs, which are induced by invertible matrices, are much more
difficult to investigate because the vertex sets are not closed under the addition. The only
properties/results about these subgraphs we are aware of are contained in the papers
[29,30,32] and in the survey [33, Examples 3.11-3.18].

In this paper, we focus on graph I',, where the vertex set is SGL,(F2), i.e. the set
of all n x n invertible binary symmetric matrices, and where {A, B} is an edge if and
only if rank(A — B) = 1. There are multiple reasons to focus on graph I';,. As observed
by the first author in [32], it generalizes the well-known Coxeter graph [8], which is
obtained if n = 3 (see Fig. 1). Similarly, the graph obtained by the set HGL, (F4) of all
n x n invertible hermitian matrices over IFy generalizes the well-known Petersen graph.
These two graphs are very important as they are among the five (currently) known
vertex-transitive graphs that do not have a Hamiltonian cycle. Hamiltonicity of vertex-
transitive graphs is an active research area with a long tradition (see for example [I,
3,12,24,26,27] and the references therein). In [32], it was posed as an open problem if
the graph I';, (and the corresponding graph formed by HGL,(F,)) has a Hamiltonian
cycle. Here, we do not solve this problem. However, all of the above indicate that the
infinite family of graphs I',, (n € N) should be studied extensively. Some properties of
graphs I',, were obtained already in [32]. In particular, it was shown that these graphs
are cores for n > 3, that is, all their endomorphisms are automorphisms. In this paper,
we describe the distance function d(A, B) := dr, (A, B) in T, and hope to report about
a similar result on HGL,(F4) in the future. We also need to mention that it is expected
that the computation of the diameter of T',, (Corollary 7.3) will help us to describe all
automorphisms of I';, as well as some related homomorphisms [34].

To understand better the difficulty of the computation of the distance function in the
context of invertible matrices, and to provide an additional reason why to focus on the
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Fig. 1. Graph I's is the Coxeter graph.

binary field FF5, consider the graph f‘n with the vertex set formed by the set S,,(F2) of
all n x n binary symmetric matrices where edges are defined in the same way as for the
graph T',. It is well known that the distance in T',, is given by dp, (A, B) = rank(A — B)
if A — B is nonalternate or zero, and dp (A, B) = rank(A — B) + 1 if A— B is a nonzero
alternate matrix (see [44, Proposition 5.5]). In fact, if A — B is nonalternate of rank
r, then B = A+ >, Xix;'— for some linearly independent column vectors xi, ..., X,.
Consequently, if C; = A + Zgzl x;x; for je€{0,1,...,r}, then A = Cy,C4,...,C. =B
is a path of length r between A and B. Similarly we can find a path of length r + 1
if A — B is alternate of rank r» > 0 (see Lemma 2.1). It is easy to see that there are
no shorter paths of this kind. Now, if we consider the case A, B € SGL,(F3), then it is
certainly possible that some of the matrices C; are not invertible. Hence, some distances
in graph I',, which is induced by the set SGL,,(F2), could be larger than dp (A, B). This
seems quite likely (and turns out to be true) because the proportion of the invertible
symmetric matrices % is quite low (see Table 1; value |SG L, (F3)| can be found
in [4, Lemma 9.5.9] or [32]). This fact provides us another reason to focus on the binary
field IF5 because the corresponding proportions over larger finite fields IF, are much higher
and converge to 1 as ¢ — 0.

Lastly, we mention that the investigation of I',, represents a novel graph theoretical
technique to study linear codes, self-dual codes in particular. In fact, we show that for
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Table 1

lim,, o SGEEL — T | (1 - y—lﬂ) = 0.4194224417951075 . . ..
n 2 3 4 5 6 7
SGEEL = 0.5 04375 04238 04205 04197  0.4195

odd n a certain subset of matrices in SGL,,(Fz), which is defined by the distance and the
rank function in I'j,, corresponds to self-dual codes in ]F2”+1 and vice versa. Moreover,
the linear codes that are self-dual are completely determined by two graph parameters,
namely d(A,I) and dp (A, I) where I is the identity matrix and A € SGL,(F2) is a
matrix associated to the code. A well-known and intractable open problem in coding
theory is to determine the number of permutation inequivalent self-dual codes in ]F;H.
Its value for small n and its asymptotical behavior are determined in [5, Table V]’
and [15], respectively. In [23, Theorem 10], Janusz proved that all self-dual codes are
‘orthogonally equivalent’. As a corollary, he was able to show that the enumeration of
permutation inequivalent self-dual codes in F;H is equivalent to the enumeration of
certain double cosets in the orthogonal group O, 11(Fs2). Our technique enables us to
improve [23, Theorem 10] by showing that already the group O, (F3) acts transitively
on the set of all self-dual codes in Fy**.

The rest of the paper is organized as follows. In Section 2, we describe the necessary
notation and collect a couple of lemmas with two roles. On one hand, they are applied in
the proofs, on the other hand, they provide a better understanding of the main results to
the reader. These are Theorems 3.1 and 3.3, which describe the distance function d(A, B)
in the graph I';,, and are stated in Section 3. Section 4 contains more auxiliary lemmas
that are needed in the proofs. We remark that some of the results in Sections 2 and 4
could be interesting on their own from a perspective of linear algebra. Sections 5 and 6
contain the proofs of Theorems 3.1 and 3.3, respectively. In Section 7, we compute the
diameter of graph I',, (Corollary 7.3). The connection of graph I',, with self-dual codes
is described in Section 8 (Theorems 8.3, 8.5, 8.6, 8.10). Finally, Section 9 summarizes
the meaning of the results in this paper.

2. Notation and preliminaries

Throughout the paper, F is a field and Fy = {0, 1} is the binary field. Given positive
integers n and m, M« (IF) denotes the set of all n x m matrices with coefficients from
the field F. Similarly, GL,(F) denotes the subset in M, «,(F), which is formed by all
invertible matrices. We use I = I,, to denote the identity matrix in GL,,(F), while J =
Inxm and O = Oy, xpy, are the matrices in M, ., (F) with all coefficients equal to 1 and 0,
respectively. The determinant, the rank, the transpose, and the trace of a matrix A are
denoted by det A, rank A, AT, and Tr A, respectively. The elements of F"™ := M,,«1(F),

! The value for n + 1 = 30 is corrected in [6].
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i.e. the column vectors, are written in bold style, like x. In particular, j, = J,x1, while
e; = (0,...,0,1,0,...,0)T € F™ where 1 appears as the i-th entry. The linear span of
column vectors X, ...,%x, € F" is denoted by (x1,...,X;). The subset {A € M, «,(F) :
AT = A} of all symmetric matrices is denoted by S, (F), while SGL,(F) := S,(F) n
GL,(F) and RP“ ={A e S,(F): rankA =1, TrA = 0}. In this paper, we apply
the equality xT Ay = yT Ax, which holds for all A € S,(F) and x,y € F", repeatedly.
Given a column vector x € F™, let x? := xx ! € S,,(F) denote the corresponding rank-one
matrix. Similarly, for x,y € F?, let xoy := xy! —yx'. Observe that xoy = —yox and
xo(y+z)=xoy+xozforall x,y,z e F". Recall that a matrix A = [a;;]; jeq1,....n} €
M, «n(F) is alternate if both AT = —A and a;; = 0 for all 4, or equivalently xT Ax = 0
for all x € F™. It is well known that the rank r of an alternate matrix A € S,,(IF) is even,
and A=yj0ys+ -+ y,_1 0y, for some linearly independent vectors yi,...,y, € F"
whenever r > 0 (cf. [44, Proposition 1.34]). Clearly, if characteristic of F, charF, is two,
then any alternate matrix is symmetric, xoy = xy" + yx' = yox € S, (F),

(x+y)?=x*+y*+xo0y and (x+y)TA(x+y)=x Ax+y Ay

for all A € S, (F). On the other hand, each nonalternate matrix A € S, (F) of rank r
where F is a finite (or perfect) field of characteristic two can be written as A = >/_, x?
for some linearly independent x1,...,x, € F"™ (cf. [44, Corollary 1.36]). Hence, for such
a field F, each nonalternate A € SGL,(F) can be written as A = PPT where matrix
P e GL,(F) has x; as the i-th column.

In this paper, our main concern are binary symmetric matrices. To summarize, if
A € 5, (F3) is of rank r > 0, then there are linearly independent vectors yi,...,y, or
X1,...,X, in F3 such that either A = Zz‘%ﬂ Y2i_10y2; or A = 22:1 xf if A is alternate or
nonalternate, respectively. Lemma 2.1 provides an additional canonical form for alternate
matrices in characteristic two.

Lemma 2.1. If A € S, (F) is an alternate matriz of rank r > 0 and charF = 2, then there
exist linearly independent column vectors x1,...,%X, € F™ such that

A=x24 4+ X2+ (x1 + - +x,)%

Moreover, if A =yi10ys+---+y,_10y, for some linearly independent vectors y1,...,¥r
where T is even, then the vectors

X1:=Yn
X2 =Y,

Xok—1:=Y1+  +Y2k—2 + Y21, 2<k<r/2),
Xok (= Y1+ -+ Yau—2 + Yok, (2<k<r/2)

have the desired property.
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Proof. Observe that xop_1 + Xor = yor_1 + Y2r for each &, and consequently

Yok—1 = X1 + -+ Xop—2 + Xop—1, (

r/2),

2<k<
Yor = X1+ -+ + Xogp—2 + Xop, (2<k<r/2).
We prove the equality
yloy2+...+yriloyrzxf+...+xg+(xl+...+xr)2

by induction on r. If r = 2, the claim is obvious. Let r > 4 and assume that

y10y2+~~~+yr_30yr—2=Xf+~~+x§_2+(x1+m+xr_2)2.

Then,

X o (XX 0) Y0y,
~-~+X372—|—(X1—|—---+XT_2)2

x
+ ((x1 4+ %xr—2) +xm1) 0 (X1 4 -+ + Xp_2) + %)

X (X4 X 0)?

x
+0+X—10X + (X1 + - +Xp2) 0 (Xp—1 + X)

X%+~-~+X372+(X1—|—---+XT)2+(XT_1+Xr)2+XT_1OXT

X4 X (%) O

I

Lemma 2.2 describes trace-zero rank-one symmetric matrices over Fo.

Lemma 2.2. Let A € S,,(F3). Then A € R?O if and only if there exist a permutation
matriz Q) € GL,(F3) and even k € {2,...,n} such that

Jexk O
A= T 1
Q( - O) Q )
In this case, A> =0, 1+ Ae SGL,(F3), and (I + A)~' =1+ A.

Proof. Since QT = Q! and Tr is invariant under the similarity operation, it is obvious
that matrix (1) is in RlTr“. Moreover, since k is even, we deduce that

2
I+A2:(I+A)2:Q (kak+1k) 20 QT:I.
o Infk:

Hence, A2 = O and I + A is invertible with (I + A)~! =T + A.
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Suppose now that A = [a;]};_; € RI™ is arbitrary. Define the set S; = {i €
{1,...,n} : a;; = 1} and let k = |S1| be its cardinality. Since A has zero trace, it
follows that k is even. Being of rank one, the matrix A is nonalternate and therefore
k > 0. Pick a permutation matrix @ such that matrix [b;]7;_; = QTAQ satisfies
{ie{l,...,n} by = 1} = {1,...,k}. Since matrix [b;;]}';,_; is symmetric and of rank
one, it follows that bij = b2 = bijbji = biibjj7 i.e.

ij
n Jk k 0]
[bij]i =1 = ( Ox O) O

Lemmas 2.3 and 2.4 contain well-known equalities about the determinant. Lemma 2.3
can be found in [43]. Lemma 2.4 appears in [33, Corollary 2.9] or [45] where it is stated
in a slightly different form (see also [43]).

Lemma 2.3. Let F be any field. If A€ Myxn(F) is partitioned in blocks as

A A
(i 2)
where Aag is invertible, then det A = det Agg - det(A1; — A12(Age) 1 As1).
Lemma 2.4. Let F be any field, Ae GL,(F), and X,Y € My, «,(F). Then,
det(A + XYT) = det(A) - det(I, + YTATLX).
If A+ XYT € GL,(F), then
(A+ XYyt =A"1 - A IX(I, +YTAI X))y TA™L

Corollary 2.5. Assume that A,B:= A+ _, x? € SGL,(F) where x1,...,x, € F" and
charF = 2. Then, x] A~'x; = 1 for all i if and only if x; B~ x; = 1 for all i.

