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ARTICLE INFO ABSTRACT

MSC: The general position problem in graphs is to find the largest possible set of vertices with the
05C12 property that no three of them lie on a common shortest path. The mutual-visibility problem in
05C69 graphs is to find the maximum number of vertices that can be selected such that every pair of
05€76 vertices in the collection has a shortest path between them with no vertex from the collection
Keywords: as an internal vertex. Here, the general position problem and the mutual-visibility problem are

General position investigated in double graphs and in Mycielskian graphs. Sharp general bounds are proved, in
Mutual-visibility particular involving the total and the outer mutual-visibility number of base graphs. Several exact
Double graph values are also determined, in particular the mutual-visibility number of the double graphs and
Mycielskian graph of the Mycielskian of cycles.

Outer mutual-visibility

Total mutual-visibility

1. Introduction

The graph general position problem reflects the Dudeney’s no-three-in-line problem [10] as well as the general position subset
selection problem from discrete geometry [11]. The problem was in a different context investigated on hypercubes [18], while it was
introduced in its generality as follows [23]. A set .S of vertices in a graph form a general position set if the graph contains no shortest
path that contains at least three vertices of .S. A largest general position set of a graph G is called a gp-set of G and its size is the
general position number gp(G) of G. The same concept was in use two years earlier in [4] under the name geodetic irredundant sets,
where it was defined in a different way.

In discrete geometry, a shortest path between two points is unique while in graphs there can be more than one shortest path
between two vertices. This fact, as well as the computational concept of visibility between robots, brings the mutual-visibility problem
in graphs into picture. This problem was introduced by Di Stefano [9] as follows. Given a set .S of vertices in a graph G, two vertices
u and v are mutually-visible or, more precisely, S-visible, if we can find a shortest u, v-path which contains no further vertices from S.
The set S is mutual-visibility (m-v set, for short) if all pairs from .S are S-visible. A largest m-v set is called a y-set and its size is called
the mutual-visibility number u(G) of G (m-v number, for short).
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In [5], a variety of m-v sets was introduced, we will use the following two variants. S C V(G) is an outer m-v set if each x,y € S
are S-visible and each x € .S and y € V(G) \ § are also S-visible. A largest such set is a y,-set, its cardinality being the outer m-v
number u,(G) of G. Further, S C V(G) is a total m-v set provided that each x, y € V(G) are S-visible. A largest such set is a y,-set, its
cardinality being the total m-v number p,(G) of G.

The general position problem and the mutual-visibility problem are well studied for different graph classes like diameter two
graphs [1,8], cographs [1,9], Kneser graphs [12], line graphs of complete graphs [8,12], and maximal outerplane graphs [31].
Both problems were also investigated a lot on graph operations like the join of graphs [9,12], corona products [6,12,17], Cartesian
products [6,15,16,19,29,30], and strong products [7,17]. In this paper we extend this line of research by investigating the problems
on double graphs and on Mycielskian graphs which are respectively defined as follows.

Let G be a graph. The double graph D(G) of G is constructed from the disjoint union of G and an isomorphic copy G’ of G by adding
edges uv’ and u'v for each edge uv € E(G), where w' is used to denote the copy of w € V (G). The Mycielskian graph M (G) of G has
V(M(G)=V(G)UV(G)HU{v*},where V(G')={v : u€V(G)}, while E(M(G))=E(G)U{ud' : uve E(G)}u{vv* : v €V(G)}.
These two graph operators were respectively introduced in [24,25]. The Mycielskian has been studied in a couple of hundred papers
and the trend is still continuing [2,3,13,14]. The double graphs have also received quite some attention, cf. [20,22].

In the following section, additional definitions required for this paper are listed, known results recalled, and some new observations
stated. In Section 3 we prove that if G is not complete, then u(D(G)) > n(G) + u;(G). The bound is sharp as in particular follows
from the proved formula u(D(C,)) =n, n > 7. On the other hand, we construct graphs G for which the difference u(D(G)) — (n(G) —
1 (G)) is arbitrary large. In Section 4 we prove that gp(G) < gp(D(G)) < 2gp(G) and that the bounds are sharp. In the subsequent
section, mutual-visibility in Mycielskian graphs is studied. In the main results we state that u(M(P,))=n+ [%J for n > 5, and that

HM(C))=n+ LgJ for n > 8. We also give bounds for u(M(G)), where diam(G) < 3, in terms of y (G) and u(G).
2. Preliminaries

Let G be a connected graph. A partition P = {T,..., T} of T C V(G) is said to be distance-constant provided that for each
i,j€lk]l,i#j,and forevery x€T,and y € 15, the distance d(x, y) does not depend on x and y. If so, we can declare that d; (T}, T))
is the distance between T; and 7. Having a distance-constant partition P, we further say it is in-transitive provided that we have
do(T;, T) # d(T;, T)) + d(T}, T}) for each i, j,t € [k]. The characterization of general position sets that follows will be used either
implicitly or explicitly in the rest of the paper. By G[T] we denote the subgraph of G induced by T C V' (G). Now let’s call up the
following fundamental result from [1, Theorem 3.1].

