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Abstract
We calculate the Wiener index of the zero-divisor graph of a finite semisimple ring.
We also calculate the Wiener complexity of the zero-divisor graph of a finite simple
ring and find an upper bound for the Wiener complexity in the semisimple case.
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Zero-divisor
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1 Introduction

The Wiener index of a graph, introduced by Wiener in [33], turns out to be among the
most important of the graph indices. It is defined as W (�) = 1

2

∑
u,v∈V (�) d(u, v).

Wiener had discovered that the boiling points of alkanes and the sum of the distances
between any pair of vertices in its molecular structure graph have a close connection.
Later, a strong correlation between the Wiener index and the chemical properties of a
compound has been found - for example, the critical points in general (see [31]), the
density, the surface tension, and viscosity of compounds liquid phase (see [15]) and
the van der Waals surface area of the molecule (see [21]). Nowadays, this index is also
used for the preliminary screening of drug molecules [1]. See [17] and the extensive
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list of references therein, as well as [22] for the many applications of theWiener index
in chemistry.

A related notion to the Wiener index is the Wiener complexity of a graph which
was defined in [3, 4]. It denotes the number of different transmissions of vertices in
a graph and its importance stems from the location theory, where the vertices with
extremal transmission are studied, since they are the target locations for facilities (see
[10, 24, 30]).

In this paper, we study the Wiener index and the Wiener complexity of certain
graphs that arise fromalgebraic structures.Namely, our setting is the (undirected) zero-
divisor graph of a finite (possibly non-commutative) ring. The zero-divisor graphs of
algebraic structures have proved to be very useful in revealing some of the algebraic
properties via their graph-theoretical properties. It all began in 1988, when Beck [11]
introduced the notion of the zero-divisor graph of a commutative ring. Later, Anderson
and Livingston [6] investigated the zero-divisor structure of commutative rings. The
definition was later extended to study the non-commutative rings in [2] and [27].
Different authors then further extended this concept to semigroups [16], nearrings [13]
and semirings [19]. Recently, Wiener indices of some graphs arising from algebraical
structures have been studied (see [5] and [8] for a survey of the recent results). For
example, the Wiener index of the zero-divisor graph of a finite commutative ring was
studied in [28], while in [7, 29] it was studied in the special case of the ring of integers
modulo n. Furthermore, the Wiener index of the total graph of the ring of integers
modulo n was studied in [32] and the Wiener index of the unit graph was studied in
[9]. The Wiener index of a compressed zero-divisor graph was also studied in [26].

This paper is structured as follows. In the next section, we gather the definitions
and notations that we use throughout the paper. In Sect. 3, we calculate the Wiener
index and the Wiener complexity of a zero-divisor graph of a simple finite ring (see
Theorem 3.6 and Theorem 3.8). In the final section, we use these results to study the
zero-divisor graphs of semisimple finite rings. We calculate the Wiener index (see
Theorem 4.5) and find an upper bound for the Wiener complexity (see Theorem 4.7).

2 Definitions and Preliminaries

For a finite ring R, we denote by R∗ the group of units in R and by Z(R) the set
of zero-divisors in R, so Z(R) = {x ∈ R; there exists 0 �= y ∈ R such that xy =
0 or yx = 0}. We denote by �(R) the (undirected) zero-divisor graph of R, following
the definition in [2]: the vertex set V (�(R)) of�(R) is the set of elements in Z(R)\{0}
and an unordered pair of vertices x, y ∈ V (�(R)), x �= y, is an edge x − y in �(R)

if xy = 0 or yx = 0. The sequence of edges x0 − x1, x1 − x2,..., xk−1 − xk in a
graph is called a path of length k. The distance between vertices x and y is the length
of the shortest path between them, denoted by d(x, y). The diameter diam(�) is the
longest distance between any two vertices of the graph �. The transmission of a vertex
u ∈ V (�) is defined by Tr(u) = ∑

v∈V (�) d(u, v). The Wiener index of � is defined

as W (�) = 1
2

∑
u,v∈V (�) d(u, v) = 1

2

∑
u∈V (�) Tr(u). Finally, theWiener complexity
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of � is defined as the number of all different transmissions of vertices in V (�) and it
is denoted by CW (�).

For a commutative ring R, we denote by Mn(R) the ring of all n-by-n matrices with
entries in R. We shall denote by Ei j ∈ Mn(R) the matrix with 1 at entry (i, j) and
zeros elsewhere. For a matrix A ∈ Mn(R), we shall denote by Ai j ∈ R the (i, j)-th
entry of A and we shall denote the rank of matrix A by rk(A).

