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Abstract. Let S be a set of four points chosen independently, uniformly
at random from a square. Join every pair of points of S with a straight line
segment. Color these edges red if they have positive slope and blue, otherwise.
We show that the probability that S defines a pair of crossing edges of the same
color is equal to 1/4. This is connected to a recent result of Aichholzer et al.
[1] who showed that by 2-colouring the edges of a geometric graph and count-
ing monochromatic crossings instead of crossings, the number of crossings can
be more than halved. Our result shows that for the described random drawings,
there is a coloring of tlge edges such that the number of monochromatic crossings

is in expectation ; — 4o of the total number of crossings.
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RANDOM POINT SETS IN THE UNIT SQUARE 215

1. Introduction

Let R be a closed bounded convex set in the plane, and let g(R) be
the probability that four points chosen uniformly at random from R form
the vertices of a convex quadrilateral. The problem of computing ¢(R) was
proposed by Sylvester [4] in 1868 and became known as Sylvester’s Four-
Point Problem. Woolhouse [6] showed that if R is a square then

9(R) = ...

A geometric graph is a graph whose vertex set is a set of points in general
position in the plane, and its edges are straight line segments joining these
points. Let D be a geometric graph on n vertices in general position. The
number of crossings of D is the number of pairs of its edges that intersect in
their interior. We denote this number with cr(D). Linearity of expectation
implies that, if the vertices of D are chosen uniformly and independently at
random from R, then

Let x be an edge coloring of D. Let cr(D, x) be the number of pairs of
edges of D of the same color that cross. If x is a random edge coloring of
D, in which every edge is assigned one of two colors with probability 1/2,
then linearity of expectation implies that

Eler(D, x)] = ; ~cr(D).

Recently, Aichholzer et al. [1] showed that there exists a constant ¢ > 0, such
that if D is a complete geometric graph, then there exists an edge 2-coloring,
X, of D such that

cr(D,x) = <; - c) -cr(D).

In this paper, we consider the case when the vertices of a complete geometric
graph D are chosen at random from the unit square [0, 1] x [0,1]. We show
the following theorem.

THEOREM 1. Let S be a set of four points chosen independently and uni-
formly at random from the unit square. Join every pair of points of S with
a straight line segment. Color each such edge red if it has positive slope and
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(O,h)loooooooooool(w’h)

(070)l'oooooo'oool(w’o)

Figure 1: The grid Qu,n for w =12 and h = 8. Its corners are marked with boxes. Its left
side is slightly shaded in green.

blue otherwise'. Then the probability that S defines a pair of crossing edges

of the same color is equal to 1/4.

Let Xslope be the edge coloring of D in which an edge is colored red if it
has positive slope and blue, otherwise. Theorem 1 implies that if the vertices
of D are chosen uniformly at random from a square then

1 (n 18 17

Bler(D xanpell = - () = o Blr(D) = (§ = JEler(D]
The constant 7/50 is significantly larger than the constant ¢ of Aichholzer
et al. [1] for the generic case. Incidentally, this idea of assigning different
colors to edges depending on the slope was used by Blazek and Koman [2], to
obtain a (conjectured) crossing optimal drawing of the complete graph K,
as follows. Place n points in a regular polygon; for every pair of vertices
u and v, if the line segment wv has positive slope then draw this edge as
diagonal of the polygon, otherwise draw this edge as a chord on the outside
of the polygon.

2. Preliminaries

For any non-negative integer n, let [n] = {0,...,n}.

For non-negative integers w and h, we use @, to denote the integer
grid [w] x [h], which contains (w + 1)(h + 1) points. The four sides of @y,
are the subsets {0} x [h] (left side), {w} x [h] (right side), [w] x {0} (bottom
side), and [w] x {h} (top side). The four corners of @, are the points that
lie on two sides simultaneously: {0,w} x {0,h}. See Figure 1. For a set of

L With this convention, horizontal edges (slope 0) and vertical edges (undefined slope) are
blue. In any case, these boundary cases are negligible.
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RANDOM POINT SETS IN THE UNIT SQUARE 217

points S C @y n, We say that its bounding box is @, if S intersects each
of the four sides of @, . (A corner intersects two sides.)

