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ARTICLE INFO ABSTRACT

MSC: For a non-decreasing sequence S = (s, 5,, ...) of positive integers, a partition of the vertex set of
05C15 a graph G into subsets X, ..., X,, such that vertices in X, are pairwise at distance greater than
05C12

s; for every i € {1,...,¢}, is called an S-packing Z-coloring of G. The minimum ¢ for which G
admits an S-packing Z-coloring is called the .S-packing chromatic number of G. In this paper, we
consider S-packing colorings of the integer distance graphs with respect two positive integers k
. . and ¢, which are the graphs whose vertex set is Z, and two vertices x, y € Z are adjacent whenever
S-packing chromatic number X ) o
Distance graph |x—y| € {k,t}. We complement partial results from two earlier papers, thus determining all values
Distance coloring of the S-packing chromatic numbers of these distance graphs for all sequence S such that s; <2
for all i. In particular, if S =(1,1,2,2,...), then the S-packing chromatic number is 2 if k +1¢ is
even, and 4 otherwise, while if S =(1,2,2,...), then the S-packing chromatic number is 5, unless
{k,t} = {2,3} when it is 6; when S =(2,2,2,...), the corresponding formula is more complex.

Keywords:
S-packing coloring

1. Introduction

Given a graph G and a non-decreasing sequence S = (sy, 5,, ...) of positive integers, the mapping f : V(G) = [£]={1,...,¢} is
an S-packing ¢-coloring of G if for any distinct vertices u,v € V(G) with f(u) = f(v) =i, i € {1,...,£}, the distance between u and
v in G is greater than s;. The smallest # such that G has an S-packing £-coloring is the S-packing chromatic number of G, denoted
by x¢(G). This concept was introduced by Goddard, Hedetniemi, Hedetniemi, Harris, and Rall [13], and was studied in a number
of papers; see the recent survey [3] and the references therein. The main focus of the seminal paper and a number of subsequent
papers was on the specific sequence .S = (n),>; in which positive integers appear in the natural order, where the resulting graph
invariant is simply called the packing chromatic number [4]. Goddard and Xu [14] started consideration of various non-decreasing
sequences .S, and a number of authors followed them. Arguably the most interesting sequences are those that involve only integers
1 and 2, since they are in a sense between standard coloring, where S is the constant sequence of 1s, and 2-distance coloring, where
S is the constant sequence of 2s (note that a 2-distance coloring is equivalent to a coloring of the square of a graph and it has been
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intensively studied in the last decades [17]). In particular, S-packing colorings of subcubic graphs were investigated with respect to
such sequences .S [5,12,18]. Roughly a decade ago, Ekstein et al. [10] and Togni [19] initiated the study of .S-packing colorings in
integer distance graphs, which we present next. Their study was motivated by a series of papers on proper vertex coloring of distance
graphs, see e.g. [6-9] and references therein.

Given a set D = {d,,...,d,}, h > 1, of positive integers, the (integer) distance graph, G(Z, D), is the infinite graph with Z as the
vertex set, while vertices x and y are adjacent if |x — y| € D. That is, two vertices/integers are adjacent in the graph if their distance
in Z is one of the integers in {d,,...,d;}. We will simplify the notation, and instead of G(Z, D) write G(D), and for distance sets
with two integers we will write D = {k,t}, and always assume that k < #; thus the corresponding distance graph will be written as
G(k,t). The packing chromatic numbers of distance graphs G(k,?) were investigated in [11]. In addition, the S-packing colorings of
distance graphs G(k,t) where k € {1,2} and ¢ is arbitrary were studied in [2,16]. Concerning the sequences .S which involve only
integersin {1,2}, exact values for y¢(G(1,?)), where t > 2, were determined in [1,16], while the values y¢(G(2,1)), where ¢ > 3, were
established in [2]. Hence, for this type of sequences S, the S-packing chromatic numbers of G(k,?) were left open when k > 3, and
the main goal of this paper is to establish these remaining values.

In the next section, we establish the notation and give some preliminary observations. In particular, we present two main tools
that are used in the proofs. First, we present a representation of the graph G(k,7) in the so-called shifted grid. Second, we introduce
color patterns and shift sequences, which enable us a relatively brief presentation of colorings. In Section 3, we follow with proving
the main results, which are the values of y¢(G(k,1)), for all 3 <k <1, and for all possible sequences S involving only integers 1 and
2. In Section 4, we give an overview of results on S-packing colorings of the graph G(k,7) by combining the results from [2,16] with
new results from this paper.

2. Notation and preliminaries

When presenting sequences .S, we will often use i?, where i and p are positive integers, as a shortened notation of the (sub)sequence
(i,...,i), where i appears p times. For instance, (12,2%) stands for the (sub)sequence (1,1,2,2,2,2,2). We may also write i® which
coincides with the infinite (sub)sequence (i,i,i,...). In the case of distinct integers in the sequence .S, the integer with the power to
infinity is the largest among the integers in .S. For instance, (12,2%°) presents the sequence with two integers 1 and all other integers
2.