For a finite ring R and x ∈ Z(R), we denote the degree of x in �(R) by ◦(x) =
|{y ∈ R\{0, x}; yx = 0 or xy = 0}|. We sometimes also denote ◦(x) = 0 for x ∈ R
that is not a zero divisor. Furthermore, we shall denote the annihilator of x in R by
Ann(x) = {y ∈ R; yx = 0 or xy = 0}, as well as AnnL(x) = {y ∈ R; yx = 0} and
analogously, AnnR(x) = {y ∈ R; xy = 0}.

We shall limit ourselves to studying the zero-divisor graphs of finite rings due to
the following Lemma.

Lemma 2.1 [20, 23] If R is a ring with m zero divisors, 2 ≤ m < ∞, then R is a
finite ring with |R| ≤ m2.

3 Simple Rings

In this section, we shall study theWiener index and theWiener complexity of a simple
finite ring. We shall need the following lemmas.

Lemma 3.1 [12, Corollary 4.1.] Let F be a field and n ≥ 2. Then diam(�(Mn(F)))

= 2.

Lemma 3.2 [25, p. 6] Let F be a finite field of cardinality q and n ≥ 2. For every

k ∈ {0, 1, . . . , n} there are exactly ∏k−1
j=0

(qn−q j )2

qk−q j matrices in Mn(F) of rank k.

This immediately yields the following.

Lemma 3.3 Let F be a finite field of cardinality q and n ≥ 2. Then |V (�(Mn(F)))| =
|Z(Mn(F))| − 1 = qn

2 − q(n2)
∏n

j=1(q
j − 1) − 1.

Proof By Lemma 3.2, there are exactly
∏n−1

j=0 (qn − q j ) = q(n2)
∏n−1

j=0(q
n− j − 1) =

q(n2)
∏n

j=1(q
j−1) invertiblematrices inMn(F). Since all nonzero noninvertiblematri-

ces are in V (�(Mn(F))), we immediately get the desired equation, |V (�(Mn(F)))| =
qn

2 − q(n2)
∏n

j=1(q
j − 1) − 1. 	


The following lemma can be deduced from [2].

Lemma 3.4 Let F be a finite field of cardinality q and n ≥ 2. Suppose A ∈ Mn(F) is
a matrix of rank k for some k ∈ {1, 2, . . . , n}. Then |Ann(A)| = 2qn(n−k) − q(n−k)2

and ◦(A) = 2qn(n−k) − q(n−k)2 − ε, where ε = 1 if A2 �= 0 and ε = 2 otherwise.

Proof The statement follows directly from [2, Lemma 14]. 	

Next, we shall need to find the number of square zero matrices of a specified rank.
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Lemma 3.5 Let F be a finite field of cardinality q and n ≥ 2. Then |{0 �= A ∈
Mn(F); A is a matrix of rank k with A2 = 0}| =

∏2k−1
j=0

(
qn−q j

)

qk2
∏k−1

j=0(q
k−q j)

.

Proof If A2 = 0 for some A ∈ Mn(F) of rank k then dimF (A(Fn)) = k
and dimF (A2(Fn)) = 0. We can now deduce from Remark 3.2 in [14] that the
following holds: |{0 �= A ∈ Mn(F); A is a matrix of rank k with A2 = 0}| =(n
k

)
q

∏k
j=1

(
qn−k − q j−1

)
, where

(n
k

)
q denotes the number of k-dimensional subspaces

in Fn . To find the number of subspaces of dimension k, we have to count the number
of ways one can choose k independent vectors in Fn . The first vector can be chosen
in qn − 1 ways, the second vector can be chosen in qn − q ways, and so on. However,
some of these pickings generate the same vector space, so to arrive at the number of
distinct vector spaces, we have to divide this by the number of different bases for a
k dimensional vector space, which we proceed to calculate by the same procedure
as above. Therefore, |{0 �= A ∈ Mn(F); A is a matrix of rank k with A2 = 0}| =
(qn−1)(qn−q)...

(
qn−qk−1

)

(qk−1)(qk−q)...(qk−qk−1)

∏k
j=1

(
qn−k − q j−1

) =
∏2k−1

j=0

(
qn−q j

)

qk2
∏k−1

j=0(q
k−q j)

. 	


Now, we have everything ready to prove the first theorem of this section.

Theorem 3.6 Let F be a finite field of cardinality q and n ≥ 2. Then

W (�(Mn(F)))

= |Z(Mn(F))|2 − 5

2
|Z(Mn(F))| + 3

2

+1

2

n−1∑

k=1

⎛

⎝
k−1∏

j=0

qn − q j

qk − q j

⎛

⎝
k−1∏

j=0

(
qn−k − q j

)
− (2qn(n−k) − q(n−k)2)

k−1∏

j=0

(qn − q j )

⎞

⎠

⎞

⎠ ,

where |Z(Mn(F))| = qn
2 − q(n2)

∏n
j=1(q

j − 1).

