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1. Introduction and preliminaries

Let A be a normed algebra with unit e. Elements of the form [a,b] := ab — ba are called commutators.
As far as we know, the first significant result concerning the characterization of commutators of operators
is due to Shoda [16] who proved that an n x n matrix over a field of zero characteristic is a commutator if
and only if its trace is zero. Albert and Muckenhoupt [1] extended Shoda’s result to arbitrary fields. The
first major contribution to normed algebras was due to Wintner and Wielandt (see e.g. [13,18,19]). Their
result can be considered as the Wintner-Wielandt theorem which states that the unit element e cannot
be expressed as the commutator of elements of A. By passing to the Calkin algebra, Halmos observed in
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[12] that the Wintner-Wielandt result immediately implies that an operator which is of the form A\ + K
for some nonzero scalar A and a compact operator K is not a commutator. Due to this fact he asked [12,
Problem 5] whether every operator which is not of the form AI+ K for some nonzero scalar A and a compact
operator K is a commutator. For separable Hilbert spaces Brown and Pearcy [5] provided a positive solution
to Halmos’ problem. The complete characterization of commutators in the C*-algebra B(H) of all operators
on a Hilbert space H is again due to Brown and Pearcy [6].

Theorem 1.1. Let H be an infinite-dimensional Hilbert space. An operator C' € B(H) is a commutator if and
only if it is not of the form A\ + K for some nonzero scalar A and some operator K belonging to the unique
mazimal ideal in B(H).

For related results about commutators on Banach spaces we refer the reader to [2,3,7,8] and references
therein.

Motivated by the classical problem of which operators are commutators, the authors of the paper [4]
initiated the study of positive commutators of positive operators on Banach lattices. The positivity of
operators A and B may lead to some restrictions on [A, B]. If a positive operator C' on a Banach lattice
can be written as a commutator of positive operators with one of them compact, then C is necessarily
quasinilpotent [9,11].

There is yet another approach how one can study commutators. Popa [15] gave the following quantitative
version of the Wintner-Wielandt result. He proved the following bound for the product of norms of operators
whenever the commutator is close to the identity.

Theorem 1.2. Let H be an infinite-dimensional Hilbert space. Let A, B € B(H) be such that
1A, Bl —I| <e
for some € > 0. Then
Al -1Bll = 51n 2.

It follows from Theorem 1.1 that [A, B] can be made arbitrarily close to the identity I in the operator
norm for A, B € B(H). In fact, we have the following result; see [17, Proposition 0.2].

Theorem 1.3. Let H be an infinite-dimensional Hilbert space. Then, for any € € (0, 1), there exist operators
A, B € B(H) such that

[[A,B]—I||<e
and
IA|l - |B]l = O(¢72).

Here we use the asymptotic notation » = O(s) to denote an estimate of the form |r| < C - s for an
absolute constant C.
Tao [17] improved Theorem 1.3 by obtaining a bound closer to that in Theorem 1.2.

Theorem 1.4. Let H be an infinite-dimensional Hilbert space. Then, for any e € (0,1/2), there exist operators
A, B € B(H) such that

1A, Bl —I|| <e
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and
IA[l- | B = O(In® 1).

In this paper we prove order analogs of Theorems 1.2 and 1.3 in the context of unital ordered normed
algebras that are a generalization of ordered Banach algebras of operators on Banach lattices. We also give
a relevant example of positive operators A and B on the Hilbert lattice #2 such that their commutator
AB — BA is greater than an arbitrarily small perturbation of the identity operator. By a Hilbert lattice we
understand a Banach lattice whose underlying Banach space is a Hilbert space.

We end this section by recalling some definitions about ordered normed algebras. Let A be a real or
complex normed algebra with unit e. We call a nonempty subset AT of A a cone if AT + AT C AT,
AT C AT for all A > 0 and AT N(—AT) = {0}. Any cone A" on A induces a partial ordering on A in the
following way:

a<b ifand only if b—ac A", (a,b € A).

Clearly, A* = {a € A : a > 0}, and therefore we call the elements of A" positive, and the elements of
— AT negative. A cone AT of a normed algebra A with unit e is called an algebra cone if AT - AT C AT
and e € AT, In this case A is called an ordered normed algebra. A cone AT of A is normal if there exists a
positive constant a (necessarily at least 1) such that 0 < a < b implies ||a|| < «|b||. If we can take o = 1,
then we say that the norm on A is monotone.

2. Commutators in ordered normed algebras

Let C > I be any operator on the Hilbert lattice ¢2 which is not of the form M + K for some scalar
A and some compact operator K. Then by Theorem 1.1 there exist operators A and B in B(f?) such that
[A, B] = C > I. One may ask whether A and B can be also positive operators on the Hilbert lattice £2. The
answer to this question is negative, as we have the following theorem that is inspired by Wielandt’s proof
of the Wintner-Wielandt result (see e.g. [13]).

