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1. Introduction

Copulas, introduced in 1959 by Sklar, are one of the main tools for modeling dependence of random variables in statistical
literature. These are multivariate functions that link the cumulative distribution function of a random vector and its one-dimensional
marginal distributions. Copulas have found widespread use in various practical applications such as finance [13], biology [21],
environmental sciences [4,10] and many others.

Quasi-copulas, a generalization of copulas, were introduced by Alsina, Nelsen, and Schweizer [1] in order to characterize op-
erations on distribution functions that can be derived from operations on random variables. Their importance is explained by the
following property: a point-wise infimum respectively supremum of a given set of copulas is always a quasi-copula. Thus, quasi-
copulas are indispensable in the theory of imprecise probabilities, which model situations when the exact dependence structure
between random variables, i.e. copula, is not known and is therefore replaced by a set of copulas.

The set of all quasi-copulas has been studied intensively in recent years and compared to the set of all copulas. The lattice
theoretical properties of both sets were investigated in [17,11,2,19], while topological properties, particularly from the perspective
of Baire categories, were studied in [8,9]. From a measure-theoretic point of view one of the major differences between copulas and
quasi-copulas is that, while every n-variate copula C induces a positive measure - on the Borel o-algebra on [0, 1]” (see [14]), there
exist n-variate quasi-copulas (for all » > 2) that do not induce a signed measure on the same c-algebra [16,12]. This has stimulated
numerous investigations of the mass distribution of quasi-copulas [15,5,24,23,7] and related concepts [6,18,20], aimed at a better
understanding of the behavior of quasi-copulas. As evidenced by several very recent papers, this is an active area of research, where
there is still much to be done. In fact, a full characterization of quasi-copulas that do induce a signed measure on the Borel c-algebra
on [0, 1]” is still an open problem, see [3, Problem 4].
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In this paper we study bivariate quasi-copulas that induce a signed measure on the Borel s-algebra on [0, 1]>. We show that
the signed measure 4, induced by such a quasi-copula Q can always be expressed with measures induced by bivariate copulas.
This is done by making use of a recent result in [7] giving a characterization of those quasi-copulas that can be expressed as linear
combinations of two copulas. Note that any such quasi-copula automatically induces a signed measure, but not all measure-inducing
quasi-copulas can be expressed as linear combinations of copulas, see [7, Example 13]. However, the same paper also initiated the
study of quasi-copulas using infinite series of copulas and this idea is key to our result. In particular, our main theorem reads as
follows.

Theorem 1. For a bivariate quasi-copula Q the following two conditions are equivalent.

(i) There exists a signed measure y, defined on the Borel c-algebra on [0, 11? such that

Ho([0,x] X [0,y]) =0(x,y)  forall x,y€[0,1].

(ii) There exists a sequence of bivariate copulas C,, and a sequence of real numbers y, such that

(a) the series of functions 2:":1 y,C, converges uniformly to Q and

(b) the series of induced measures ZZO:1 YnHc, converges in the total variation norm to some finite signed measure.

This result can be seen as a characterization of bivariate quasi-copulas that induce a signed measure on [0, 1]2, so it gives an answer
to the open problem [3, Problem 4] mentioned above in the bivariate case. However, we do not consider the bivariate case to be
completely resolved, since it would still be beneficial to obtain a characterization of measure-inducing quasi-copulas in operationally
simpler terms.

We note that in [7] it was shown that condition (ii)(a) of Theorem 1 is satisfied by any quasi-copula, i.e. any quasi-copula can
be expressed as an infinite linear combination of copulas (converging in the supremum norm). So the crucial part of the above
equivalence is condition (if)(b). Any quasi-copula that does not induce a signed measure satisfies (ii)(a) for some choice of y, and C,
but fails to satisfy (ii)(b).

The paper is structured as follows. In Section 2 we recall some basic notions from measure theory and some results on bivariate
quasi-copulas that we will need in our proofs. The main part of the paper is devoted to the proof of Theorem 1. Assuming a quasi-
copula Q induces a signed measure j,, we construct in Section 3 a sequence of measure-inducing quasi-copulas Q y that converge to
Q and whose induced measures converge to /. In addition, all these quasi-copulas are linear combinations of copulas. In Section 4
we convert the sequence QO into a series of multiples of copulas C,, and finally prove Theorem 1. An example that demonstrates
our result is given in Section 5.

2. Preliminaries

Throughout the paper we will denote the unit interval by I = [0, 1] and the unit square by [2. A function Q : 12 — I is a (bivariate)
quasi-copula if it satisfies the following conditions:

(i) Q is grounded: Q(x,0)=Q(0,y)=0 for all x,y €1,
(ii) Q has uniform marginals: Q(x,1)=x and Q(1,y)=y forall x,y €,
(iii) Q is increasing in each variable,
(iv) Q is 1-Lipschitz:
[O(xp, ¥2) = Oxy, yDI < |x3 — X1 | + |y2 = 1]

for all x;,y;, x5, 3, €.
A function Q : 12 - | that satisfies conditions (i), (ii), and
(v) Q is 2-increasing:
O(x2,¥2) — O(x1,¥2) — Oxp, ¥1) + O(xy,y1) 20
for all x;,y;,x,,y, €1 with x; <x, and y; < y,,

is called a (bivariate) copula.

Let (X,.A) be a measurable space equipped with a finite signed measure u. Let y = u* — y~ be the Jordan decomposition of
measure y, i.e., u* and pu~ are finite positive measures with disjoint supports. If ST and S~ denote the supports of u* and u~,
respectively, then u+(A) = u(AnSt) and = (A)=—u(ANS™) for all A € A. The positive measure |u| = u* + u~ is called the total
variation measure of y. It satisfies the inequality |u(A)| < |u|(A) for all A € A. The total variation norm of u is given by

il = [l(X) = pH(X) + u~ (X) = u(S*) — u(S7). @
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The vector space of all finite signed measures on (X,.A4) equipped with the total variation norm is a Banach space. For two finite
measures y; and p, on A we write p; < p, if ;(A) < uy(A) for all A € A. In particular, we have —u~ < u < u* for any finite signed
measure 4.

The Borel c-algebras on [ and 1> will be denoted by B(l) and /B(I?), respectively. Note that B(1?) = B(I) ® B(l) is the smallest
c-algebra on 12 that contains all rectangles of the form R = [0, x] X [0, y] for some x, y € [. It also contains all rectangles that are either
closed of open on any of their four sides. In particular, it contains all half-open rectangles of the form R = (x{,x,] X (¥, y,] for some
X1,X, 1, ¥, € 1 with x; <x; and y; < y,.