We define P, := @, for each non-negative integer m.

We use A = B+ C as a shorthand for B—C < A< B+ C. In our set-
ting, C'is given in O(-) notation. Thus, writing A(n) = B(n) & O(n) means
that there is a constant ¢ > 0 such that B(n) —cn < A(n) < B(n) + ¢n for
all n.

To estimate the number of integer points inside a convex region of the
plane, there is a tight, classical bound given by Nosarzewska [3]|, which we
simplify to the following rough statement:

THEOREM 2. Let K be a convex and compact set in the plane with area
A and perimeter L. Then |Z*NK|= A+ O(1 + L).

We will also use the following estimates for sums, whose bounds follow
from the closed form or from approximating by integrals.

LEMMA 3. For each positive integer n we have

zn:z' _ +O(n) anﬂ _ + 0(n?) iz‘f” _n + 0(nd)
i=0 2 ’ i=0 3 ’ i=0 4 ’

3. Proof of Theorem 1

Valtr [5] proved that the probability that n points chosen independently
and uniformly at random from a parallelogram are in convex position is
equal to ((2:__12) / n!) 2, Setting n = 4 in this formula, one recovers the value
q(R) = 25/36 for a unit square R. A very high level overview of his ap-
proach is as follows. First consider the integer grid P,, and assume that the
n points are chosen from this grid. Note that every set of n points in convex
position has a unique isothetic bounding box. Count the number of con-
vex polygons of n vertices having a fixed integer grid @, , as bounding box.
Then, sum this number over all possible copies of all possible integer grids
Qu,n that fit inside P,,. This gives the number of convex polygons with n
vertices in the integer grid P,,. Comparing this to the number of n-subsets
of the integer grid P,, and letting m tend to infinity, one gets the result.

We follow a similar paradigm. However, in contrast to the work of Valtr,
we use estimates to approximate the sums that appear in the analysis. The
error introduced by approximating the sums is negligible and vanishes when
we let m tend to infinity. Valtr uses a clever technique to count the number of
convex polygons on n vertices when @,y is the bounding box. We introduce
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218 S. CABELLO ET AL.

a different way of counting these polygons when n = 4. This new counting
allows us to distinguish convex polygons depending on whether their diag-
onals are monochromatic or bichromatic, for which Valtr’s technique does
not seem suitable.

For any positive integers w and h, let A, ; be the number of sets S €
(QZ*”) satisfying the following:

e the bounding box of S is precisely Q. p;

e S is in convex position; and

e the diagonals of the convex quadrilateral defined by S are of the same
color.

We are interested in estimating A, ,. We decompose the relevant sets
depending on the number of points placed at the corners of the bounding

)

box. More precisely, for each i =0,...,4, let Ag’h be the number of sets
S e (QZ*") satisfying the following:

e the bounding box of S is precisely Q. p;

e S is in convex position;

e the diagonals of the convex quadrilateral defined by S are of the same
color; and

e exactly 7 of the points of S are corners of Q-

Obviously,

4
Ay p = ZAfj?h.
=0

We compute estimates for each of the values Ag)h separately. In some of our
estimates we neglect the case where the diagonaﬂs are horizontal or vertical,
as they contribute a negligible part.

We will use p1, ..., ps to denote the points in the sets S € (QZ*") we
consider. For each point p; € S, we use (z;,y;) for its coordinates.

. Af;l’)h and Aff’)h. We have Afj)h =1 and Afj)h = O(wh); they will be
negligible in the final computation.