Theorem 2.1. Let a and b be elements of a unital ordered normed algebra A with a normal algebra cone AT .
If [a,b] > e, then neither a nor b is either positive or negative.

Proof. Suppose first that a is positive. We will prove by induction that for each n € N we have [a™,b] >
na™~1. For n = 1, the inequality is clear by the hypothesis. Suppose that [a",b] > na"~! for some n € N.
Then one can write

[an+1’ b] — a1y — pgn T = a(anb — ba,n) + (ab — ba)an
— afa” ) + [a, ba™.
Since the cone AT is an algebra cone, we have
[an-‘rl’b] >q. na" ' 4e-a = (n+1)a" >0,

which concludes the induction step.

The normality of the cone AT yields the existence of a constant « > 1 such that 0 < z < y implies
|lz|| < ally||. Hence, from the inequality 0 < na™! < [a™,b] we conclude that n|a™ || < «a|[a™, b]||, so that
the submultiplicativity of the norm gives us
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nlla" | < all[a™, ]| = afla”b — ba™[| < 2aljall [b] [la" ]

If a¥ = 0 for some k € N, then the inequality 0 = [a*,b] > ka*~' > 0 would yield a*~! = 0. Repeating the
same argument, we obtain e = a’ = 0, which is impossible. Hence, a™ # 0 for any n € N, so that for each
n € N we obtain n < 2a||a|| ||b]|. This contradiction shows that a is not positive.

If b is positive, we first rewrite [a, b] = [b, —a] and apply the first part of the proof to conclude that the
assumption b > 0 is absurd. If a is negative, we rewrite [a,b] = [—a, —b] and use the same argument above.
We similarly treat the case when b is negative. 0O

Corollary 2.2. Let A be a unital ordered normed algebra with a normal algebra cone AT. Then the inequality
[a,b] > e is not solvable for a and b in A with one of them positive.

Corollary 2.2 enables us to prove that in the case of a closed and normal algebra cone a commutator of
two elements with one of them being positive cannot dominate a perturbation of the unit element whenever
the perturbation is too small in norm.

Corollary 2.3. Let A be a unital ordered normed algebra with a normal and closed algebra cone AY. Let a
and b be elements of A with one of them positive. Then there exists a positive real number § > 0 such that
there is no element x € A with ||z|| < ¢ and [a,b] > e + z.

Proof. Suppose that the conclusion of the corollary does not hold. Then for each n € N there exists an
element z,, € A such that ||z,|| < 1 and [a,b] > e + z,,. Since the cone AT is closed, we obtain [a,b] > e
which clearly contradicts Corollary 2.2. 0O

The natural question that arises here is the necessity that the cone in Corollary 2.3 be closed. Although
at the first glance the answer is not obvious, it turns out that the condition is redundant once we prove the
following order analog of Popa’s quantitative version (Theorem 1.2) of the Wintner-Wielandt result.

Theorem 2.4. Let a and b be elements of a unital ordered normed algebra A with unit e. Suppose that at
least one of the elements a and b is positive, and that for some € > 0 there exists an element x € A with
lz|| < e such that
[a,b] > e+ x.
If the cone AT is normal with normality constant o, then
lall - 1Bl > 55 In o
In particular, if the norm on A is monotone, then

1 1
lall - (1] > 5 In 2.

Proof. Since [a,b] = [b, —a], we may assume that the element a is positive. Let us first prove by induction
that for each n € N we have

[a™,b] > na" '+ a" e+ a" 2za + -+ xa" L (1)

For n = 1 the inequality above reads as [a,b] > e 4+ = which holds by the assumption. Suppose that the
inequality above holds for some n € N. Then we have
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@8] = @ — b = afa™ — ba”) + (ab — ba)a” = ala®, b+ [a, b
Z a (nanfl + a"ilz + a"72za + -+ xanil) —+ (6 —+ .T)Cln
=(n+1)a" +a"z+a" tza+ - +ava” +za”

which completes the induction step.
If we rewrite inequality (1) as

0<na" ' <[a"b —a" 'z —a"*ra— - —xa"?
and use the fact that the cone of A is normal with « its normality constant, we obtain
nlla" | < a(ll[a™, bl + neflal"~").
Since the norm of the commutator [a™,b] can be estimated as

Ifa™, oIl < [la™b]l + [[ba™|| < 2[|a™[[[|5]],

we obtain
nlla" M| < 2alla”([[[b]l + aenlla]" .
Assume first that ||b]| = 5. Dividing by n! and taking sums where n goes from one to infinity we have
oo oo
la™ " la "|| |a\|" '
Sl Sl ey e
n=1 =
or

la ”H S "II
3l e 3 el oot

It follows that

1 < aeellell

and so [|a/| > 1n L
For the general case, replace a and b by @ := 2¢||b||a and b := 2a|\b\| b, respectively. Since

[@,b] = [a,b] > e+,
the first part of the proof yields 2«a/|al|||b]| = ||@|| > In & which completes the proof. O

ag

As it was already announced, the following corollary is a significant improvement of Corollary 2.3 to all
ordered normed algebras with normal algebra cones.

