Results Math (2024) 79:260
Online First

© 2024 The Author(s) . .

https://doi.org/10.1007/s00025-024-02291-4 I Results in Mathematics
Check for
updates

A New Approach to Universal F'-inverse
Monoids in Enriched Signature

Ganna Kudryavtseva® and Ajda Lemut Furlani

Abstract. We show that the universal X-generated F-inverse monoid
F(G), where G is an X-generated group, introduced by Auinger, Szen-
drei and the first-named author, arises as a quotient inverse monoid of
the Margolis-Meakin expansion M (G, X U G) of G, with respect to the
extended generating set X U G, where G is a bijective copy of G which
encodes the m-operation in F(G). The construction relies on a certain
dual-closure operator on the semilattice of all finite and connected sub-
graphs containing the origin of the Cayley graph Cay(G, X UG) and leads
to a new and simpler proof of the universal property of F(G).
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1. Introduction

An F-inverse monoid is an inverse monoid such that every o-class, where o
is the minimum group congruence, has a maximum element, with respect to
the natural partial order. These monoids appear naturally and are useful in
various mathematical contexts, see [2] and references therein; for a solution of
the finite F-inverse cover problem, see [1].

F-inverse monoids possess the additional unary operation s — m(s) as-
signing to each element s the maximum element m(s) in its o-class. It was
observed by Kinyon [7] that F-inverse monoids in the enriched signature (-, -,
m, 1) form a variety of algebras. In [2], Auinger, Szendrei and the first-named
author found a model for the F-inverse expansion F(G) (in this paper denoted
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F(G,X)) of an X-generated group G, which is an upgrade of the Margolis-
Meakin expansion M (G, X) of G [9] (for definitions and properties of M (G, X)
and F(G, X), see Subsection 2.5). A special case of this construction, with G
being the free X-generated group FG(X), is a model of the free X-generated
F-inverse monoid FFI(X). The construction of F(G, X), just as in the case
with M (G, X), involves certain subgraphs of the Cayley graph Cay(G, X) of
the X-generated group G. Its key novel feature is that the requirement of the
connectedness of subgraphs under consideration is dropped. The appropriate
analogues of paths in Cay(G, X) are journeys where, along with traversing
edges, it is allowed to jump between vertices, the jumps being captured by the
m-operation of F(G, X). The proof of the universal property of F(G, X) from
[2] relies on assigning journeys in Cay(G, X) to terms of a suitable term alge-
bra and evaluating them in F'(G, X). The proof is independent of the universal
property of M (G, X) and implies the latter, along with the universal property
of the Birget-Rhodes expansion B(G) [3,15] of G (see [2, Remark 4.8]).

In this paper, we show that F(G,X) arises as the canonical quotient
inverse monoid M”(G,Y) of the Margolis-Meakin expansion M(G,Y) of G,
with respect to the extended set of generators Y = X UG, where G is a set
in a bijection with G and encodes the m-operation in F(G, X). This quotient
arises from a suitable G-invariant dual-closure operator j: Xy — Xy on the
semilattice Xy of all finite and connected subgraphs of Cay(G,Y’), which con-
tain the origin. Note that the underlying order of Xy is the anti-inclusion order
(see Proposition 2.1) and upon reversing this order our dual-closure operator
can be equivalently looked at as a closure operator. We show that M"(G,Y)
is an X-generated F-inverse monoid and is canonically isomorphic to F/(G, X)
(Propositions 4.2 and 4.3), the latter being essentially due to the fact that the
gaps in finite and not necessarily connected subgraphs containing the origin
of Cay(G, X) are determined by the edges labeled by G in the corresponding
closed connected subgraphs of Cay(G,Y"). Applying the universal property of
M (G,Y), we show in Theorem 4.4 that M"(G,Y) has the same universal prop-
erty as F/(G, X), which yields a new and simpler proof of the universal property
of F(G, X). Our arguments rely on the structure result for E-unitary inverse
semigroups in terms of partial actions which is recalled in Subsection 2.3.

When this work was nearly complete, we learned of the preprint version
of the paper [14] by Nora Szakdcs, which also treats quotients of the Margolis-
Meakin expansions arising from closure operators, but with a different purpose.
While we use dual-closure operators to give a new perspective on F(G, X),
[14] shows an equivalence of categories between certain closure operators and
suitable E-unitary or F-inverse monoids. The work [14] separately considers
closure operators on not necessarily connected subgraphs of Cay(G, X) (and
also an appropriate analogue of Stephen’s procedure in inverse monoids), in
order to study presentations of F-inverse monoids in enriched signature. Our
results, together with those of [14], suggest that this setting can be alternatively
handled using connected subgraphs of Cay(G,Y") (see Remark 4.5).
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For the undefined notions in inverse semigroups we refer the reader to
[8,11], and in universal algebra to [4].

