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Abstract

Automated algorithm selection has proven to be effective to improve
optimization performance by using machine learning to select the best-
performing algorithm for the particular problem being solved. However,
doing so requires the ability to describe the landscape of optimization
problems using numerical features, which is a difficult task. In this work,
we analyze the synergies and complementarity of recently proposed fea-
ture sets TransOpt and Deep ELA, which are based on deep-learning,
and compare them to the commonly used classical ELA features. We
analyze the correlation between the feature sets as well as how well one
set can predict the other. We show that while the feature sets contain
some shared information, each also contains important unique informa-
tion. Further, we compare and benchmark the different feature sets for
the task of automated algorithm selection on the recently proposed affine
black-box optimization problems. We find that while classical ELA is the
best-performing feature set by itself, using selected features from a com-
bination of all three feature sets provides superior performance, and all
three sets individually substantially outperform the single best solver.

Black-box Optimization Exploratory Landscape Analysis Automated
Algorithm Selection Deep Learning

1 Introduction

It is well known that an optimization algorithm’s performance depends heavily
on the specific problem to be solved. Therefore, choosing the most suitable
algorithm for a given problem is crucial to achieve good optimization results.
Automating this task, known as Automated Algorithm Selection (AAS [28]), has
long been of interest to the research community. A prerequisite of the AAS
task is the representation of optimization problems in terms of numerical fea-
tures which can be used as input to various machine learning (ML) models to
predict the algorithms’ performances. In recent years, the development of Ez-
ploratory Landscape Analysis (ELA [22]), a method of transforming samples of
an optimization problem into informative landscape feature, has shown promis-
ing results for these tasks [1, 18]. However, ELA has shown certain flaws, such



as a large correlation between the individual features, costly computation times,
a lack of robustness and expressiveness of some of the features [27], as well as
a lack of generalizability to problem sets outside of the widely used Black Box
Optimization Benchmark (BBOB [14]) [36, 19, 26].

Recently, novel problem sets were proposed on which these features can be
further evaluated, e.g. for the AAS task [24, 37, 33, 11], as well as innova-
tive methods for computing landscape features supposed to solve the inherent
drawbacks of classical ELA features [29, 6, 31]. In this paper, we focus on
two recently proposed approaches that utilize deep learning to learn landscape
features automatically. These two approaches are TransOpt [6] and Deep Ez-
ploratory Landscape Analysis (Deep ELA [29]) which we compare with each
other and also with classical ELA on a recently proposed set of Affine BBOB
problems [38], which consists of linear combinations of the 24 widely used single
objective optimization problems from the BBOB suite. Thereby, we compare
classical ELA features and learned features on novel optimization problems that
classical ELA was not specifically designed for. We split this analysis into two
parts:

First, we compare the features themselves, by analyzing their correlation and
by using ML to determine if one set of features is predicative of the other.
The goal is to understand the complementarity of these features, and the
amount of new information that is captured by them.

Second, we examine how these features can be used for AAS, and specifically
whether combining all of these feature sets and conducting feature selec-
tion outperforms only using a single set.

2 Background

In the following, we briefly describe the differences between the three considered
feature sets and provide an improvement to Deep-ELA which is the overall
fourth considered feature set. In general, we consider two types of feature
sets, classical (human-designed) (see Section 2.1) and learned feature sets (see
Section 2.2).

2.1 Classical Exploratory Landscape Analysis

For Automated Algorithm Selection (AAS), it is essential to have a method
for characterizing the optimization problem’s landscape quantitatively, which
machine learners can leverage. In current research, the extraction of ELA fea-
tures is typically used. Pioneered by Mersmann et al. [22], ELA enables the
automated extraction of low-level ELA features that directly relate to the high-
level characteristics of a problem, like its (multi-)modality or its landscape’s
ruggedness. ELA features can be derived from a relatively small set of problem
samples. Typically, a sample size of 50d, or for enhanced stability, 250d, is used.
We use the flacco [17] R-library to compute classical ELA features as follows:



Basic features provide simple information about the sample set, such as the
number of observation and their minimum and maximum boundaries [18].

Dispersion features compare the distribution of the full sample set to the
distribution of a subset containing samples with the highest fitness scores
[20].

y-Distribution features, such as skewness or kurtosis, indicate descriptive
statistics of the fitness values’ distribution [22].