Theorem 2.1. T C V(G) is a general position set of a connected graph G if and only if G[T] is a union of disjoint complete subgraphs whose
vertex sets form a distance-constant, in-transitive partition of T.

Let G be a graph. Vertices x and y of G are false twins if Ng(x) = Ng(y), where N (x) stands for the open neighborhood of x
in G. (Note that false twins are not adjacent.) Further, x and y are true twins if Ng[x] = Ng[y], where Ns[x] denotes the closed
neighborhood of the vertex x in G. In [17], relations between true twins, the general position number, and the so-called strong
resolving graphs were investigated. The following easy but useful general properties of twins hold.

Lemma 2.2. Let G be a graph and u,v € V(G).

(D) If u, v are false twins, and S is a general position (resp. m-v) set of G such that S N {u,v} = {u}, then (S'\ {u}) U {v} is also a general
position (resp. m-v) set of G.

(i) If u, v are true twins, and .S is a general position set of G such that u € S, then S U {v} is also a general position set of G.

Proof. (i) Since d;(u,x) = dg(v, x) for each x € V(G) \ {u, v}, Theorem 2.1 yields that (S \ {u}) U {v} is a general position set of G.
Moreover, two vertices are S-visible if and only if they are (S \ {u}) U {v}-visible, hence (S \ {u}) U {v} is a m-v set provided that .S
is a m-v set.

(ii) Using the fact that d;(u, x) = dg(v, x) for each x € V(G) \ {u, v}, Theorem 2.1 again can be used to realize that S U {v} is a
general position set. Assume v & .S, for otherwise we are done. Let O be the complete subgraph containing u from the partition of .S’
corresponding to Theorem 2.1. Then Q U {v} is also complete, therefore Theorem 2.1 yields that .S U {v} is as should be. []

Note that Lemma 2.2(ii) does not hold if general position sets are replaced by m-v sets. For example, consider the complete graph
K, minus an edge with the vertex set {a, b,c,d}, where a and b are the non-adjacent pair. Then .S = {a,b,c} is am-v set, ¢ and d are
true twins, but we cannot add d to .S without affecting the mutual-visibility.

3. Mutual-visibility in double graphs

Here we consider mutual-visibility in double graphs. For this task recall that if G is a graph, then V' (D(G)) =V (G) U V(G') and
that for each pair u € V(G) and v’ € V(G') we have Npg,(u) = Np ) ).

If G is a graph, then, clearly, u(G) = n(G) if and only if G is a complete graph, the same conclusion holds for the total mutual-
visibility [21]. (Here and later, n(G) denotes the order of G.) For each vertex u € V(D(G)), clearly, Npg)lu] is a m-v set of D(G).
Thus u(D(G)) > 2A(G) + 1. Hence for the double graphs of graphs with a universal vertex, we have the following observation:
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Observation 3.1. If G is a graph with n(G) > 2 and with a universal vertex, then u(D(G)) =2n(G) — 1.
Theorem 3.2. If G is not complete, then u(D(G)) > n(G) + u(G) and the bound is sharp.

Proof. Recall that D(G) is the disjoint union of G and an isomorphic copy G’ of G by adding edges uv’ and u'v for each edge
uv € E(G), where w' is used to denote the copy of w € V(G).

Let S be a p,-set of G. We claim that the set X = V(G’)U S is a m-v set of D(G). To prove it we make the following case analysis.

If u,v € S, then u and v are X -visible because S is a total m-v set of G.

Consider next vertices ', v’ € V(G'). If v’ and v’ are adjacent we are done. Assume next that ¥’ and v’ are not adjacent, and let
u=ugy,uy,...,u; =0 be ashortest u, v-path in G that makes the vertices u and v to be S-visible. Such a path exists because S is a total
m-v set of G. Then the path v, u;, ... ,u;_;, 0V’ is a shortest «’, v’-path in D(G) that makes the vertices v’ and v’ to be X -visible.

Consider finally a vertex u € S and a vertex v’ € V(G’). If u and v are adjacent, then also u and v’ are adjacent and we are done.
Otherwise, let u = ug,uy, ...,u, = v be a shortest u, v-path in G that makes S-visible u and v. Then, u,uy,...,u;,_;,0 is a shortest
u, v'-path in D(G) that makes X -visible u and v'.