2. Preliminaries

2.1. X-Generated Algebraic Structures

We say that a group (or an involutive monoid, or an inverse monoid, or an
F-inverse monoid) is X-generated via the assignment map tg: X — S if S is
generated by t5(X). A map ¢: S — T between X-generated groups (or involu-
tive monoids, or inverse monoids, or F-inverse monoids) is called canonical, if
oLs = 1. Let (X UX~1)* be the free involutive monoid on X UX ! and S an
X-generated inverse monoid (in particular a group). For each u € (X U X ~1)*
by [u]s (or simply [u] when S is understood) we denote the wvalue of u in S,
that is, the image of u under the canonical morphism (X U X ~1)* — G if
x € X, we have [z]s = ts(x).

2.2. Partial Group Actions and Premorphisms

Let < denote the natural partial order on an inverse monoid. A premorphism
from a group G to a inverse monoid S is a map ¢ : G — S, such that the
following conditions hold:

(PM1) ¢(1) =1,
(PM2) ¢(g)¢(h) < ¢(gh), for all g,h € G,
(PM3) ¢(g7') =p(g) ", forall g € G.

If S is the symmetric inverse monoid Z(X), we will denote ¢(g)(z) by
@q(z). By a partial map f: A — B from a set A to a set B we mean a map
f: C — B where C C A. For a € A we say that f(a) is defined if a € C.

Let G be a group and X a (non-empty) set. We say that G acts partially
on X if there exists a partial map G x X — X, (g,z) — g -, which satisfies
the following conditions:

(PA1) 1-z is defined and equals z, for all z € X,

(PA2) if g-x and g-(h-x) are defined, then gh-x is defined and g-(h-x) = gh-z,
forall gh € Gand z € X,

(PA3) if g- is defined, then g~! - (g-2) is defined and equals z, for all g € G
and x € X.

A partial action G x X — X (g,z) — ¢ - x, gives rise to a premorhpism
¢: G — I(X) given by ¢4(x) = g - . The notions of a partial action of G
on X and of a premorphism G — Z(X) are easily seen to be equivalent. For
more background on partial group actions, we refer the reader to [6]; for a
comprehensive survey on partial actions to [5].
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2.3. The Structure of E-Unitary Inverse Semigroups in Terms of Partial Ac-
tions

Let P be a poset. A non-empty subset [ of P is said to be an order ideal,
if v <yandy € I imply that x € I, for all z,y € P. A map f: P — Q
between posets is called an order isomorphism, provided that x < y if and
only if f(x) < f(y), for all z,y € P.

For a semilattice Y, by X(Y") we denote the inverse monoid of all order-
isomorphisms between order ideals of Y. Partial actions of a group G on Y
by order isomorphisms between order ideals correspond to premoprhisms G —
S(Y).

We now recall the variation of the McAlister structure result [10] on E-
unitary inverse semigroups in terms of partial actions [6,12]. Suppose that a
group G acts partially on a semilattice Y = (Y, A) by order isomorphisms
between order ideals and that ¢: G — X(Y) is the associated premorphism.
On the set

Y x,G={(e,9) €Y x G: e €rangp,}

define the following operations:

(eag)(f, h) = (909(9051*1(6) A f)agh)7 (6,9)71 = (@g*l(e)agil)'

When ¢ is understood, we suppress the index ¢ and denote Y x,G by ¥ x G.
Then Y x G is an inverse semigroup with Y ~ E(Y xG) via the map y — (y, 1).
The natural partial order on it is given by (e,g) < (f,h) if and only if g = h
and e < f. For (e,g),(f,h) € Y x G we have (e,g) o (f,h) if and only if
g = h, so that Y x G is E-unitary and (Y x G)/o ~ G via the map (y,g) — g.
It is easy to see that Y x G is a monoid if and only if Y has a top element,
ly, in which case the identity element of Y x G is (1y,1). Furthermore, for
each E-unitary inverse semigroup S we have that S ~ E(S) x, S/o via the
map s — (5571, [s],) where ¢ is the underlying premorphism of S, defined by
setting, for all g € S/a,

dom ¢, = {e € E(S): there exists s € S with [s], = g such that e < s~ 's},

¢g(e) = ses™!, where e € dom ¢, and s is such that [s], = g and e < s7!s,
where [s], denotes the o-class of s.