Levelset features train discriminant analysis models to predict whether the
fitness value of each sample falls above or below a specific quantile of all
fitness values. The mean misclassification errors are used as features [18].

Meta-Model features are based on trained linear or quadratic models’ perfor-
mance metrics (e.g. R? score) [22].

Information Content features measure certain landscape characteristics,
such as smoothness and ruggedness, based on statistic summarization
gained from a series of random walks [23].

Nearest Better Clustering feature describes the relation between a set of
nearest neighbors (based on their location in the decision space) and a set
of nearest ‘better’ neighbors (based on their objective value) [16].

Principal Component Analysis features are derived from dimensionaltiy re-
duction by PCA [18].

In total, we obtain 93 features for each problem instance. Further, we excluded
all cost-related features as these are meaningless for the characterization of
optimization landscapes. In some rare cases, the computation of ELA features
results in NaN or Inf values. Instead of removing all features that contain a
single observation with either NaN or Inf values, we simply mean-imputed these
values.

2.2 Learned Features

Of particular interest in the current research are feature-free approaches that
utilize deep learning to create alternative problem representations (see e.g. [30,
29, 6, 31]). In the following, we particularly address the fundamental idea of
TransOpt features [6] and Deep Exploratory Landscape Analysis (Deep ELA
20]).

2.2.1 TransOpt Features

(proposed by Cenikj et al. [6]) are obtained by training a transformer-based
model on the supervised learning task of predicting the performances of twelve
different configurations of Particle Swarm Optimization (PSO [15]) algorithms.
The inputs to the transformer [35] are a raw set of candidate solutions and



their respective objective values. These samples are generated using Latin Hy-
percube Sampling (LHS [21]) and a sample size of 50d, where d is the decision
space’s dimensionality. The model follows a transformer encoder architecture,
producing representations of the samples which are then fed to a regression
head, producing a numerical indicator of the performance of each of the algo-
rithms. Further, the models are trained on a problem portfolio generated using
the random function generator introduced in [34]. A separate model is trained
for each problem dimensionality. 2638 resp. 2696 functions are used to train
the 3d resp. 10d model. To generate representations of the affine problems,
we remove the regression head (last layers of the TransOpt model) and simply
make a forward pass of the samples of the affine problems through the trained
transformer architecture to obtain their embeddings.

2.2.2 Deep Exploratory Landscape Analysis

(Deep ELA) was proposed by Seiler et al. [29]. The authors designed also a
transformer encoder that takes a set of candidate solutions as input and out-
puts a feature vector that (supposedly) uniquely describes the landscape. The
models were trained on 250 000 000 randomly generated optimization problems
— containing single- as well as multi-objective problems based on an approach
very similar to the one proposed by van Stein [34]. The training routine was
designed as a self-supervised learning task as outlined by Chen et al. [8]. The
main advantage of this approach is that there is no need for manual or compu-
tationally expensive labeling.

In this work, we slightly updated the Deep-ELA approach. Although the pre-
dicted feature vector is guaranteed to be invariant to the order of the candidate
solutions, the feature vectors may slightly fluctuate depending on permutations
of the decision space, i.e. (z1,22,23) will not necessarily yield the same output
as (x3,x2,x1). To account for this, we perform not only a single forward pass to
compute the feature vectors but ten individual forward passes with ten different
random permutations of the decision space to compensate for small fluctuations
of the feature vectors. Afterwards, we take the arithmetic mean of the ten fea-
ture vectors. We will indicate the Deep-ELA variant as proposed by Seiler et
al. [29] as Deep-ELA (v1.0) and our, updated variant of it as Deep-ELA (v1.1).

3 Experimental Setup and Methodology

Black-Box Optimization Problems We reuse most of the data from previ-
ous related studies [5] to enable directly comparing results. We generate samples
of the affine problem instances using LHS [21] in the range [-5,5] with a sample
size of 50d. To enable a fair feature comparison, we use the same set of samples
to calculate the classical ELA, TransOpt, and Deep ELA features.