Proof. Let X be the n x r matrix with x; as its i-th column. Since B = A+ XXT,
Bl=A"1"-A'X(I, + XTA'X)'XTA!

by Lemma 2.4. If x] A=!x; = 1 for all i, then I, + X T A~ X is an alternate matrix. Hence,

C:= A'X(I, + XTAIX)71XTA™! is also alternate and x]/ B~'x; = x] A7 1x; —

x;] Cx; =140 = 1. The converse is symmetric. [J

Corollary 2.6. Let r be an odd integer such that 1 < r < n. If x1,...,%x, € F} and
A A+ Y x? € SGL,(Fy), then there exists i such that x] A~'x; = 0.
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Proof. Let x; be the i-th column of X € M, «,(F2). By Lemma 2.4,

1 = det (A + 3] x§> =det(A+ XXT) =det(I, + XTA™IX).

i=1

Since r is odd, and alternate matrices have even rank, the symmetric matrix I, +
XTA71X is not alternate, i.e. some of its diagonal entries equal one. []

Finally, recall that a vector subspace C' € F? is a (binary) linear code of length n and
dimension dim C. It is self-orthogonal if C € C+ := {x e F} : xTc = 0 for all ¢ € C}
(cf. [21]). In this case, dim C < | %]. If C' = C*, then the code is self-dual, n is even, and
dimC = 3. Given x e 3, let X € F3*! be defined by

% (X:X>.

Lemma 2.7. Let rank ([xzxj]g’jﬁ) < 1 for some x1,...,x, € F}. Then, (X1,...,X,) i
a self-orthogonal code in IF;H. If x1,...,%,. are linearly independent, then r < ["THJ

Proof. Since [X;I—Xj]

T

i j=1 is of rank < 1, all its 2 x 2 minors vanish. Hence,

X)X, =x;]x; +x] x; -ijxj =xx; -Xijj — (xiij)2 =0
for all i, and the code <(Xi,...,X,) is self-orthogonal. If x1,...,x, € F} are linearly
independent, then dim(Xy,...,X,) = r and therefore r < [”T“J O

3. Statement of the main results

Theorems 3.1 and 3.3, which describe the distance d(A, B) between arbitrary vertices
A,B € SGL,(F2) in graph T',, are the main results of this paper. We write A ~ B if
d(A, B) = 1. Since T',, is an induced subgraph in I',, it follows that d(A, B) > dp, (A, B)
for all A, B € SGL,(Fs), that is,

rank(A — B), if A — B is nonalternate or zero;
rank(A — B) + 1, if A— B is alternate and nonzero.

d(A,B) > { (2)

Theorem 3.1 describes d(A, B) for all A,B € SGL,(F;) where A — B is an arbitrary
nonalternate matrix of rank 7.

Theorem 3.1. Let A, B € SGL,(F3) be such that B — A = >,_, x? for some linearly
independent column vectors xi,...,x, € FJ.
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(i) Ifx] A7'x; =1 for all i, then

d(A, B) r+2, ifx] A7lx; =1 for all i, j;
’ )+ 1, otherwise.

(i) If [x] A~'%;]7 -, € RT™, then d(A, B) =1 + 2.

(iii) Otherwise, d(A, B) = r.

Remark 3.2. Observe that cases (i), (ii), (iii) are all distinct, except if r is even and
x] A7'x; =1 for all 4, j. In this case A, B fit the assumptions in (i) and (ii).

By Lemma 2.1, Theorem 3.3 describes d(A, B) for all A, B € SGL,(F3) where A — B
is an arbitrary alternate matrix of rank r > 0.

Theorem 3.3. Let A, B € SGL,(F3) be such that B — A = Z:;l x2 for some linearly
independent x1,...,%, € FY where r > 0 is even and X,4+1 = ZZ=1X1‘~

(i) If [X;A’lxj]f7§i1 is not of rank one, then d(A,B) =r + 1.

(ii) If [x?A‘lxj];J]fil is of rank one, then d(A, B) =r + 2.
Remark 3.4. Observe that x,41 = Y)/_;x; implies that Tr([x] A~'x;];%1,) = 0 and
vank([x] A1, ]7L,) = rank([x] A~ 17, ).

Remark 3.5. In Theorems 3.1 and 3.3, B = A + XX T where X is the n x r matrix or
the n x (r + 1) matrix with x; as the i-th column. By Lemma 2.4,

XTB'X =XTA'X - XTA ' X(T+XTA ' X) I XTAIX. (3)

Therefore, if [x] A~'x;]i; = XTA'X e RJ™, then Lemma 2.2 implies that
(XTAIX)?2 =0 and (I + XTA'X)" =T+ XTA1X. Consequently, XTB71X =
XTA7'X by (3). In particular, [x] B7'x;];; € erfr”. Likewise, if in Theorem 3.1,
x] A71x; = 1 for all 4, then x/ B™'x; = 1 for all i by Corollary 2.5. Hence, matri-
ces A and B really occur symmetrically in Theorems 3.1 and 3.3 (observe that, by
Corollary 2.6 and Lemma 2.2, the case x] A~'x; = 1 for all 4,5 in Theorem 3.1 (i) is
equivalent to [x] A~'x;];; € R1™ and x] A~'x; = 1 for all i).

4. Auxiliary results

Results in this section are essential for the proofs in Sections 5 and 6. Lemma 4.1 is
of technical nature and is applied in the proof of Theorem 3.1.
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Lemma 4.1. Let a € Fy be 1 if and only if the positive integer m is odd. Then,

a l4+a j,
1+4a 1+4+a j;}r@ € SGLm+2(]:F2) (4)
jm jm I7n

Proof. Let A be the 2 x 2 top-left corner of the matrix in (4). By Lemma 2.3,

A Jaxm
det <JT jm ) =det(A — Joxmday )

2xXm

=det(A—aJ2X2)=det<(1) 1>=1. O

It is a bit unexpected that the statement of Lemma 4.2 holds for arbitrary A €
SGL,(F). We apply this lemma in the proof of Lemma 4.3.

Lemma 4.2. Let A € SGL,(F) where charF = 2, let vectors x1,...,x, € F™ be linearly
independent, and assume that x] A='x; = 1 for all i. If rank(x} +--- +x2 +y?) <7 for

somey eF", thenyT A~ ly = 1.

Proof. Pick any P € GL,(F) that has x; as the i-th column for i = 1,...,r. Let z =
P~ly. Then xi +---+x2+y*=Plef +---+e2+2z*)PT, s0

rank(e? + - +e? +2z%) <. (5)

By [25, Lemma 3.1], z = >,_, z;e; for some z; € F. By (5) and Lemma 2.4,
0=det(I + (21,---s2r) (21, 520) = 14 (21, -y 20) (21,00, 20) T =1+ sz
i=1

Consequently, in characteristic two we deduce that
T T T T
ylTA ly = (Z ziei> PTA-'P (Z ziei> = Z ZZQ -xiTAflxi =1. O
i=1 i=1 i=1

Lemmas 4.3, 4.4 give the lower bounds for the cases (i), (ii) in Theorem 3.1.

Lemma 4.3. Let A, A+Y,!_, x? € SGL,(F2) where x1,...,x, € F}' are linearly indepen-
dent and x] A~'x; =1 for alli. Then, d(A, A+, x7)=>r+1.

Proof. By (2), d(A,A+ Y,._, x7) = r. Suppose that d(A, A+ Y,_, x?) = r. Then there
exist nonzero vectors yi,...,y, such that A+ > | y? € SGL,(Fs) for all s € {1,...,r}



M. Orel, D. Visnji¢ / Finite Fields and Their Applications 103 (2025) 102580 11

and Y., y? = >, _, x2. In particular, rank(}>;_, x? + y?) = rank(};_,y?) <r—1. By
Lemma 4.2, y{ A~ly; = 1. On the other hand, Lemma 2.4 implies 1 = det(A4 + y?) =
1+y] A 'y; =0, a contradiction. []

Lemma 4.4. Let A, A+, x? € SGL,(F2) where x1,...,x, € F}' are linearly indepen-
dent, 2<r <n, and [x] A~ 1xj]” L € RI™. Then, d(A, A+ZZ LX) =T+ 2.

Proof. By Lemma 2.2, we can permute vectors X1, ...,X, to achieve that

[TA X]]” 1_<Jlgk 8) (6)

for some even k € {2,...,7}.

Suppose that d = d(A A+ 1x 2) where d < r + 1. Then there exist nonzero
Yis---,yd € F2 such that A+ > | y? € SGL,(F2) for all s € {1,...,d} and Z(j=1 y? =
>i_y x2. If there exists ip such that y;, ¢ (x1,...,%,), then

r+1—rank(x%+-~-+xf+y?0)—rank(E y?) <d-1<m,
i#10

a contradiction. Hence, (y1,...,ya) € {X1,...,X;». On the other hand,
dim{yy,...,yq) = rank(y? 4+ - + y2) = rank(x] + --- + x2) =7,

Consequently, d € {r,r + 1} and <{y1,...,y¥4y = {X1,...,X). In particular,
:Zay)xj (t=1,...,d)
j=1

for some a( Ve Fs.
We next claim that whenever y] A=y, = 0 for some s, we have also y] A~ly; =0
for all ¢. In fact,

and consequently
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j=1 i=1
N (5) (1)
_ s t T 1
- Z Z Qi X ATx
j=1i=1

Next, we use the induction to prove that yJ A=ly, = 0 for all s, and therefore
yd A7 y, =0 for all s,¢. (7)

Since 1 = det(A +y?) = 1 +y] A ly;, we deduce that y] A~ly; = 0. To prove the
inductive step assume that 0 = y{ A~ly; =--- =yl ; A7y, ;. Then,

1 = det (A—i—iy?)

i=1

= det (I, + [y] A7y 15 521)

Is—l O(sfl)xl T A—1
= det x =l+y;A7ys
<O1x(s1) 1+ylAly,

by Lemma 2.4. Hence, ylA™'y, = 0. This completes the proof of (7). Since

Y1y, ¥d) = {X1,...,Xpy, both vectors x1,xs are linear combinations of yi,...,y4.

Therefore, (7) implies that x] A™'x, = 0, which contradicts (6). Consequently,
1

d(A, A+ Y x))=r+2. O

In the case vectors xy, .. ., X, are linearly independent and r is even, then Lemmas 4.5,
4.6, and 4.7 all provide some information on a rank-one perturbation of an alternate
matrix of rank r, for fields of characteristic two.

Lemma 4.5. Let 1 < s <1 < n where s is an odd integer, and let x1,...,X, € F™ where
charF = 2. Suppose {i1,...,is} S {1,...,7} is a subset with s elements and complement

{isitseoivd = {1,oo ot N\ i, i) If

Wi =X + X, X, T X, (G=1,...,9),

s+1

Wk‘:Xik (k28+1,...77"),
then

X%+"'+Xz+(xl+"'+X7-)2+(Xi1+"'+Xis)2:wi+"'+wz-
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Moreover, for all C € S,,(F) we have
rank ([w] Cw;]; jeq1,...ry) = rank ([x] Cx;]i jeq1,...r}) (8)

and

’I‘I'[W;FCWJ],L’]G{lm} = Z X;—ECXij.

j=1

Proof. By applying the equality (a + b)> =a? +b?+aob where b=x, ,, + - +x;,
several times, we deduce that

T
Wit W= Y XD (Xi, X ) s
j=1

+ (Xt X))o (X, Fo X))

,
= D ey ) (e e )
=1

T
=Y X (X X))+ (%, X))
-1

<.

Let X and W be the n x r matrices with x; and w; as the i-th column, respectively.
Then, W = XR for some R € GL,(F). Therefore,

[w]Cw,]! WTCW = RTXTCXR = R'[x] Cx;]7,_, R

=1 "

and rank ([w] Cw;]7 ;_,) = rank ([x] Cx;]7 ;_,). Since s is odd, we deduce

Tr[w;erj];j:l = Z w, Cw;

i=1

j=1
T
+ Z x,; COx;,
Jj=s+1
S T T
=Y x[Cxi,+s- > x[Cx; + > x| Cx,
Jj=1 Jj=s+1 j=s+1
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Lemma 4.6. Let 1 < s <r < n where s and r are even integers, and let x1,...,x,. € F"
where charF = 2. Suppose {i1,...,is} S {1,...,r} is a subset with s elements and
{ist1y.-ovirt ={1,...,r\{i1,...,is} is its complement. If

Wi =X + X, F X, T X, (j=1,...,s—1),
Ws = X,
W = X, + Xj, (k=s+1,...,7),

then the same claim as in Lemma 4.5 is true.