Note that G(k, ) is connected if and only if gcd(k, ) = 1. If gcd(k, t) = g, then G(k, ) consists of connected components all of which
are graphs G(g, é), implying that y¢(G(k,1)) = )(S(G(§> é)). Thus, when determining the S-packing chromatic numbers, we restrict
to graphs G(k,t) such that k and ¢ are coprime integers.

During our study we make use of the following presentation. Notably, a connected distance graph G(k, ) can be represented by the
square lattice {0, 1, ...,¢} X Z with vertices given by points, which are ordered pairs (i, j),i € {0, 1, ...,t},j € Z, such that vertex/point
(i, j) of the grid is a representative of the integer j -t + i - k from G(k,t). These representatives are unique with the exception of the
points whose first coordinate equals to 0 or ¢, since a point (0, j) on the grid represents the same integer of G(k, ) as the point (¢, j’),
where j' = j — k. See Fig. 1, where ordered pairs in bold present points on the grid, while integers present the corresponding integers
from the distance graph.

Furthermore, let column i denote the set of vertices B; = {(i,j) : j € Z}, where 0 <i <t. As mentioned earlier, integers from
V(G(k,1)) of the form jt,j € Z, are represented twice on the grid, notably by a vertex in the column 0 and a vertex in column ¢. That
is, jt is represented by vertex (0, j) as well as vertex (¢, j — k). For instance, points (0,0) and (t, —k) represent 0 € V(G(k,1)).

2.1. Color patterns

In this paper, we will often present an .S-packing coloring ¢ by using periodic patterns applied on columns B;, where i € {0, ...,t}.
A periodic pattern of length d > 2 is a sequence of colors [cy, ..., c,] (denoted by square brackets), where the colors c,,, n € [d], are not
necessarily pairwise distinct. These colors are given to consecutive vertices within one column and the pattern is applied downwards.
That is, if the coloring c is using a pattern P =[cy,...,c,] in the column B, such that ¢(x, y) = ¢; for some y, then c(x,y —n)=c, 4
for each n € [d — 1]. This pattern is then periodically copied upwards and downwards to cover all the vertices of B,.

In order for c to be an S-packing coloring of G(k, ), patterns must be often shifted in consecutive columns. We define the notion
of shift sequence (pl-);l where each p; is a non-negative integer. To describe it, we also need the concept of reference point (i, j) in
B;, which is a unique point in each column. We declare the reference point in column By, to be (0,0). The integer p; > 0 represents
the value by which the reference point in B, shifts downwards with respect to the reference point in B;. That is, if the reference
point in B, is (i, j), for some j € Z, then (i + 1, j — p;) is the reference point in column B, ;. (Note that p; = 0 means that there is
no shift.) To make the elements of the shift sequence correspond to the application of periodic patterns to the columns B;, we will
always assume that the reference point of each column B, receives the first color of the corresponding pattern applied to this column.
That is, if a coloring c is using the pattern P =[c,...,¢c;] in a column B, with the reference point (x, j) then c(x, j) = ¢;. Thus, the
pattern P used together with the reference point (x, j) completely determines the coloring of points in B,.

When shifting the patterns, there are two cases to consider: either columns B; and B;,, are using the same pattern or they are
using different patterns. First, suppose that a coloring c uses the same pattern [cy,...,c ] in columns B; and B, ;. In this case the
integer p; defines the value by which the color ¢ in B;,, is shifted with respect to the color ¢; in B;. In other words, if ¢(i, j) = ¢| for
some j € Z, then c(i+1, j — p;) = ¢;. This implies that p; # 0 (the pattern must be shifted) since the adjacent vertices must not receive
the same color. Next, let ¢ assign a pattern [a;, ... ,adl] to the column B; and a pattern [b, ... ,bdz] to the column B, . In this case,
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Fig. 1. Representation of the distance graph G(k, 1) in the square grid.

the integer p; defines the value by which the color b; given to the reference point of B;,, is shifted with respect to the color a; given
to the reference point of B;. This means that if c(i, j) = a;, where (i, j) is the reference point in B;, then c(i + 1, j — p;) = b; (note that
(i+1,j — p;) is the reference point in B, ).

Since the points (0, j) represent the same vertices as points (¢, j — k), the relation ¢(0, j) = ¢(¢, j — k) must hold for each j € Z.
Thus, if ¢ is an S-packing coloring of G(k,?), then columns B and B, must use the same periodic pattern and Z;(l) pi =k (mod d),
where d is the length of the pattern used on B. Note that it is sufficient to consider only shifts p; < d,,,, where d,,,, denotes the
length of the longest pattern.