Proof For i = 1, 2 denote Di = |{(a, b); a, b ∈ V (�(Mn(F))) such that d(a, b) =
i}|. We know by Lemma 3.1 that for every pair of (distinct) vertices A, B ∈
V (�(Mn(F))), we either have d(A, B) = 1 or d(A, B) = 2, so D1 + D2 =
|V (�(Mn(F)))|(|V (�(Mn(F)))|−1) = (|Z(Mn(F))|−1)(|Z(Mn(F))|−2). There-
fore W (�(Mn(F))) = 1

2 (D1 + 2D2) = 1
2 (D1 + 2((|Z(Mn(F))| − 1)(|Z(Mn(F))| −

2) − D1)) = (|Z(Mn(F))| − 1)(|Z(Mn(F))| − 2) − 1
2D1.

By using Lemmas 3.2, 3.3, 3.4 and 3.5, we arrive at

W (�(Mn(F))) = (|Z(Mn(F))| − 1)(|Z(Mn(F))| − 2)

−1

2

n−1∑

k=1

k−1∏

j=0

(qn − q j )2

qk − q j
(2qn(n−k) − q(n−k)2) + 1

2
(|Z(Mn(F))| − 1)

+1

2

n−1∑

k=1

∏2k−1
j=0

(
qn − q j

)

qk2
∏k−1

j=0

(
qk − q j

)

= |Z(Mn(F))|2 − 5

2
|Z(Mn(F))| + 3

2
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+1

2

n−1∑

k=1

⎛

⎝
k−1∏

j=0

qn − q j

qk − q j

⎛

⎝
k−1∏

j=0

(
qn−k − q j

)
− (2qn(n−k) − q(n−k)2)

k−1∏

j=0

(qn − q j )

⎞

⎠

⎞

⎠

= |Z(Mn(F))|2 − 5

2
|Z(Mn(F))| + 3

2

+1

2

n−1∑

k=1

⎛

⎝
k−1∏

j=0

qn − q j

qk − q j

⎛

⎝
k−1∏

j=0

(
qn−k − q j

)
− (2qn(n−k) − q(n−k)2)

k−1∏

j=0

(qn − q j )

⎞

⎠

⎞

⎠ .

Finally, by Lemma 3.3, we have |Z(Mn(F))| = qn
2 − q(n2)

∏n
j=1(q

j − 1). 	


Not unexpectedly, the formula for the Wiener index is quite a convoluted one. To
illustrate Theorem 3.6, let us examine the simpler case n = 2 separately, where the
formula is of course significantly more simple.

Example 3.7 Direct application of Theorem 3.6 and some calculations that we shall
omit here, immediately yield that W (�(M2(F))) = |F |6 + |F |5 − 3

2 |F |4 − 3|F |3 −
1
2 |F |2 + 2|F | + 1. In particular for example, W (�(M2(Z2))) = 51.

As a final result in this section, we can completely determine theWiener complexity
of a zero divisor graph of a simple finite ring. It turns out that the Wiener complexity
is dependent only on the size of matrices and not on the size of the underlying field.
Specifically, we get the following theorem.

Theorem 3.8 Let F be a finite field and n ≥ 2. Then

CW (�(Mn(F))) = 2(n − 1).

Proof Choose 0 �= A ∈ Z(Mn(F)). Then by Lemma 3.1, we have Tr(A) =◦ (A) +
2(|V (�(Mn(F)))| − 1 −◦ (A)) = 2(|Z(Mn(F))| − 2) −◦ (A). This implies that for
0 �= A, B ∈ Z(Mn(F)) we have Tr(A) = Tr(B) if and only if ◦(A) =◦ (B).

Obviously, Lemma 3.4 implies that if rk(A) = rk(B) then ◦(A) =◦ (B) if and only
if either A2 = B2 = 0 or A2, B2 �= 0.

On the other hand, suppose that rk(A) �= rk(B). Denote k = rk(A), l = rk(B)

and q = |F | and observe that by Lemma 3.4, ◦(A) = 2qn(n−k) − q(n−k)2 − ε and
◦(B) = 2qn(n−l) − q(n−l)2 − ϕ for some ε, ϕ ∈ {1, 2}. Therefore ◦(A) =◦ (B) would
imply that 2qn(n−k) − 2qn(n−l) − q(n−k)2 + q(n−l)2 = ε − ϕ ∈ {−1, 0, 1}. Since
1 ≤ k, l ≤ n − 1, the left hand of the equation is divisible by q, therefore ε − ϕ = 0.
Since k �→ 2qn(n−k) − q(n−k)2 is a strictly decreasing function, we can conclude that
◦(A) �=◦ (B).