Proof. By applying the equality (a + b)? = a? + b? + a o b several times, and recalling
that s,r are both even, we deduce that

T

iw ZX + 571) (Xls+1 "erir)z

j=1 j=1

—|—injo(x,-sﬂ+-~-+xiT)+(r—5)-xi2$+ Z X, 0 Xj,
j j=s+1

—ZX + (Xiyyy +oor )3

j=1
0 A X ) 0 (i X ) X 0 (K, o X))
T
= DX A iy X)) A (K e x) 0 (K X))
j=1
= Z (iy + o xi)2 A+ (%, + o+ x5,)2

-
ZXJ2-+(X1+"'+XT)2+(X2'1 ot xg,)?
as claimed. We prove (8) in the same way as in the proof of Lemma 4.5. Finally,
T
Tr[wiTCWj]f’jzl = Z w, Cw;
i=1

5
= E(Xi]. + Xigg + "'+XiT)TC(Xij -‘r-XiS_*_1 + .- +Xir)
i—1

.
+x/ Oxi, + Z (xi; +xi,) T C(xi; +x,)
j=s+1
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1 T
T . _ . T .
X, Cxi, +(s—1) Z X, Cx;,
1 j=s+1

S

J

T
T T T
+x; Ox;, + Z x; Oxi; + (r —5) - x; Ox;,
Jj=s+1

S
= Z X;-;CXij. O
j=1
Lemma 4.7. Let X1,...,X,,v€F™ where r is even and charlF = 2. Then,
2 2 2,2 _ 2 2 2
X+ X (X X)) AV = (XA X V)T (X V)T (% V)T (9)
Proof. Since (z + w)? = z? + w? + z o w, the right-hand side of (9) equals
I
(X1+"'+XT)2+V2+(X1+"'+XT)OV+Z(X?+V2+XZ-OV)
i=1

T
—(x1 4 %) Vv ) x],
=1

which equals the left-hand side of (9) because r is even. []

Lemma 4.8 is a special case of [35, Theorem 3], which is a version of Witt theorem for
nonalternate symmetric bilinear forms over a field with characteristic two. We apply it
in the proofs of Lemmas 4.9 and 4.10, which are used in the proof of Theorem 3.1. We
apply Lemma 4.8 also in the proof of Theorem 8.10.

Lemma 4.8. Let U be a vector subspace in F3 and let o : U — F3 be an injective linear
map such that

o(ur)To(ug) = uj uy (10)
for all uy,uy € U. Then, o can be extended to an injective linear map o : Fy — F3
such that (10) holds for all uy,uy € FZ if and only if the following two conditions are

satisfied:

(i) jn € U if and only if j, € o(U),
(ii) if jn € U, then o(jn) = jn.

Lemma 4.9. Let A € SGL,,(F2) be a nonalternate matriz where n = 5 and assume that
vectors Xi1,Xz, X3 € F3 are linearly independent. If
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1 1 0
[XiTAil)(j]ij:l =111 01,
0 0 O
then there exists w € F3 such that
wiA T w=1=wlA"x;, widlxy=0=w'A"x3 (11)
or
wAlw=1=wlA"1x,, wldAd'x;=0=w'A 'x. (12)

Proof. Since A~! is nonalternate, there exists P € GL,(Fs) such that A=! = PTP.
Denote x; = Px; for all i. Then,

[X;rkj]?,jzl =

R
O =
o O O

We split the proof in two cases.

Case 1. Let j, € (X1,%2,%3). Suppose that n is even. Then, j!j, = 0 and j, € {x3,%1 +

).(2,).(14*).(2‘1‘)-(3}. Sincejg)'cl = XIXl = 1, and values ).(ér).(l, (Xl +X2)TX1, (Xl +).(2+).(3)T).(1

are all zero, we have a contradiction. Hence, n is odd, j,\j, = 1, and j, € {X1,%2,%1 +
X3, X2 + X3}. We consider two subcases.

Subcase 1. Let j, € {X1,%X1 + X3}. Define vectors y1 = j,, y2 = €1, y3 = €2 + e3 and the
map o : {y1,y2,y3) — F3 by

o(ay1 + azy2 + azys) = aij, + aeXo + azXs (a1, a0, a3 € Fy).

Then, o is linear and injective. Moreover,

o(jn) = Jn € y1,¥2,¥3) N 0({y1,¥2,¥3)),

and
1 10
[y;FYj]?,j=1= 110 =[U(Yi)TU(Yj)]?,j=1~ (13)
0 0 O
Consequently,

o(y)'o(z) =y'z (14)
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for all y,z € {y1,y2,y3). By Lemma 4.8, we can extend o to a linear map o on FJ' such
that (14) holds for all y,z € F3'. Then w = P~lo(e5) satisfies

wlA'w=0(e;)To(es) =eles =1,
wlA % =0o(es) "% € {o(es)"a(jn),o(es) o (jn +y3)}
= {e anyeS (n +y3)} = {1},

Hence, (11) is true.

Subcase 2. Let j, € {X2,%X2 + X3}. Here we define vectors y; = ey, y2 = jn, y3 = €2 + €3
and the map o : {y1,y2,y3) — F? by

o(a1y1 + aey2 + azys) = ar1X1 + aojn + asXs (a1, a0, a3 € Fa).
Then we continue as in Subcase 1 to deduce that w = P~ 1o (e5) satisfies (12).

Case 2. Let j, ¢ (X1,%X2,%3). Suppose n = 5 and let x3 = (81, 32,03, 84,05) . Since
X1, Xz are linearly independent, 1 = x{ x; = XJ X3 = X{ X2, and X1, %z differ from js, it

follows that either
{%x1,%2} = {e;,e; +e;+e,} or {Xi1,%}={e;+e;+eye +e +e,}

for some indices {i,j,k,l,m} = {1,2,3,4,5}. In both cases, the equalities 0 = x{ x3 =
XgX3 = X4%3 imply that 8; = 0, 3; = Bk, and 8, = By,. Hence, x; + x5 = j5 or
Xo + X3 = j5 or X7 + X2 + x3 = 0, which contradicts the assumption of Case 2 or the
linear independence of x1, X3, X3.

Therefore, n > 6. Define vectors y; = e; + --- + €5, yo = €1, Y3 = €2 + ez and the

map o : {y1,y2,y3) — F3 by

o(ayr + aey2 + azys) = a1X; + asXg + azX3 (a1, 00, a3 € Fy).
Then7 jn ¢ <X175{2)X3> = 0(<Y17Y2ay3>)' Since n = 6a it follows that jn ¢ <y17yQay3>'
Moreover, (13) is still true, which implies (14) for all y,z € {y1,y2,ys). We continue as

in Subcase 1 to see that w = P~lo(es) fits (11). [

Lemma 4.10. Let x1,...,x, € F3 be linearly independent vectors where r is an even
number such that 2 <r <n. If A€ SGL,(F2) and x] A~ 'x; =1 for all i,j < r, then
there exists x,4+1 € F3 such that

x A%, 1 =1 for some se{1,...,r} (15)
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and
X A7 %01 =0 forallte {1,...,r + 1}\{s}. (16)

Remark 4.11. Observe that vectors xi,...,X,4+1 must be linearly independent. In fact,
if we pre-multiply the equation x,41 = Y, _; axxg by x] A™! and by x] A~! where
t € {1,...,r}\{s}, respectively, then we deduce that 1 = >}, _, oy = 0, which is not
possible.

Proof. Clearly, A=! is not alternate. Hence, there exists P € GL,(F2) such that
A™! = PTP. Define x; = Px; for all i. Then, x/x; = 1 for all 7,j. In particular,

rank ([xjxj]:]) = 1. By Lemma 2.7, r < ["T“J, i.e. n = 2r — 1. Firstly, we prove that

if n =2r —1, then j, € (X1,...,%). (17)

In fact, if n = 2r — 1 and j,, ¢ {X1,...,X,, then X1,...,%X,,j, are linearly independent.
T

Since n is odd it follows that jlj, = 1 = x/x; = x] j, for all i. As above, Lemma 2.7

implies that r + 1 < ["THJ = r, a contradiction.

We split the rest of the proof in two cases.

Case 1. Let j,, ¢ (X1,...,X,». Define vectors y; = Z?:ll e; forie {1,...,r} and the map

o :{y1,-..,yry — F2 by

g (Z ()liyi) = Z Oéi}.(i (Oéi € IFQ)
i=1 i=1

Since n = 2r by (17), it follows that j, ¢ {yi,...,yr). Since o({y1,...,¥ry) =
(X1,...,X, it follows that j, ¢ o((y1,...,yry). Since y]y; = 1 = o(y;)To(y;,) for
all i, j, we deduce (14) for all y,z € {(y1,...,¥ry. By Lemma 4.8, we can linearly extend
o on whole F¥ such that (14) is true for all y,z € F2. If x,.,1 := P~!o(e; + e2), then

x] A %, 1 =%x]o(e; +ex) =a(y1)Toe; +ex) =y] (e1 +ex) =1,
x{ A%, 1 =y (e1 +e) =0 (te{2,...,r}),

X, AT %41 = (€1 + ) (e +€2) =0,
as claimed.

Case 2. Let j,, € (X1,...,%X,). Then j, = >,._, Bix; for some §; € Fo. Hence,
L=%]%; = %[jn= > %% = Y. B; (18)
i=1 i=1

for all j, and therefore
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T T T T T 2
Jndn = (2 5j5<j> (2 Bzxz> = > BiB%] ki = (2 52’) =1,
=t iz -1

i,j=1
i.e. n is odd. Since r is even, (18) implies the existence of s,k € {1,...,r} such that 85 =0
and Br = 1. Hence, vectors in the set {j,,X1,...,%X,}\{Xx} are linearly independent.
Denote them by X1,...,X, in some order where X; = X5 and X, = j,. Further let y,,, =

Z?Zl_l e; forme {1,...,r—1} and y, = j,. Then y,...,y, are linearly independent

and the map o : (y1,...,y»» — FZ,

o(iamo'—ia#i (i € F2),
=1 i=1

is well defined. Moreover,

J(jn) = jn € <}’1, s aYT> N U(<}’1, s 7Yr>)'

Since y;'—yj =1=o0(y;) o(y;,) for all i, j, we can apply Lemma 4.8 as above to extend
o linearly on whole F4' such that (14) is true for all y,z € FJ. If x,.11 := P~ 1o(e; + ),
then

XSTA_1XT+1 = ;F (el + eg) = O'(yl)TO'(e1 + 62) = le(el + eg) =1,
x/ A %, 1 =0c(e; +es+---)To(e; +ex) =0 (te{l,...,r\{s, k}),
(

xTTHA_lel =o(e; +e)o(e; +e) =0,

T
X2A71X7.+1 = Xga(el + 82) = (jn + Z ﬁ]X]> U(e1 + 82)

ks
r—1 T r—1 T

=0 (jn + 2 5j}’j> ole; +er) = <jn + 2 Bjyj> (e1 +e3)
=2 =2

=0,
as claimed. []

Recall from Section 2, that each nonalternate or alternate matrix A € S, (F) of rank
r > 0 over a finite field of characteristic two can be written as A = Y, x? or A =
VN x2+ (x1 +- - - +x,.)?, respectively where vectors x1, . .., x, are linearly independent.
Typically, these forms are not unique. Lemma 4.12 implies that the corresponding vectors
always span the same vector space.

Lemma 4.12. Let x1,...,x,. € F™ be linearly independent and charF = 2. If

T T
Zx?:Zy? where re{l,...,n}
i=1

i=1
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or
T T
ZX?+(X1+~-~+XT)2 = nyJr(yd + -+ y.)? where re {l,...,n} is even
=1 1=1

for some y1,...,yr €F™, then (X1,...,X) ={y1,.- ., ¥r)-

Proof. Let A, € {3/ x2,> | x?+ (x1 + -+ +x,)?}. Then, rank A, = r. If there
exists j such that y; ¢ (xi,...,%,), then the equation A, = A, where A, is de-
fined analogously as A, implies that r + 1 = rank(4, — y3) = rank(4, —y3) <,
a contradiction. Hence, y; € (x1,...,x,) for all j. Since rank A, = r, it follows that

Xiyeey X)) = (Y15, ¥r). O

In the case of a binary field, more relations between vectors y1,...,y, and x1,...,X,
are provided by Lemma 4.14 and Lemma 4.15 (ii). On the other hand, Lemma 4.13 and
Lemma 4.15 (i) give us some tools for the inductive step in the proof of Theorem 3.1.

Lemma 4.13. Let x1,...,%x, € F3 be linearly independent where 4 < r < n. Further,
let A,A+ Y.  x? € SGL,(F2) and assume that x] A~'x; = 0 for some i € {1,...,7}.
Then there exist y1,...,y, € FS such that >,;_,x? = Y, y? and both matrices A +
ST yE A+ Y y? are in SGL,(Fy).

Proof. Let B = A+ > x?. Define Sy = {ie{l,...,r}:x/B7'x; =0} and S; = {i €
{1,...,r} : x] B71x; = 1}. By Corollary 2.5, |So| = 1. If |Sg| = 1 and Sy = {j}, then
there exist k,l,m € S; and we can define vectors xy,...,%x, by

. X¢ if t¢ {jvkalvm}a
Xt = . .
Xt + X+ X+ X+ %, i te{jk ,m}.