A bivariate quasi-copula Q is said to induce a signed measure on B(1?) if there exists a signed measure yu, on B(1?) such that
#o([0,x]X[0,y]) = O(x, y) for all (x, y) € 12, Measure HUg is automatically finite and for any half-open rectangle R = (x;,x;]X (1, y,] C
12 we have Ho(R) =V,(R), where

Vo(R) = 0(xp, y5) — O(x1, p) — Q(x,, y1) + O(xy, y1)

is the volume of R with respect to Q. Since quasi-copulas are continuous functions, the equality uy(R) = V(R) holds also if the
rectangle R is either open or closed on any of its sides, because the y, measure of a vertical or horizontal segment is 0. For example,

ﬂQ((XI’xZ] X {)’0}) = ﬂQ( ﬂ(xl,xz] X (n%lyO»J’o]> = )L%#Q((xl,xz] X (n;nlJ’o,J’o])

n=1
= lim (Q(xa.¥9) — Q(x1.30) = Qxz. 2 y0) + Q(x1. 52 ¥p))
= 0(x,,¥p) — O(xy, ¥p) — O(x3, yp) + O(x1,¥p) =0.

It is well known that any copula C induces a (positive) measure y- on B(1%) and this measure is stochastic in the sense that He(AXD) =
(I X A) = A(A), where 4 denotes the Lebesgue measure on [.
We recall a result from [7] that will be crucial for our constructions. For a positive integer m we will denote [m] = {1,2,...,m}.

Theorem 2 ([7, Theorem 10]). For a bivariate quasi-copula Q the following conditions are equivalent.

(i) There exist bivariate copulas A and B and real numbers « and f such that

O(x,y)=aA(x,y) + pB(x,y) forall (x,y) € 12,

(i) Quasi-copula Q satisfies the condition ag < co, where

n>1

2n "
) = su max 2" Y V,(R")t, max 2" Y V,(R*)" %,
o] P{kem] ; o(Ry) oo /; o(Ry)

k=1 k -1 1
RZ, = [2_"’ 27] X [27, 27]f0r all k,1 € [2"], and x* = max{x,0} for all x €R.

Informally speaking, what the coefficient a, does, is approximately detect at most how much positive mass quasi-copula QO
accumulates on any vertical/horizontal strip relative to the width/height of the strip. With increasing » the detection is more and
more accurate.

3. Measure induced by a quasi-copula

We assume throughout this section that Q is a bivariate quasi-copula that induces a signed measure y, on B(1%). We will denote
by up = ;425 —Hy the Jordan decomposition of measure . Since ué(ﬂz) — ﬂé(ﬂz) =1, both ;45 and Hg are finite measures. Measure
Mg is stochastic, but measures /45 and ”é are not, unless Q is a copula, in which case /45 = Jp is stochastic and ”(_2 is the zero
measure.

The goal of this section is to construct a sequence of bivariate quasi-copulas Q5 with the following properties:

(a) sequence Q) converges to Q uniformly,

(b) for every N, Oy induces a signed measure p,

(c) for every N, Qy is a linear combination of two copulas,
(d) sequence yup converges to i in the total variation norm.

Let us give an outline of the construction, which is split into several steps to make it easier to follow. The main idea is to start
with condition (¢), using Theorem 2. We need to approximate quasi-copula Q, which need not satisfy ¢, < co (see condition (ii) of
Theorem 2), with a quasi-copula Qy;, that does satisfy ap, < co. To this end we identify sets of the form Ky X[ and I X Ly which
cause ag to be greater than ¢ N for some fixed normalising constant c. These sets are defined in Subsection 3.1. Quasi-copula Oy
(for every N > 1) is constructed in Subsection 3.3 by “smoothing out” the mass distribution of Q on the set (Ky X [) U (I X Ly)
and leaving it unchanged elsewhere. For this to work, the sets Ky and Ly need to be constructed carefully, because, to ensure
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property (a), they need to have small Lebesgue measure, i.e., in the limit when N goes to infinity the measure must tend to 0, and,
to ensure property (d), the sets (Ky X ) U (I X Ly) need to have small |u,| measure in the same sense. Both of these properties
are verified in Subsection 3.2. We then prove property (b) by explicitly constructing signed measures u, and showing with a direct
calculation that they are induced by quasi-copulas Q . This is done in Subsection 3.4, where property (d) is also verified. Finally, in
Subsection 3.5 we prove that quasi-copulas QO satisfy condition (ii) of Theorem 2, which then give us property (c) and consequently
also property (a).

3.1. Construction of sets Ky

We start with the construction of sets K, the sets Ly will be defined later. For an integer n > 0 we introduce a family of open
intervals

P, ={(5. ) i€2"},

which essentially form a partition of . For integers n>0 and N >1 let

Tun = {S €P, 12U X D> N - ,45(112)} cp, and = ] S @
SeT, N
Note that for every S € P, we have A(S) = zln, so that
pH (S X D)
SeJ,y ifandonlyif Se€P,and TGN N-ub@. 3)

To make sense of what follows, we make the following remark. Intuitively, the sets J, 5 X [ are the “bad” strips, which make a;, from
condition (ii) of Theorem 2 large and possibly infinite. We will later “smooth out” the mass distribution of Q on the bad strips in
order to make a, finite. For this to work, we actually need to slightly enlarge the sets J, y, so that the smoothing will also affect the
boundary of the bad strips.

For every n > 1 and .S € P, there exists a uniquely determined Se P,_, such that S C S.Forall N > 1 let

Kon={S1Segy}cP, and Koy= |J 4 “4)
A€y N

and define inductively for all n > 1

n—1
IC,LN={§|S€J,,+1YN,SnUKk’N=ﬂ}an and  K,y= |J A ®)
k=0 A€, §

We give an example to demonstrate the sets introduced above.

Example 3. Let Q be a quasi-copula with mass distributed as depicted in Fig. 1 left, where the unit square 12 is divided into 16 x 16
small squares of dimensions L x L. The dark gray squares contain a mass of % while the light gray squares contain a mass of — %
distributed uniformly over the square. All other squares contain no mass.

The corresponding (nonempty) sets J, y and K|, y, where 0 <n <4 and 1 < N <2, are depicted on Fig. 1 right, along with the

values ”E(S x ) for S € PyuUP; UP, UP;UP, on top (note that yg(ﬂz) = %). In particular,

Jor=0 Jiu=0 hi=G.D Ji=GDUGEDUGDHUED.