Since for any k from 1 to n − 1, we can find a matrix in Mn(F) that is square-zero
as well as one that is not, we see that there are exactly 2(n−1) different transmissions
in the zero-divisor graph. Thus, we have proved that CW (�(Mn(F))) = 2(n − 1). 	
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4 Semisimple Rings

In this section, we examine the Wiener index and the Wiener complexity of a zero
divisor graph of a semisimple finite ring. Of course, the Wedderburn-Artin theorem
implies that every finite semisimple ring is isomorphic to a direct product of matrix
rings over some fields. Let us firstly prove the following lemma.

Lemma 4.1 Let l ∈ N and R = R1 × R2 × . . .× Rl be a direct product of finite simple
rings. Then Z(R) = R\R∗

1 × R∗
2 × . . . × R∗

l and diam(�(R)) ≤ 3. Furthermore, for
any a = (a1, a2, . . . , al), b = (b1, b2, . . . , bl) ∈ �(R) we have d(a, b) = 3 if and
only if for every i ∈ {1, 2, . . . , l} we have either ai ∈ R∗

i or bi ∈ R∗
i and there exists

j ∈ {1, 2, . . . , l} such that a j �= 0 and b j �= 0.

Proof It is well known that in a finite ring every element is either invertible or a zero-
divisor. The first statement then follows from the fact that an element (x1, x2, . . . , xl) ∈
R1 × R2 × . . . × Rl is invertible if and only if xi ∈ Ri is invertible for every i =
1, 2, . . . , l, while the fact that diam(�(R)) ≤ 3 follows from [18, Theorem 3.1].

Now, choose arbitrary non-zero elements a = (a1, a2, . . . , al) and b =
(b1, b2, . . . , bl) in Z(R). By the above paragraph, there exists i ∈ {1, 2, . . . , l}
such that ai ∈ Z(Ri ). Suppose that also bi ∈ Z(Ri ). If ai = bi = 0 then let
x = (0, 0, . . . , 1, 0, . . . , 0) (1 is on the i-th component) and observe that a − x − b
is a path of length 2 in �(R). If ai = 0 and bi �= 0, then there exists xi ∈ R∗

i such
that bi xi = 0 or xibi = 0, so we have a path a − (0, 0, . . . , 0, xi , 0, . . . , 0) − b in
�(R). We can reason similarly, if bi = 0 and ai �= 0. Lastly, if ai and bi are both
non-zero zero-divisors, then Ri (being a finite simple ring) is a matrix ring over a field,
so there exists a path ai − xi − bi of length at most 2 in �(Ri ) by Lemma 3.1, so
a− (0, 0, . . . , 0, xi , 0, . . . , 0)−b is a path of length at most 2 in �(R). Thus, we have
proved that d(a, b) ≤ 2 in all the above cases.

Therefore, we can now suppose that for every i ∈ {1, 2, . . . , l} we have either
ai ∈ R∗

i or bi ∈ R∗
i . Obviously, in this case we have ab = ba = 0 if and only if

a j = 0 or b j = 0 for every j ∈ {1, 2, . . . , l} and in this case d(a, b) = 1. So, suppose
now that there exists a non-zero x = (x1, x2, . . . , xl) ∈ Z(R) such that a − x − b is a
path in �(R). Since for every i ∈ {1, 2, . . . , l} either ai or bi is not a zero-divisor, this
implies xi = 0 for every i ∈ {1, 2, . . . , l}, a contradiction. Therefore d(a, b) = 3 in
this case if and only if there exists j ∈ {1, 2, . . . , l} such that a j �= 0 and b j �= 0. 	


This now gives us the necessary tools to calculate the number of vertices that are
at distance 3 in the zero-divisor graph of a direct product of finite simple rings.