We create affine BBOB recombinations using the initial five instances from
each of the 24 BBOB problem classes [38]. This process involved merging in-
stances from varying classes that share the same instance identifiers. For ex-
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Figure 1: Signal to Noise Ratio of the different feature sets. Metrics were created
separately for 3d (a) and 10d (b) data.

ample, the first instance of the first problem class is combined with the first
instances of the other 23 problem classes. We need to highlight here that in-
stances with different instance identifiers from different problem classes are not
combined to keep the total number of generated instances manageable. To be
more specific, we used the following formula to combine two objectives:

Fy, p,(X) = exp (a - log(fi(X —x]) —y7) + (1 — @)  log(f2(X —x3) — y3)).

Here, fi1, fo are the two optimization functions and y7,y35 their true optimal
solutions, and x7, x5 the locations of the true solutions in the decision space. o
is the recombination weight. The recombination is performed with « values of
0.25, 0.50, and 0.75 for all pairs of problem instances. This setup results in 8 280
generated problem instances; 24-23 possible recombinations, with three different
« values, and five instances. The 24 different functions and their five instances
were taken from the BBOB Suite. Further, we considered the 3-dimensional
and the 10-dimensional case for all 8 280 functions, resulting in 16 560 instances
in total.

Algorithm Performance and Performance Metric The algorithm port-
folio contains Differential Evolution (DE [32]), Genetic Algorithm (GA [7]),
Particle Swarm Optimization (PSO [15]), and Ewvolutionary Strategy (ES [2]),
executed with their default configuration as specified in pymoo [3] (Version 0.6.0).
All algorithms use LHS to construct the initial population. The population size
is set to 50d, where d is the decision space’s dimensionality. The algorithms are
executed on the affine problems in a fixed-budget scenario at budgets of 10, 30,
and 50 iterations. For a 10d problem, a budget of 50 iterations is equivalent to
a total of 5000 function evaluations. Last, we perform ten executions of each
algorithm on all problem instances.

To measure the algorithm performance, we consider a custom performance
metric that was originally proposed by Cenikj et al. [5]. Most metrics used to
measure algorithm selection performance are either time- or trial-based. While
the former utilizes i.e. CPU run time or CPU flops, the latter utilizes i.e.
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Figure 2: Spearman Correlation between Deep ELA (v1.1) on the x-axis and
classical ELA on the y-axis for the d = 3 data. Values on the top (right) show
the maximal absolute correlation per column (row).

the number of function evaluations. Examples are Penalized Average Runtime
10 (PAR10) or Ezpected Run Time (ERT). The task of algorithm selection is
then to select the algorithm that is expected to solve a given instance the quick-
est. Yet a major downside of these metrics is their treatment of unsuccessful
runs. Not every algorithm is feasible to solve every given instance within a
given time budget. Hence, the underlying metric is — de facto — bi-objective.
Yet, as machine learners are most often trained on single-objective loss func-
tions, failed and successful runs have to be factored into a single score in some
way or another which is often unintuitive and may cause scores to be not fully
commensurable to one another.

In our setup, we prioritize a quality-based measure. Instead of selecting the
quickest solver, we select the solver that finds the best solution (in comparison
to the other algorithms) within a given budget. Thus, we used a different per-
formance metric which uses the best-found solution: the Normalized Precision
(NP [5]). It scales the range between the best algorithm’s best-found solution
and the worst algorithm’s best-found solution between zero and one. This makes
comparisons between the algorithms straightforward as the VBS is always zero
which is also the lower bound. Formally, the NP score can be defined as

Yo — miny

NP, = ——7——
maxy — miny

where § = {91,902, .., 4r} is a set of the r algorithms’ best-found solutions and
7o is the best-found solution of algorithm a. For each of the 8 280 functions, we
sampled ten initial candidate solutions with ten different seeds, giving us ten
repetitions per instance. The size of this initial set is 150 (3d) and 500 (10d).
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Figure 3: Spearman Correlation between TransOpt on the x-axis and Deep
ELA (v1.1) on the y-axis for the d = 3 data. Values on the top (right) show the
maximal absolute correlation per column (row).

These initial sets are evaluated for all 8 280 instances, for 3d as well as 10d,
separately. This guarantees equal samples for all feature sets. Afterwards, the
four feature sets were created: (1) classical ELA, (2) TransOpt, (3) Deep ELA
(v1.0), and (4) Deep ELA (v1.1). These feature sets are the foundation for
the following two studies: (1) we conducted an unsupervised study to compare
the four different feature sets to one another, and (2) we performed an auto-
mated algorithm selection study using the feature sets separately as well as in
conjunction.