Jo1= (e 2 UG ) U (5 2 U (5, 1) U (6, 1O U (45, 1) U (42, ) U (12 10,
Ko =9, Kii=(G.1, K;=01uG.3), Ky=0 K, =0

Jop=0, Ji2=0, =0, J3,=0, J4,2=(%»1—86)’

Ky,=0, Ki;=0, K;,=0, K3,2=(%,%)’ Kyp=0.

Next, we give some basic properties of the sets defined above.

Lemma 4. For all n > 1 we have

n—1

Jun € U Ky n-
k=0

Proof. We prove this by induction on n. From equations (2) and (4) if follows that J; y = (Jg¢ anSE Use Tin S= Ky n so the
claim holds for n = 1. Suppose it holds for some n > 1 and let S € J,, y. Then, by equation (5), either Se K, norSn UZ;(l) K n #9.

4
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Ky,
Ja1 R
Ky
Js1

Jy1 e

K3,2 >

J4,2 «—>

Fig. 1. Mass distribution of a quasi-copula Q from Example 3 (left) and the corresponding sets J, 5 and K, y (right). Each dark gray square contains a mass of % and

each light gray square contains a mass of — i.

In the first case S C S C K, n- In the second case S' N K, y # @ for some 0 <k <n - 1. Since S € P, and K, y is a union of some
subfamily of Py, it follows that .S’ C K} y, because P, is a refinement of P, for any k < n. By equation (2) we conclude that
Jorin € Ujzo K n> which finishes the proof. [

n
Lemma 5. For any N > 1 the sets K, y with n > 0 are disjoint.

Proof. If S € J,,, v, then § € P,, while UZ;(I) K, n is a union of some subfamily of UZ;(I) P,. Hence, either S C § C Uz;é K n or
Sn UZ;(I) Ky n=9.50ifSeJ, . yand SN UZ;(I) K, n =9, then Sn UZ;(I) K, n =9. By equation (5) this implies that the sets K, y

and UZ;(I) K, y are disjoint. The claim now follows. []

Lemma 5 implies that for every N > 1 we have a disjoint (double) union

kv=Jrk.n=J U 4 (6)
n=0 n=0 AEL, N

Next lemma shows that the sequence of sets Ky is decreasing in N with respect to inclusion.
Lemma 6. K, C Ky forall N > 1.

Proof. Let A € K, y, for some n>0. Then A = S for some S € Tut1.N+1- Clearly, J,.1 vy © Tup1 N SO that S € 4y y. From
equation (2) and Lemma 4 it follows that S C J,,; v € Uj_o Kiv = Ujo Usgex, y B so there exists 0 <k <n and B € K; y such

that SN B #@. Since S € P, and B € P, with k <n, we infer S C B and consequently even A = 8 C B, because k < n+ 1. We have
thus shown that K, .1 € J}_q Ky n, which implies Ky ,; CKy. O

3.2. Measure-theoretic properties of sets Ky and L

Note that all subsets of [ considered above are open, so they are Borel measurable. We will now show that the Lebesgue measure
A of Ky is small.

Lemma 7. A(Ky) < % forall N > 1.

Proof. By Lemma 5 the double union in (6) is disjoint, so we have

MKy) = Z()Ae; A(A).
n= n,N

From equations (4) and (5) it follows that
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AKNS D AS+Y X AS= Y 24+ Y 249

SeJin n=1 S€Jyi1 N SeJin n=1 S€Ju1 N
SnUpZd K y=0 SnUIZY K n =9
Using property (3) we obtain
(o)
2;4Q(S x )
+(|]2) + 2 E
n=l S€Jyi1 N
SnUYZ) K n=10

2 (S X 1)

/I(KN)S Z W

SE]]’N

By Lemma 4 we have [ J_, J, y € U}Zj K).n» S0 e can further estimate

UHSXD & 2p5(S X 1)

KNS X e+ ) T

Sedin N MQ(I] ) S SE€Tus1,N N .MQ([| )

SnUpzy Jin=9
2 [se]
=— TS X1 + TS X1
N S;] HS XD+ (ﬂz Z, S;‘ HG(S x1)
SChi N SCTur1 v \Ujy Tk

[o5] n
; 0 : 0 < ) )
<—- JINXD+ —m— J, J| X1
N ) Hon XD N 15 ®) n§:1HQ< n+l,N\kl:l] kN

=N 73 (”2) (UJnNX> O

n=

We can now give one of the key points of this construction. Let

K=Ky @

The first crucial property of the set K is that its Lebesgue measure is 0.

Lemma 8. We have A(K) = A}im MKpy)=0.

Proof. By Lemma 6 the sequence of sets Ky is decreasing in N. Hence, the conclusion follows directly from equation (7) and
Lemma 7. []

Furthermore, the restriction of measure y, to the set K X [ is the zero measure.

Lemma 9. The measures yi' defined for all B € B(1%) by

W (B)=up(BN(KxD)

is the zero measure.

Proof. Let (x,y) € I? be arbitrary and let R = [0, x] X [0, y]. Then

0
I/ (R)| = [1g (10,310 K) x10,31) | =g ( () (10,510 Ky) x 10,1
N=1
Taking into account the monotonicity of Ky, see Lemma 6, and the fact that y, is a finite signed measure, we obtain

W/ (R =] lim o ((10.x10 Ky) X [0,31)]

Using equation (6) and the fact that the union in (6) is disjoint by Lemma 5, we obtain

(o]

W B =] lim 3 D uo(([0.x10 4)x[0.3])| < lim Z | ((10.x10 ) x [0.31) . @)

n=0 A€, y ® 1=0 A€K, y

For any rectangle (a, b} X [0, y], where } stands for either ) or ], the continuity, groundedness and 1-Lipschitz property of quasi-copulas
imply
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|1 ((a.6) x10.31)| = 106, ) — Q(a. )| <16 - al = A((a b)),

regardless of whether (a, b} is empty or not. Applying this inequality to the rectangle ([0, x] N A) X [0, y] in (8) and using also Lemma 8
we obtain

! . H — 1 . —_
W®I< lim 3 Y M0.xInA)< lim ¥ D AA)= lim AKy)=AK)=0
n=0 AEK, n=0 AEK, n

and consequently ' (R) = 0. To prove that y’ is the zero measure on B(I?) we use a standard argument. By the above the collection
B' = {B e B(1%) | u'(B) =0} is a c-algebra that contains all rectangles of the form [0, x] x [0, y]. Hence, B’ = B(1?) and ' is the zero
measure. []

As a consequence to Lemma 9, we obtain the second crucial property of the set K, which will be essential for the convergence of
measures constructed later.