Corollary 2.5. Let A be a unital ordered normed algebra with a normal algebra cone AT. Let a and b be
elements of A with one of them positive. Then for each

0 < § < Le—2allall Il
(o7

there is no element © € A with ||z|| < ¢ and [a,b] > e+ z.
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Proof. Suppose there exists a positive real number § < ée‘z‘*”a“ Il such that [a,b] > e+x for some element
x € A with ||z|| < ¢. Then Theorem 2.4 yields

lall - 18] = 55 In 55 > [lall - [[2]

which is clearly impossible. O

The bound ¢ clearly depends on the choice of elements a and b and also on the normality constant c.
The application of the trace in the case of n x n matrices M,,(R) equipped with partial ordering defined
entrywise will give a more precise lower bound for §. Namely, in Proposition 4.4 we will prove that whenever
the inequality [A, B] > I 4+ X is solvable in M, (R) then || X| > 1.

3. Commutators (of positive operators) greater than a perturbation of the identity

In view of Theorem 1.3 and Theorem 2.4 one can pose a question whether there exist positive operators
A and B on the Hilbert lattice £2 such that their commutator [A, B] is greater than an arbitrarily small
perturbation of the identity. In this section we find such operators. It turns out that this task is harder than
one might imagine.

Let (en)nen be the standard basis of the Hilbert lattice £2. It should be clear that the bounded operator
U: (? — (% which is defined on the standard basis vectors as Ue,, = ez, (n € N) is a positive isometry.
Similarly, the operator V: £2 — ¢2 which is defined on the standard basis vectors as Ve, = es,_1 (n € N)
is also a positive isometry. Hence, U and V' can be realized as infinite matrices

000000 100000
100000 000000
000000 010000

v=|0 100 0 0 and V=|000000 )
000000 001000
001000 000000

with respect to the standard basis (e,,),cn. The operator X : £2 @ (2 — ¢? is defined as the block operator

matrix X = (U v ) Having in mind (2), we conclude that X is a unitary operator. Hence, the identities
X*X = Igzea@Q and X X* = Igz yleld

Ipn=xx"=(U V) (g) =UU* +VV*
and

I 0 U* UU UV
= Iy = X*X = —
<0 I) ot (v*)(U V) <V*U V*V)’

that is, we have U*U = V*V =1 and U*V = V*U = 0.
Let us define the operator C: 2 @ (2> — (> @ £? as

()
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The following proposition helps us implicitly to find an example we are searching for. Recall that operators
of the form [T*,T] = T*T — TT* are called self-commutators, where T is an operator on a Hilbert space.

Proposition 3.1. The operator C can be written as a self-commutator of a positive isometry.

Proof. Upon a permutation similarity we may assume that C' is the infinite matrix

=l el elol S
o O O o o
S O = O O
o O O o o
= o O O O

with respect to the standard basis (ey),en- Since the positive isometry U in (2) satisfies equalities U*U = [
and UU* = I — C, we obtain [U*,U] = C, completing the proof. O

As announced, we now show the order analog of Theorem 1.3.

Theorem 3.2. There exist positive operators A, B: €% — (? such that [A, B] = I + N, where N is a nilpotent
operator of nil-index 3. Furthermore, if ¢ € (0,1), then A and B can be chosen in such a way that ||A| =
O(e™), I1Bl = O(e™) and ||N|| = O(e).

In view of Theorem 2.1 it is not possible that the nilpotent operator N in Theorem 3.2 is positive.

Proof. Let W := UV* + VU*. By a direct calculation one can show that W satisfies Wes,, = es,_1 and
Weon_1 = eay, for each n € N. Therefore,

01 00

1 0 0 O

w=]0 001

0 01 0

Now we define 4 x 4 block-operator matrices

o v 0 3I 0 0 2V 2U
. 0 U 1 0 and B_ 00 O 0
v 0 U* 2W 0 I 20 2V
v 0 V* 0 I 0 O 0

that define positive operators on £2 = (2 @ (2 @ ¢? @ (2. Using the facts that U and V are isometries, and
U*V = V*U = 0 we obtain

3, 0 0 O
0 I 22U 2V
2w U* 41 0
o v 0 41

AB =
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Similarly, applying the identities W = UV* + VU™ and I = UU* + VV* we obtain

2 0 2W 4VW
0 0 0 0

BA =
2w U* 31 4UW
0o VvV* 0 31
A direct calculation now yields
I 0 —2W —A4VW
0 I 2U 2V
A, B] =
14, B] 0 0 I —4UW
0 0 0 1

To conclude the first part of the proof, observe that [A, B] can be written in the form I + N, where

0 0 —2W —4VW

N - 0 0 2U 2V
0 0 0 —4AUW
0 0 0 0

is nilpotent. Its nil-index is 3, since
0 0 0 sSWUW
0 0 0 —8U*W
N? =

0 0 0 0 70
0 0 0 0

(as U and W are isometries), and N3 = 0.