In this paper, all colorings given by periodic patterns and shift sequences will either use one or two different patterns. If the second
option occurs, it is necessary to specify which column receives which pattern. Let ¢ be an S-packing coloring of G(k,t) given by the
shift sequence (pi)ﬁ;l and two periodic patterns Py =[ay,...,a, ] and P, =[by, ..., b, ] such that pattern P, is used for example on
columns B; and Bj, and the rest of the columns obtain pattern P;. We will abbreviate such description as:

[al,..,,adl]po[bl,...,bdz]pl [al,...,adl]p2[b1,..,,bdz]p3[a1,...,adl]m_”_l[al,.,.,adl],

provided that the shift sequence has p; = ... =p,_;.

For a better understanding of the concepts, we next provide a specific example. Let ¢ be an (1°)-coloring of G(k,t) given by
P, =[1,2,3], P, =[4,5,6] and the shift sequence (0, 1, 1,0, 1~%) where the notation 1’~# stands for the (sub)sequence (1, ..., 1), where
1 appears (f —4) times. Again, the pattern P, is applied in columns B; and Bj, while the rest of the columns use the pattern P;. Thus,
the (1°)-coloring c is given by:

[1.2.31,,20[4.5.6], = [1.2.31,,_4[4.5.6], o[ 1.2.3],,__ -;[1.2.3].

Fig. 2 demonstrates how the reference point (indicated by ordered pairs in bold) is shifted with respect to the given shift sequence
and how the patterns are applied.

To verify that ¢ is an S-packing coloring of G(k,?) we will use equivalent conditions, which can be derived from the above
notation. Notably, ¢ is an S-packing coloring of G(k, ?) if and only if every two vertices with the same color are at sufficient distance,
columns B, and B, obtain the same pattern and Z:;(l) p; = k (mod d), where d is the length of the pattern in By. The first among these
three conditions requires the following verification. Note that for every two points (x,y) and (u,v) their distance in G(k,?) equals
min{|x —u| + |y —v|,x+ (¢ —u) + |(y — k) — v|}. Hence, if c(x,y) =i = c(u,v), then

min{|x —u|+|y-vl,.x+(—-w)+|(y—k)—v|} >s;.
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Fig. 2. (1°)-coloring of G(k,t) given by patterns [1,2,3] and [4,5,6], and the shift sequence (0, 1,1,0,17%).

In particular, if s; = 1, then it is sufficient to verify that two vertices with color i are not adjacent in the grid. Similarly, if s; =2,
then two vertices with color i must not be adjacent in the grid, must not have a common neighbor in the grid, and ¢(1, j) =i implies
c(t—1,j—k)+#i and vice versa.

3. S-packing colorings of graphs G(k,t)

In this section, we present values of y¢(G(k,t)), where 3 < k <t are positive integers, for all possible infinite sequences .S whose
elements are in {1,2}.

For completeness of our study of S-packing colorings of graphs G(k,t), we first recall the known results about the standard
chromatic number. That is, we consider the sequence .S = (1*°). Concerning the chromatic number of distance graphs G(D), Walther
proved the general bound y(G(D)) < |D| + 1; see [1,20]. Since |D| =2 in our case, we infer that y(G(k,?)) € {2,3} depending on
whether G(k,?) is bipartite or not. Notably, for 3 < k < ¢, we derive

_J 25 k+1even,
2(Gk.1) = { 3, k+1 odd.

Therefore, whenever a sequence .S’ contains three 1s, the above result may be applied. In the next subsection, we deal with the
three remaining subcases of sequences .S depending on the number of 1s.

3.1. 5=(1,1,2,2,2...)

Theorem 3.1. If G(k,?) is the distance graph, where k,t are coprime positive integers such that 3 <k <t, and S = (1, 1,2%), then

2; k+1even,
1s(Gk.1) = { 4; k+todd.
Proof. If k +1t is even, G(k,t) is bipartite, hence y¢(G(k,1)) =2. In the rest of the proof, we assume k + ¢ is odd, which implies
xs(G(k,1) > 3.
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Suppose that y¢(G(k,t)) =3, and let ¢ : V(G(k,1)) — [3] be a (1,1,2)-coloring of G(k,t). Suppose that there is a vertex (x,y) €
V(G(k,t)) in column B,, where x ¢ {0,7}, with ¢(x,y) = 3. For this choice of x, the neighborhood of (x,y) is the set N(x,y) =
{(x,y+1),(x=1,y),(x+1,y),(x,y — 1)}. Note that there exists an 8-cycle with every alternate vertex in N(x,y), and all vertices in
that cycle can receive only colors in {1,2}. Consequently, all vertices in N(x, y) receive the same color in {1,2}. (If x € {0,¢}, we get
the same conclusion by noting that columns B, and B, represent the same yet shifted column by which the coloring can be reassigned
so that the corresponding point with color 3 is in one of columns between 1 and 7 — 1.) Thus, for every vertex (x, y) with ¢(x,y) =3,
all neighbors receive the same color. Hence, the coloring ¢’ : V (G(k,t)) — [2] obtained from ¢ by recoloring every vertex (i, j) with
¢(i, j) =3 by using the color in {1,2} which does not appear in its neighborhood with respect to coloring ¢ is a (1, 1)-coloring of
G(k,t). Thus, G(k,1) is bipartite, which is a contradiction with the assumption that k + ¢ is odd. We derive that yg(G(k,1)) > 4.