Lemma 4.2 Let l ∈ N and R = R1 × R2 × . . . × Rl be a direct product of
finite simple rings. Then |{(a, b); a, b ∈ V (�(R)) such that d(a, b) = 3}| =(
T (R) − 2l + 2

) ∏l
i=1 |R∗

i |, where T (R) = ∑
�⊆{1,2,...,l},|�|≥2(2

|�| − 2)
∏l

i=1 ki ,
where ki = |Z(Ri )| if i ∈ � and ki = |R∗

i | otherwise.
Proof By Lemma 4.1, we know that for any elements a = (a1, a2, . . . , al), b =
(b1, b2, . . . , bl) ∈ �(R) we have d(a, b) = 3 if and only if for every i ∈
{1, 2, . . . , l} we have either ai ∈ R∗

i or bi ∈ R∗
i and there exists j ∈
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{1, 2, . . . , l} such that a j �= 0 and b j �= 0. Denote �(�(R)) = {(a, b); a, b ∈
V (�(R)) and for every j ∈ {1, 2, . . . , l}, we have a j ∈ R∗

j or b j ∈ R∗
j }. Since

a, b ∈ V (�(R)), at least one of the components of a and b has to be a zero-divisor.
Denote �a = { j ∈ {1, 2, . . . , l}; a j is a zero-divisor} and similarly �b = { j ∈
{1, 2, . . . , l}; b j is a zero-divisor}. Observe that �a,�b �= ∅ and �a ∩ �b = ∅.
It is well known that every element of a finite ring is either a unit or a zero-
divisor. This implies that a j ∈ R∗

j for every j /∈ �a and b j ∈ R∗
j for every

j /∈ �b. Therefore, |�(�(R))| = ∑
∅�=�a ,�b⊆{1,2,...,l},�a∩�b=∅

∏l
i=1 ki |R∗

i |, where
ki = |Z(Ri )| if i ∈ �a ∪ �b and ki = |R∗

i | otherwise. Denote � = �a ∪ �b

and observe that |�| ≥ 2 and that every � can be obtained from �a and �b in
∑|�|−1

t=1

(|�|
t

) = 2|�| − 2 ways. Thus, |�(�(R))| = T (R)
∏l

i=1 |R∗
i |, for T (R) =

∑
�⊆{1,2,...,l},|�|≥2(2

|�| − 2)
∏l

i=1 ki , where ki = |Z(Ri )| if i ∈ � and ki = |R∗
i |

otherwise. In order to find the number of elements at distance 3, we now have to
subtract the number of all elements from |�(�(R))| that are at distance 1. So, choose
a = (a1, a2, . . . , al), b = (b1, b2, . . . , bl) ∈ �(R) such that (a, b) ∈ �(�(R)) and
that d(a, b) = 1. Observe that this time we have �a,�b �= ∅, �a ∩ �b = ∅ and
�a ∪ �b = {1, 2, . . . , l}. By observing that the set {1, 2, . . . , l} can be obtained as
a union of �a and �b in

∑l−1
t=1

(l
t

) = 2l − 2 ways, we deduce that the number of

elements from �(�(R)) that are at distance 1 is equal to (2l − 2)
∏l

i=1 |R∗
i | and thus

the result follows. 	

Next, we shall need to calculate the sizes of left and right annihilators of matrices

in a simple finite ring.

Lemma 4.3 Let F be a finite field of cardinality q and n ≥ 1. Suppose A ∈ Mn(F) is a
matrix of rank k for some k ∈ {0, 1, . . . , n}. Then |AnnL(A)| = |AnnR(A)| = qn(n−k)

and furthermore |AnnL(A) ∩ AnnR(A)| = q(n−k)2 .

Proof Since A is a matrix of rank k, there exist invertible matrices (corresponding

to a suitable changes in bases) P, Q ∈ Mn(F) such that PAQ =
[
Ik 0
0 0

]

, where Ik

denotes the identity matrix of size k. Note that any matrix with the first k rows equal
to zero is in AnnL(PAQ), so |AnnL(PAQ)| = qn(n−k). Furthermore, for any matrix
B ∈ Mn(F), we have BA = 0 if and only if (BP−1)(PAQ) = 0. Since the mapping
B �→ BP−1 is a bijection on Mn(F), we get |AnnL(A)| = qn(n−k). The proof for
|AnnR(A)| is symmetrical. Also, for any C ∈ Mn(F), we have CA = AC = 0 if and
only if (Q−1CP−1)(PAQ) = (PAQ)(Q−1CP−1) = 0. Since the mapping C �→
Q−1CP−1 is also a bijection on Mn(F), we conclude that |AnnL(A) ∩ AnnR(A)| =
|AnnL(PAQ) ∩ AnnR(PAQ)| = q(n−k)2 . 	


Now, let us examine the degrees of matrices in �(R) in the semisimple case.