For the “furthermore” statement, let us redefine the operators A, B and N as A = S.ASTH B= S.BS;1
and N = S.NS-!, where S. = Diag(e31,¢2I,el,1) is the block-diagonal operator matrix. From [A, B] =
I+ N we conclude

[A,B] = S.:ABS-' — S.BAS-' = S.[A,B]S-' = S.(I+ N)S-' =I +N.
A direct calculation shows

0 eV* 0 380

~ 0 U* el 0
Lve 0 U* 2eW
LU 0 lvvoo0

which yields || A|| = O(e3). Similarly, one can show |B|| = O(¢~3). To finish the proof, note that the
equality

0 0 —22W —4e3VW
N 0 0 2eU 22V

0 0 0 —4eUW

0 0 0 0

yields |[N|| = O(e). O
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4. The finite-dimensional case

In this section we study the above results in the finite-dimensional setting. The situation here is quite
different, as the notion of the trace restricts drastically which operators are commutators. By [1,16], an
n X n matrix over an arbitrary field is a commutator if and only if its trace is zero. In [10, Corollary
3.2] the authors proved the following order analog of this result which characterizes positive matrices as
commutators of positive matrices.

Proposition 4.1. A positive matriz C' can be written as a commutator of positive matrices A and B if and
only if C is nilpotent. Moreover, we can choose A to be diagonal and B to be permutation similar to a
strictly upper-triangular matriz.

Motivated by [14], we now prove the following quantitative version of Proposition 4.1.

Proposition 4.2. Let C be a positive matriz. Then C is nilpotent if and only if for each € > 0 there exist a
positive diagonal matriz A and a positive matriz B such that C = AB — BA and BA <eC < e¢AB.

Proof. In view of Proposition 4.1 we need to prove only the implication (=-). To this end, we may assume
that C' = (c;;)7;—; is a strictly lower-triangular matrix. Let ¢ > 0 and define A to be the diagonal matrix

with diagonal entries ax = (%)k_1 for k=1,2,3,...,n. The positive matrix B is defined as
Cij C s
bij =14 % e
0 1<y

A direct calculation shows that C' = AB — BA. To prove the inequality BA < eC, we use the following
estimate

s s 1
i < 33 _ —c
Qii = Q5 Qj41,541 ~ Ajj

s
e g
that holds for ¢ > ] O

We continue this section with the following result that characterizes which positive matrices are commu-
tators of two matrices with one them being positive.

Proposition 4.3. A positive n x n matriz C' is a commutator of A and B with A > 0 if and only if tr(C) = 0.

Proof. Since every commutator has trace zero, it only suffices to prove the “if” statement. To this end, note

first that C > 0 and 0 = tr(C) = Y__, ¢k yield ¢11 = -+ = ¢, = 0. Define A to be the diagonal matrix
with diagonal entries ap, = k for each k£ = 1,...,n. In particular, A is a positive matrix. The matrix B is
defined as
bij::{i_j : Z#j
0 : i=3j3

A direct calculation shows that C = AB — BA. 0O

We conclude this paper with the following quantitative version of Popa’s result for n x n matrices equipped
with the partial ordering defined entrywise. By r(T') we denote the spectral radius of a matrix 7.
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Proposition 4.4. Let A and B be real n x n matrices. If there exists a real n X n matriz X such that
[A’ B] Z I— X,
then the following assertions hold:

(i) tr(X) > n;
(ii) (X) > 1, and so | X| > 1;
(iii) of X is an idempotent, then X = I.

Proof. (i) Applying the trace on both sides of the inequality, we obtain
0=1tr([A,B]) > tr({ — X) = n — tr(X)

which yields tr(X) > n.
(ii) Suppose that 7(X) < 1. Since tr(X) is equal to the sum of all eigenvalues Aq,..., A\, of X counted
according to their algebraic multiplicities, we have

[tr(X)| =M+ + ] < M|+ + A <nr(X) <n.

This gives us tr(X) < n which contradicts (i).

(iii) If X is an idempotent, then its eigenvalues are 0 and 1. If X # I, then at least one eigenvalue of
X is zero. If k < n is the algebraic multiplicity of the eigenvalue 1, we have tr(X) = k < n. Again, this
contradicts (i). Hence, X =1. O

It should be noted that Theorem 3.2 shows that there is no reasonable infinite-dimensional version of
Proposition 4.4.
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