For the proof of the upper bound, we present a (1, 1,2,2)-coloring ¢ given by the shift sequence (pi);;(l) =(0,2,0,1"3) and two
periodic patterns [1,2] and [3,4,2, 1] such that the pattern [3,4,2,1] is used on columns B; and B,, and rest of the columns obtain
pattern [1,2]. That is, ¢ is defined by:

[1.2],,0[3.4.2. 11, [3.4.2. 11, (1,21, [1.2].

Note that c isa (1, 1,2, 2)-coloring of G(k, ) if and only if three conditions hold: every two vertices with the same color are at sufficient
distance, columns B, and B, must obtain the same pattern and ZZ;(I) p; = k (mod 2). The matrix below demonstrates the presented
coloring ¢ of G(k,t) in the first five columns (note that bold integers indicate the location of reference points):

N RN RN E N -
RN N W RN DN W
AW R ND W N
N R N RN DN
e =N N =N =N ..

It is easy to verify that all vertices with the same color are at sufficient distance and due to ¢ > 4, columns B, and B, always use the
same pattern [1,2]. Thus, the first and the second condition hold. From the following sum we obtain:

t—1
_ _ _f 0 (mod 2); t odd,
épi—2+(t =1 1_{l(modZ);teven.

Since k and ¢ are of opposite parity, the condition 2;;(]) p; = k (mod 2) also holds.
Therefore, y¢(G(k,t)) =4 for k+1todd. [

32 5=(1,2,2,2,...)

Theorem 3.2. If G(k, 1) is the distance graph, where k,t are coprime positive integers such that 3 < k < t, and .S = (1,2%), then y¢(G(k,1)) =
S.

Proof. Due to the representation of G(k,t) as the (shifted) square grid {0,1,...,7} X Z, when determining the lower bound of
xs(G(k,1)), we can use results known for the infinite grid Z?. Goddard and Xu [15] proved that ;(S(ZZ) =35, hence y4(G(k,1)) > 5.
(Alternatively, the same conclusion is derived when observing a vertex in G(k,t) receiving color 1, and noting that its neighbors must
receive pairwise distinct colors from {2,...,5}.)

Next, we determine (1,2*)-colorings of G(k, ) with respect to the values k and ¢.

1. Lett > 12. In this case, we present six different (1, 24 )-colorings c,,, where n € {0, 1,2,3,4,5}, which are then applied with respect
to k and t. The first (1,24)-coloring ¢ is given by just one periodic pattern A =[1,2,3,1,4,5] and the shift sequence q¢ = (2"),
while the rest of ¢, given by the shift sequences q,,n € {1,2,3,4,5}, also use another pattern B =[4,1,5,2,1,3] in addition to
pattern A. More precisely,

ql = (0’ 5’ 21_2)7

9 = (0,572,274,
q3 =((0,5)3,2"9),
44 = ((0,5)%,2'7%),
a5 = (0.5%,271),

and
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¢t ApoBy —sA 5A,

P2—1-1=

G- APOZOBM=5AP2=OBP3=5AP447|:2A’

G- AP0=OBP| =5AP2=OBP3=5 AP4=0BP5=5AP6—>1-1=2A’

Cq AP0=OBP1=5AP2=0BP3=5 AP4=0BP5=5AP6=0BP7=5 APS—»:—1=2A’

€5 * Apy=0Bp =54 p)=0Bp;=5Ap,=0Bps=5 A pi=0Bp =5 Ap=0Bpy=54,,,_, | =24-

Recall that ¢, is a (1,2*)-coloring of G(k,?) if and only if three conditions hold: every two vertices with the same color are at
sufficient distance, columns B, and B, obtain the same pattern, and Zi;(l) p; = k (mod 6). From the definition of colorings ¢, we
immediately see that both columns B, and B, obtain the pattern A, hence the second condition holds.

To verify the first condition, we consider the possible pattern layouts in three consecutive columns, B;, B, B;,,, using the
patterns A and B. Since B, and B, represent the same, yet shifted column, the case when i =¢ — 1 is interpreted as B,_;, B,, B;.
We have five possibilities: AAA, BAA, ABA, AAB and BAB. Note that when AAA is used, in all presented sequences the two
shifts are p; =2 = p,, |, and it is easy to verify that the points with the same colors are at sufficient distances. This correspondence

will be presented as:

AAA — 2,2,

Similarly, we have the following correspondences between pattern layouts and shifts, which can be derived from the definitions
of sequences q,,:

BAA «— 5,2,
ABA — 0,5,
AAB «— 2,0,
BAB «—5,0.