Then,
_ . T _1 . . _ . T _1 . _ .T _1 . _ .T _1 .
1—ij xj, 0=x, B"'x, =%, BT x, =%x,,B" X,

so the set Sy = {i € {1,...,7} : ] B~'%; = 0} has three elements and Y, x? =

i
Z:=1 x2. Since we can replace vectors X1, ...,X, by X1,...,X,, we assume in the rest of
the proof that |Sy| = 2.
Next, we claim that there exist i1,i2 € {1,...,r} such that

_ IRl _ Tnp-1, _ T p-1,.
0= XilB Xi = xi2B Xi, = xilB Xi,
or (19)

_ T p—1,. _ T -1, _ T p-1,.
O—XilB le,l—xizB XZZ—X“B Xi,-
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Suppose (19) is not true. Then, for each s € Sy the row s of the matrix I, +
[X;!;Bflsz];l,jz:l equals (a1, ..., a,) where a;, = 1if and only if jo € Sp. Since |Sy| = 2,
it follows that

det (Ir + [x TB XJZ]JM2 1) =0.

On the other hand, Lemma 2.4 implies that
1 =det A = det <B + Z x?) = det (I, + [x] B~ %5515 am1)s
i=1
a contradiction.

Let {y1,...,¥r} = {x1,...,%.} where y,_1 = x;, and y, = x;,. Then,

r—1
det (A + Z yf) =det(B+y2)=1+y /B 'y, =1,

i=1

det( Z )—detB+yT1+yr)
T B*l —— T Bfl ,
—det (I + [ Yrer? Yot Yrm Yr) g
Y. B7yr1 y. BTy,

as claimed. []

Lemma 4.14. Suppose 1 < r < n, A € SGL,(F3), and x1,...,%x, € F} are linearly
independent. If x] A= 'x; = 1 for all i,j, and X, _ x? = Y.\ | y? for some vectors
Vi, yr €FY, theny] A™ly; =1 for all i, j.

Proof. By Lemma 4.12, {y1,...,y,) = {X1,...,X, . Hence, for each ¢ there exist con-
stants af) € Fa st y; = 3_, a)xp. Let X,Y € My, (Fz) and P € My, (F2) be
the matrices with the i-th column equal to x;, y; and p; = (af,...,a)T, respectively.
Obviously, Y = X P. Therefore,

XXT=x{+  +x2=yl+ - +y2=YY T =XPPTXT,
ie. X(I, — PPT)XT = 0. Since rank X = r, we deduce that PT = P~!. Hence,

[yl Ayl oy =YTAT'YY = PTXTAT'XP = PTJP =: 2°
where z = (21,...,2,)7 = PTj,. Since I, = PTP = [p] p;j]; ;—,, it follows that p/ p; = 1

for all 4. Since the underlying field is Fo, we deduce that z; = p/j,. = p/p; = 1 for all .
Hence, [y A~ y;]i =, = J as claimed. []
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Lemma 4.15. Let A € SGL,,(F3) and let x1,...,%, € FY be linearly independent where
2<r<n, [x] A%, € R, and x] A~'x; = 0 for some i, j.

(i) Let k € {2,...,7 — 1} be even. Then, there exist linearly independent vectors
Vi,---,yYr € Y and a permutation matriz Q € GL,.(F2) such that

T I
1=

Xzz Z yz27 Z Xi = 2 Yi, (20)
i=1 i=1

1 i=1

and

_ . J O
[YZTA 1yj]i,j:1 =Q < kOXk O) QT.

(ii) If Y x? =Y., y? for some yi,...,y. € FY, then [yiTA’lyj]zj=1 e RI™ and
yi A ly; =0 for some i, j'.

Proof. (i) The linear independence of y1,...,y, will follow from Lemma 4.12 and (20).
By Lemma 2.2, there is a permutation matrix @ € GL,.(IF3) s.t.

T 1 r _ X T
[x; A Xj]i,j:l =Q ( 0O O Q (21)
for some even ! € {2,...,7}. By the assumption, [ < r—1. To simplify writings we assume

that @ = I.. The claim is obvious if k£ = [. Moreover, since we can apply an induction
process, it suffices to prove the claim for the case kK = [ + 2 whenever [ + 2 < r — 1 and
for the case k = [ — 2 whenever [ — 2 > 2.

Case 1. Let k =1+ 2 and [ + 3 < r. Define vectors yi,...,y, by

R it i¢{l,l+1,1+2,01+3},
Vi X+ X+ X1 + X4 +x43 0f i€ {l,l+1,14+2,1+3}.

Then, (20) is true and

Ju—1yxa-1 Ou-nyx1 Ju-1xz O
O1x(1— 0 O O
TA71 . 7’7 _ 1x(1-1) 1x3
. Yilis=r J3x(1-1) Osx1 Jixz O
0] 0 0 O
e o) .
_0 < (l+2)O><(l+2) 0) or

for appropriate permutation matrix Q
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Case 2. Let £k =1 — 2 and [ > 4. Define vectors yq,...,y, by

X if i¢{l—2,1—1,1,1+1},
Yii= Xi+X_o+X_1+x +x41 if ie{l—2,1-1,1,1+1}.

Then, (20) is true and

Ju—3yx1-3) Oq-3)x3 Ji-z O
O3y (1 O O O

TA v 7. _ 3x(1—3) 3x3 3x1
[Yz YJ]'L,]=1 le,3 Ol><3 1 9]
0] 0] O O

A T O -
_Q< ¢ 2)0(1 2) O)QT

for appropriate permutation matrix Q

(ii) By Lemma 4.12, {y1,...,y-) = {X1,...,X;» S0 ¥1, ...,y are linearly independent.
By (i), we may assume that in (21), ] = 2 and @ = I,.. If we multiply the equation

X+ X, =yt Y (22)

from the right-hand side by A~'x; and A~!x,, respectively, we deduce that
T i
Z Vi yjA*lxl =X] +Xg = Z vi -yiTA’lxz,
i=1 i=1

The linear independence of y1,...,y, implies that y] A7'x; = yJ A7'xs =: b; for all
i€ {l,...,r}. Moreover, there exists ig € {1,...,r} such that b;, = 1. If we multiply (22)
by A7'x;, we deduce that

viATx; =0 (ie{l,...,r},je{3,....71}). (23)

Let ¢;j :=y] A~ly;. Then ¢;; = ¢;;. If we multiply (22) by A~ly;, (23) implies
bi(x1+x2) = Y ¢iiy; (i€ {l,...,r}). (24)
j=1
Let Sy ={ie{l,...,r}: b, =1} and Sop = {i € {1,...,r} : b; = 0}. If i € Sy, then (24)

and the linear independence of y1,...,y, show that

Cij = Cji =0 (]E {1,...,7’}). (25)

Moreover, if 71,13 € S7, then the same arguments imply that
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Cjiy = Cjiy = Ciyj = Ciyj (jE {1,...,7"}). (26)

Since ig € S1, (24) implies the existence of j € {1,...,r} such that ¢;;, = 1. By (25),
j € S1. Consequently, (26) implies that ¢;,;, = 1 for all 43 € S; and therefore ¢;,;, = 1
for all i1,45 € S1. Along (25), it implies that the matrix [c;;]} ;_; = [y A" y;]} ;—; is of
rank one. Moreover, (24) implies that x; + x2 = Y, jes, Vi and consequently

0= XIA71X1 + x;A71x2

= (x1 + %) TA7 (% +%x2) = 2 y;!—A_lyj = |S1] (mod 2),
j€S1

ie [yl A7 y;li o0 € R™. By Lemma 4.14, y] A=ly; = 0 for some 7', 5. [J
5. Proof of Theorem 3.1

Firstly, we prove the cases r < 2 and r = 3.

Proof of Theorem 3.1 for r < 2. If » = 1, then obviously d(A,B) = r. This is also
claimed by Theorem 3.1 because 1 = det B = det(A4 + x2) = 1 + x{ A~!x; implies
that x{ A=1x; = 0, and therefore the assumption (iii) holds.
Let 7 = 2. By Lemma 2.4, 1 = det B = det(Iy + [x] A7'%;]7;_,), i.e.
x| A7 g +xg A7 %o + x] ARy o xg AT X — (x] A7Mx0)2 = 0. (27)

We separate two cases.

Case 1. Let x] A7'x; = 0 for some i € {1,2}. If j € {1,2}\{i}, then (27) implies that
x] A7'x; = x] A7'x;, and therefore the assumption (iii) holds. Moreover, det(A +x7) =
1+x] A71x; = 1. Hence, A + x7 is adjacent to both A and B, i.e. d(A, B) < 2. From (2)
we deduce that d(A, B) = 2 as claimed.

Case 2. Let x{ A7!'x; = 1 = xJ A7'xy. Then, (27) implies that x{ A7'xs = 1. As
indicated in Remark 3.2, we need to prove that d(A4, B) = 4. Since x{ A7'x; # 0, it
follows that A~! is nonalternate. Hence, A~ = PTP for some P € GL,(Fs). Since
vectors Pxi, Pxy are linearly independent, they are nonzero, and at least one of them
is different from j,. We may assume that Px; =: (aj,...,a,)7 is such. Then there
exist j, k such that o; = 0 and ay = 1. Let y = P~!(e; + e;). Then y" A~y = 0 and
yTA~1x; = 1. Consequently, regardless of the value yT A~ 'x,, Lemma 2.4 implies that

det(A + y2) —1+y A ly =1,

TAT! TA x
det(A +y2 +x2) =det | I yo &y ) =1
€ ( Ty +X1> € ( 2+ (yTA_lxl XlTA_lxl y
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det(A +y* +x7 +x3)
yTA ly yTA x; yTA lx
=det | L+ | yTA7x; x{A7lx; x{A7xy =1

y A %y x] A%y x4 A71x

which means that A ~ A+y? ~ A+y?+x3 ~ A+y?+x}+x3 ~ B. Hence, d(A, B) < 4.
By Lemma 4.4, d(A,B) =4. [

Proof of Theorem 3.1 for » = 3. By Lemma 2.4,
1 =det B =det (Is + [x] A7'x;]7 ;1) . (28)

Since alternate matrices have even rank, there exists k € {1,2, 3} such that x] A~ 'x;, = 0.
We separate two cases.

Case 1. Let [x;'—A_lxj]ij:l € R{™. Then we may assume that

1 1
[XiTA_lxj]g’)jﬂ =11 (29)
0 0

o O O

(otherwise we permute vectors Xj,Xa,X3). Let Q € GL,(F3) be any invertible matrix
with x1,X2,x3 as the first three columns. Then, (29) is the top-left 3 x 3 block of the
invertible matrix QT A™'Q € SGL,(Fy). Hence, n > 3. Moreover, a straightforward
computation of the determinant shows that no member of SGL4(F2) has (29) in the
top-left corner. Hence, n > 5. By Lemma 4.9, there exists w € FJ' such that (11) or (12)
is true. We may assume (11) (otherwise we permute vectors X1, X2). Now, we can apply
Lemma 2.4 as in the proof for r = 2 to deduce that matrices in the path

A~ A+ (%1 + %9+ x3)?

(
~ A+ (x1 4+ X2 + X3
~ A+ (x

)

)2+

1+ X+ x3)% + W+ (x1 +x3 +w)?

~ A+ (X FXo+x3)2 WA (X X34+ W)+ (X)X + w)?

=A+xI 4+ x4+ xi+(xo+x3+w)?~B
have determinant one. Hence, d(4, B) < 5. By Lemma 4.4, d(A, B) = 5.

Case 2. Let [x]A7'x;]3,_, ¢ Ri™. Since x]A~'x; = 0, the assumption of (iii) is
satisfied. We may assume that k = 3 (otherwise we suitably permute vectors x, X2, X3).

We claim that there exist distinct ¢, j € {1,2,3} such that
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0=x;A'x; = x;-rA_lxj =x] A 'x;
or (30)

T A 1 T A e T A
0=x; A" x;, 1 =x; A" 'x; =x; A" xj.

To prove (30) we separate three subcases.

Subcase 1. Let x] A™1x; = 0 = xJ A7 x5. If (30) is not true, then the invertible matrix
in the right-hand side of (28) equals J3x3, a contradiction.

Subcase 2. Let x] A71x; = 1 = xJ A7xy. If (30) is not true, then x{ A7!x3 = 0 =
xy A7'x3. Since [x] A7'x;]2,_, ¢ R we have x] A~!xy = 0. This is a contradiction
because the invertible matrix in the right-hand side of (28) is

o O O
o O O
= o O

Subcase 3. Let {x{ A™'x1,x5 A~'x} = {0, 1}. If (30) is not true, then we get in contra-
diction as above, i.e. the matrix in the right-hand side of (28) equals

or

— o
o O O
— o =
o O O
=)
=)

Now, if 4, j are as in (30), then Lemma 2.4 implies that matrices in the path
A~ A+x] ~A+x]+%x ~A+x]+x3+%x; =B
have determinant one. Hence, d(A, B) < 3. By (2), d(A, B) = 3 as claimed. [

The proof of Theorem 3.1 for r > 4 applies the induction process. In it, we say that
a pair of matrices (A4, B) in SGL,,(F2) satisty the condition (i), (ii), or (iii) with respect
to vectors xi,...,X, if the conditions (i), (ii), or (iii) in the statement of Theorem 3.1
are satisfied, respectively.