We have thus proved that V' (G’)U S indeed forms a m-v set of D(G), therefore u(D(G)) > n+ y,(G). To demonstrate the sharpness,
consider the path graph P,, n > 3, with the vertices u,,...,u,. Let .S be an arbitrary m-v set of D(P,). If we would have indices
i < j <k, such that {u;,u],u j,u;,uk,u;(} € S, then u; and u; would not be S-visible. Therefore, for at most two indices i € [n] we
have |.S N {u;,u]}| = 2 which in turn implies that u(D(P,)) < n+ 2. Since y,(P,) = 2, the above proved bound yields u(D(P,)) > n+2,
hence the bound is sharp. []

In the seminal paper on the mutual-visibility [9] it was proved that the mutual-visibility problem is NP-complete, while in [5]
the same conclusion was obtained for each of the problems from the variety of mutual-visibility problems including the total mutual-
visibility problem. Theorem 3.2 could indicate that the mutual-visibility problem is difficult also when restricted to double graphs.

The next result yields another family for which the bound of Theorem 4.2 is sharp.

Theorem 3.3. If n > 7, then u(D(C,)) =n.

Proof. Let V(D(C,)=V UV’', where V=V (C,) and V' ={v/ : u€V}. Let S be a u-set of D(C,) such that it contains as many
vertices of V' as possible. For any u € V, the vertices u and ' are false twins. Hence Lemma 2.2(i) implies that if u € S and v’ € S,
then (S U {¢/}) \ {u} is also a u-set of D(C,). Since by the way S is selected, this is not possible, we thus infer that Thisu € V' N S,
then ' also belongs to S.

If V/ C S, then no vertex from V can be present in S, because if v € S, then the two neighbors of v/ in V' are not S-visible.
Therefore, in this case |.S| = n. By the same argument we also get that if |.S| > n, then |S N V| > 2. We may hence assume in the rest
that not all vertices from V'’ are in .S. We now distinguish two cases.

Assume first that .S contains at least three vertices from V, say u,v,w € V' N S. Then, by the maximality assumption, «’, v and
w' are also in S. Now, if x’ belongs to .S, where x # u, v, w, then at least one of the shortest paths in V’ from x’ to v/, v/ or w’
must contain at least one vertex among ’, v’ and w' as an internal vertex. We may assume without loss of generality that a shortest
x’,u’-path contains ¢’ as an internal vertex. (It could be that also the other x’,u’-path in D(C,)[V'] is shortest. Then it contains w as
an internal vertex, and the argument is parallel.) Since v is also in .S, the vertices x" and «’ are not S-visible. Therefore, |SNV'| =3
so that |.S'| = 6, a contradiction with Theorem 3.2 which asserts that |S| >n>7.

Assume second that SNV = {u, v}. Using the maximality assumption again, u’, v’ € S. There is nothing to prove if |[SNV'| <n-2,
hence assume that |[S N V’|=n— 1. Let w’ € V' be the vertex not in .S. If w is not adjacent to both u and v, then we may assume
without loss of generality that the two neighbors of «’ are in .S, but then they are not S-visible. Similarly, if w is in C, adjacent to
both u and v, and z is the other neighbor of u, then z’ and v’ are not S-visible.

As none of the cases above is possible we can conclude that 4(D(C,)) < n. On the other hand, Theorem 4.2 yields u(D(C,)) > n
and we are done. []

The proof of Theorem 3.3 asserts that for any n > 4, we have u(D(C,)) < max{6, Lg] +4,n}. Hence u(D(C,)) <6, u(D(Cs)) < 6 and
u(D(Cg)) <7. Also, {U’l, U’z, Ug, U:V vy, 0, } isam-v set of D(C,), {U'z, U’3, vg, U;, vy, U5} is am-v set of D(Cs) and {U;, U’3, l}:‘, Ug, U’ﬁ, Uy, Ug )
is a m-v set of D(Cg). Therefore u(D(C,)) = u(D(Cs)) =6 and u(D(Cy)) =17.

While the lower bound of Theorem 3.2 is sharp, it can, on the other hand, be arbitrarily bad, that is, the difference u(D(G)) —
(n(G) + p(G)) can be arbitrarily large. For example, consider the balloon graph G, k > 2, constructed from the disjoint union of k

copies of C5 and a vertex which is adjacent to exactly one vertex of each of the k copies of Cs. Then we have:
Proposition 3.4. If k > 2, then u(D(G)) — (n(Gy) + u(G)) > k—1.

Proof. Clearly, n(G,) =5k + 1. Using the characterization [28, Theorem 8] of graphs G with y,(G) =0 (or by verifying it directly),
we can deduce that y(G) = 0. Further, we can use Fig. 1 to find out that u(D(G})) > 6k.
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Fig. 1. A m-v set in the double graph of a balloon graph.