(Note that AAB appears when considering the columns B,_;, B, and B;.) The corresponding matrices for each of the five cases
are placed below.

A A A A A B A B A B A A B A B
1 4 3 1 4 1 1 4 2 4 2 5 4 2 1
2 5 1 2 5 3 2 1 3 I 3 1 1 3 5
31 4 31 4 35 1 51 2 51 2
1 2 5 1 2 1 1 2 4 2 4 3 2 4 1
4 3 1 4 3 5 4 1 5 1 5 1 1 5 3
5 1 2 5 1 2 5 3 1 31 4 31 4
1 4 3 1 4 1 1 4 2 4 25 4 2 1
2 5 1 2 5 3 2 1 3 1 3 1 1 3 5

Again, in all cases it is easy to verify that the points with the same colors are at sufficient distances. In this way, the first condition
is also verified.

What remains is to use the third condition Zi;(l) p; = k (mod 6) to determine which sequence q,, is suitable for G(k, t) with respect
to values k,t. Let t = ¢ (mod 6) where ¢ € {0,1,2,3,4,5}. For each q,, we calculate the value of Z;(]) p;t

t—1
Qu: )P =5n+2(t—2m) =21 +n.
i=0

Due to appropriate numbering of sequences we obtain Zf;(l) p; = (2¢ + n) (mod 6) for each q,. In order to determine which
¢, gives us the (1,24)-coloring of G(k,t) for fixed values k.1, let k = m (mod 6) where m € {0,1,2,3,4,5}. Using the condition

Y=y p; = k (mod 6) we derive:

(2¢ +n) (mod 6) =m = n=(m—2¢) (mod 6).

Thus, if k = m (mod 6) and ¢ = # (mod 6) then the (1,2*)-coloring of G(k,t) is given by ¢, using the sequence ¢, such that
n=(m—2¢) (mod 6).

2. Let t =11, hence k € {3,4,5,6,7,8,9,10}. For G(3,11) and G(8, 11) we present a (1,2*)-coloring given by the periodic pattern
[1,2,3,4,5] and the shift sequence (pl-)’_lgo = (3!"). The matrix below demonstrates the presented (1,2*)-coloring of these graphs:

6
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135241352413
241352413524
352413524135
413524135241
524135241352
135241352413
241352413524
352413524135
413524135241

It is easy to verify that all vertices with the same color are at a sufficient distance and the condition l.1=00 p; =3 (mod 5) holds
for both graphs.

For G(4,11), G(5,11), G(6,11), G(7,11), G(9,11) and G(10,11) we use (1,24)-colorings Cgs €1, €2, €3, ¢5 and ¢, from case 1,
respectively.

3. Let =10, hence k € {3,7,9}. For both G(3,10) and G(9, 10) we use (1,24)-coloring ¢, from case 1.
For G(7,10) we present a (1,24)—coloring given by two periodic patterns C =[1,2,1,3,1,4,1,5] and D =[4,3,5,4,2,5,3,2], and
the shift sequence (pi)?:0 =((0,1)3,3%) such that:

C, ._;C.

CP():OD CPz =0 DP3 =1 CP4 =0 DPS =1"pe9

pr=1

The matrix below demonstrates the presented (1,2*)-coloring of this graph:

14521341512
23145213141
15231451213
34152314151
12341521314
45123415121
13451231415
52134512131

It is easy to verify that all vertices with the same color are at a sufficient distance and the condition Z,—g:o p; =7 (mod 8) holds.

4. Let t =9, hence k € {4,5,7,8}. For G(4,9) we present a (1,2%)-coloring given by two periodic patterns C =[1,2,1,3,1,4,1,5]
and D =[4,3,5,4,2,5,3,2], and the shift sequence (p;)}_; = ((0,1)*,3%) such that:

CPO:ODIM:1CP2:0DP3:1CPAZODﬂszlcﬂsasﬂc'

The matrix below demonstrates the presented (1,2*)-coloring of this graph:

1452134151
2314521314
1523145121
3415231415
1234152131
4512341512
1345123141
5213451213

It is easy to verify that all vertices with the same color are at a sufficient distance and the condition Z?:o p; =4 (mod 8) holds.
For G(5,9) we present a (1,2*)-coloring given by the periodic pattern C = [1,2,1,3, 1,4, 1,5] and the shift sequence (p,-)?=0 =(57).
Again, the matrix below demonstrates the presented (1,2*)-coloring of this graph:

7
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CUT R R W N R e
RN R U - A Qe
CARA R W RN R Ul e
BTSSR SO RS R
W N Ul D e
R N = W N Ul e
SN R U D W e
R W R N R U A e
U R AR W RN e
N R U1 RN ) e

It is easy to verify that all vertices with the same color are at a sufficient distance and the condition 2?:0 p; =5 (mod 8) holds.
For G(7,9) and G(8,9) we use (1,2*)-colorings ¢; and ¢, from case 1, respectively.