Proof of Theorem 3.1 for r > 4. We already know that the claim is true for r € {1, 2, 3}.
Let r = 4 and assume the claim is true for values 1, 2,...,r — 1. We separate three cases.

Case 1. Let (ii) be satisfied and assume (i) is not, i.e. [x] A7'x;]7,_; # Jox,. By
Lemma 2.2, there exists iy such that xZ)Ailxj =0 = X}Ailxio for all j. Hence,
[x] A% jeq1,rh\fio) € R{™. By Lemma 2.2, there exists a permutation matrix
Q € GL,_1(F5) such that
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- Jrxk
[x] A5 et io) = @ ( OX O) QT
for some even k > 2. Let B' = A+ 3., x7. By Lemma 2.4,

det B = det (I,—1 + [x] A7'%;]i je(1.....rp\fio})

— det (Q (I’“ +OJ’”’“ : ?k) QT>

= det(I), + ji)
=1+jljx=1
because k is even. Hence, B’ € SGL,(F2). By the induction hypothesis, d(4, B’) <

(r—1)+2 =r+ 1. Consequently, d(A, B) < d(A, B")+d(B’,B) < r + 2. By Lemma 4.4,
d(A, B) = r + 2 as claimed.

Case 2. Let (iii) be satisfied. Then, there exists i such that x;rAflxi = 0. By Lemma 4.13,
there exist yi,...,y, € F2 such that >, x? = > | y? and both matrices B” =
A+ 30 fyf and B’ = A+ Z:ll y? are in SGL,(Fz). Moreover, y1,...,y, are linearly
independent by Lemma 4.12. By Lemma 2.4,

1 =det B = det (1H +ly] Ayl 1) (31)
and
1= det B" = det (Ir,g + [yl A7y l052 1) (32)

Therefore, there exist iy, jo < r — 1 such that

ymA Vi, = 0. (33)

In fact, the opposite would force the matrices in the right-hand side of (31), (32) to
be alternate, a contradiction because such matrices have even rank, while one of the
numbers r — 2 and r — 1 is odd. We split Case 2 into three subcases, depending on the
type of the pair (A, B") with respect to vectors y1,...,yr—1.

Subcase 1. Suppose that (A, B’) satisfy the condition (ii). By Lemma 4.15 (i) and (33),
we may assume that

[ A y]]z] 1 Q(J20><2 O>QT

for some permutation matrix Q € GL,_1(Fs). If Q € GL,(Fy) is the permutation matrix
with @ in the top-left corner and 1 in the (r,r)-entry, then
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(s 0 B
y] A yli,.1=Q| O O b |QT (34)
bT bl b,

for some b = (b1,b2)T €F2, b= (b3,...,b._1)T € F573 b, € Fy. Since

1= det B = det (I + [yf A"'y;17,_1)

Joxo + I O b

=det | Q o} I,.s b QT
bT bT 146,
Joxo + I O b
= det 10) I, b |, (35)
bT bT 1+b,

the last column of the matrix in (35) is not a linear combination of the other columns.
Hence, 1 + b, #b3+ -+ b,_1q, i.e.

b =bs+---+b-_1. (36)
Since [x;rAflxj]g)jzl ¢ R?ro by the assumption of Case 2, Lemma 4.15 (ii) implies that
(b1,...,b,) is not the zero vector. Moreover, (34) implies that
Joxas O b
BowAd Yopliga=| O 0 b
bT bl b,
for some permutation o of the set {1,...,7}.

If there exists s € {1,2} such that by = 1 and {t} = {1,2}\{s}, then we can consider
the matrix B’ = A+ 3, ¥i. Since

1
[V A Yo igen, iy = | O
1

7o QO

1
b [,
b

T

we have B’ € SGL,(Fs) by Lemma 2.4. If (A,B') is of type (ii) for vectors
Yo(1)s -+ 1 Yo(t—1)>Yo(t+1)s - - > Yo(r), then b, = 1 and b = 0, which contradicts (36).
Clearly, (4, B') is not of type (i). Hence, (A, B') is of type (iii). By the induction hy-
pothesis, d(A, B') = r — 1. Consequently, d(A, B) < d(A, B') + d(B', B) = r. Therefore,
(2) implies that d(A, B) = r.

If by = 0 = by and there exists k € {3,...,r — 1} such that by = 0, then consider the
matrix B/ = A + Zi#g(k) y?. Since
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1 0 0 0 0 0

1 0 0 0 0 0

0 0 0 0 by
[YI(i)A_lya(j)]i,je{l,...,r}\{k} =100 0 - 0 0 - 0 br
00 0 0 0 0 bpya
oo o0 - 0 o - 0 b

0 0 b3 -+ br1 beyr -+ b1 by

and b, = Zz;é’l#k b;, Lemma 2.4 implies that

det B’ = det (Irq + [YI@)A_1yo(j)]i,je{l,...,r}\{k}) =1,

ie B e SGL, (Fy). Clearly, the pair (A, B’) is not of type (i) with respect to vectors
Yo(1)s-+ s Yolk=1)s Yo(k+1)s - - Ya(r)- 1t is not of type (ii) either because (by,...,b,) is
not the zero vector. Therefore, it is of type (iii). As above, we now deduce d(A, B’) = r—1
and d(A, B) = r by applying the induction step.

Finally, to end Subcase 1, let by =0 =by and 1 = b3 = --- = b,._1. By (306),
b 1 if r is even,
"0 ifrisodd.
Define vectors z1,...,2z, by
7 = y(7(z') if i¢{1,2,3,7‘},
U Yoty F Yo) T Yo@ + Yo@) + Yoy if i€ {1,2,3,r}.

Then Y.!_, z? = VN y?, and a straightforward computation shows that

i=1“i

140, .
5 A e,y = | LI e ) (37)
Jr—3yx2  Op_3)x(r—3)

Let B = A+ >z, By Lemma 2.4, B’ has the same determinant as matrix I,_; +
[z;'—A_lzj],;Je{g’MT}, which equals the invertible matrix (4) from Lemma 4.1 where a = b,
and m = r — 3. Therefore, B’ € SGL,(F3). Since r > 4, it is clear from (37) that the
pair (A, B') is of type (iii) with respect to vectors zy,...,z,. Hence, we deduce that
d(A, B) = r as above.

Subcase 2. Suppose that (A, B') satisfy the condition (iii). Then by induction hypothesis,
d(A,B’) = r — 1 and consequently, d(A, B) < d(A,B’) + d(B’,B) = r. As above, (2)
implies that d(A, B) = r.



30 M. Orel, D. Visnji¢ / Finite Fields and Their Applications 103 (2025) 102580

Subcase 3. Suppose that (A, B') satisfy the condition (i). Then y] A~ 'y; = 1 for all
1e{l,...,r —1}. Since B"”", B’ € SGL,(F3) and one of the numbers r — 2,r — 1 is odd,
we get a contradiction by Corollary 2.6.

Case 3. Let (i) be satisfied. By Corollary 2.6, r is even. Suppose firstly that x] A7'x; =1
for all 4, j. By Lemma 4.10, there exists x,11 € FJ such that (15) and (16) is true. We

may assume that s = 1 in (15)-(16) (otherwise we permute vectors xi,...,X,). Let
B =A+ Z;:i x7. By Lemmas 2.4 and 2.3,

det By = det (Ir+1 + [X:A_lxj]i,je{l,...,rﬂ})

— det (err_l:" Ir el)
e 1
= det(Jpxr + I +€3). (38)

Clearly, the columns space of matrix J,., + I, + €2 equals the whole space F5. Hence,

B; € SGL,(F3). Let By, = A + Z;Zijﬂ x?. As in (38), we deduce that det By =

det(Jr—1yx (r—1) + Ir—1 + e?) and By € SGL, (Fs). Moreover, the pair (A, By) is of the
type (iii) with respect to the vectors x1,x3,...,X,+1, which are linearly independent by
Remark 4.11. By Case 2, d(A, By) = r. Consequently,

d(A,B) < d(A,Bs) + d(Bg,B1) + d(B1,B) =r + 2.
By Lemma 4.4, d(A,B) =r + 2.
Suppose now that there exist i, j such that x] A~'x; = 0. By Lemma 4.3, d(A, B) >

r + 1. Define vectors y1,...,¥,4+1 by

yi = X1 +X2 +X3+X; (i:17273)7
Y4 = X1 + X2 + X3,

Yi = X;—1 (i:5,...,r+1).
Then, Z:;rll y? =, x7. Let the matrix D = [d”]:;’il be defined by
D= r+1 + [yIA_lyj]:,}_ilv

and let D;; denote the determinant of the r x r submatrix of D, which is obtained by
deleting the i-th row and the j-th column. By Lemma 2.4,

1 =det B =detD.

The Laplace expansion along the i-th row yields 1 = Z;: di; D;; for all 7. Since
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g1 ifie{1,2,3},
0 ifie{d,... . r+1},

r is even, d;; = dj;, and D;; = Dj;, in characteristic two we deduce that 1 =
ZTH ZTH d;jD;j = D11 + Doy + D33. Consequently, there exists ¢ € {1,2,3} such that
D;; = 1. We may assume that Dy; = 1. Let B’ = A + Z:+21 y?. Since

det B' = det(I, + [y] A 'y;1i51,) = D =1,

1,]=2
we have B’ € SGL,(IF2). The diagonal of [y A~ 1yj]wrl2 is (0,0,1,...,1). If

@) Oay (r—
T oA—l. 1r4l 2x2 2x(r-2)
Yi ATyl e # ’ ¥
[ i J=2 (O(Tz)w J(r2)X(T2)> )

then (A, B’) is of type (iii) with respect to the vectors ys,...,¥-+1, which are linearly
independent. Consequently, d(A, B’) = r by Case 2 and therefore d(A, B) < d(A, B') +
d(B',B) = r + 1. Hence, d(A, B) = r + 1 as claimed.

Finally, assume that the two matrices in (?0) are the same. Then, for each i > 5 we
have 0 = y;—A ly, = xlA Ix, 4 +x3A X;_1, i.e. xlA Ix; 1 = 3A Ix;_ 1. If we
replace y2 by y3 in this computation we further deduce that

X[ AT % =xg AT X = x] AT % =t (b<i<r+1).
Consequently, for i,j > 5 we have

0=1+1=y]A 'y, +yJ Ay,

(Xl + X9 + X3)TA7 X1+ (Xl + X9 + X3)TA71X]‘_1

=a;—1+ Aj—1-
Hence, a4y = - -+ = a,.. Moreover, for ¢, > 5 we have also
yi Ay =x] A7 %

1 for all 4, the expansion of the equalities yJ A=y, = 0 = yJ A~ly,

Since x] A7 'x;
implies that

x| A7 %y = x] A7 %3 = x5 A7 'xs. (40)
Consequently,
= ygA71y3 =x; TA %, + XlTA X9 + X;A X1 + X3TA Xo =1+ xlTA X9,

which means that all values in (40) equal 1. Hence,
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J a4 (r—
XTA " ]E = 3 )
[x; ilig=1 <a4<](7‘3)><3 J(r-3)x (r—3)

Since x; A™'x; = 0 for some 4, j, it follows that a4 = 0. Consequently, Lemma 2.4 implies
that

1—detB—det(JP’XP’JFI3 0 ),

0 Jr—3yx(r—3) + Ir—3
a contradiction because matrix Jsy3 + I3 is not invertible. []
6. Proof of Theorem 3.3
We prove the parts (i) and (ii) separately. In both we rely on Theorem 3.1.

Proof of Theorem 3.3 (i). Since A — B is an alternate matrix of rank r and (2) holds, it
suffices to prove that d(A, B) < r + 1. Define

So={ie{l,....r+1}:x] A7 'x; =0}, (41)
Si={ie{l,...,r+1}:x] A7 'x; =1}. (42)

Since x| ;A7 %, 41 = X1 x] A7'x; and r is even, it follows that [Sy| > 1. We separate
three cases.

Case 1. Let |Sp| = 1 and r = 2. Since x; + X2 + X3 = 0 and each pair of vectors among
X1, X2, X3 are linearly independent, we may assume that Sy = {1} and S; = {2,3}. Let
a = x{ A7 x5. Then,

X1TA71X3 =a, x2TA71X3 =1+a.

If X is the n x 3 matrix with x; as its i-th column, then Lemma 2.4 implies that

1 a a
l=detB=det(A+ XX )=det(I3 + XTA'X)=det | a 0 1+a|. (43)
a l+a 0

r+1

Consequently, a = 0. Hence, [X;A_1Xj]i7j:1 is of rank-one, a contradiction.

Case 2. Let |Sg| > 1 and r = 2. Since x1 + X3 + x3 = 0, we deduce that |Sy| = 3, i.e.
x] A7 x; =0 for i =1,2,3. Let a = x] A~ x5. Then,

xlTA_le =q= XQTA_1X3.
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As in (43) we deduce that

l=detB=det| a

SIS
= 2 2

i.e. a = 0. Define B’ = A + x? + x3. Then

T A-1 T A-1
detB'—det<12+<X1A X1 x4 x2>>—1.

x] A%y x] A71x;
By Theorem 3.1, d(A, B") = 2. Hence, d(A,B) < d(A,B')+d(B",B) =3=r+1.