Hence we have

u(DG)) = ((Gy) + m(Gy)) = 6k — (Sk+ D +0) =k -1,

and we are done. []

4. General position in double graphs

Here we look at the general position number of double graphs. If S C V(G) C V(D(G)), we will set S’ = {v/ € V(G') : ue S}.
We first state a simple but useful lemma which easily follows from the fact that if u € V' (G) C V(D(G)) is not an isolated vertex,
then dp g (u,u') = 2.

Lemma 4.1. Let G be a graph, uv € E(G), and let S be a general position set of D(G). If |S N {u,v,u’,v'}| > 2, then |S N {u,v,u/,v'}| =2.

Note that Lemma 4.1 in particular implies that if .S is a general position set of D(G) such that u,u’ € S, then both u and «’ are
non-adjacent to all other vertices in S.

Theorem 4.2. If G is a graph, then gp(G) < gp(D(G)) <2 gp(G) and the bounds are sharp. Moreover, gp(D(G)) = 2gp(G) if and only if
the gp-sets of D(G) are of the form X U X', where X is an independent gp-set of G.

Proof. If S is a gp-set of G, then S C V' (D(G)) is a general position set of D(G). Hence gp(G) < gp(D(G)). Let now S be a gp-set of
D(G). Since G and G’ are isometric subgraphs of D(G), we infer that V' (G) N S is a general position set of G and V(G') N S is such
a set of G'. Hence

gp(D(G) =S| =[S nV(G)|+1SnV(G)| <gp(G) +gp(G') =2gp(G),

establishing the upper bound.

With the intention of seeing that the lower bound is sharp, note that gp(D(K,,)) = n holds for all n > 2 by Lemma 4.1.

Assume now that gp(D(G)) =2 gp(G) and consider an arbitrary gp-set S of D(G). As we already observed, S NV (G) is a general
position set of G and .S N V(G’) is a general position set of G’, therefore S N V(G) is a gp-set of G and S N V(G') a gp-set of
G.If (SNV(G)) #SNnV(G), then we may without loss of generality assume that there is a vertex u € S such that v’ & S.
But then an application of Lemma 2.2 yields a general position set in G’ larger that gp(G’) = gp(G), a contradiction. Hence S =
(SNV(G) U(SNV(G) . Moreover, by Lemma 4.1, S N V(G) must be an independent set and we are done. []

There are many graphs admitting independent gp-sets which in turn explicitly demonstrate that the upper bound of Theorem 4.2
is sharp. This is in particular the case for paths P,, n > 3, and for cycles C,, n > 6. Hence by Theorem 4.2 we get gp(D(P,)) =4, n>3,
and gp(D(C,)) = 6, n > 6. More on independent general position sets can be found in [26].

A family of graphs for which the lower bound in Theorem 4.2 is sharp are the edge deleted complete graphs K, n > 5, that is,
K is the graph obtained from K, by deleting one of its edges. Clearly, gp(K;) = n — 1. Considering D(K ), note first that since
D(K,) contain a clique of order n — 1 we have gp(D(K|)) > n— 1. Let u and v be the non-adjacent pair of vertices in K" and let §
be a general position set of D(K,)). If w, w' € S, where w # u,v, then S = {w,w'}. Assume hence that for each w # u, v, the set §
contains at most one vertex among w and w’. If |S| > n, then we must have that |.S n {u,u,v,0'}| > 2. However, as soon as this is
fulfilled we can infer that in each possible case we have S C {u,v,u’,0v’'}. We conclude that gp(D(K,))=n—1forn>5.

5. Mutual-visibility in Mycielskian graphs

The general position number of Mycielskian graphs was investigated in [27], in this section we complement this research by
considering the m-v number of Mycielskian graphs. We find the exact value of y of the Mycielskian graph of paths, cycles and graphs
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KX,

Up—2  Vp—1 U Uk+1 Uk42 Up—2  Vp—1 U Uk+1 Uk42

Uk—4  Vp—3 Ur—2 Up— Uk Ukl Uky2  Uk43

Fig. 2. Situations from the proof of Theorem 5.1. The black vertices denote the vertices in the m-v set, the grey vertices are those whose status is not known and the
white vertices are those which cannot be present in the m-v set.

with universal vertices. Bounds of m-v number of Mycielskian graph of graphs having diameter at most three in terms of (outer)
mutual-visibility of the graph are also presented.

Theorem 5.1. If n > 5, then y(M(P,)) =n+ L"%lj.