° Ag)’)h. In this case, the four points of S are on the sides of @, 5 and
none of them lie in a corner. Without loss of generality, we assume that
D1, P2, P3,p4 lie on the top, bottom, left and right sides of @, 1, respectively.
See Figure 2. Thus, the diagonals that cross are pips and psps. There are
(w — 1)? choices for p1ps and (h — 1)? choices for p3ps, as none of the points
can be a corner. Exactly? half of the choices for p;py are red, exactly half of

2 Here we neglect the case of of p1pa being vertical or p3p4 being horizontal, which is covered
by the term +O(w?h + wh?) in the computation below.
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P1

yz
P3
P2
; . (0)
Figure 2: The case A7,
3
- ~P3
Y2,
,h—, ’pg
Y2
@
w Y2
P1

Figure 3: The case Afﬂl’)h with a point at the bottom-left corner

the choices of p3p4 are red, and those choices are independent. Thus,

© _ (w—=1)*(h—1) w2h?

Ay = 5 = O(wh+wh®) =" " £ O(w?h +wh?).

° AS’)h. Without loss of generality assume that p; is the point in a
corner of @), 4. Suppose that p; is in the bottom-left corner. The other
three cases are analogous. To have bounding box @, one point of §,
say pe, is in the right side of @, , and another point of S, say ps, is in
the top side of Q. Note that pips2, p1ps are red, while paps is blue. See
Figure 3. For S to define a pair of crossing edges of the same color, the
remaining point of S, p4, must lie in K or K’, where:

— K = K(p2,p3) is the region above the line supporting p1ps3, below the
horizontal line through po, and to the right of the vertical line through py;

— K' = K'(pa,p3) is the region below the line supporting pips, to the
left of the vertical line through ps3, and above the horizontal line through p;.

Note that K and K’ are interior disjoint triangles. By considering the
four possible corners for the point p; and the possible locations of py and
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p3, we have

h—1 w—1
AS,)h =4y (IQM NK|+|Qurn K'| + 0(1)>,
y2=1x3=1

Since the regions K and K’ are convex and have perimeter O(w + h), we
can use Theorem 2 to obtain

h—1 w—1

AS’)h =4 Z Z (area(K) +area(K’) £ O(w + h))

y2=1xz3=1
h—1 w—1

1 Y2 1 x3
=43 ( g - : +0 h)
22 o Y2 h$3+2 3, Y2 (w+ h)
2=l a3=

& [’ vz | (w? Y2
—4y {( ) iO(w)) 0+ ( 5 j:O(wz)) iO(w2+wh)]

2w
y2=1

2 3

— (% o) (' = 0un) , + (15 =0t (s =om)

1
2w

+ O(w?h + th)]

h2

\ iO(h)) + (“?’)2 j:O(w)) <h2iO(h)) + O(w?h +wh?)

- (w0t

2
= 3w2h2 + O(w?h + wh?).

° Ag’)h. If two of the points of S lie on two corners on the same side of
Quw,n, then at least one other point of S has to lie on the boundary of Q. 1,
and there are O(w + h) choices for that other point. The fourth point of S
can then lie anywhere in @Q, . In total there are O(w?h + wh?) such sets
with two points of S on the two corners of a single side of Qy, .

It remains to count the number of sets S with two points on opposite
corners of @, n. Suppose that one point of S, say p1, is in the bottom-left
corner and another point, say po, is in the top-right corner. The case when
the points are in the other pair of opposing corners is analogous. Note that
the segment pips is red. See Figure 4.

Let p3 and p4 be the remaining points of S. Let £ be the line supporting
the diagonal pips. We count separately the sets S with ps and ps on the
same side of the line ¢ and those with those points on opposite sides of £.
More precisely, we define:
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. B
D2 3 < Y3,y

Y3 : Y3

Pl'

b1

Figure 4: The case Affy)h with points at the bottom-left and top-right corner. The left figure
is to analyze Cf)h and the right figure for ij)h

— Let 01(1;2)}1 be the number of sets {p1,p2,p3,p4} € (QZ*") contributing to

Afi)h such that p; is the bottom-left corner, ps is the top-right corner, and
p3, p4 are on opposite sides of the line supporting pips.