Lemma 10. We have

luol (K x1) = lim |ug|(Ky x1) =0.

Proof. The sequence K X [ is decreasing in N by Lemma 6, and we have (% _,(Ky X 1) = K x [ by equation (7). This implies
li K )= K x1).
Jm_ bl (K x1) =gl (K 1)
By Lemma 9, the measure x4’ defined in that lemma is a zero measure. Denote the support of /fé by P*. Then
puh (K x1) = uo (P n (K xD) =4'(PH) =0,

and similarly “é (K X ) = 0. The claim now follows since |up| = ”5 + ”é' O

Switching the first and second coordinate in the above constructions, we can analogously define for all n > 0 and N > 1 the sets

I,,’N={SePn|2";45(I]><S)>N-;45(|]2)}an, Ly= U s
S€L, N

Lon={S1SeL,y}cP) Loy= |J 4
AeLyy

n—1
En,N:{S|S€Zn+1,N7SnULk,N:Q}gpn’ Ln,N: U A’
k=0

AEL, N
(o9 (o] (oo}
Ly=JLy=J U 4 L=()Lw @
n=0 n=0 A€L, y N=1

By symmetry the versions of Lemmas 7-10 for the sets Ly and L also hold. In particular, A(Ly) < % for all N > 1, A(L) =0, the
measure ' defined for all B € B(12) by

W' (B)=pg(BN(Ix L))

is the zero measure, and the following lemma holds.

Lemma 11. We have

luol(1X L) = lim |ugl(1x L) =0.

3.3. Construction of quasi-copulas Q

We now turn our attention to the construction of a sequence of quasi-copulas Q. For every positive integer N denote the
complements

Ky=I\Ky and L\=I\Ly.
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Ry ——Ro— Rs3
| H |
Ry | At Rs 1 Rg
| H |
R; —Rs— ] Ry

Fig. 2. The extension Q of the sub-quasi-copula Q| KixL, defined on the shaded region K, X L/, . The straight sections indicate in which direction the extension
Qy islinear on (Ky x) U (I X Ly).

By equations (6) and (9) the sets Ky and L, are open, so the sets KI’V and L;V are closed and contain 0 and 1. The restriction
0| Kl xL', of quasi-copula Q to the set K }’V X L’N is a sub-quasi-copula according to [22, Definition 2.3]. We can extend sub-quasi-

copula Q| Kl <L to a quasi-copula Q ; using the formula from the proof of [22, Theorem 2.3], which we recall now. Let (x, y) be an

arbitrary point in 2 and denote
x; =max ([0,x]N K} ), x, =min ([x, 11N K}, ),

yi =max ([0,y]n L), y, =min ([y,11n L)).

Then x; <x <x, and y; <y < y,. If x € K}, then x| = x,, and if y € L/, , then y; = y,. Now let

X—X1 y=i
, X1 <Xp, 5 <y
a=d o= 1 2 and p=4 0 Y1 <>»
1, X1 =X, 1, Y1 =y

Then the value of the extension at (x, y) is given by

OnGy) =1 —a)1 = PO(xy, y)) + (1 — )fO(xy, y) + a(l = HO(x3, y1) + afQ(xy, y2). (10)

Note that Q is bilinear on [x,x,] X [y, ¥,]. In particular, if R is a closed rectangle such that only the vertices of R lie in K]’V X L’N,
then Qy is bilinear on R (e.g. Rs on Fig. 2). If only the left and right side of R lie in K1’v X L?V, then Qp is linear in x on R but
not necessary in y (e.g. R, and Rg on Fig. 2), if only the bottom and top side of R lie in K le X L’N, then Qy is linear in y on R but
not necessary in x (e.g. R, and Ry on Fig. 2), and if the whole R lies in K 1,\/ X L;V, then O on R is not linear in any coordinate
in general (e.g. R, R3, Ry, and Ry on Fig. 2). So the extension Q is as linear as possible. This means that it spreads mass on
I\ (K;V X L’N) = (K X ) U (I X L) uniformly in certain directions, which will be important later on.

3.4. Construction of measures py

We aim to prove that quasi-copulas Q5 induce signed measures on B(12). We now construct these measures. From equations (6)
and (9) it follows that the sets K and L, are countable unions of disjoint open intervals, say

o0 oo
KN=U(afV,b{V) and LN=U(ciN,diN), a1
i=0 j=0

where each (aiN ,blN ) and (ciN ,d,.N ) is a member of U:io P,. We are assuming here without loss of generality that the unions are
infinite. If they are finite the arguments are essentially the same.
For a set E € B(l) with A(E) > 0, define a probability measure A on 5(l) by

Ap(A) = MAN E)/A(E)
for all A € B(l), and finite signed measures ¢ and y on (1) by
(pE(A):yQ(Ex(AnL’N)) and wE(A):,uQ((AnK;V)xE) 12)
for all A € B(l). Furthermore, introduce finite signed measures /iy and 7 on B(I?) by
A = 2 A oy X P iy + 2 W a3y X e vy + 3 D o (@ b X (€ d)) - A vy X Ao v 13)
i=0 j=0 i=0 j=0

8
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and

Hn(B) =y (BN(K) x L)) a4

for all B € B(I?), where x denotes both the product of measures and the Cartesian product of sets. The idea behind the definition of
Uy is that it should correspond to the measure induced by the extension O, on the set (K X ) U (I X Ly). In particular, the first
sum corresponds to the regions where O is linear in x coordinate (regions R, and Rg on Fig. 2), the second sum corresponds to the
regions where Q is linear in y coordinate (regions R, and R4 on Fig. 2) and the third sum corresponds to the regions where Q; is
bilinear (region Rs on Fig. 2).

We first need to show that jiy is well defined.

Lemma 12. For every N > 1 the sum in equation (13) converges in the total variation norm, so fi is a finite signed measure on B(1?).