Proof. Let P, have the vertices vy, ..., v, (connected with natural edges), so that V(M (P,)) = {v;,...,v,} U {U’1 U YU {Ut)

We will first prove that u(M(P,)) <n+ L%IJ. Consider an arbitrary m-v set § of M(P,) which contains the vertex v*. Let
S=NUN/’, where NCV(P,) and N’ C V(P,:) U {v*}. As we have assumed, the vertex v* belongs to N’. Since v* is in the unique
shortest path connecting ' and v/, where d P, (u,v) # 2, at most two vertices from V(Pr:) are in N'. Also, since v* lies on the unique
shortest path connecting u and v, where d P, (u,v) > 5, at most four vertices from V'(P,) are in N. Hence we have |§| <7 which proves
the assertion for n > 7. For n =5, 6, using similar arguments we can prove that if u € N’ then |S| <5 and |S| < 6, respectively.

According to what has just been proven, in order to prove u(M(P,)) <n+ L J we may reduce our attention to those m-v sets
which do not contain the vertex v*. Moreover, if such a m-v set .S contains only two vertices from V' (P,) and they are adjacent, then
we have |.S| < n. So such m-v sets can also be excluded in the rest.

Claim. To any m-v set S of M(P,), where v* & S and |.S NV (P,)| > 3, there exists a m-v set T UT’ of M(P,), where T C V (P,) and
T' CV(P)), such that [T UT'| =S| and T NV (P,) is an independent set.

Let S = N U N’ be am-v set of M(P,), where N CV(P,)and N’ C V(Pr;). If N is independent, there is nothing to prove. Otherwise,
proceed as follows to replace the vertices in the u-set so as to make a new mutual-visibility of the same cardinality and which is
independent restricted to P,. The construction is distinguished according to the following situations.

Assume first that three consecutive vertices of P, lie in N. If v,_;,v;,0;,; € N, where 2 < k < n — 2, then none of the vertices
Uk_2s ;c 0 U;C » U;{, U;Hl, Uky2s ;c+2 liesin N UN/’, see Fig 2(a). Then we infer that (N U N’ U {v’ D\ {v,} isam-v set of M(P ) and
hence a p-set of M(P,). If vy,v,,v3 € N, then none of vl, U2, Ux’ Uy, u liesin N U N’. In this case we see that (N UN' U {v/ })\ vy}
is a m-v set of M (P,). Similarly, if v,_,,v,_;,v, € N, then (N U N’ U {v D\ {v,_;} is a m-v set of M(P,). We have thus seen that
N U N’ can be modified in such a way that no three consequent vertices from P, are 1n N.

Assume next that v;_;,v;, v, € N, where 2 < k < n—2. Then the vertices v;_,, v k 2 UL uk+1, k+l do no belong to N UN’, cf.
Fig. 2(b), where v;_, and v, do not belong to N by the above modification. Then (N UN' U {0/ })\ {v} is a m-v set of M(P,). If
01,0y, 04 € N, then v] 2,03,113 g NUN'. Then (N UN'"U{v| )\ {v,} is a m-v set of M(P,). Slmllarly, if v,_3,0,_1,0, € N, then
(NUN'u{V AR ,,_1} is a m-v set of M(P,). We can thus further modify N U N’ in such a way that no three vertices from P, of
the form v, _;,v;, 0,4, arein N.

In the third case assume that v_, v_;, U4 € N, Where k #3,n—2. Then v/, _ 3 v, & N U N’. Moreover, we also infer that by the
above modlﬁcatlons, Up_3> U, Ugq € N, see Fig. 2(c). Then (N U N'u U {vg, u D\ {ve_q,v k+1, Urs3 ) is am-v set of M (P,). (Note that
only one among v i1 and vy 3 will be present initially in NUN " which 1mphes that the cardinality does not change.) If v I Uy, U5 €N,
then U 02,03, Vl,v4 € NUN'. Then (N UN'U {uvs, U D\ {vy,vg} is a m-v set of M(P,). (Note that only one among v and vg will
be present 1n1t1ally in NUN’.)) Similarly, if v,_4,v,_;, u €N, then (NUN'U{v,_,, n—2})\ {v,_1, 0 3 Un—s } IS am-v set of M(P,).
(Note that only one among U:l _, and v,_s will be present initially in N U N".)