Qw,h
4

— Let fo)h be the number of sets {p1,p2,ps,ps} € ( ) contributing

to Afi)h such that p; is the bottom-left corner, po is the top-right corner,
and ps, ps4 are on the same side of the line supporting pipo.

We then have

A2, =2 () D)),
where the factor 2 comes from choosing pi, p2 as the endpoints of the other
diagonal.

Let us estimate 01(02)h Without loss of generality, let us denote by ps the
point above £, and thus p4 is below £. See Figure 2, left. For each choice of
p3 above £, if the segment p3p, is to be red, the point py must lie in K or
K’, where:

— K = K(p3) is the region below ¢, above the horizontal line through
p3, and to the left of the vertical line through ps;

— K' = K'(p3) is the region below ¢, to the left of the vertical line
through ps, and above the horizontal line through py.

Note that K and K’ are interior disjoint triangles. Thus,

Cff)h = Z (IQw,h NK|+|QunrNK'| £0(w+ h))

ps above ¢
h o lysw/h]

=3 Y (arca(k) + area(K') £ Ow + b))

ys=1 x3=0
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bl
=
ys=1

vl g 1
> (Q'w(l—yh?’) (h—ys) + - 25 uf’hi()(wh))
x3=0

h |lysw/h)]

S Y (gt w0 )

ys=1 x3=0

[ h w/h)?
- y; [Qh (b= y3)* - (ysw/hEOD)) + - <(y3 3/ )

+ O((ysw/h)?) )
+ O(w? + wh)}

h 2 2
w w
= [ (h—y3)*ys + 62 'ygiO(w2+wh)]

2h2
ys=1
w? bt 3 w? bt 3 2 2
= 2 (12i0(h ))+6h2 : (4 +O(h)) + O(w?h + wh?)
1
= _w?h? + O(w?h + wh?).

12

(2)

We continue now estimating Dw,h‘ Let us consider the case when both
points p3 and p4 are above £; the other case is analogous. Because of symme-
try, we can denote by p3 the point with smallest z-coordinate (see Figure 4,
right). In this case, for each choice of p3, the point py must lie in K = K (p3):
the region below the line supporting pips, above the line supporting psps,
and below the horizontal line through p,. This region is a triangle and, us-
ing that the slope of pips is y3/x3, we obtain that K has base (on y = h)
equal to w — zg h and height equal to h — y3. See Figure 4, right. Therefore

D& =2 5 (IQuanK|£0(w+h))

ps above /¢
h lysw/h]
:22 Z (area(K):I:O(w—l—h))
ys=1 x3=0
h |lysw/h] 1 T3
2% ¥ (2 - (w— y3h> -(h—y3)i0(w+h))
ys=1 x3=0
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Lysw/h]
_ Xh: Zh <w(h—y3) —g;g(’;z —h) iO(w+h)>

h

= 3 (wtt = ) (n = 000)

Ys=

- (s o) (- 1) £ 0w +u)

(=) = (% ) + (3 ) % Ow? +um)

= (3 (5 ou) (15 (7 =000)) + (5, ( =0u))
+ O(w?h + wh?) = 112w2h2 + O(w?h + wh?).

Using the computed values we conclude that

1
12

1

w?h? £ O(w?h + wh?) + 12%

Ag’)h =2- ( 2h% + O(w?h + whz))

1
= 3w2h2 + O(w?h + wh?).

This finishes the estimates of each single value Ag?h. Adding them we
have that

1 2 1
R (2 o+ 3) + O(wh + wh?) = nghz + O(w?h + wh?).

We summarize our findings.

LEMMA 4. There are ;’w2h2 + O(w?h + wh?) sets S € (QZ*") such that:
the points of S are in convex position, the bounding box of S is Qu p, and
both diagonals of the convexr quadrilateral defined by S have positive slope or
both diagonals have negative slope.

We have to consider now all copies of @, that are contained in P,
for all possible values w and h. This is the main object of interest in our
approach.