5. Let t =8, hence k € {3,5,7}. For G(3, 8) we present a (1,24)-coloring given by two periodic patterns C =[1,2,1,3,1,4,1,5] and
D=14,3,5,4,2,5,3,2], and the shift sequence (17,-)’,7:0 =(0, 1,3%) such that:

Cry=0Dp=1Cp, ;=3C-

The matrix below demonstrates the presented (1,2*)-coloring of this graph:

U A R W R N e
SN W UM DU WA e
R N W N e Ul e
W N R U RN e
R Ul R N W N e
SR W N U e
R N O U RN Q) e
CUT R R W N e
R W R N = U A e

It is easy to verify that all vertices with the same color are at a sufficient distance and the condition 217:0 p; =3 (mod 8) holds.
For G(5,8) and G(7,8) we use (1,2*)-colorings ¢; and c3 from case 1, respectively.

6. Let =7, hence k € {3,4,5,6}. For G(3,7), G(4,7) and G(5,7) we use (1,24)—c010rings ¢|, ¢, and c¢; from case 1, respectively.
For G(6,7) we present a (1,2%)-coloring given by the periodic pattern [1,2,3,4, 5] and the shift sequence ( pi)?:0 = (37). The matrix
below demonstrates the presented (1,2*)-coloring of this graph:

13524135
24135241
35241352
41352413
52413524
13524135
24135241
35241352

It is easy to verify that all vertices with the same color are at a sufficient distance and 2;10 p; =1 (mod 5), hence the condition
>0, p; =k (mod 5) holds.

7. Let t = 6, hence k = 5. For G(5,6) we present an (1,24)—coloring given by two periodic patterns C =[1,2,1,3,1,4,1,5] and
D=1[4,3,5,4,2,5,3,2], and the shift sequence (p,-)f:0 =(0, 1,3*) such that:

Cpo:ODm:lezasﬁC'

The matrix below demonstrates the presented (1,2*)-coloring of this graph.

8
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U R A R W RN e
SN W UTN DU WA e
R N W N e Ul e
B O S L = N
R Ul R N W N e
AR W RN R Ul e
R N O U N R Q) e

It is easy to verify that all vertices with the same color are at a sufficient distance and the condition 2?:0 p; =5 (mod 8) holds.

8. Let t =5, hence k € {3,4}. For G(3,5) we present an (1,2*%)-coloring given by the periodic pattern [(1,2,1,3)?,(1,4,1,5)?] and
the shift sequence (p,-);‘=0 = (7%). The matrix below demonstrates the presented (1,24)—coloring of this graph.

141514
213121
151415
312131
141512
213141
151213
314151
121312
415141
131213
514151
121314
415121
131415
512131

It is easy to verify that all vertices with the same color are at a sufficient distance and the condition 2?:0 p; =3 (mod 16) holds.
For G(4,5) we use coloring ¢, from case 1.

9. Let t =4, hence k = 3. For G(3,4) we use coloring c; from case 1.

After verifying all the possible cases for k and ¢, we conclude that y¢(G(k,?)) =5, and the proof is complete. []
33 5=(2,2,2,...)
Lemma 3.3. If G(k, 1) is the distance graph, where k,t are coprime positive integers such that 3 <k <t, and S = (2%), then y¢(G(k,1)) <6.

Proof. We determine (2°)-colorings of G(k,t) with respect to the values of k, 1.

1. Let ¢ > 6. In this case, we present six different (2°)-colorings c,, where n € {0,1,2,3,4,5}, which we apply with respect to k and
t. Each ¢, is given by the periodic pattern [1,2,3,4,5,6] and a shift sequence q,, = (p,.);;(l) such that:

qo = (21),

q =@3,27h,

q, =(3,2,3,273),

q3 =(3,2,3,2,3,2'7%),
q=3,4,3,273),

qs =(3,4,3,2,3,2'7).

Since the colorings are given by the unique pattern, c, is a (2°)-coloring of G(k, ?) if and only if every two vertices with the same
color are at the distance at least 3 and Zf;(l) p; =k (mod 6). To verify the first condition, we observe a coloring ¢ : V(Z2) - [6]
of the infinite grid z? using the pattern [1,2,3,4,5,6]. Since ¢ is (26)—coloring, the following must hold for each i, j € Z:

9
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c(i,j)#cli+1,)),
c(i,j)#c(i+1,j£1),
c(i,j)#c(i+2,j)).