Case 3. Let r > 4. If |Sy| = 1, i.e. Sp = {ig} for some ig € {1,...,r + 1}, then there exist
J1, k1,11 € S1 and we can define y,...,y,+1 by

Yip = Xj; + X, + Xy,
Yin = Xip + Xgy + Xy,
Vi, = Xip + X5, + Xy,

yll = XiO + le + Xk1a

and y; = x; for all ¢ € {1,...,7 + 1}\{io, j1, k1,1}. Then Z:;l x? = Z:Ll Y2, Vel =
Z;;lyi, vectors yi,...,y, are linearly independent, and

{ie{l,...,r+ 1} y] A7y = 0} | = |{j1, k1, 1 }] = 3.

Moreover, if X and Y are the n x (r + 1) matrices with x; and y; as its i-th col-
umn, respectively, then ¥ = XR for appropriate R € GL,;1(F3), and matrices
[yiA’lyj]:f;il =YTA Y, [xiAflxj];jil = XTA7'X have equal rank. By replac-
ing x1,...,Xp4+1 With y1,...,y,1+1, we may assume that |So| > 2.

To proceed, observe that as in (43) we can deduce that det D = 1 where D =
[dij]f;-ril = I,11+ XTA7'X. Let D;; be the determinant of the submatrix obtained by
removing the i-th row and the j-th column of D. Then, for each i € {1,...,r + 1}, the
Laplace expansion along the i-th row yields 1 = Z;: di;D;;. Since D is symmetric, we

have dij = dji and Dij = Dji. Since r is even,

r+1

r+1r+1

i=1j=1 i=1
Therefore, there exists ¢ € {1,...,7 + 1} such that d;; = 1 = D;;. We may assume
that i = r + 1 (otherwise we permute vectors x1,...,X,11 in appropriate order). Define
B':= A+x?+ - +x2. Then,
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det B' = det (I, + [x; A™'x;]7 ;1) = det Dyyq1 541 = 1.

,j=1

Since |So| > 2, the matrix [x] A™'x;]} ;_; must have at least one zero on the diagonal.
By Remark 3.4, rank([x] A™'x;]7 ;) = rank([x;'—A_lxj];;il) # 1. By Theorem 3.1,

d(A, B') = r. Hence, d(4, B) < d(A,B) +d(B',B) =r + 1. [J

Proof of Theorem 3.3 (ii). Let Sp,S1 be as in (41), (42). By Remark 3.4, 0 =

- 1 _ . .
Tr([x] A lxj];;il) = S x] A%, so |Si| = 2t for some t < 4. Since the matrix
[X;I—A_lxj]f;il is of rank one, it is not alternate. Hence, its diagonal is not zero every-

where, and therefore t > 1. We may assume that
S1={1,2,...,2t} and Sp={2t+1,2t+2,...,7+1}; (44)

(otherwise we permute the vectors x1,...,X,+1). Since B — A is an alternate matrix of
rank 7, (2) implies that

d(A,B) =r+ 1.
Moreover, Lemma 2.4, Lemma 2.2, and (44) imply that
B l=A" A X+ XTA'X)XTA!

Iy + J O
_ A_1 _A_1X 2t (2t) x (2t) XTA—l 4
( @) Iryq1-2¢ ’ (45)

where X is the n x (r + 1) matrix with x; as its ¢-th column. We divide the rest of the
proof into three steps.

Step 1. We claim that d(A4, B) = r + 2.

Suppose that d(A4, B) = r + 1. Then, rank(B’ — B) = 1 and d(4, B’) = r for some
B’ € SGL,(Fy). In particular, B’ = B + y? for some nonzero y € F5.
Ify ¢ (x1,...,%X;, then

Jr><r +Ir Or><1 O
B —A=B-A+y*=P O1xr 1 O |PT,
(@) O O

for any P € GL, (IF2) with x1,...,x,,y as the first r+1 columns. In particular, rank(B’—
A) =7+ 1. Hence, (2) implies that d(A, B’) = r + 1, a contradiction.

Therefore, y € (X1,...,X.), l.e. y = Zj‘:1 x;, for some subset {i,...,is} = {1,...,7}
of distinct indices. If s = r, then B’ = A + x7 + --+ + x2. From Remark 3.4 and (44)
we deduce that [x] A™'x;]7,_; € R, Consequently, d(A, B') = r + 2 by Theorem 3.1,
a contradiction. Therefore 1 < s < r. If S] := {j € {1,...,s} : 4; < 2t} and j < s,
then (45) implies



M. Orel, D. Visnji¢ / Finite Fields and Their Applications 103 (2025) 102580 35

XZB—lxij _ XIA_lxij _ X;A_lX Iy + J(2t)><(2t) o XTA—lxij
7 ’ J @ Try1-2¢
1

I 1
1_(1._.10_._0)< 2t+Jgt)><(2t) I+?2t> if jes,

0
Lt + J2tyx (2t) 0 . e ,
0—-(0---0 : f S
( )< O Ir+172t . 1 ]¢ 1»
)1 if je sy,
o if je¢sy.
By Lemma 2.4,

1=daBH:®uB+y%:1+yTB4y=1+§}QB”mJ:1+Wﬂ&mdm,

j=1
which means that |S7| is even. We denote {ist1,...,4-} = {1,...,7}\{i1,...,is} and
separate two cases to end the proof of Step 1.

Case 1. Let s be odd. Then we define wq,...,w, as in Lemma 4.5, which together with

Remark 3.4 imply that

B =A4+w!+-. +w?

T

rank ([wif A7 w7 o0) = 1,

= 2% A7, = S]] (mod 2) = 0.

Jj=1

TI'[W;FA71Wj]Z‘7j€{1

yeery

By Theorem 3.1, d(A, B’) = r + 2, a contradiction. Hence, d(A4, B) > r + 2.

Case 2. Let s be even. Then we repeat the proof in Case 1 where we replace Lemma 4.5
by Lemma 4.6.

Step 2. We claim the matrix B~' — A~! is not alternate.

If B~! — A~! is alternate, then it follows from (45) that

X<12t+.]gt)x(2t) @) )XT: Z XiOXj+X§t+1+"'+X$+1

Iry1-2t I<i<j<2t
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is alternate. Therefore, x3, | + --- + x2,, is alternate as well. If we select a matrix
P e GL,(F2) such that Px; = e; for ¢ = 1,...,r, then the equality x,11 = 22:1 X;

implies that matrix

O@nxety  Oeix@r—2) O

P(Xypp1 + -+ %7 PT = | Op_anyx(an I o O |+

0] 0] 0]
is alternate, which is not true.

Step 3. We claim that d(A, B) =7 + 2.

Since [x] A7'x;]7 1, = XTA71X is of rank one, it follows from (44) that

i,j=1

_ - Jiop) % 0]
[x] A 1Xj]i,}i1 = < (2t)0 (2t) O) )

In particular,

(0,...,0,0,...,0) if i>2t,
x]AT'X =4 (1,...,1,0,...,0) if i<2t

——
2t

Consequently, (45) implies that

x](B'=AYx; =0 (,je{l,...,r+1}).

By Step 2, there exists nonzero z € F3' such that

z' (B! —A Yz =1.

From (46) we deduce that z ¢ (x1,...,%;). Define column vector
K if zTB 'z=0,
C)lz+x, if zTBlz=1.

Then, (44), (46), (47) imply that v B~'v = 0 and vT A~!'v = 1. In particular, B’ =

B +v? is an invertible matrix. From Lemma 4.7 we deduce that B’ = A+ Y. v? where
v; =x;+vforallie{l,...,r 4+ 1}. Since vectors vi,..., Vv, 41 span the vector space
{X1,...,Xr,2Zy, they are linearly independent. Moreover,

r+1

Te[v] A7) eq, i1y = Z v Ay,

i=1
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r+1

= Z x{ A7 %+ (r+ )vI AT Y
i=1

= Tr[xiTAflxj]i,je{Lm,TH} +(r+1)viA v
=0+1=1.

Since r + 1 is odd, it follows from Corollary 2.6 that viTA’lvi = 0 for some i.
Consequently, Theorem 3.1 implies that d(A,B’) = r + 1 and therefore d(A,B) <
d(A,B') + d(B’, B) = r + 2. From Step 1 we infer that d(4,B) =r+2. [
7. Diameter of T',,

To determine the diameter of graph I',, we need two more lemmas.

Lemma 7.1. Let n > 2.

(i) A pair (A, B) of matrices in SGL,(IF3) that satisfy the condition (i) from Theo-

rem 5.1 where x] A™'x; =1 for all i,j exists if and only if r € {1,...,|%]} is
even.

(ii) A pair (A, B) of matrices in SGL,(F2) that satisfy the condition (i) from Theo-
rem 5.1 where x] A7'x; = 0 for some i, j exists if and only if r € {1,...,n}\{2} is
even.

(iii) A pair (A, B) of matrices in SGL,(F2) that satisfy the condition (ii) from Theo-

rem 3.1 exists if and only if r € {2,3,... |24}

(iv) A pair (A, B) of matrices in SGL,(F3) that satisfy the condition (iii) from Theo-
rem 3.1 exists for each r € {1,...,n}.

Proof. (i) If x] A™'x; =1 for all i, j, then r is even by Corollary 2.6. Moreover, A~ is
nonalternate. Hence, A=t = PPT for some P € GL,(F3) and vectors y; := PTx; satisfy

ylyj =1 for all 4, 5. In particular, rank ([y;ryj];jzl) = 1. By Lemma 2.7, r < | 2]
Conversely, if 7 < | 241 ], then vectors x; = Zi:ll ey fori=1,... 7 satisfy x/x; =1

for all 4, j. By Lemma 2.4, the matrix B := I,, + Y,;_, x? satisfies det B = det(I, + J,.) =
det(I +j2) = 1+jlj, = 1 whenever r is even. Hence, (A, B) where A = I,, is a required
pair.

(ii) If (A, B) is any such pair, then, as above, r is even by Corollary 2.6. In the case
r = 2 we would necessarily have x{ A~'xs = 0. Consequently, Lemma 2.4 would imply
that 1 = det B = det(Iy + I3) = 0, a contradiction.

Suppose now that r € {1,...,n}\{2} is even. If r = 4k for some k > 1, then we set
A=IL,and B=1,+Y_, x2 where

X = e; %fz.e{l,...,%}, (48)
€ ok +e€ o1 +--+e ifie{2k+1,...,4k}.
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Clearly, x1,...,X, are linearly independent and A € SGL,(F3). By Lemma 2.4, B and
I + [XZTX]-]; j—1 have the same determinant. Observe that

. o L
Lo+ [x[ x50 20 = (LT A22>

where Agg € Soi(F) and L = [lij]i’;»zl is the lower triangular matrix with /;; = 1 if and

only if i > j. Consequently, L is invertible and therefore B € SGL, (Fs). If r = 4k — 2
for some k > 2, then we replace vectors (48) by

e; ifie{l,...,2k—1},

< = e t+ey+ -+ egpqq if 1 = 2k,

! €11 ok +€uo o+ t+ey ifie{2k+1,... 4k — 3},
€1 +egy_1 + ey if i =4k — 2.

Now, the only difference is that L = [l”]fl;;ll satisfies l;; = 1 if and only if ¢ > j or
(1,7) = (1,2k — 1). Again, L € GLgj_1(F2) and therefore B € SGL,,(F2).

(iii) Let the pair (A, B) satisfy [x]A™'x;]7,_, € RI™. By Lemma 2.2, r > 2.
Moreover, x] A7'x; = 1 for some i. Hence, A~! is not alternate and there exists
P € GL,(F2) such that A=! = PPT. Linearly independent vectors y; := PTx; sat-
isfy [y y;li -1 € R1™. By Lemma 2.7, r < |2 ].

Conversely, let r € {2,3,...,["THJ}7 in particular n > 3. Define A = [, and B =
I, + >, x7 where

X1 =e;, Xp=e;+e+e3, X;=ey p+tey 1ifie{3, ... r}

Then, A € SGL,(Fs),
. Joer O
[x{ A7 x50 = ( 202 O) e Ry,

and det B = det(I, + [x] A7'x;]7 ._;) = 1 by Lemma 2.4, i.e. B € SGL,(F2).

i,j=1
(iv) Let e {1,...,n}, A=1I,,and B = I, + >,;_, x; where

€; if ¢ is even,
X; =14 e, ote, ifi=r=nisodd,
e, +e;11 otherwise.