LEMMA 5. There are ’;168 +O0(m") sets S € (P4m) such that: the points
of S are in convex position, and both diagonals of the convex quadrilateral
defined by S have positive slope or both diagonals have negative slope.
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224 S. CABELLO ET AL.

PrOOF. Note that there are (m — w) - (m — h) copies of Q,,, in P, be-
cause the position of a corner of @y, ;, inside P,, determines the whole copy.
Therefore, using the loose bound O(w?h 4+ wh?) = O(m?) in the estimate for
Aw,n, we have

Z Aw,h

Zm: i [((m —w) - (m— h)) . (;w2h2 + O(m?’))}

Quw,n inside P, w=1h=1
_ 3 - 2 - 2 7
_2< (m—mw><§]m—mh>imm)
w=1 h=1
3 m* m? . m8 .
=5 19 19 +O0(m'") = 96 +O(m'"). O

We can now estimate the portion of (Pi”) that gives convex sets with
diagonals whose slope have the same sign:
m8/96+0(m”) mB/96+0(m") 1 mesoo 1
_ ;

(0 = mdj2ak o@mn) 4T O™ 4

We can connect this last probability to the contionous model of selecting
points uniformly at random in the unit square as follows. Scale and translate
the point set P, so that the points in P, become the center points of (m +
1)? equal squares that partition the unit square [0,1] x [0,1]. Associate to
every point g of the square [0,1] x [0,1] one of the closest points of P,
denoted by ¢*. Now the event

q1,42, 93,94 in [0,1] x [0,1] in convex position and both diagonals

{ &: 4 uniformly and independently selected random points
of the convex quadrilateral they define have the same color

is closely related to the event

q1,95,95,q; in Py, are in convex position and both diagonals of

{ E!' . 4 uniformly and independently selected random points
the convex quadrilateral they define have the same color.

Note that in this last event the points ¢/ are selected uniformly and inde-
pendently from F,,, but with repetition. The difference between the prob-
abilities of these two events, £ and &/, tends to 0 as m increases. That is,
limy, 00 | Pr[€] — Pr[€],]| = 0. Also, the difference between the probabilities
of &, and

& 4 uniformly distinct points {q}, ¢35, ¢35, ¢} € (12”) are in
convex position and both diagonals of the convex quadrilateral

they define have the same color
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RANDOM POINT SETS IN THE UNIT SQUARE 225

tends to 0 as m increases. Therefore

Pri€] = lim Prl€/,] = lim Pr/€”] = lim iiO(l/m): le

m—0o0 m—r00 m—r0o0

This finishes the proof of Theorem 1.

4. Conclusions

We could consider a different coloring of the edges that uses a slope
criterion. To be precise, for any interval I C R, we can consider the edge
coloring y; where edges are blue if their slope is in I, and red otherwise.
In this paper we have analyzed the case when I = (0,00) and showed that
Eler(D, X (0,400))] = i . (Z), when the points are selected uniformly at random
from the unit square. We conjecture that the interval I = (0, 00) minimizes
the expected number of monochromatic crossings, Elcr(D, x1)], when the
points are selected uniformly at random from the unit square. Note that
one could also consider sets I C R that are not intervals.

We have made some small experimental search that justifies this conjec-
ture. For this, we considered several different intervals I and several random
choices of four points in the unit square, and then counted for each inter-
val how many of the choices would contribute a monochromatic coloring.
The results are consistent with the conjecture, but not conclusive. For ex-
ample, to distinguish the interval (2716, +00) from (0, +oc0) with enough
confidence, one would have to make many repetitions and start being care-
ful with generating the random points with enough precision. The other
natural candidate that uses symmetry, I = (—1,+1), which means coloring
blue the near-horizontal edges, and red the near-vertical edges, does behave
worse in the experiments.

It seems that one could approach the problem of computing

E[CI‘(D, X(aﬁ))]

analytically, as a function of a and 3, but quickly one runs into many cases
that makes the analysis long and cumbersome.
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