In the last case to be considered assume that v;_,,v;_;,0;,; € N for some [ > 3. Then vy, U;(,Ukﬂ, Uryo € N U N’. In addition,
Ug_5:V_4>Ug_3» 02_3 & N U N/, if those vertices are present in the graph. Then (N U {v; })\ {v,_; } is a m-v set of M (P,). Thus modify
N U N’ in such a way that no three vertices from P, of this form are in N. This proves the claim.
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In view of the proved Claim, it remains to consider a m-v set T UT' of M (P,), where T CV(P,) and T’ C V(Pn' ), such that T is
an independent set. Now, if there are two vertices « and v in T such that dg(u,v) > 5, then each of u and v must have a neighbor in
V(P’: ) which is not in 7’ in order that u are v are visible. Also, if there are two vertices u and v’ in T such that d(u,v) =4, then u
must have a neighbor in V(P’; ) which is not in 7’ in order that u are v’ are visible. Such a vertex from V(Pn’ )\ T’ can be used or
shared by at most two vertices from T'. Hence, the cardinality of T U T’ will be maximum when the vertices v, v3, Vs, ... are included

in T and the vertices U’z, 0’6, U’lo, ... are excluded from T’. We can conclude that

M) <[ 3]+n- [% [2]]=n+ anIJ .

The above consideration also gives rise to the following construction of a largest m-v set of M (P,). Let R = {v{,vs,..., v, }, where
k =n—1 when n is even, and k = n when # is odd. Let further R’ = {ué’lf+2 1 £ €Ny, 2<47 +2 < n}. In the case when n mod 4 =3,
we further add the vertex v/ | to R’. Set now

S=RUWV(P)\R).

By considering all the cases (up to symmetry) and having the discussion from the previous paragraph in mind, we infer that S is a
m-v set of M(P,). Since |R| = [g} and |R'| = [% [gﬂ, we have

s z15= 5] en= [ [5]] v+ 23]

and we are done. []
Theorem 5.2. If n > 8, then u(M(C,)) =n+ [%J.

Proof. Let C, have the vertices vy, ..., v, (connected with natural edges), so that V(M (C,)) = {vy,...,v,} U {U’l, et u;} U {v*}. We
will assume that indices are computed modulo n.

We first prove u(M(C,)) <n+ [g] and consider for this sake all m-v sets of M (C,). In the first case, let .S be a m-v set of M (C,)
which contains the vertex v*. Let S = N UN', where N CV(C,) and N’ C V(C))u {v*}. By our assumption, the vertex v* belongs to
N'’. Hence at most two vertices from V(C};), say U;( and U;€+2, are in N'.If n € {8,9}, it can easily be verified that |.S| < 8. For n > 10,
at most five vertices from V' (C,) are in N, since no two vertices u, v € V' (C,,) such that dcn (u,v) > 5, are S-visible. So in any case the

claimed inequality holds. Because of that, in the rest we may restrict our attention to m-v sets of M (C,)) which do not contain v*.

Claim. To any m-v set S of M(C,), where v* & .S, there exists a m-v set T UT’ of M(C,), where T CV(C,) and T' CV(C)), such that
|T UT’| = |S| and the following holds. As soon as vy, vy € T, the vertices Uy_», U_j, Ugya, and vy 3 do not belong to T.

Let S = N U N’ be a m-v set of M(C,), where N C V(C,) and N’ CV(C!). Then we are going to modify N U N’ such that the
modified m-v set of M (C,) will satisfy the condition of the claim. To this end, we distinguish a few cases.

Assume first that v;_, Uy, Uy € N. In this case, vy, U} _,, U}_, U, Uy, Ugso, and v}, do not lie in N U N”, just as shown in
Fig. 2(a). Now we consider the set (N UN' U {v;{}) \ {v;} and show that it is a m-v set of M(C,). If v;,; € N, for I =3 or for any
[ >5, then since v, and v,,, are visible, we get U;( and v, are visible. Similarly, if v,_, € N, for I =3 or for any / > 5, we get that
vy, and vy_; are visible. Now, if n > 10, then v} and v, 4 are visible since v;_, and v, are visible. Similarly, v} and v;_, are visible
because v, _; and v,_, are visible. It can be verified directly that for n = 8, the above possibility along with v;,_4 € N or v}, 4 € N
implies [N U N’| <7, which is a contradiction. Similarly, for n =9, the above possibility along with v,_, € N or v;,4 € N implies
|N U N’| <10, which is a contradiction.

Assume second that vy_3,vy_1, Uy, Ugsp € N. In this case, vy, U)_,, U}, U}, Vgq1, and ), do not belong to N U N’, see
Fig. 3(a). We now consider (N UN'U {U;( D\ {v,} and assert that it is a m-v set of M(C,). The vertices UL and v, are visible since
Vg1 € N. I v, € N, for [ =3 or for any / > 5 then, since v, and vy, are visible, we get that v} and vy, are visible. Similarly, if
Uy—; € N, for I =3 or for any / > 5, we get that v} and v,_, are visible. If v;_4 € N, then either v} . or v} _, not in N'. Hence, v}
and v;_4 are visible. If n > 10, then U;c and v, 4 are visible since v;_; and v, are visible. It can be directly verified that for n =9,
the above possibility along with v, € N implies |N U N’| < 10.