It is straightforward to check that xi,...,x, are linearly independent and A, B €
SGL,(Fy). If r = 1, then x] A~!'x; = 0 implies that the pair (A4, B) does not fit the
assumptions (i), (ii) from Theorem 3.1. If » > 2, then the same conclusion is obtained
by observing in addition that xJ A™'xs =1 =x] A7 'xs. [
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Lemma 7.2. Let n = 2 and suppose 0 < r < n is even.

(i) A pair (A, B) of matrices in SGL,(F3) that satisfy the condition (i) from Theo-
rem 3.5 exists if and only if (r,n) ¢ {(2,2),(2,3)}.

(ii) A pair (A, B) of matrices in SGL,(F2) that satisfy the condition (ii) from Theo-
rem 3.3 exists if and only if r < |21

Proof. (i) Let A =1I,. If r = 2 and n > 4, then it is easy to check that, for x; = e; + e3,

Xy = e3+ey, we have B = A+x3+x3+(x1+x2)? € SGL, (F2) and [XIA’lxj];}'il =0.

If r = 4k or r = 4k + 2 for some k > 1, then define

C
¢ C
C
B=A+ and B=A+ , (49)
C
C ; D
0
respectively where
01 0 0 0 O
01 0 O 1 01 0 00
1 01 0 01 01 0 O
- D=
“=lo 10 1| ™ 001010
0 0 1 0 0 0 0 1 01
0 0 0 0 1 0

In (49), C appears k and k — 1 times respectively. Clearly, B € SGL,(F3). Since C =
ejoey+ezo(eg+ey) and D =ejo0ey+es0(ex+ey) +e50(eq + eg), we deduce
that in both cases B — A = y; oys + -+ + y,—1 0y, for some linearly independent
vectors yi,...,yr € F3 where y; = e1, y2 = €3, y3 = €3, y4 = €3 + e4. By Lemma 2.1,
B-A=x?+ - +x2+(x1+ - +x%,)? where x; = e, Xo = €3, X3 = €] + ey + €3,
x4 = e] + e4. Hence, x{ A71x; = 1 = x{ A71x4 and x] A~'x4 = 0, which means that
[x] A7 'x;]7tL, has rank at least two.

ij=1
Conversely, suppose that r = 2, n € {2,3}, A € SGL,(Fs), and B = A +x? + x2 +
(x1 + x2)? € SGL,(F3) where x1,x5 are linearly independent, and [xiTAflxj];“;il is

not of rank one. Let a = x{ A7!xy, 8 = xJ A7 1x2, v = x] A71x5. In characteristic two,
Lemma 2.4 implies that

1 =det B = det(I3 + [xiTA_lxj]:’ijil)
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1+« ¥ o+
= det vy 1+3 B+ =1+aB—7>
a+y B+ 1+a+p

Hence, a3 = 2. By Remark 3.4, rank[x;'—Aflxj]fyjzl # 1, i.e. a,B,7 are all zero. If
A~! is not alternate, then A=t = PPT for some P € GL,(Fs), and (PTx;, PTxy) is
a self-orthogonal code of length n and dimension 2. Hence, n > 4, a contradiction. If
A~1 is alternate, then n = 2, A= = e; o ey, and {x1,X2,X1 + X2} = {e1,es,€1 + €2}.
Consequently B = O, a contradiction.
(i) If 0 < r < |2} ] is even, then define A = I,,, B= A+ ST x2 where
X1 = €1, X;=e€z_92+eg_1 (i=2,...,7’), Xrpy1 = X1 + 00+ Xl

Then, [x] A7'%;]; %1, = (e1 + e,11)? is of rank one and A, B € SGL, (Fy).

Conversely, suppose that a pair (A, B) of matrices in SGL, (F3) satisfies the con-
dition (ii) in Theorem 3.3. By Remark 3.4, rank ([x] A™'x;]7,_;) = 1. In particular,
x] A7'x; = 1 for some i, which means that A~! is not alternate. Hence, there exists
P € GLy(F2) such that A=* = PPT and rank ([y y;]j ;_,) = 1 for linearly independent
vectors y; := PTx;. By Lemma 2.7, r < |2 |. O

Theorems 3.1, 3.3 and Lemmas 7.1, 7.2 imply Corollary 7.3.

Corollary 7.3. The diameter of graph 'y, equals

2 ifn =2,
diam(T',) = 1 ifn=3,

n+1 ifn=>=41is even,

n if n =5 is odd.

Corollary 7.3 and the formula for dy (A, B) (cf. (2)) imply that
diam(f‘gk) = diam(T'9;) = diam(Tox41) = diam(f‘ng) =2k+1
is an odd number for k£ > 2.
8. Binary self-dual codes and T',,
In this section, we provide an identification of binary self-dual codes in IF;+1 with
certain subsets of matrices in SGL,,(IF2). The identification relies on the distance function

in graph I';,. Since the self-dual codes exist in even dimension, we assume that n > 3 is
odd in this section. Recall that, given x € F3', we defined

b
- n+1
x-( T >EIF2 .
xX'x
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For y e IFQ"H, let y € F3 be obtained from y by deleting the last entry. Then,

X1 + X2 = X1 + Xg, Yi+Y2=Y1+Y2,

x'x = 0, and dim(xy,...,X,» = dim{xy,...,x,» for all column vectors. Moreover,
y = (y) whenever yTy = 0. Hence, if self-dual codes C' = <y17...7ynT+1> and D =
(z1 ...,ZnTH> satisfy <&,...,YnT+1> = <ﬂ,...,ZnT+1>, then C' = D.

Let 8D,, € SGL, (F3) be the subset of all matrices A such that
n+95 n+1

and rank(A—1I,) = 5

d(AI,) =

If Ae 8D, then Theorems 3.1, 3.3, and Remark 3.4 imply that A—1I,, is nonalternate and
ntl n+1 n+1 2
A—1I, =Y, 2 x?or A—I, is alternate, %! iseven, and A—1I, = ¥, % x7+ (Zijl xi) )

ntl
for some linearly independent x1, . .. s Xnt1 € F3 such that [X;Xj]i’;-:l is of rank one. In
ntl
the nonalternate case, Tr ([xiij]i ;:1) =0.

Proposition 8.1. Fach A € SD,, determines a unique self-dual code C' = (X1, ... ,K%Q

n ]F;”l where X1, ...,Xn+1 are as in the previous paragraph.
2

Proof. By Lemma 2.7, the code C' is self-orthogonal. Since

. - . n+1
d1m<x1,...,an+1>=d1m<x1,...,an+1>= 5

C is self-dual. By Lemma 4.12, C' is uniquely determined by A. [

Conversely, assume now that C' is any self-dual code in IF2”+1. Let B¢ be the set of
all its bases. Then Be = BL U BZ where Bt consists of bases having an odd number
of member-vectors with the last entry 1. Similarly, bases in 8% have an even number
of vectors with the last entry 1. Given a basis B = {yq,... 7ynT+1} € B¢, consider the
matrices

H
%

N

IB ::In + &27 (50)
i=1
ntl
2

Boi=ln+ ) yit + (Y1t tyan)? (51
i=1

From the proof of Theorem 8.3 we will be able to observe that

Al is invertible <= Be BZ (52)
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whereas A is always invertible. Nevertheless, A% turns out to be ‘relevant’ for even "“

only. To each self-dual code C' in ]F”+1 we associate the set

Fp i {Ag : Be BL} U {A}: Be B} if s even,

{A; : BeBL} if ";1 is odd.
Remark 8.2. For n > 7, there exist distinct bases B and B of a self-dual code C such that
= Alg and A% = A'é. For example, we can obtain such B from B by replacing vectors
Y1,¥2,¥3,y4 with Y1 +Y2+ystystyi (i =1,2,3,4). Moreover, for arbitrary n > 3,
Af = A” whenever B is obtained from B by replacing one of the vectors yi,...,y g1 in

B with y1 + - ynTH.
Theorem 8.3. {F¢ : C is a self-dual code in Ty} is a partition of SD,,.

Proof. As explained in Proposition 8.1 and in the paragraph above it, each matrix A €
8D, is of the form A = Az or A = A% where B = {X1, .. s Xong } is a basis of a self-dual

code C' = (Xy,... ,§n+1>. Moreover, in the second case % is even, while in the first

case 0 = Tr ([XTXJ]:?:) = ZE x; x; meaning that xx; = 1 for an even number of
indices i € {1,..., "T“} Therefore, B € B2 in the case A = Al;. Hence, A € Fc.

The uniqueness part of Proposition 8.1 implies that Fo n Fx = & whenever the self-
dual codes C and C are distinct. It remains to prove that Fo < 8D, for each self-dual
code C in ]FQ"H.

Let B = {y1,... 7YnT+1} € B for some self-dual code C. By Lemma 2.4,

n+1

det A% = det (Im +yi" vilii- 1) (53)
n+3

det A" = det (In+3 + [YZ y]]’LJ 1) (54)

where Ynis =y1+ -+ Yo, Since yy; =0 for i,j < ”*1 , it follows that

(55)

1. )1 if the last entries of y;, y; are both 1,
Yi Y; = .
0 otherwise,

1 if Be B}
n T n == C
o e {o if B e B2,

0 otherwise.

{ 1 if Be B and the last entry of y; is 1,

Observe that at least one vector in B has the last entry equal to 1 because the oppo-
site would imply that e,; € C*, which contradicts the self-duality and the fact that



M. Orel, D. Visnji¢ / Finite Fields and Their Applications 103 (2025) 102580 43

1 n

+3
e, 1ent1 = 1. Hence, matrices [y; Ty;]; 7_, and [y; "y,]; 7_; are both of rank one. More-

n+3 nal
over, Tr <[&T&]”2=1) = 0, whereas Tr ([&T&]i;:l) = 0 if and only if B € BZ. By
Lemma 2.2 and (53)-(54), A% € SGL,(F2) while Ay € SGL, (F3) whenever B € BZ,.
Since y1, ... ;Yng1 are linearly independent, it follows that rank(Ay — I,,) = %‘H On
the other hand,

A —I,=P Topr +Jop O r
o) o)

for any P € GL,(F2) that has y,... ;Yni1 as the first ”T“ columns. Since det <InT+1 +

JL) = 1+ j7.1jugs by Lemma 2.4, it follows that rank(A% — I,) = 3 whenever
2

"TH is even. It now follows from Theorems 3.1 and 3.3 that Ay, A € SD,, whenever

%,A/é eFe. O

Example 8.4. It is well-known (cf. [21, Theorem 9.5.1]) that there exist three self-dual
codes in F3, namely C1 = (e1 + e,js), Co = {e1 + e3,js), C3 = {(e1 + ey, js). Their
families are

11 1 01
Fo, = 1], 1o 1 1]},
11 111
1 10
Fo, =211 1 1], {11 1]},
11
11 111
Fo, =<1 0 1], ]1 10
10 101

The set SD3 = U‘?:l Fe, can be determined also with the help of Fig. 1.

In view of Theorem 8.3 and the identification C' < F¢, Theorem 8.5 says that self-dual
codes are detected by graph parameters d(A, I,,) and dfn (A, I,).

Theorem 8.5. If % s odd, then

SDn = A€ SGLn(F2) : dA’In :n_-&-57 dp Avjn =t 56
T

2 n 2

If L is even, then

SD, — {A € SGL,(Fy) : d(A,1L,) = 255 d-

59, dn (A L) e (25,253 (7)
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Proof. Let M be the set in the right-hand side of (56)-(57). If A € 8D,,, then rank(A —
I,) = 2 and A — I,, is nonzero. Hence, either A — I,, is nonalternate and dx (A LL) =
rank(A I,) = L or A—1, is alternate with even rank "+, in which case dz n(A, I,) =
rank(A — I,,) + 1 = 2+3. Therefore, A € M.

Conversely, assume that A € M. Let r = rank(A — I,,). We split two cases.

Case 1. Let dpy (A, 1,) = 24l Then, 2 > r. Since 2% —r = d(A,I,) — 7 < 2 by
Theorems 3.1 and 3.3, it follows that r = ”—’Ll ,i.e. Ae 8D,.

Case 2. Let dp (A,1,) = ™2 and 231 be even. If A — I, is alternate, then r =

dp (A1) —1 = 2+l and A € SD,. Assume now that A — I, is nonalternate. Then,
r=dp (A1) = ”;3 is odd and d(A, I,,) = r+1. By Theorem 3.1, A—1I,, = Y.\, x? for
some linearly independent xi,...,x, € F3 such that x;rxi = 1 for all 7, and there exist
1,7 such that x;-rxj = 0. We get a contradiction by Lemma 7.1 (ii) because r is odd. []

In the rest of the paper, we describe how ‘classical’ automorphisms of the graph T'),
that fix the identity matrix I,, namely the maps

d(A)=A"" and ®(A) = PAPT where PT = P! (Ae SGL,(F.)),

act on 8D,, (the classification of all automorphisms of T',, is expected in [34]). Observe
that we really have ®(SD,,) = SD,, for both automorphisms because

d(q)(A) In) = d((I)(A)a(I)(I )) = d(A7[)7
rank(A™! — = rank (A(A™' = I, ) =rank(A — I,,),
rank(PAPT — = rank (P(A PT) =rank(A — I,,)
for all A € SGL,(F2). We denote F,' = {A™': Ae Fo}, PFoPT = {PAPT : Ae Fc},

and refer P € GL,(Fs) with PT = P~! as an orthogonal matrix. Orthogonal matrices
form a group, here denoted by O, (F2). Given P € O, (F3), let P@® 1 € O,41(F2) be

defined by
P On x1
01 Xn 1 .