Comparison of the Feature Sets In the first part of our experiments, we
perform two studies that assess the similarity of the feature sets used in this pa-
per. In the first study, we examine the Spearman correlation between each pair
of feature sets. In the second study, we train a Support Vector Machine (SVM
[9]) for each feature pair that uses the first feature set to predict the features
of the second set. The Spearman correlation is calculated using the library
scipy [39] using default parameters. The SVM models are trained using the
default settings of the Python library scikit-learn [25], but with a linear
kernel, 10000 maximal iterations, and five-fold cross-validation. Additionally,
Recursive Feature Elimination [13] implemented by scikit-learn is used to
determine which features from each feature set contribute the most. As SVMs
are affected by different ranges, all features are scaled to a range of (0, 1) before
training.

Algorithm Selection Study Further, we considered two learners for the
algorithm selector: k Nearest Neighbor (kNN [10]), and Random Forest (RF
[4]). After some initial testing, we settled with k& = 15 for the ANN and 250
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Figure 4: Detailed results of the feature selection experiments showing feature
importance for each predicted feature, with Deep ELA (v1.1) features (x-axis)
used to predict classical ELA features (y-axis)

trees for the random forest. Other than that, the learned were used with their
default configuration as implemented in scikit-learn. Input features were
min-max normalized for the kNN but left as they are for the random forest.
All selectors were trained on a multi-regression task, predicting the per-
formance of each of the four algorithms. Afterward, the algorithm with the
lowest predicted regret is selected. To compute the performance scores, we av-
eraged the best-found solution over all ten repetitions per instance to account
for stochasticity. We trained the two selectors on all four feature sets with ten-
fold cross-validation and sequential forward feature selection (SFFS), whereby
the cross-validation is the inner loop and the feature selection is the outer one.
This way, all learners within an iteration contain the same set of features.



4 Results

Comparison of the Feature Sets First, we had a look at the Signal-to-Noise
(StN) ratio between the different datasets (see Figure 1):

2
RStN — (Sb;tween>
Swithin

where Spetween 1S the observed standard deviation of a single feature across
different functions while syithin is the observed standard deviation of a single
feature across different instances of a single function. So generally speaking,
the StN-ratio captures both the desired stability of a feature within instances of
a function and its effectiveness in differentiating between functions, aiming for
a balance that highlights features with both low within-function variance and
high between-function variance.

Our findings are that classical ELA contains both features with the lowest
and the highest StN-ratio. Hence, TransOpt as well as Deep ELA features
contain fewer noisy features but also fewer highly descriptive features. Next, we
found a small improvement between the default Deep ELA features (as proposed
by Seiler et al. [29]) and our improved variant; indicating that the multiple-
sampling strategy slightly improves the stability of the Deep-ELA features. On
the other hand, it demonstrates that Deep ELA features are already very stable
to dimensional augmentations. Last, we found that TransOpt features have the
lowest average StN-ratio. This indicates that their stability across instances of
the same function is low in comparison to instances across different functions.
However, TransOpt features were not explicitly trained to remain stable across
different instances of the same function, but are instead trained to have similar
representations of problems where algorithms perform similarly.

Next, Figures 2 and 3 show the results of the correlation analysis. Precisely,
Figure 2 shows the Spearman correlation between the Deep ELA features and
the classical ELA features, with the numbers along the rows and columns rep-
resenting the maximum absolute correlation measured in that specific row and
column. To make it easier to examine the maximum correlation, we sort the
columns of the table by the maximum column correlation. We only include the
results of the experiments that were performed on 3d data, as the experiments
on 10d achieved very similar results.

Figure 2 depicts the correlation between Deep ELA (v1.1) and classical ELA
features. We can see that there is some correlation between the two feature sets
and that about half of the Deep ELA features have an absolute correlation
above 0.5 to at least a single classical ELA feature. However, the other half of
the Deep ELA features exhibit a lower correlation. Similar results were observed
with the correlation between the TransOpt and the classical ELA features. Fur-
ther, Figure 3 shows the correlation between the Deep ELA and the TransOpt
features. The results are somewhat similar to Figure 2 (classical vs. Deep
ELA), with some features being heavily correlated. However, the majority of
the features show a lower degree of correlation. This demonstrates that while
the feature sets examined in this paper are not entirely distinct, all three still
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importance for each predicted feature, with TransOpt features (x-axis) used
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contain features that are not heavily correlated with the others, which indicates
complementarity.