2.4. Cayley Graphs of Groups

The Cayley graph Cay(G,X) of an X-generated group G is defined as the
oriented graph VU ET UE™, where V = G is the set of vertices, ET = G x X
is the set of positive edges and E~ = G x X1 is the set of negative edges. We
set E=ETUE™.

For convenience, we will denote an edge (g,x) by (g,z,g[z]). We let
a(g,z,g[z]) = g, w(g, v, g[z]) = g[z] and I(g,z,g[z]) = x be the beginning,
the end and the label of the edge (g, x, g[x]). There is the involution ': E — E,
defined by (g,7,g[x])~! = (g9[z],271,g). The edge (g[z],z1,g) should be
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thought of as ‘the same edge’ as (g,x,g[x]) but ‘traversed in the opposite
direction’.

A non-empty path in Cay (G, X) is a sequence ejes - - - e, (n > 1) of edges,
for which w(e;) = a(ejy1) for all i € {1,...,n —1}. For the pathp=e€1---¢,
we set a(p) = ale;) and w(p) = w(e,). The inverse path of p is the path
pl=e¢1 - efl. The empty path at a vertex g is denoted by £, and we set
a(eg) = w(eg) = g. Two paths, p in ¢, in Cay(G, X) are called coterminal
if a(p) = a(q) and w(p) = w(q). The label of the path p = ey ---e,, where
n > 1, is defined by I(p) = l(e1) - l(es) € (X UX 1T while I(g,) = 1 for
all g € G. A subgraph T' of Cay(G, X) is a subset I' C Cay(G, X), which is
closed under «, w and ~*. By V(T') and E(T") we denote the sets of vertices and
edges of the subgraph I'. Any subset P C Cay(G, X) yields a unique subgraph
of Cay(G, X) called the subgraph spanned by P and denoted by (P). If p is a
path in Cay(G, X), then the graph (p) spanned by p is defined as the graph
spanned by the edges of p. Note that if P is finite, so is (P). A subgraph T
is connected, if for any two vertices u,v € I' there exists a path p in I which
begins in u and ends in v.

2.5. The Universal Inverse Monoid M (G, X ) and F-inverse Monoid F (G, X)
of an X-Generated Group G

Let G be an X-generated group and Cay (G, X) its Cayley graph. We introduce
the following notation:
e Xx —the set of all finite connected subgraphs of Cay (G, X') which contain
the origin,
e Xy — the set of all finite (and not necessarily connected) subgraphs of
Cay(G, X) which contain the origin.

These are semilattices with A < B if and only if A O B; their top element is
the graph I'y with only one vertex, 1, and no edges. We put:

MG, X)={T,g): T € Xx and g € V(I)},
F(G,X)={(T,g): T € Xx and g € V(I')}
and define the operations on M (G, X) and F(G, X) by
(A,9)(B,h) = (AUgB,gh), (A,9) ' = (g7 A,g7").

Then M (G, X) is an E-unitary inverse monoid called the Margolis-Meakin ex-
pansion of the X-generated group G [9], and F(G, X) is the F-inverse monoid
F(G) introduced by Auinger, Szendrei and the first-named author in [2]. In
the following proposition we collect some properties of M (G, X) and F(G, X).

Proposition 2.1 [2,9]. Let G be an X -generated group.

(1) The identity element of each of M(G,X) and F(G,X) is (I'1,1).
(2) M(G,X) is an X-generated inverse monoid and F(G,X) is an
X -generated F-inverse monoid via the assignment map x — (T'y, [z]),
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where T',, is the graph with two vertices, 1 and [z], and the positive edge
(1,2, []).

(3) The natural partial order on each of M(G,X) and F(G,X) is given by
(A,9) < (B,h) if and only if g =h and B C A.

(4) Let (A, g),(B,h) be elements of one of M(G, X) or F(G,X). Then (A, g) o
(B, h) if and only if g = h, which implies that M(G,X)/o ~ G and
F(G,X)/o ~ G via the canonical morphism (I',g) — g.

(5) In F(G,X) the mazimum element of the o-class of (4,9) is ({1,9},9)
where {1, g} is the graph with vertices 1,g and no edges.