Lemma 4.4 Let n1, n2, . . . , nl ≥ 1 be integers, F1, F2, . . . , Fl finite fields of cardinal-
ities q1, q2, . . . , ql respectively, and R = Mn1(F1)×Mn2(F2)×. . .×Mnl (Fl). Suppose
A = (A1, A2, . . . , Al) ∈ R\{0} where Ai is of rank ki for every i = 1, 2, . . . , l. Then
◦(A) = ∏l

i=1 q
(ni−ki )2

i

(
2

∏l
i=1 q

ki (ni−ki )
i − 1

)
−ε, where ε = 1 if A2 �= 0 and ε = 2

if A2 = 0.
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Proof If A is not a zero-divisor, then ◦(A) = 0 by definition and note that our formula
yields ◦(A) = 1− ε, where ε = 1, since A2 �= 0, therefore the statement holds in this
case. Suppose therefore that A is a zero-divisor, so there exists B = (B1, B2, . . . , Bl) ∈
R such that AB = 0 or BA = 0. Then Ai Bi = 0 for every i ∈ {1, 2, . . . , l} or Bi Ai =
0 for every i ∈ {1, 2, . . . , l}. Therefore by the principle of inclusion and exclusion,
◦(A) = ∏l

i=1 |AnnL(Ai )|+∏l
i=1 |AnnR(Ai )|−∏l

i=1 |AnnL(Ai ) ∩ AnnR(Ai )|− ε,
where ε = 1 if A2 �= 0 (0 is not a vertex in �(R)) and ε = 2 if A2 = 0 (there exists
no edge between A and A). Lemma 4.3 now yields

◦(A) = 2
l∏

i=1

qni (ni−ki )
i −

l∏

i=1

q(ni−ki )2

i − ε =
l∏

i=1

q(ni−ki )2

i

(

2
l∏

i=1

qki (ni−ki )
i − 1

)

− ε.

	

Now, we have everything ready to calculate the Wiener index in the semisimple

case.

Theorem 4.5 Let n1, n2, . . . , nl ≥ 1 be integers, F1, F2, . . . , Fl finite fields of cardi-
nalities q1, q2, . . . , ql respectively, and R = Mn1(F1) × Mn2(F2) × . . . × Mnl (Fl).
Then

W (�(R)) = |Z(R)|2 − 5

2
|Z(R)| + 3

2
+

(
T (R)

2
− 2l−1 + 1

) l∏

i=1

q
(
ni
2 )

i

ni∏

ji=1

(q ji
i − 1)

−1

2

n1,...,nl∑

k1,...,kl=0

⎡

⎣
l∏

i=1

⎛

⎝
ki−1∏

ji=0

(qnii − q ji
i )2

qkii − q ji
i

⎞

⎠
l∏

i=1

q(ni−ki )2

i

(

2
l∏

i=1

qki (ni−ki )
i − 1

)⎤

⎦

+1

2

l∏

i=1

q
n2i
i + 1

2

l∏

i=1

ni−1∏

ji=0

(qnii − q ji
i ) + 1

2
|N2(R)|,

where the following equations hold:

|Z(R)| = ∏l
i=1 q

n2i
i − ∏l

i=1 q
(
ni
2 )

i

∏ni
ji=1(q

ji
i − 1),

|N2(R)| = ∑n1−1
k1=0

∑n2−1
k2=0 . . .

∑nl−1
kl=0

∏l
i=1

⎛

⎝
∏2ki−1

ji=0

(
q
ni
i −q

ji
i

)

q
k2i
i

∏ki−1
ji=0

(
q
ki
i −q

ji
i

)

⎞

⎠ − 1 and

T (R) = ∑
�⊆{1,2,...,l},|�|≥2(2

|�| − 2)
∏l

i=1 ωi , where we have ωi = q
n2i
i −

q
(
ni
2 )

i

∏ni
ji=1(q

ji
i − 1) if i ∈ � and ωi = q

(
ni
2 )

i

∏ni
ji=1(q

ji
i − 1) otherwise.

Proof For i = 1, 2, 3 denote Di = |{(a, b); a, b ∈ V (�(R)) such that d(a, b) = i}|
and observe that by Lemma 4.1, for every pair of (distinct) vertices A, B ∈ V (�(R)),
we either have d(A, B) = 1, d(A, B) = 2 or d(A, B) = 3, so D1 + D2 + D3 =
|V (�(R))|(|V (�(R))| − 1). Therefore W (�(R)) = 1

2 (D1 + 2D2 + 3D3) = 1
2 (D1 +

3D3+2(|V (�(R))|(|V (�(R))|−1)−D1−D3)) = |Z(R)|2−3|Z(R)|+2+ 1
2 (D3−

D1).
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Furthermore, we apply Lemma 4.2, and get