As correlation can only show us pairwise similarity of features, we perform
an additional study to further analyze the similarity of the feature sets. We
train SVMs, each using one feature set to predict the features of a different
set, with a separate model for each predicted feature. The evaluation metric
used for each model is its root Mean Squared Error (rMSE) divided by the
predicted feature’s standard deviation. Due to this, a value of one indicates
performance equivalent to a baseline model that always predicts the mean of
the target feature while values below one indicate that the model outperforms
the baseline. Hence, we can assume that if the value is below 1, the input feature
set is likely to contain similar information. Table 1 shows the aggregated mean
results of each feature set, with the rows representing the training set and the
columns representing the testing set. We can observe that the best results are
achieved when using one Deep ELA version to predict the other, which results
in an rTMSE of 0.47 or 0.59. This is an expected outcome given the similarity
of the two feature sets and shows us what accuracy should be expected when
comparing two heavily correlated feature sets. Other models perform worse,
achieving normalized rMSE scores of around 0.8 to 0.9, but still below 1, except
for TransOpt features. When examining the results in more detail, the worse
performance of the TransOpt models can be explained by poor performance on
a small number of outlier features. This further shows that all the feature sets
contain at least some supplementary features.

Figure 4 and 5 contain more detailed results of the feature prediction ex-
periments. Specifically, they show the feature importance assigned by recursive
feature elimination for each predicted feature, as well as the achieved rMSE on
each feature. Figure 4 shows these results when the Deep ELA (v1.1) features
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The median performance is shown on the x-axis.

are used to predict the classical ELA features. We can see that the feature
importance is fairly well distributed with a couple of exceptions. Looking at
the rMSE for each feature, we can also see that the Deep ELA features are
relatively well-suited to predicting most classical ELA features. However, there
are a couple of outliers where the model performs extremely poorly.

Figure 5 shows comparable results. The feature importance is evenly dis-
tributed, and while the overall rMSE is worse than in the previous figure, there
are still noticeable outliers where the model performs worse than the baseline.
After examining the data, most (but not all) of the outliers in this figure occur
in Deep ELA features that contain very little variance. Since the performance is
normalized by the standard deviation, this penalizes such features more harshly,
which could explain the relatively poor performance. However, it is also worth
noting that, in the algorithm selection study presented in the following chapter,
these features are often selected as being highly informative, which substantiates
the synergy of these Deep ELA features and the TransOpt features.

Table 1: Mean rMSE normalized by the standard deviation, with rows repre-
senting the training feature set and columns representing the testing feature set

‘ Classical ELA  Deep ELA (v1.0) Deep ELA (v1.1) TransOpt
1.0 0.92 0.70

Classical ELA -
Deep ELA (v1.0) 0.93

- 0.47 0.86
Deep ELA (v1.1) 0.93 0.59 - 0.86
TransOpt 1.3 1.64 1.39 -

11
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Figure 7: This figure depicts how often a certain algorithm of four total algo-
rithms was selected by one of the algorithm selectors. Again, these metrics were
derived separately for the 3d-case and the 10d-case.Please note the log-scaling.

Algorithm Selection Study As explained in the methodology of this paper,
we choose to execute our algorithm selection study on two different data sets
(3d and 10d). The results can be found in Figure 6. In both scenarios, all
algorithm selectors provide significantly better performance than the SBS but
are still significantly worse than the VBS. Generally speaking, we find that the
hybrid selectors, making use of all three feature sets, significantly outperform
the other selectors (see Figure 6 (a,b)). Contrary to the 10d case, classical
ELA is stochastically tied to the hybrid selectors on the 3d dataset. Further,
the combination of TransOpt and Deep ELA features significantly outperforms
both feature sets on their own in the 3d scenario (see Figure 6 (a)).

Therefore, our findings are that classical ELA features still provide the most
distinct features for algorithm selection, followed by Deep ELA and TransOpt
features. Yet, both learned feature sets demonstrate great performance as all
selectors outperform the SBS. Further, the best performances were shown by
the hybrid models taking all feature sets into account. This indicates that both
learned feature sets cover certain characteristics that classical ELA features
miss.