Observe that (P @y = Py whenever y € F2*! satisfies y Ty = 0. Given a self-dual
code C in F*! we denote (P®1)C = {(P® 1)y :ye C}.

Theorem 8.6. ]-'51 = F¢ for each self-dual code C in ]Fé”l.

Proof. Let A € F¢. Observe from (50)-(51) that there exists a basis B = {y1,... 7y%} €
B such that either A = I, + YYT or A = I, + Y(I% + J%)YT where Y is the



M. Orel, D. Visnji¢ / Finite Fields and Their Applications 103 (2025) 102580 45

n X ("T“) matrix with y; as the i-th column. By Lemma 2.4, Al =1, +YBYT for a
suitable matrix B e SWTH (Fs). Since A~! € 8D, it follows that rank(YBY T) = 2L

ntl
i.e. B€ SGLui1(F2). By Lemma 2.1, either YBY T = 3.2 22 + (21 + -+ + Zns1)? Or
2 2

ntl
YBYT =32 z? for some linearly independent vectors zjp, .. yZngl € F2, depending
on whether YBY'T is alternate or not. The alternate case is p0581b1e only if 2+ is even.

We claim that <Z1,...,ZnT+1> = <&,...,yn7+1>. If this is not true, then z; ¢
<&7...,ynT+1> for some j. Let R € GL,(F3) be any invertible matrix with Y as its

n X (%) left block and z; as its (”T%)—th column. Then,

B O O
R|O -1 O|RT=YBYT - 2 {Z z,ZZ + (z1 +- +Zn+1) }
O O O i#] i#]

is a contradiction because the left-hand side is a matrix of rank "TJ“?’, while the right-hand
side is a matrix with rank at most ”T“ Therefore, the set B = {Z1,... 1 Zos } is a basis
of C' and either A1 = A, with 24l even or A7! = Al In the last case, (52) yields
Be ®B%. Hence, A~ € Fo. [

Remark 8.7. If ”T“ is even and all members of a basis B = {y1, . .. ,y#} € B¢ have the
last entry 1 (i.e. &Tyj =1 for all 4, j), then it follows from Lemma 2.4 and Lemma 2.2
that (Aj)~! = A% and (A%)~! = Aj.

To understand how automorphisms of the form A — PAPT, with P orthogonal, act
on 8D,,, we need two more lemmas. The proof of Lemma 8.8 is straightforward and left
to the reader.

Lemma 8.8. Let C be a self-dual code in 3 and P e O, (F3). Then, C=Pa1)C is
a self-dual code. Moreover, if B = {y1,... ,y%} € Bo, then B={(P®1)y1,...,(P®
1)ynT+1} € By and:

(i) Be B if and only if B e BL;

(ii) if A € Fc, then PARPT = Al € F;
(ili) if Aj € Fo, then PAGPT = Al e Fp;
(iv) PFcPT = ]:5.

Lemma 8.9. Fach self-dual code C' in IF2”+1 has a basis {y1,... ,ynTH} such that y1 +
A Yng = oy

Proof. Let {z,.. .,ZnTH} be an arbitrary basis of C. Since j,+1 € C, there exists a

nonempty subset S < {1,..., "TH} such that j,41 = >};cq -
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If S¢ = &, we select y; = z;. Otherwise, we fix s € S and t € S¢ to define

{ Z; if ¢ # s,

W; = s

zs +2z; ifi=s.

Then, j,11 = ZieSu{t} w; and {wq,... ,w%} € Bo. Now we repeat the last paragraph
(possibly several times) with S, z; replaced by S u {t},w;. [

Theorem 8.10. If C,C' are self-dual codes in FotL, then there exists P e O, (Fs) such
that C = (P®1)C and statements (i)-(iv) in Lemma 8.8 are true.

Proof. It suffices to find P € O, (Fy) with C = (P @ 1)C. The rest follows from
Lemma 8.8. If n = 3, then it is easily deduced from Example 8.4 that Fpx = PFcPT for
an appropriate permutation matrix P. A straightforward argument shows that the same
permutation matrix P satisfies C' = (P @ 1)C.

Hence, we may assume that n > 5. We claim that there exist {z1,... 7z%} € B¢
and {Z1,... ,%%1} € B such that
z_1+---+zn;1=jn=2_+~-~+in;1 (58)
and
T o~ Ta ..o n+1
z'Z2; =2; Zj 1<i4,5< 5 . (59)

~

Lemma 8.9 provides B = {yl,...,y%} € Bo,B = {)71,...,)7%} € B with

y1+-~-+ynTH=jn+1=§’1+"'+§’"TH (60)

and therefore

We separate two cases.

Case 1. Let n = 5. By (60), either all vectors yi,y2,ys have the last entry 1, or there
exist i and distinct j,k € {1,..., 2 }\{i} such that y; has the last entry 1, whereas
¥, ¥k have the last entry 0. In the first case we select {z1, 22,23} = {y1,y2,ys} whereas
in the second case we define z; = y;, z; = y; + ¥i, 2x = yi + yi- We define z1,%s,Z3
analogously and achieve (58), (59).

Case 2. Let n > 7. We may assume that each of the bases B,B contains at least one
vector with the last entry 0, and at least two vectors with the last entry 1. In fact, if for
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example B does not meet this criteria, then as in Case 1 either all vectors in B have the
last entry 1, or y;, for some 4, is the only such vector. In both cases, we select distinct
gk e {1,..., 2 \{i} and replace y;,yx by y; + ¥i, ¥k + yi. Since n > 7, we get the
desired property while keeping (60).

Further, by permuting the indices we may assume the last entries of y nt1 and y ni1
are both 1. Hence,

Yop 'yop =1= g’nTﬂTf’nTﬂ’ (62)

Yoo = 1= 95V (63)

Yio Yio = 0=¥i Vi (64)

for some 11,12, j1,J2 € {1,...,”771} and (61) is true. Recall from the proof of Theo-

nt1 nt1
rem 8.3 that matrices [y; y;];?_, and [&T}N’j]ijzl are both of rank one, but their
traces are 1, as (60) implies that B € B} and B e %1 y (62)-(64), we deduce

E ;1
that matrices [yZ YJ]z g=11 [Yz y]]z j—1 are both in RT“J and they have at least one
zero entry. Consequently, by Lemmas 4.15 (i), 4.12, and (61), there exist linearly

independent wr, ... Wno1 € F3, linearly independent wi,... ,VNVnT—l e FJ, and per-
mutation matrices Q,@ € GLWT—l(]FQ) such that (wq,... ,wnT_1> = (Y1, ,ynT_1>,
<€V17"'7w"7_1> = <&71§’”T_1>a

and
n—1 Joxa O PP Joxa ~T
[WTWJ],j 1= Q( OX O)QT7 [WIW]; 1= Q( OX O Q.
Hence, by permuting the indices in Wy, ... ,VNVan we may assume that w;'—w] = v~vTv~Vj

for all 4, j. If we define z; = W;, Z; = W; for i < ”T_l and Zosl = Yuil, 2n;1 = yn+1 then
n+1 -
2 =7

, while (6 ) covers the case i =
Moreover, {2z, ... ,ZnTH} € Be, {71, .. .,z%} € B, and (65) implies (58). Labtly, the

(59) is automatically guaranteed for 4, j <

n

equality (58) for i < 251 implies that

— .
5T (3 5 5
=% <@+ '+Z%+ﬁ>
57 (3 5 :
=Z; (ﬂ-l— '+ZL—1+Jn>
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T

Zn+1,

~
=Z;
— 2

which completes the proof of the claim (58)-(59).

Consider the linear map o : (z,... ,ZnTH> — F2 defined by o (ﬁ) = 2; for all
i. By (58)-(59), 0(jn) = jn and (10) is satisfied for all uj,uy € <ﬂ,...,znT+1>. By
Lemma 4.8, ¢ can be linearly and injectively extended on F4 such that (10) holds for all
up, uy € FI'. Consequently, o(x) = Px for all x € Fo where P € GL,(F ) has o(e;) as its
i-th column. Since the (7,7)-th entry of PTP equals J(ei)TU(e]) =e/e; for all 4,7, it
follows that P is orthogonal. Since, (Pzy, ... ,PZnTH> = (Z1,..

C~’:<%1,...,%%>:<P—z_1,...,—Pz%>:<(P@1)z1,.. (p@1)

=(P®1)C. I

By Theorem 8.10, the subgroup {P®1 : P € O, (F2)} in O,,+1(Fs3), which is isomorphic
to O, (Fy), acts transitively on the set of all self-dual codes in F3™!. This improves the
result of Janusz [23, Theorem 10], which states that O, 11(F2) acts transitively. Some
generators of O, (F3) can be found in [23,39].

9. Conclusion

The main contribution of this paper is the computation of the distance formula d(A, B)
in the graph I',,, which generalizes the Coxeter graph (Theorems 3.1 and 3.3). In contrast
with the distance formula in graph f‘n, which is easy to compute, and equals df‘n (A,B) =
rank(A — B) whenever A — B is nonalternate or zero, and dp, (A, B) = rank(4 - B) +1
otherwise, the formula for d(A, B) is much more complicated. Since I, is an induced
subgraph in I',,, we obviously have d(A,B) > dp (A, B) for all A, B € SGL,(F2). The-
orems 3.1 and 3.3 compute d(A, B) explicitly. In particular, they imply that

d(A, B) e {dfn (A,B),dg (A,B) +1,dg (A,B) + 2}

for all A,B € SGL,(F3). With that said, Corollary 7.3 implies that graphs I',, and
F have the same diameters for n > 4 despite that there exist A, B € SGL,(FF3) such
that diam(T,,) = diam(T n) = d(A, B) > dg (A, B) as it follows from Theorem 3.1 and
Lemma 7.1.

In Section 8, we showed that the graph I';, can be used to study binary linear self-dual

]Fn+1

codes in where n > 3 is odd. In fact, each matrix in the set

n = {A € SGL,(Fq) : d(A, I,) = %%,rank(A —1I,) = "T“},
which equals

{AeSGLn(]Fg) L d(A, ) = £ s

52, dp (A1) = 2 if 25l is odd,  (66)
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and

{A € SGL,(F2) : d(A,L,) = ™2, di (A, I,) € {nL, ns3 }if 251 s even,  (67)
induces a self-dual code C in F3 . Conversely, to each self-dual code C' we associated
a family Fo € SD,,. Since {F¢ : C is a self-dual code in F3 ™'} is a partition of SD,, by
Theorem 8.3, we can identify C' with Fo. With this identification, equations (66)-(67)
(i.e. Theorem 8.5) imply that self-dual codes can be described by two graph parameters,
d(A,I,) and dp (A, I,). It is of great interest in coding theory to know/study which self-
dual codes are permutation (in)equivalent. That is, in general it is not known for which
self-dual codes C and C' in ]172"+1 there exists a permutation matrix @ € GL,,11(F2) such
that C' = QC'. By considering this problem, Janusz [23, Theorem 10] proved that there
always exists an orthogonal matrix P € GL,,1(FF2) such that C = PC. In Theorem 8.10,
we improved this result and showed that there exists an orthogonal matrix P € GL,, (F2)
such that C = (P®1)C. For any such matrix P, the map A — PAPT is an automorphism
of I, that fixes the identity matrix. Theorem 8.10 and Lemma 8.8 imply that such an
automorphism acts very naturally on the families F that are associated to self-dual
codes. Hence, the identification C' <> F¢ gains on the meaning. The parameters d(A, I,,)
and dfn (A, I,,) that determine the self-dual codes are very basic from a graph theoretical
point of view. We expect that a deeper analysis of the graph I';, could provide new insights
in coding theory in the future.

We could also study matrices in SGL, (F,) over an arbitrary (finite) field F, and the
distance function in the corresponding graph I',,(q). However, as briefly mentioned in the
introduction, it is expected that, for ¢ large enough, dr, ;) (4, B) = dfn(q) (A, B) for all
A,B e SGL,(F,) where fn(q) is defined analogously as the graph '), = f‘n(2) Actually,
some computer programming showed us that this equality holds already if ¢ = 5 and
n = 3. A more interesting generalization of the work presented in this paper seems the
study of the distance function in the subgraph of f‘n(q), which is induced by the set
{A e S,(F,) : det A = A} for a fixed nonzero A € F,. Some basic properties of such
a graph are mentioned in [33, Example 3.18]. It is possible that this graph contains
information about the self-dual codes in IF;LH also for some values ¢ > 2.
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