Thus, the periodic pattern [1,2,3,4,5,6] in column B, ; can be shifted by 2,3 or 4 with respect to the column B,;. In addition,
the pattern in column B,,, can be shifted by 1,2,3,4 or 5 with respect to the column B,. Thus, for the graph G(k,) we obtain
p; €1{2,3,4}, and

Pi:2:>17i+1 #4,
pi=3=>pi #3,
pi=4=>p #2,

holds for all i € {0, ..., — 2}, and, furthermore,

Po=2=>p,_1 #4,
pp=3=>p,_ #3,
po=4=>p_1#2,

because B, and B, represents the same yet shifted column.
Next, we use the second condition Z;;(l) p; =k (mod 6) to determine which sequence q,, is suitable for G(k,t) with respect to
values k,t. Let t = ¢ (mod 6) where ¢ € {0,1,2,3,4,5}. For each q, we calculate the value of Z:;(]) pit

Qo : Y20 pi=21=2¢ (mod 6),

qp: Yiopi=3+20—1)=2r+1=2¢ +1) (mod 6),

G Y p=3+2+3+2(-3)=20+2= (27 +2) (mod 6),

Q3 Y0P =3+2+3+2+43 420 -5 =20+3=(2¢+3) (mod 6),
A Y0P =3+4+3+2(-3)=20+4= 27 +4) (mod 6),

Qs Y0 pi=3+4+34+24342(-5)=20+5=(2¢ +5) (mod 6).

Thus, for q,, we obtain Zf;(l) p; = (¢ +n) (mod 6). In order to determine which ¢, gives us the (2%)-coloring of G(k, ) for fixed

values k, t, let k= m (mod 6) where m € {0,1,2,3,4,5}. From the condition Zf;(l) p; = k (mod 6) we obtain:
(2¢ 4+ n) (mod 6) =m = n=(m—2¢) (mod 6),

hence if k =m (mod 6) and ¢ = # (mod 6) then the (2°)-coloring of G(k,t) is given by ¢, using the sequence q, such that
n=(m-2¢) (mod 6).

2. Let t =5, hence k € {3,4}. For G(3,5) we present a (26)-coloring given by the periodic pattern [1,2,3,4,5,1,6,3,2,5,4,6] and
the shift sequence (p,-);‘=0 = (3%). The matrix below demonstrates the presented (26)-coloring of this graph.

DU DNWOFF U DA WDN -

It is easy to verify that all vertices with the same color are at a sufficient distance and the condition Z?Lo p; =3 (mod 12) holds.
For G(4,5) we use the coloring ¢ from case 1.

3. Let t =4, hence k = 3. For G(3,4) we use the coloring ¢, from case 1.

10
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By considering all cases of k and ¢, we obtain yg(G(k,1)) <6, as desired. []

Theorem 3.4. If G(k,?) is the distance graph, where k,t are coprime positive integers such that 3 < k <t, and S = (2%°), then

5; (t=1,4 (mod 5) and k =2,3 (mod 5))

2s(Gk, =4 O (=23 mod3)and k=14 (mod 5)),

6; otherwise.

Proof. Consider the infinite grid Z2. Goddard and Xu [15] proved that ;(S(Zz) =35, hence y4(G(k,1))>5. Let c : V(Z% — [5] be a
(2°)-coloring of Z2. Consider a vertex (x, y) € V(Z?) with its neighborhood N(x,y) = {(x,y + 1),(x — 1,¥),(x + 1,3),(x,y — 1)}. Each
of these 5 vertices must receive a different color since they are at the distance at most 2. Without loss of generality, let

cx,y+1)=1, c(x=1,)=2, c(x,y) =3, c(x+ 1,y) =4, c(x,y—1)=5.

Thus, the vertex (x + 1,y + 1) can obtain either color 2 or 5 with respect to the coloring c¢. We consider both options.

1. Let ¢(x+ 1,y + 1) = 2. Due to the assignment of colors to vertices in N([x,y]) and (x + 1,y + 1), we derive the following chain of
implications:

cx+lLy+D)=2=>cx+1l,y—-D=1l=>cx-1,y-1)=4
S>cx,y—-2)=2=>c(x+1,y—-2)=3=>c(x—-1,y-2)=1
=>cx,y-3)=4=>c(x+1,y-3)=5=>c(x—-1,y-3)=3
Scx,y—-4)=1=>...

Thus, the coloring ¢ forces for each column B; the periodic pattern [1,3,5,2,4]. Moreover, c(i,j)=c(i+1,j—2) foralli,j € Z.
2. Let ¢(x+1,y+ 1) =5. Similarly:

cx+lLy+)=5=cx-Ly+1)=4=>c(x-1,y—-1)=1
S>cx+1l,y-D=2=>c(x,y—2)=4=>c(x—1,y—-2)=3
>cx+1,y-2)=1=>c(x,y-3)=2=c(x—-1,y-3)=5
S>cx+1,y=-3)=3=>clx,y—4)=1=>...

In this case, the coloring ¢ forces for each column B, the periodic pattern [1,3,5,4,2] and c(i,j) =c(i+1,j = 3) for all i, j € Z.

We have shown that (up to permutation of colors) there exist only two 2°-packing colorings of the square lattice Z2. We now apply
these two colorings to G(k,1).