(6) o M(G,X) = Xx x G, where the underlying premorphisms ¢: G —

Y(Xx) is given, for each g € G, by domp, = {I' € Xx : g7 €
V(I)} and @4(T") = gT for all T € dom ¢g.

o F(G,X) = Xx x G, where the underlying premorphism @: G —
Y(Xx) is given similarly as above for M(G,X), with Xx replaced
by .XN‘X,

(7) (Unaversal properties of M(G, X) and F(G,X)) Let S be an X -generated
E-unitary inverse monoid (respectively, an X -generated F-inverse monoid)
such that there is a canonical morphism v: G — S/o. Then there is a
canonical morphism ¢: M(G,X) — S (respectively, F(G,X) — S) such
that the following diagram of canonical morphisms of X -generated inverse
monoids (respectively, of X -generated F-inverse monoids) commutes:

UG, X) —2— 8

| I

G —Y % S/o

where U(G, X) is one of M(G,X) or F(G,X).
(8) Let p be a path from 1 to g in Cay(G,X). Then [I(p)a(c,x) = ((P),9)-
(9) Let p and q be paths in Cay(G,X). Then [I(p)|ama,x) o (@) me,x) if
and only if [l(p)le = [l(9)]c-

We remark that the results in (6) above are not explicitly stated in [2,9],
but easily follow from the results therein and are known.

3. Dual-Closure Operators on Semilattices and Quotients of
Partial Action Products

Recall that a dual-closure operator (or an interior operator) on a poset (P, <)
is a map j: P — P, which satisfies the following conditions, for all z,y € P:
(cn) jz) <z,
(CI2) if 2 < y then j(z) < j(y),
(C13) j(i(x)) = j(x).

From now on let X be a semilattice and j: X — X a dual-closure oper-
ator on it.
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Lemma 3.1. For all z,y € X we have j(j(z) N j(y)) = j(z Ay).

Proof. Since j(z) < z and j(y) < y by (Cl1), we have j(z) A j(y) < z Ay.
From (Cl12), it follows that j(j(z)Aj(y)) < j(xzAy). For the opposite inequality
observe that, since x Ay < z, we have j(x Ay) < j(x), by (CI2), and similarly
Jjl@ Ay) < jly). Hence j(z Ay) < j(z) A j(y). Applying (Cl2), we write
3G (@ Ay)) < j(j(x) Aj(y)) which, in view of (CI3), yields j(z Ay) < j(j(z) A
j(y)), as required. O

We define the equivalence relation p; on X by

zpjy = j)=jy).
It is easy to see that p; is a congruence on X. It will be convenient to identify
the quotient semilattice X/p; with the semilattice (j(X), A) with the operation
J@)Ajy) =iz Ay).

Let G be a group acting partially on the semilattice X by order isomor-
phisms between order ideals. We say that a dual-closure operator j on X is
G-invariant provided that if ¢ - x is defined then j(g - z) = g - j(x), for all
g € G and z € X. If j is a G-invariant dual-closure operator on X, define the
relation p; on the inverse semigroup X x G by

(e,9) pj (f;h) <= g =hand j(e) = j(f). 3.1)

Proposition 3.2. The relation p; is a congruence on X x G, which is contained
in 0. Moreover (X x G)/p; ~ j(X) x G.

Proof. Obviously, p; is an equivalence relation, contained in o. Suppose that
(e,9) p; (f,h). Then g = h and j(e) = j(f). Let (d,s) € X x G and show that

(e,9)(d,s) pj (f,h)(d,s) or, equivalently, (¢4(g-1(e)Ad), gs) pj (pg(pg—1(f)A
d), gs). It suffices to show that j(p4(¢g-1(e) Ad)) = j(pg(@g-1(f) Ad)). The
left-hand side rewrites to

Pg(i(pg-1(e) Ad)) = @g(i(pg-1(e))Aj(d)) = p4(i(pg-1(i(e)) Aj(d)))
and, similarly, the right-hand side to ¢4(j(wg-1(3(f)) A j(d))). Since j(e) =
J(f), the two expressions coincide. Likewise, one shows that (d,s)(e,g) g;
(d, s)(f,h). The map (X x G)/p; — j(X) x G given by [(e, 9)l5, — (i(€),9),
is obviously well defined, and it is routine to check that it is an isomorphism
of semigroups. O