Proof. For every E € B(l) with A(E) >0 let ¢ = (/’E —¢L be the Jordan decomposition of ¢ and denote the supports of (pE and
@5 by P;f and P, respectively. Since Ay is a probability measure, and Ay X (pz and Ag X ¢ are positive measures, we can estimate
using equation (1)

IAg X @pliry =14g X @} — Ap X @ llry

(15)
<l X @pliry + 1A x 0pllry = 0p O+ o) = lleglry.
Using equations (1) and (12) we estimate
loellry =0p(Ph) — @p(Py) = no(EX(PF N L)) — ug(EX(PgnLY))
SuG(Ex(PENLY)) +pg (Ex(PgnLY)) 16
<;4Q(E><L )+MQ(E><LN)
= lupl(Ex L'y).
Combining inequalities (15) and (16) gives
lig X @gllry < lugl(E X L)),
and similarly we obtain
lwe X Agllry < luol(Ky X E).
These two inequalities imply
Z ||/1(aN BNy X PN bN)”TV + 2 ”W(LN av) X A N dN)”TV + Z Z H#Q / ,bN)x(c dN)) A aN BNy X Ae dN)H
i=0 J i=0 j=0
N N 4N N N N 4N
< Y luol (@M. 4] )xL;V)+Z|,4Q|(Kij(cj d] ))+ZZ)ﬂQ((a,. bN)x(cN.d! ))‘
i=0 j=0 i=0 j=0
had o o a7
% lugl (@, by x Ly ) + 20|MQ| (K x().d)) + ZO 20|MQ|( Noyx(eN,d))
i= Jj= i=0 j=

= ol (Kn X L) + 1o (Ky X L) + 1ol (Ky X L)

=lupl((Ky XHU(Ix Ly)) < co.

Since the vector space of all finite measures equipped with the total variation norm is a Banach space, this implies that the sum in
equation (13) converges in the total variation norm and jiy is a finite signed measure. []

We can now prove that quasi-copulas Q 5 induce signed measures. For every N > 1 define a finite signed measure

Uy =Hy +Hy,

where ji and Uy are given in equations (13) and (14). We show with a direct calculation that measure u is induced by Q.

Lemma 13. For every N > 1 quasi-copula Q y induces signed measure ;.
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Proof. For any (x,y) € 12 we use equations (13) and (14) to get

A[0,x]1n (@, bN)
ﬂN([O,x]X[O,y])=Z¥

2@ ) o (@Y, 6Ny x ([0.y1n L))

& A([0,y1n (N, dy)
+ [0, xIn K. ) x (N, aVy) —— 7 7

j;oﬂQ( N J T ) A((c}",d}v)) a8
< 1 A0, x10 @, 5V))  A(10,y1n (N, dN))
+ @M, bNyx (N, aM)) - i2% ) i

;;MQ( 74 CANAD) A(cN.dN))

+ 1o (([0,x] X [0, y]) N (K}, x L)).

We consider four cases, depending on where the point (x, y) lies.
Case 1: x ¢ Ky and y ¢ L. On Fig. 2 this corresponds to (x,y) € R; U R3 U R; U Ry. In this case x is not contained in any
(a¥,bY) and y is not contained in any (c/j.V , dlj.\' ) so equation (18) becomes

uy(0,x1x10,1) = D up(@ .5}y x@0InLy)+ D up((0.xInKy)x(eN,dM))
(@ b])gl0.x] (e .d)elo.y]
+ > up(@,bNyx (e, dM)) + o ((10,x1X [0,y N (Ky X L))

(@Y .b})Cl0x] (] .dN)C[0.5]
= o ([0, x1 N Ky) X (10,510 L)) + 1 (10, x] 0 Ky) X ([0, 1N L))
+ 1o ((0.x]NKN) X (0,310 Ly)) + po ([0, X1 X [0.y]) N (K, X Liy))
= 1o (([0.X1X [0, y)) N (K X LYy)) + 1o ((10,x] X [0,¥]) N (Kjy X Ly))

+ 1o (([0.x1 X [0, ¥)) N (K X Ly)) + pg (0. X1 X [0, y)) 1 (Kly X L}y)).

Since

(Ky X L\)U(Kjy X Ly)U(Ky X Ly)U (K x L) =12

and this union is disjoint, we conclude

Hn (10,x1% [0, ¥1) = g (10, x1 X [0,y]) = O(x, y). (19)

By equation (10) this is equal to O y(x, y) because x € K\ and y € L', .
Case 2: x € K), and y ¢ Ly. On Fig. 2 this corresponds to (x,y) € R, U Rg. We may assume without loss of generality that

X € (a(’)v s b(’)v ) since the order of the intervals in equation (11) is arbitrary. On the other hand, y is not contained in any (CJN s djN ). By

splitting [0, x] X [0, y] = ([0, a(’)V] x[0,y]) U ((aé",x] % [0,y]), we infer that equation (18) can be written as

t (10, %1% 0, ¥1) = p (10, ap 1% [0, y1)

A(a .x))

+ m -MQ((a(I)V,b(I)V))( ([07y]nL/N))

+ 2 np((@) xInKy) x(c,aM))
() .aM)glo.y]
i@l . x))

D Y (CARAS P CARADIE a6y
0%

(N .al)ci0y]
+ o (((@) . x1x[0.y]) N (K} x L))

Note that a(’)v ¢ Ky, so we may use Case 1 to evaluate the first term in the above expression. Using equation (19), the first term is
equal to p ([0, aév 110, y]) = Q(a(])V ,¥). Furthermore, the last term and the first of the two sums 2( N aN)clo.y) are equal to 0 because
o =

(a(’)V,x] C K. Hence,

10
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—agN

X
~ (10,x]% [0, 1) = O(a) . y) + bN_;’N po (@l b)) x ([0.y1n L))
0 0
N
X—a
0
+m~ ) ; po((ay by ) x (e d))
(cj ,d/. )E[0,y]
aN
=Q(al ,y>+ = o (@) b)) x ([0,y1n L)) (20)
0 0
x—a(’)V
+ NN 'MQ(( ay . b o) % ([0, J’]ﬂLN))
0 0
N x—a(’)\’
=0(q J)+m 'HQ(( AR 0 ) %0, yl).
0 0
Finally, by continuity of Q we can express
N bN _aN
N (10.x1%[0,y]) = O(al ,y>+ "N (o). » - 0@} .y) = —— Q(a W+ Oy ).
by —ag by —agf by —ag’

By equation (10) this is equal to Q y(x,y) because x € K, and y € L;V.
Case 3: x ¢ Ky and y € L. On Fig. 2 this corresponds to (x,y) € Ry U R¢. This case is treated similarly as Case 2. Assuming
yE (cév, d(])\’), we obtain

dy -y v V¢
N([O,x]x[o,y])=dN—Q(xc VT ~O(x,d)"),
0 0 0 0

which is again equal to Q y (x, y) by equation (10).
Case 4: x € Ky and y € L. On Fig. 2 this corresponds to (x,y) € Rs. We may assume without loss of generality that x € (aéV s bé\’ )
and y € (¢, d}"). By splitting [0, x] X [0, y] = ([0, x] X [0, ¢}']) U ([0, x] X (¢, y]), we infer that equation (18) can be written as

ﬂN([O,x] X [O,y]) = MN([O,X] x [O,c(’)v])
= A(10,x1n @ ,5]))
o @y tela X (@n L)
Aeg’¥D)

0, K’ dN _—
+”Q(([ x]n )X(C )) A((Cé\[,dév))

= M0.x1N @b A D
N pN N aN
+ Lol b x (e ) W@ by Ay dvy)

+ 10 (10, x1% (cg’,¥1) N (K}, X L')).