1. Consider the coloring given by the periodic pattern [1,3,5,2,4] with relation ¢(i, j) = c(i + 1, j —2). Hence, this coloring enforces
the constant shift sequence (p[);;(l) where p; =2 forall i € {0, ..., —1}. Note thatif cisa (25)—coloring of G(k,t), then Zf;& D=
k (mod 5). What remains is to determine for which values of k, ¢ this condition holds.

Let t = ¢ (mod 5) where 7 € {0,1,2,3,4}. From the following sum we derive:

t—1 t—1

Zpi=22=2252f(m0d5),

i=0 i=0
hence k =2¢ (mod 5). Note that for £ = 0 we obtain t,k =0 (mod 5) which is a contradiction with the proposition ged(k,?) =1
and thus it is sufficient to consider £ € {1,2,3,4}.

2. Consider the coloring given by the periodic pattern [1,3,5,4,2] with relation ¢(i, j) = c(i + 1, j — 3), which is equivalent to the
constant shift sequence (p,-);;(l) where p; =3 for all i € {0,...,# — 1}. We again determine for which k, ¢ the condition Z;;(l) pi =

k (mod 5) holds.
Let t = ¢ (mod 5) where # € {0,1,2,3,4}. Similarly to the previous case:

t—1 t—1
Y pi=Y,3=3t=3¢ (mod 5),
i=0 i=0
hence k =37 (mod 5). For £ =0 we obtain ¢,k =0 (mod 5), contradicting gcd(k,?) = 1 again, thus we consider ¢ € {1,2,3,4}.

By calculating the values of k, for the given #, we obtain that y(G(k,t)) =5 if and only if either (r = 1,4 (mod 5) and k = 2,3 (mod 5))
or (t=2,3 (mod 5) and k = 1,4 (mod 5)). From Lemma 3.3 we derive y¢(G(k,t)) = 6 for the remaining values of k,z. []
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4. Concluding remarks

The results presented in this paper complement previously known results from [1,2,16,20] on .S-packing colorings of connected
distance graphs G(k,t), which satisfy the property that each integer in a sequence S belongs to {1,2}. Note that such .S-packing
colorings are classical colorings (S = (1%°)), 2-distance colorings (.S = (2%°)) and S-packing colorings which lie between these two.

The amalgamation of the results presented herein with those established earlier gives us the S-packing chromatic numbers of all
connected distance graphs G(k,t), where k > 1 and 7 > k are coprime. With respect to the sequence S we summarize all of these
results as follows.

1. S=(1%).
2; k+1 even,
2(Glk,1) = { 3; k+1todd
2. §=(1,1,2%®).
2; k+1 even,
xs5(Glk.1) = { 4; k+1 odd.
3. §=(1,2%).
5, k#2o0rt#3,
xs(Glk.1) = { 6; otherwise.
4. §=(2%).
5; (t=1,4 (mod 5) and k = 2,3 (mod 5))
or (t=2,3 (mod 5) and k = 1,4 (mod 5)),
1(G(k, 1) =

7, k=2andt=3,
6; otherwise.

As for other sequences S that contain elements greater than 2, investigations of y¢(G(k,?)) are far from complete. For the sequence
S =(d*®), d > 3, lower and upper bounds are known for y¢(G(k,?)) [2], which in some cases culminate to exact results. For instance,
if t > 5 is an odd integer and d >t — 3, then y,(G(k,t))=1+1-(d — % ) Similarly, lower and upper bounds are known for the
sequence S = (1,2,3,...) which corresponds to the standard packing coloring. These results focus on the distance graph G(1,¢) [10,19].
Additionally, exact results exist for certain sporadic sequences .S, which came into fruition while studying the .S-packing chromatic
numbers of G(k,t) for sequences that contain only elements from {1,2}. The S-packing coloring of G(1,¢) provided in [16] partitions
the color classes in such a way that the vertices of some color classes are farther apart than they need to be. As a consequence, this
gives results for the sequences .S with larger elements.

We mention that distance graphs are related to the graphs circulants. The vertex set of C,(d,,....,d}) is {0,...,n— 1}, while the
adjacencies are defined in the same way as in the corresponding distance graph; that is, i € V(G) is adjacent to i +d; (mod n) for all
J € [k]. Using this relation, the authors of [2] extended their investigation of the S-packing chromatic numbers of graphs G(2,7) to
circulant graphs C,(2,1). It turns out that whenever # is divisible by the length of the pattern used in the coloring of a distance graph,
one can easily determine the packing chromatic number of the corresponding circulant graph. In other cases, lower bounds can be
obtained. A systematic investigation of the .S-packing chromatic numbers of circulants C,(k, ) could be an interesting challenge.

There remains ample scope for research concerning the .S-packing chromatic number of distance graphs G(k,t). In addition, for
distance graphs G(D), where | D| > 3, only a few results on their S-packing colorings are known.
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