4. A New Approach to the Universal F-Inverse Monoid
F(G,X)
4.1. The Inverse Monoid M (G,Y).

Let X be a nonempty set and G an X-generated group. In what follows, we will
need to consider G also with respect to another generating set, so to distinguish
between the assignment maps for different generating sets, we will denote the
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assignment map X — G by tg,x. Recall that we abbreviate vq x () by [z].
Let, further, G be a disjoint copy of G, and we fix the bijection g — g between
G and G.
We will consider the group G also with respect to the ‘extended’ gener-
ating set Y = X U G via the asisgnment map gy : Y — G given by
e [z], ifzelX,
_ e (4.1)
gr—g, itgeG.
In particular, for all z € X we have ¢y () = tg.x(z) = [z].
For g € G we define I'g to be the graph with two vertices, 1 and g, and
one positive edge (1,7, g). Then the inverse monoid M(G,Y) = Xy x G is

Y-generated via the map tyr(q,y): Y — M(G,Y) given by
x— Ty, [2]), ifzxelX,

_ P (42)

g (I'g,9), ifgeq,

and its identity element is (I'1, 1).

4.2. The F-Inverse Monoid M"(G,Y)
We call a subgraph I' € Xy closed provided that it satisfies the following
condition:
(C) If a,b € G are such that a,b € V(T'), then (a,a=1b,b) € E(T).

For I' € Xy we put I' to be smallest closed graph in Xy which contains
T. Tt is clearly well defined and we have V(I'*) = V(T') and ET(T'") = ET(T") U
{(a,a=1b,b): a,b € V(I')}. It is easy to see that j: Xy — Xy, I — T isa
G-invariant dual-closure operator. We put Xy = j(Xy).

The congruence g; of (3.1) on M(G,Y) = Xy x G is given by

(A,9) pj (B,h) < g=hand A" = B". (4.3)

By Proposition 3.2 the quotient inverse monoid M (G, Y")/p; is isomorphic
to X x G, which we denote by M"(G,Y). This is a Y-generated inverse
monoid via the assignment map

v (0 [a]), e X,
g’_)(F§7g)? lfgeGa

and its identity element is (I'1', 1) = (I'y, 1). The operations on it are given by
(4,9)(B,h) = (AU gB)", gh), (45)

(A,9)" =(g7"A 07" (4.6)

Remark 4.1. Tt is not hard to show that the congruence p; is generated by the

relations m >z, gh>ghand g-! =g ', where z € X, g, h € G, but we will
not use this fact in our arguments.
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Proposition 4.2. M"(G,Y) is an X-generated (in the enriched signature
(=',m,1)) F-inverse monoid with m(T,g) = (Ts,g), for all (T,g) €
MMNG,Y).

Proof. The second claim is clear by the description of o and the fact that
I'Z is minimum among all the graphs in Ay, which have 1 and g as vertices.
For the first claim, it suffices to show that each (I‘g, g), where g runs through
G\ {1}, can be written via the generators (I', [x]) in the enriched signature.
We write g = [z ---25r], where n > 1, all 2; € X and ¢; € {1, -1}, then
(T,g) = m((T2, i) - (T, ], 0

Proposition 4.3. The X -generated F-inverse monoids M™(G,Y) and F(G, X)
are canonically isomorphic.

Proof. Define the map f: X — Xx by f(I') = T'n Cay(G, X) where T'N
Cay(G, X) is the graph obtained from T' by erasing all its edges labeled by
G and their inverse edges labeled by G . This map is injective as T' can be
reconstructed from I' N Cay(G, X) by adding to the latter all the edges of

Cay(G,Y) labeled by G and G ' between its vertices. Tt is clearly surjective.
Since, in addition,
(I'1 N Cay(G, X)) U (T2 N Cay(G, X)) = (I'1 UT'2)" N Cay(G, X),

for all I'1,T'y € Xy, it is an isomorphism of semilattices. It is immediate
that f respects the partial action of G, that is, for all ¢ € G and I € X
we have that ¢4(I") is defined if and only if so is ¢4(f(I')), in which case
we have f(py(T)) = @,(f()). Here ¢: G — L(A{) and ¢: G — (Xx)
are the underlying premorphisms of M"(G,Y) and F (G, X) (see part (6) of
Proposition 2.1). It now easily follows that the map M"(G,Y) = AP x G —
Xx xG = F(G, X), given by (T, g) — (£(I), g), is an isomorphism of F-inverse
monoids. That it is canonical is immediate by the construction. O

We now prove the universal property of M"(G,Y).