Assume next that v_y, v_, U, Ugip € N. In this case, vy _3, Vg, U}y, Ups Ukt
now consider two subcases.

In the first subcase assume that 02_3 & N’ or U;(_S & N'. Then we assert that (N U N" U {v; })\ {v} is a m-v set of M(C,). The
vertices v} and vy, are visible since v, & N. If v, € N, for I =3 or for any I > 5, then, since v; and vy, are visible, we get v/,
and v, are visible. Similarly, if v;,_, € N, for I =3 or for any / > 5, we get U;c and v,_, are visible. Also, U; and v,_, are visible
since v}_, & N’ or v, _ & N'. Now, for n > 10, the vertices v} and v, are visible since v;_; and vy, are visible. It can be easily
verified that for n =9, the above possibility along with v, € N implies [N U N’| <10

In the second subcase assume that U;(_S, 02_3 € N'. Then v;(_l ¢ N', since v, and v,_, are visible. We now assert that (N U N’ U
{u;(_1 D\ {vx_1} isam-vset of M(C,). If v;,; € N, for [ =2 or for any / > 4, then, since v;_; and v, are visible, we get that v;(_l
and v, are visible. Similarly, if v;_, € N, for | =4 or for any / > 6, we find that U;ﬁl and v,_; are visible. Also, v;c and v, 5 are
visible since v}, & N" or v}, & N'. Similarly, v} and v;_s are visible since v}, & N" or v} _, & N’. The claim is proved.

U;C_H do not lie in N U N/, cf. Fig. 3(b)). We

6
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Uk—4  Vp—3 Ur—2 Up— Uk Ukl Uky2  Uk+3 Uktd

Uk—4  Vp—3 UVk-2 Uk—1 Uk Ukt Ukt2  Uk43 Vik4d
(b)

Fig. 3. Situations from the proof of Theorem 5.2. The black vertices again denote the vertices in the m-v set, the grey vertices are those whose status is not known and
the white vertices are those which cannot be present in the m-v set.

We have thus proved that there exists a m-v set T UT’ of M(C,), where T CV(C,) and T’ C V(C;), such that if v, v, €T,
then v _s, Ug_1, Ugy0. Vg3 & T- We are now going to show that for this set we have [T UT’| < [g] +n— [% [gﬂ If vy,v41 €T, then
Uk—2> Uk_15 Uq2> Ugy3 do not belong to T'. Also, U;ﬁ]’u;ﬁz ¢T'.Now, if T/ =V (C)), then T =@, for n > 8. If T' =V (C)) \ {U'Z}, then
T={v,03}. T =V(C)\ {v’z, vg}, then T = {v,, v3,0s, 07 }. This process can be continued until the [% [%ﬂ vertices ”lz’ v’ﬁ, U/IO’
are excluded from V' (C’) so that the L%J vertices v}, vs, Us, ... can be included in T. Hence u(M(C,)) < [gJ +n— [% [gﬂ =n+ Lg].

To complete the argument we construct a m-v set of M (C,,) of cardinality n + [EJ as follows. Let R C V(C,) be an independent
set of maximum cardinality of C, and let R’ be a smallest set of vertices from V(C,’l ) which dominate all the vertices from R. Then

RU(V(C))\ R') is am-v set of M(C,). Since |R| = LgJ and |R'| = [% Lgﬂ we have

e mr=[2] v 1[3]] s+
which in turn implies that u(M(C,)) > n+ [g] . O

Proposition 5.3. If G is a graph with n(G) > 2 and with a universal vertex, then u(M(G)) =2n(G) — 1.

Proof. Let v be a universal vertex of G. Then it is straightforward to verify that (V(G) \ {v}) UV(G’) is a m-v set of M (G) which
implies that u(M(G)) > 2n(G) — 1.

Let .S be an arbitrary m-v set of M(G). If V(G) C S, then S N V(G') = @, hence in this case |S| < n(G) + 1 <2n(G) — 1. The
same conclusion holds when § N V' (G) = @. Assume in the rest that 1 < |S NV (G)| < n(G) — 1. Then if v* ¢ S, we immediately get
|S] £2n(G)—1 and if v* € S, then |[SNV(G")| < n(G) — 1, and we obtain the same conclusion. In any case u(M(G)) > 2n(G)—1. []

Theorem 5.4. If G is not a complete graph and diam(G) < 3, then

n(G) + po(G) < u(M(G)) <n(G) + u(G)+ 1.
Moreover, if u(M(G))=n(G)+ u(G)+ 1, then every u-set of M (G) contains v*.

Proof. Let M be a p,-set of G. Then, having in mind that diam(G) < 3, it is straightforward to verify that M U V' (G’) is a m-v set of
M (G) and therefore u(M(G)) > n+ p,(G).