D3 =
(
T (R) − 2l + 2

) l∏

i=1

|R∗
i | =

(
T (R) − 2l + 2

) l∏

i=1

q
(
ni
2 )

i

ni∏

ji=1

(q ji
i − 1),

where T (R) = ∑
�⊆{1,2,...,l},|�|≥2(2

|�| − 2)
∏l

i=1 ωi and furthermore ωi = q
n2i
i −

q
(
ni
2 )

i

∏ni
ji=1(q

ji
i − 1) if i ∈ � and ωi = q

(
ni
2 )

i

∏ni
ji=1(q

ji
i − 1) otherwise. On the other

hand, D1 = ∑◦
0 �=A∈Mn(R)(A), so Lemmas 3.2 and 4.4 yield (we have to sum over all

matrices A = (A1, A2, . . . , Al), where at least one of the Ai is non-zero and at least
one of the Ai is not of full rank)

D1 =
n1,...,nl∑

k1,...,kl=0

⎡

⎣
l∏

i=1

⎛

⎝
ki−1∏

ji=0

(qnii − q ji
i )2

qkii − q ji
i

⎞

⎠
l∏

i=1

q(ni−ki )2

i

(

2
l∏

i=1

qki (ni−ki )
i − 1

)⎤

⎦

−
l∏

i=1

q
n2i
i −

l∏

i=1

ni−1∏

ji=0

(qnii − q ji
i ) − (|Z(R)| − 1) − |N2(R)|,

where N2(R) = {0 �= A ∈ R; A2 = 0}. Obviously, for A = (A1, A2, . . . , Al) we
have A2 = 0 if and only if A2

i = 0 for every i = 1, 2, . . . , l. With the use of Lemma
3.5, we quickly see that

|N2(R)| =
n1−1,...,nl−1∑

k1,...,kl=0

l∏

i=1

⎛

⎜
⎝

∏2ki−1
ji=0

(
qnii − q ji

i

)

q
k2i
i

∏ki−1
ji=0

(
qkii − q ji

i

)

⎞

⎟
⎠ − 1.

If we collect all this together, we finally arrive at

W (�(R)) = |Z(R)|2 − 5

2
|Z(R)| + 3

2
+

(
T (R)

2
− 2l−1 + 1

) l∏

i=1

q
(
ni
2 )

i

ni∏

ji=1

(q ji
i − 1)

−1

2

n1,...,nl∑

k1,...,kl=0

⎡

⎣
l∏

i=1

⎛

⎝
ki−1∏

ji=0

(qnii − q ji
i )2

qkii − q ji
i

⎞

⎠
l∏

i=1

q(ni−ki )2

i

(

2
l∏

i=1

qki (ni−ki )
i − 1

)⎤

⎦

+1

2

l∏

i=1

q
n2i
i + 1

2

l∏

i=1

ni−1∏

ji=0

(qnii − q ji
i ) + 1

2
|N2(R)|.

Finally, by Lemma 3.3, we also have

|Z(R)| = |R| − |R∗| =
l∏

i=1

q
n2i
i −

l∏

i=1

q
(
ni
2 )

i

ni∏

ji=1

(q ji
i − 1),
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which proves the assertion of this theorem. 	

Let us illustrate the above theorem in a special case of product of two matrix rings

of size 2.

Example 4.6 Let F1, F2 be finite fields and denote x = |F1| and y = |F2|. Then Theo-
rem4.5 togetherwith some tedious calculations yield thatW (�(M2(F1)×M2(F2))) =
x8y6 + 3x7y7 + x6y8 + 2x8y5 + 2x5y8 − x8y4 − 9x7y5 − x6y6 − 9x5y7 − x4y8 −
2x8y3+3x7y4−2x6y5−2x5y6+3x4y7−2x3y8+x8y2+6x7y3+x6y4+22x5y5+
x4y6 + 6x3y7 + x2y8 − 3x7y2 + 2x6y3 − 10x5y4 − 10x4y5 + 2x3y6 − 3x2y7 −
x6y2 − 12x5y3 − 5

2 x
4y4 − 12x3y5 − x2y6 + 9x5y2 + 8x4y3 + 8x3y4 + 9x2y5 −

x5y− x4y2 +6x3y3 − x2y4 − xy5 − x4y−6x3y2 −6x2y3 − xy4 + 5
2 x

2y2 + xy+1.
In particular, we can calculate for example that W (�(M2(Z2) × M2(Z2))) = 49005
and W (�(M2(Z6))) = 1089421.

Finally, let us also examine the Wiener complexity in the semisimple case. Note
that this bound is again dependent only on the size of matrices and not on the size of
the underlying fields.