Note that c(])V & Ly, so by Case 2, using equation (20), the first term in the above expression is equal to

N
X—a
N([O,x]x[O,céV])=Q(aév,cév)+bN—oN po (@ 6Ny x[0,¢N1).

o %

Furthermore, the last term and the first of the two sums Zzo are equal to O because (cév ,¥]1 € L. Hence,

N
X—a
N([o,x]x[o,y])=Q(agv,cév)+ﬁ-uQ(( N o) x10,¢1)
0 0
y_c(l)\l 0, K
+M Ho ([0, xIN K ) x (c).d)))
N [+ N 1N
y==6 N N ([O’X]n(ai »b; ))
_ ,b; ,d _
M Lol DX @) ——

We can simplify the last sum, also using x € (a¥ 0 b Ny, to obtain

11
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N
X—a
n (10,x1x10,31) = 0 ,¢) + —x o (@l b)) x10,¢)1)
0 0
y—c
S 1o (10, x1 N Ky x (e .d V)
0 0
e (21
0 N LN N 4N
T 2 Hel@ehxie )
0 70 @NpMHeiox
x—al y-cV
0 0 N N
b O (@Y Yy x (e ).
N N N N 0
b0 —ag d =<
Note that
U (afv,bfv)=[0,x]ﬂ(KN\(a(j)v’x]) and KI’VU(KN\((I(I)V,X]):I]\(G(I)V,X],
(CARAS IR

so we may combine the second and third row of equation (21) to get

N
X—a
~ (10,x1%[0,y1) = Q(a),¢)') + bN—ON <o ((a) b)) x[0,¢'1)
o ~%
y—c(’)v
dN

5 g (10,a) 1% (e .d)))
0
N
O

N
0

x— y—cN
N_ N
dy = ¢,

(=}

+r Ho((ag'sbg') X (g’ 1))
a

The continuity of Q implies

Ho((a) b ) x10,¢' D) = Qb ,¢)) — O(ay),

Ho ([0.a) 1% (Y .d}")) = O(ap) ,dN)—Q(a )

po((a b)) x (e, dp)) =0y ,d)) — 0@l ,dy) — OB, ef) + Oay , ¢)')s
so that

N
X—a,
Hn (10,X1 % [0,51) = Q(ay ) ) + b—N (0 .c))—0(a) . ¢}))
O

0

N
y—C
+dN7N (Q(ﬂog 0) Q(a ))
)
N _N
B N A (00, dNy - 0@l .d)) - 0wl )+ 0@l .¢))
bN a(])V d(I)V—c(I)V
bN X dN—y »N —x y—clN
0 N N
- 0(a) )+ —— - ——— - 0(a).d})
N N N _ N N N N 0 0
b o do - by —ay dy —¢
x—aV d -y x—alV y—c
0 0 N N
e oY, )+7-7 oY d).
N_ N N N_ N N
by —ay dy —cyf by —ay  dg —cf

By equation (10) this is again equal to O 5 (x,y) because x€ Ky and ye L. []
Next step is to establish the convergence of finite signed measures .
Lemma 14. The sequence of measures uy; converges to yg in the total variation norm.

Proof. From the proof of Lemma 12, see in particular inequality (17), it follows that

lin 7y < |/4Q|((KN X”)U(“XLN)) < |I4Q|(KN Xﬂ) + |I4Q|([|><LN)-

When N tends to infinity, the right-hand side converges to 0 by Lemmas 10 and 11, so the sequence of measures /iy converges to
the zero measure in the total variation norm. Furthermore, note that

12



N. Stopar Fuzzy Sets and Systems 492 (2024) 109068

(1o — HN)(B) = po(B) = o (B (K X L)) = po (B ((Ky xDU (X Ly)))

for all B € B(1?). So we can use equation (1) and an analogous calculation as in inequality (16) to obtain

o = Hnllzy < lugl (Ky xDU X Ly)).

Using a similar argument as for /iy, we infer that the sequence Mg — Hy converges to the zero measure, so that yy converges to i
in the total variation norm. We conclude that the sequence of finite measures yy = jiy + fiy converges to Ho- O

3.5. Decomposition of quasi-copulas O

We have so far shown that quasi-copulas Q5 induce signed measures y, and the measures y, converge in the total variation
norm to measure i, which is induced by Q.

The final property of quasi-copulas QO that we need is that every Q is a linear combination of two copulas. To prove this we
will show that each Q satisfies condition (ii) of Theorem 2.

Lemma 15. For every N > 1 there exist bivariate copulas Ay and Bj and real numbers o, and fy such that O = ay Ay + fyBy-
Consequently, puy =aypay + Py ipy-

Proof. Fix N > 1. By Theorem 2 it suffices to prove that

n>1

2" 2"
ag, =sup {kng[w”( 2" 2 Vo (Ry)" » max 2" 2 VQN(R"I)+} o,

n _ k=1
where R} =[=;

implies

] for all k,/ € [2"] and x* = max{x,0} for all x € R. Let n > 1 and k € [2"]. The continuity of Q

k
,2—]X[2,,,2,,

+_ +_ k= +
Vo (RED*™ = uy (R =y (1 ) (5L, £))" <t (B HHx(EL D)),

therefore

on on

2" Y Vo (RET <2 Y ik (G 50 % (. 5) <27 (5. 50 X ). (22)
=1 =1

Equation A X @ = Ap X ¢} — Ap X @ implies (Ag X )" < Ap x @} for all E € B(). Similarly, (wg X Ag)* <wi x A for all
E € B(l). Hence, by equations (13) and (14),

+ ot o
Hy S Hy ”N<Z}”(a"’b”)x‘/’(~b~ ZV’(NdN X}’(cNdN)