Let S be a u-set of M(G). Assume first that S NV (G) is a m-v set of G. Then |S NV (G)| < u(G) and hence, |S| <n+ u(G)+ 1.
Assume second that S N V(G) is not a m-v set of G. Then there exists u,v € S NV (G) such that u and v are not mutually visible
in G but are mutually visible in M (G). Denoting by I;[u, v] the set of all vertices that lie on shortest u, v-paths in G, we then have
x € I5[u,v] such that x € S but x’ ¢ S. If (S \ {x}) N V(G) is a m-v set of G then |S NV (G)| < u(G) + 1. Hence, |S| <n+ u(G)+ 1.
If (S\ {x})NV(G) is not a m-v set of G then proceed as above, that is, at each step we detect a vertex ' € V(G') \ S corresponding
to a vertex y € S. Therefore, u(M(G)) < n+ u(G) + 1.

Concerning the second part of the statement, assume now that u(M(G)) = n(G) + u(G) + 1 and suppose by way of contradiction
that S is a u-set of M(G) such that v* & S. Then |S NV (G)| = u(G) + k, for some k > 1. It follows that |S N V(G')| = n(G) — k + 1.
Using a parallel argument as above, we are now going to show that |.S NV (G')| < n(G) — k, which becomes a contradiction. Since
|S N V(G)| is not a m-v set of G, there exists u,v € S N V(G) such that u and v are not mutually visible in G but are mutually
visible in M (G). Then there exists x € I;[u,v] such that x € S but x’ & S. If k # 1 then (SN V(G)) \ {x} is still not a m-v set of

7
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G and hence the above process can be repeated. Thus there exist distinct vertices x’l, ,x;( that are not in .S N V(G’) and hence
[SNV(GH <n(G)-k. O

We now give some examples how Theorem 5.4 can be applied. First, from the theorem we read that u(M(P,)) € {6,7} and that,
moreover, if u(M(P,)) =7, then every u-set of M (P,) contains v*. But if a m-v set .S of M (P,) contains v*, then we infer that S| <5.
Indeed, note first that .S contains at most two vertices from V(PA{), and if so, these two vertices must be either v/, vg or 0’2, ug. From
here it readily follows that |.S| < 5. We can conclude that (M (P,)) =6.

Letr; > r, >3 and set n =r| +r,. Using Theorem 5.4 we get that y(M(K,MZ)) € {2n—2,2n—1} and that ifﬂ(M(K,] "
then every p-set of M(K, , ) contains v*. Let .S be an arbitrary m-v set of M (K, ,,) with v* € S, and let uv € E(K,
most one among ' and v can be in S, hence |S| <n+r; — 1. We conclude that H(M (K, ,,)=2n-2.

In Theorem 5.2 we have determined u(M (C,)) for n > 8. We now do the same for shorter cycles. By Theorem 5.4, y(M(C,)) > n+2,
for 4 <n <7. We claim that here equality always holds. Let .S be a u-set of M(C,). If v* € .S then at most two vertices from V(Cr’l ),
say v) and v}, Lo arein S.If U0 +2 €S then at least one vertex, say vy, is not in S. Thus in this case, |.S| <+ 2. Now, suppose
v* & S. Then as in the proof of Theorem 5.2, there exists a y-set .S of M(C,) such thatif v;,v,, | €S, then v;_,,0;_1,0542,0543 € S.
If V(C,’l) ¢ S, then |S|<n+ [g] =n.If V(C,’,) C€ S, then SNV(C,) forms an outer m-v set of C,.. Hence |.S| < n+ 2 and consequently

u(M(C,))=n+2,ford<n<7.

) =2n-1,
). Then at
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6. Concluding remarks

In Theorem 3.2 we have bounded the mutual-visibility number of an arbitrary, non-complete graph G with u(D(G)) > n(G) + p,(G)
and demonstrated the bound to be sharp. Since ;(D(G)) can be arbitrary larger than > n(G) + y,(G), we pose the problem to find
some other lower bound (in term of some other invariants), a function of which can also be used as an upper bound.

In Theorem 3.3, we have determined u(D(C,)). To determine x(D(G)) for an arbitrary graph G seems out of reach, hence com-
puting the mutual-visibility number of the double graph of some other standard graphs would be of interest.

In Theorem 4.2, we have bounded gp(D(G)) from below and from above, and characterized the graphs that achieve the upper
bound. It remains open to characterize the graphs that achieve the lower bound of the theorem.

In Theorem 5.4, the mutual-visibility number of the Mycielskian of graphs with diameter at most 3 is bounded. To derive such
bounds for general graphs remains a challenging problem. Moreover, determining y(M (G)) for other graphs G than paths and cycles
is also something to be investigated in the future.
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