Theorem 4.4. For any X -generated group G and any X -generated F-inverse
monoid F (in the signature (-,~1 ,m,1)) such that there is a canonical mor-
phism v: G — F/o, there is a canonical morphism ¢: M™(G,Y) — F such
that the diagram of canonical morphisms of X -generated F-inverse monoids

MMNG,Y) —2— F

| !

G —~— FJo
commutes.

Proof. Since in this proof, for some algebras A (which are groups, inverse
monoids or F-inverse monoids) we work with two generating sets, X and Y,
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we denote the corresponding assignment maps by ¢4, x and ¢4 y, respectively.
Because F' is an X-generated F-inverse monoid, it is an (X U{m(s): s € F'})-
generated inverse monoid (this is easy to show and known, see [2, Section 3]).
Let 7p: F/o — F be the map which assigns to each f € F//o the maximum el-
ement 7 (f) of the o-class of F' which projects onto f. Then F is a Y-generated
inverse monoid via the assignment map try : Y — F, such that .ry coincides
with tpx on X and tpy (g) = Trr(g) for g € G. By the universal property of
M(G,Y) (see part (7) of Proposition 2.1), there is a canonical morphism of Y-
generated inverse monoids ¥: M(G,Y) — F, such that the following diagram
of canonical morphisms of Y-generated inverse monoids commutes:

M@GY) —Y s F

| !

G—Y 5 Flo

We show that ¢: M(G,Y) — F factors through the canonical quotient
map m: M(G,Y) — M"(G,Y), as is illustrated below:

M(G,Y) "
\\‘

MNGY) —23 F

| !

G —Y 5 Flo

In view of (4.3) and since M"(G,Y) ~ M(G,Y)/p;, it suffices to show that
(A, g) = (AN, g) for all (A4,g) € M(G,Y). Since the graph A" is obtained
from the graph A by adding to it finitely many edges, there is a finite sequence
A=Ay, Ay, ..., A, = A" of graphs in Xy such that, for each i =0,...,n—1,
the graph A;1; is obtained from the graph A; by adding to it a single positive
edge (a,7g,ag) (and also its inverse negative edge). It thus suffices to prove
that (B, g) = ¥(C, g) where the graph C is obtained from the graph B by
adding to it a single positive edge e = (a,7,ag) (and also its inverse negative
edge) between a,ag € V(B). Since B is connected, there is a path, p, in
B with a(p) = ale) and w(p) = w(e). Let w'ew” be a spanning path in
C from the origin to g. Then the path w = w/pw” spans B and the path
W = w'ep~pw” spans C, moreover, w and W are coterminal from the origin
to g. Let s,t,u € (YUY ~1)* be the labels of w’, w” and p, respectively. Then
| = sut and | = sgu~lut are the labels of w and 1, respectively.

Since (B,g) (respectively, (C,g)) equals the value in M(G,Y) of the
label of any path in Cay(G,Y) which spans B (respectively, C) from the
origin to g (by part (8) of Proposition 2.1), we have that ¢ (B, g) = [l]F and
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P(C, g) = [l]r (the evaluations are taken in the Y-generated inverse monoid F').
We then have (B, g) = [s]¢[ulr[t]r and (C, g) = [s]r (] r[ul ' [u] p[t] . But
[ulam(a,yy o [9]m(c,y) as p and e are coterminal (by part (9) of Proposition 2.1),
moreover, [ulp < [g]F as [g]r = Trv(g) is the maximum element in its o-
class. It follows that [g]r[u]p' [u]F = [u]F, which implies the desired equality
(B, g) = ¥(C,g). Therefore, there is a well defined canonical morphism of
Y -generated inverse monoids p: M"(G,Y) — F such that om = 1. Since
[G]lFr = cp(Fg, g), for all g € G, it follows that ¢ preserves the m-operation, and
is thus a canonical morphism of X-generated F-inverse monoids. g

Theorem 4.4 and Propositions 4.2 and 4.3 provide a new proof of the
universal property of F(G, X).

Remark 4.5. Combining our results with those of [14], one can show that any
X-generated F-inverse monoid F (in the enriched signature (-, “*,m, 1)), looked
at as a Y-generated inverse monoid (as in the proof of Theorem 4.4), arises
as a canonical quotient of M(G,Y), where G = F /o, and generators from G
are mapped onto respective maximal elements of o-classes of F'. This suggests
that presentations of F-inverse monoids in enriched signature can be studied
by the usual tools (Stephen’s procedure [13]) developed for inverse monoids.
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