=
N N
+262MQ a b)) (e ) A ey X AN g
=vJ
+ AL

where we also used yg ((a¥,bN) x (c dN)) Q(( Ny x (c dN)) This implies

(5 30 x1) <Zﬁ(awb~)« ) oy ) (ﬂ)+2w(NdN)(( 3 AN amy

0o

+2026,4Q ((CANASPICARTAE A ,,N)(( = r Fe amy®
=0y

+ 5 (550 5 ) XD
From equations (12) and (14) we infer
N
o O <K@ B X L),

W:;N’dj_v)((z;n’zﬁn))ﬁﬂé((( ) NKN) X (N .dN)),

7 (5t 1) < (G5 x0) K x L) = (G5 2 Ky ) x L),

therefore

13
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k(A £yx) <Zz(aN,,N () pg (@, 6Ny x Ly) +26;4Q ELEnky ) x(c.dM))
=

+Z/1(HN bN) 2n ’2n Z a; ’bz?v)x(cj]’v’djz'v))-’_ﬂg((( omn ’zn)nK/ )XL;V)

i=0 Jj=0

_Zi(aN,,N)(( o) pg (@, BNy x Ly )+ (¢ )Nk xLy)

(23)

+Z'1(a’vb"’ on ’2kn))'ME((azN’b:N)XLN)"'HE((( on ’2")nK, )XLIN)

_Zz(aN o) (5 30) - g (@ M) x 1) + b (5 5 N Kiy) X 1)

2"’2")n(a b’N)> +((aN BN + ’
_Z SO .MQ((a,. b )><|])+;4Q((( - ,zn)nK ) x1).
We now con51der two cases.

Case 1: (& T ,2n) C K. Note that = 2n+] ek 0 ,2,,) but 22’,:11 & Ui Ky because ICmN C P,,. Hence, 2n+, e _OKmN by
equation (6). This implies that there exists m with 0 <m <n and A € K,, y such that ( 2" R 2n) intersects A. But then ( 2” s 2n) C
because A € P,, and m < n. By equation (11) we may assume without loss of generahty that A = (a bN ). Hence, (1‘2,1 " o —) does not
intersect any (a bN ) with i > 1. It now follows from inequality (23) and from ( ) n K ' = that

zn > on
AL, L))

@y 6Ny

i (5 ) xD) < 3 ((a b)) x 1),

or equivalently

+
Hy(AXD)
n 4]
2 +((2n’2" Xﬂ)ﬁw

Since A € K, ;y with m <n and the set K,, y is disjoint from U;":_Ol K; 5, Lemma 4 and equation (2) imply that A ¢ J,, y. By

N
.. MQ(AXU) o
condition (3) we have D <N- yQ([I ), hence
2"u3, (¢ 2,1,2,1>><n)<N puH ). (24)

Case 2: ( 2" R 2" ) ;C_ Ky . Note that each (a bN ) is a member of U P Hence, we have three options for each (a bN ), namely,

k

(i) the interval ( ) does not intersect (a bN ), (ii) the interval ( ) is contained in (a bN ), or (iii) the interval ( 2n s 2n)

2" > on 2n > on
contains (a bN ). By the case assumption and equation (11), option (ii) cannot happen, so the interval (
that it intersects In particular,

N
> ,z,l)contalns all (a ,b:Y)

U @)= 3nky.
@ pMcist &)
Thus, inequality (23) implies
MG x) s ¥ u (@ X)) + G (G5 5 n Ky ) xT)
@ st 5

_MQ(((kznl’zn)nKN)xl])+ﬂQ((( on ’zn)nKl )X”)

= uh (5, 35) x1).

(25)

Furthermore, (kz,, s 2n) & J,.n» otherwise Lemma 4 and equation (6) would imply that (
implies

2,, o ) CJ,n CKy.By condition (3) this

uh (5 3 %1
%SN'”E(F)
A(C D))

This, together with inequality (25), gives

2 (5 ) x1) =

25 (55 2 X 1) SN - b (02). (26)

14
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Combining inequalities (24) and (26) with inequality (22) gives

2}'1
2" Y Vo Ry < N - (),
I=1

Since n and k were arbitrary, we infer

o
n \+ +n2
sup {krglagg]z" ;VQN(Rk[) } SN -y ().

n>1

By symmetry we also obtain

n>1 =1

2"
sup{ max 2" Y V, (R')* Y <N -yt ().
p{IE[Z”] kz QN( kl) =~ ﬂQ( )
Consequently, ag, SN - ME("Z) < 00, as required. []
Let us summarize the results of this section that we will need for the proof of Theorem 1.

Theorem 16. Let Q be a bivariate quasi-copula that induces a signed measure i, on B(1%). Then there exists a sequence of bivariate
quasi-copulas Q , N > 1, such that

(i) Oy =ayApn + fy By for some bivariate copulas A, and By and some real numbers a, and f, and
(ii) the sequence of induced measures uy = ay p Ay T Pnu B,y COMVerges to ug in the total variation norm.

It was shown in [7, Corollary 9 and Theorem 10] that the set of quasi-copulas which are linear combinations of two copulas
is dense in the set of all quasi-copulas equipped with the topology induced by the supremum norm. As a direct consequence of
Theorem 16 we obtain the following variant for the topology induced by the total variation norm of signed measures.

Corollary 17. The set of quasi-copulas which are linear combinations of two copulas is dense in the set of all measure-inducing quasi-copulas
equipped with the total variation norm of the corresponding signed measures.

4. Proof of the main theorem

In this section we continue assuming that Q is a bivariate quasi-copula that induces a signed measure yy. By Theorem 16 we
obtain a sequence of measures yuy, induced by quasi-copulas Q, that converges to y in the total variation norm. We will now
convert the sequence of measures y into a series, which will be manipulated to produce a converging series of multiples of measures
induced by copulas. We will employ a method that was used in [7] for converting a sequence of quasi-copulas into a function series
converging in the supremum norm. We just need to apply the method to a sequence of measures converging in the total variation
norm.