Theorem 4.7 Let n1, n2, . . . , nl ≥ 1 be integers, F1, F2, . . . , Fl finite fields and R =
Mn1(F1) × Mn2(F2) × . . . × Mnl (Fl). Then

CW (�(R)) ≤
l∏

i=1

ni +
l∏

i=1

(ni + 1) − 3.

Proof Choose 0 �= A ∈ Z(R). Denote D3(A) = |{B ∈ Z(R); d(A, B) = 3}|. Then
byLemma4.1,wehaveTr(A) =◦ (A)+2(|V (�(R))|−1−◦(A)−D3(A))+3D3(A) =
2(|Z(R)|−2)−◦ (A)+D3(A). Let A = (A1, A2, . . . , Al)with rk(Ai ) = ki for every
i = 1, 2, . . . , l. Suppose firstly that there exists i ∈ {1, 2, . . . , l} such that 1 ≤ ki ≤
ni − 1. Let us denote qi = |Fi | for i = 1, 2, . . . , l. Observe that by Lemma 3.2 and

Lemma 4.1, D3(A) = ∏l
i=1 ωi , whereωi = q

n2i
i if ki = ni andωi = ∏ni−1

ji=0
(q

ni
i −q

ji
i )2

q
ni
i −q

ji
i

otherwise. On the other hand, if ki ∈ {0, ni } for every i ∈ {1, 2, . . . , l}, then let
�1 = {i ∈ {1, 2, . . . , l}; ki = 0} and�2 = {1, 2, . . . , l}\�1.Observe that in this case,

D3(A) =
(

∏
i∈�1

∏ni−1
ji=0

(q
ni
i −q

ji
i )2

q
ni
i −q

ji
i

) (

−1 + ∏
i∈�2

q
n2i
i

)

. Furthermore, by Lemma

4.4, we know that ◦(A) = ∏l
i=1 q

(ni−ki )2

i

(
2

∏l
i=1 q

ki (ni−ki )
i − 1

)
− ε, where ε = 1 if

A2 �= 0, and ε = 2 if A2 = 0. This implies that Tr(A) is dependent only on the num-
bers k1, k2, . . . , kl and the on the fact whether A2 is zero or not. Since A ∈ Z(R)\{0},
at least one of the numbers k1, k2, . . . , kl has to be non-zero and there has to exist
i ∈ {1, 2, . . . , l} such that ki ≤ ni − 1. Since A2 = 0 implies A2

i = 0 for every
i ∈ {1, 2, . . . , l}, and since for every vector (k1, k2, . . . , kl) �= 0l such that ki ≤ ni −1
for every i there exist matrices B = (B1, B2, . . . , Bl),C = (C1,C2, . . . ,Cl) ∈
Z(R)\{0} such that rk(Bi ) = rk(Ci ) = ki for every i ∈ {1, 2, . . . , l} and B2 = 0,

whileC2 �= 0, this implies thatCW (�(R)) ≤ 2
(∏l

i=1 ni − 1
)
+S(R)−1,where S(R)
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denotes the number of different vectors (k1, k2, . . . , kl) ∈ N
l such that ki ≥ 0 for every

i ∈ {1, 2, . . . , l} and there exists j ∈ {1, 2, . . . , l} such that k j = n j . Let us calculate
S(R). Denote xi = ni +1 for every i ∈ {1, 2, . . . , l} and observe that by the inclusion–
exclusion principle we have S(R) = el−1(x1, x2, . . . , xl) − el−2(x1, x2, . . . , xl) +
. . . + (−1)l−2e1(x1, x2, . . . , xl) + (−1)l−1, where ei (x1, x2, . . . , xl) denotes the i-th
elementary symmetrical polynomial in variables x1, x2, . . . , xl . We further calculate
that S(R) = (−1)l−1((−1)l−1el−1(x1, x2, . . . , xl) + (−1)l−2el−2(x1, x2, . . . , xl) +
. . .+ (−1)1e1(x1, x2, . . . , xl)+ 1) = (−1)l−1((−1)l el(x1, x2, . . . , x . . .l)+ (−1)l−1

el−1(x1, x2, , xl)+(−1)l−2el−2(x1, x2, . . . , xl)+. . .+(−1)1e1(x1, x2, . . . , xl)+1)+
el
(x1, x2, . . . , xl). By thewell known identity for the symmetric polynomials, this yields

S(R) = (−1)l−1
l∏

i=1

(1 − xi ) + el(x1, x2, . . . , xl) = −
l∏

i=1

ni +
l∏

i=1

(ni + 1).

This finally gives us CW (�(R)) ≤ ∏l
i=1 ni + ∏l

i=1(ni + 1) − 3. 	
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