Next, we analyzed which algorithm was selected by which selector and how
often. The results can be found in Figure 7. The figure reveals that the VBS, as
expected, selects from the algorithm portfolio, the most diversely. The SBS, by
definition, only selects a single solver. All algorithm selectors select the SBS the
most often — and, in particular, more often than the VBS does. Of the trained
algorithm selectors, those trained on classical ELA are most diverse in selecting
algorithms. This indicates again that classical ELA features still contain the
most relevant information for algorithm selection. Still, both TransOpt and
Deep ELA contain sufficient information to distinguish between the different
algorithms.

Interestingly, all selectors provide more diverse selections in the 10d scenario
in comparison to the 3d. This may be because the algorithms GA and PSO are
similar as often selected by the VBS. This is contrary to the 3d case where the
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Figure 8: Performance versus number of selected features of all algorithm selec-
tors during the sequential forward feature selection process. Each depicted line
symbolizes a feature selection run and stops at the optimum. Please note that
here the mean performance is depicted.

ES algorithm is selected by far the most often by the VBS. Hence, it may be
easier for the selectors to utilize the algorithm portfolio if all algorithms in the
portfolio are about equally as important.

Subsequently, we analyzed the number of selected features that were required
to achieve the best performance. In Figure 8, we show the performance of each
algorithm selector on the y-axis and the number of selected features during the
forward pass at the x-axis. To better indicate the optimum, we stop at the
optimal number of selected features. First of all, when comparing Figure 8 (a)
and (b) as well as (¢) and (d) to one another, it becomes apparent that the
hybrid models achieve better performance with a lower number of features in
comparison to the selectors that are trained solely on separate feature sets. This
again demonstrates that every feature set contains highly descriptive features
that are very important to the algorithm selection task.

Thereafter, we took a closer look at which features were selected exactly. The
selected features for every random forest-based algorithm selector are depicted
in Figure 9. Many of the selected learned features for the separate selectors are
not included in the hybrid models. In fact, the best-performing selector for the
10d data, ELA & TransOpt & Deep ELA (v1.1), only considers four TransOpt
and a single Deep ELA (v1.1) feature but also twelve classical ELA features. On
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Figure 9: Selected features of each algorithm selector based on a random forest.

Colors represent the same selectors as depicted in Figure 8.

the other hand, the stochastically tied performing selector, ELA & TransOpt &

Another reason for the low number of selected

Deep ELA (v1.0), considers more than twice the number of features. However,

this might be just due to stochastic variations in the feature selection process
as the latter selector also provides matching performance with a lower number

of features (see Figure 8 (d)).

Deep ELA features may lie in the findings of our correlation study. Many ELA

features are highly correlated to the Deep ELA features and may be removed

The most important classical ELA

features of the hybrid selectors are basic, dispersion, meta, and for the 3d

due to describing similar characteristics.
case also PCA-based features.

This indicates that neither TransOpt nor Deep

ELA covers similar characteristics.

5 Conclusion

We showed that all three feature sets, i.e., classical ELA and the two deep

learning-based variants, contain relevant and unique information. This is why

require the fewest number

of features while providing the best algorithm selection performance. While the

)

the hybrid algorithm selectors, utilizing all three sets

different feature sets contain to some degree shared information, both in terms of

correlation and feature predictions, nevertheless, they also contain information
that is unique to each feature set. Further, we could demonstrate that those

Deep ELA features that were difficult to predict using TransOpt features are

ons to the TransOpt features within the AAS Study.
We also observed that classical ELA features are, generally speaking, slightly

superior in comparison to learned features.

important add-

Yet, learned features do provide

promising performance. Their main advantage lies in the fact that no manual

14



crafting of new feature sets is required. Instead, a large foundation model learns
all the relevant information by itself. This may provide easy scalability as with
the adaption and tuning of the training routine, better foundation models can
be trained and, thereby, may surpass the superiority of classical ELA features.
Learned features may also prove particularly useful for optimization scenarios
where human expertise for feature design is scarce. Rather than comparing
hand-designed features with learned ones, as we have done in work, we expect
to see future studies using learned features to design “human-readable” ones,
for domains where hand-designed features are lacking.
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