First we construct the series

(oo}
Ho =M1+ Z(llN — HN-1)- 27)
N=2

Partial sums of this series are measures uy, so by Theorem 16 the series converges in the total variation norm and its sum is .
Theorem 16 also implies that Oy = ay Ay + f By for some bivariate copulas Ay and By and some real numbers a, and fy. Note
that ay + fy = Oy (1,1) = 1. If both @) and fy are positive, Qv is a convex combination of copulas, so it is a copula itself and
we may assume ay =1, fy =0, and Ay = Q. If at least one of a; and fy is negative, we may assume S, <0, and consequently
ay > 1. So we have ay > 1 and f <O for all N > 1. Furthermore,

UN —HN-1=0aNHy, +BNHB, —ON_1Hay | — PN_1HBy |

ANHAN — /3N—1llBN,1 AN_1HAyN_| — ﬂNﬂBN
—(an-1 —Bn)-
an —Bn-i ay_1 —Bn

forall N >2, where ayy — fy_; >1and ap_; — fy > 1. Since ay > 1 and S <O for all N > 1, the functions

=(ay —Bn-1)-

_ayAy —PBn_ 1By _an-1An-1 = An By

Dy=——-—-—"—""" and En (28)
ay —Pn-1 ay_; — By
for all N >2 are convex combinations of copulas, so they are copulas themselves. For all N > 2 denote also
In=ay =By 21 and Env=—(an_; —Pn) <1, (29)

15
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so that

UN+1 —HN =EnHpy HENHE-
In addition, let

Dy =A,, E =B, {=q, and ¢ =4 (30)

Then the series in equation (27) is expressed as

Ho = Z(CNIJDN +EnHEy)- (€19
N=1

If we omit the parenthesis in series (31), the resulting series

Sip, +&1up, +Gup, + &up, + Gup, + &g, +

is not convergent in the total variation norm. For example, evaluating it on the set 1> we obtain the series ¢ 1 FE+O+HE+G+HE+. .,
which is divergent, in fact, oscillating, since {y > 1 and £y < —1. Before we omit the parenthesis in series (31), we need to split its
terms into sums of terms with small enough norm, so that after omitting the parenthesis the “oscillation” will tend to 0. For every
N > 1 we choose a positive integer My > |y |. We rewrite the series in equation (31) as

© NMy
= Z Z NMN Hpy + 5;4],\, Hey) (32)
and remove the parenthesis to obtain the series
li}ll Hp, + 51 ™, HE T o ”Dl lf\/ll Mg 1‘1:\/111 Hp, * 1?\/111 HE,
2M| terms
+ 216\32 Hp, + 215\242 Hgy + 25\32 Hp, + 2;5\24 Hgy + oot 214\242 Hp, + f\242 HE,
4M2 terms (33)
3?:[ Hp; + 315\31 HEy + 314\31 Hp; + Sf\j[ HEy *- 35\31 KD, 36_1\}133’453

6M3 terms
+ ...

We now prove the following.
Lemma 18. The series of finite signed measures (33) converges to u, in the total variation norm.

Proof. The difference between yu and any partial sum of series (33), is of the form

o NMy
— ij 5N
A=6] —HE, + Z Dy, mM Z 2 NMN”DN+NMN”EN)
i=k+1 N=m+1 i=1
0
- M,,—k
=6- 6 ~HE, +m (CmﬂD +Eukg,) + Z Cnupy +énHE,)
N=m+1

for some m>1, k € [mM,,], and 6 € {0, 1}. We can estimate its total variation norm as follows

ka

Allyy < 5,5','},'" : H#Em

+

“C Hp, +SmHE, +||N§:+1(CN#DN+5N14£N)”TV

Using M,, > |£,,| and the fact that yp is a probability measure, we obtain

A7y < % + HCmﬂDm +EnkE,, + “ i (S5 +§NMEN)HTV
N=m+1

When m tends to infinity, the first term converges to 0, the second term converges to 0 because it is the norm of a single term of a
converging series (31), and the last term converges to 0 because it is the norm of the tail of a converging series (31). This proves that
the partial sums of series (33) converge to i, in the total variation norm. []

16
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We are now finally ready to prove Theorem 1.

Proof of Theorem 1.
(i) = (ii): Assume that a quasi-copula Q induces a signed measure y, on B(1?). Let C,.C,,C;, ... be the sequence of copulas

D,.E;.D,.....D,.E;.Dy,Ey.D,,....,Dy, Ey, Dy, E3. D, ..., Dy, E;. ...

~
2M; terms 4M, terms 6 M3 terms

defined in equations (28) and (30), and let y;,7,,73, ... be the sequence of real numbers

IMy? IM 7 IM 777 My IMC 2My 7 2M 7 2My 7 T 2My Y 2M, Y 3M3 7 3M3 7 3My 7 T 3M3 7 3My T
. ~ - ~ 7 ~
2M, terms 4M; terms 6 M7 terms

defined in equations (29) and (30). By Lemma 18 the series Zj’:] YnHc, converges in the total variation norm to Ho» which proves
condition (b). For all k > 1 and (x, y) € I* we have

|oc.y) - zk‘, 7Calex. )| = | (o - Ek‘, ratc, ) (10,x1x10,51)| < g - Zk‘, Yabic, | (10.x110.51)
n=1 n=1 n=1

k k
2y —
< |MQ - ,; Yutic, |(17) = “MQ - ; YukC, ||y
Hence, the convergence of the series Y2 7, Hc, in the total variation norm implies that the series Y 72C, converges uniformly
to Q. This proves condition (a).
(ii) = (i): By condition (b) the sum of the series Z:": L VnHc, is a finite signed measure on B(1%). Denote this measure by u. As
above, this implies that the series Z;":] 7,C, converges uniformly to the function (x,y) — u([O, x] X [0, y]). On the other hand, this

series converges to Q by condition (a). Hence, Q(x,y) = u ([0, x] % [0, y]) for all (x,y) 2. J

We note that if condition (/) of Theorem 1 holds, then the series in condition (ii)(b) converges to . This implies that a measure
induced by a bivariate quasi-copula can always be expressed as a converging sum of multiples of measures induced by bivariate
copulas, i.e., as what we can call an infinite linear combination of measures induced by copulas.

Corollary 19. Any measure u induced by some measure-inducing bivariate quasi-copula can be expressed as u = 220:1 YoMy, Where each p,,
is a measure induced by some bivariate copula, each y, is a real number, and the series converges in the total variation norm.

Clearly, the sequences y, and yu, in the above representation are not unique, since we can easily interchange or even combine a
few neighboring terms of the series to obtain a different series. If Z:":l |7, < oo (note that ||u, |7}, =1 for all n), then we can actually
collect together all the positive and negative terms of the series and express y as y = au, — fupg, where

1 1
a= b ma=y Dlnlue  B=Xlnl wp=7 X alue
>0 >0 n<0 7n<0

The measures u, and yp are induced by copulas since they are (infinite) convex combinations of measures induced by copulas. So if
the series ),  , is absolutely convergent (which includes the case when the series is finite, i.e. y, = 0 for all n large enough), then
the quasi-copula that induces yu is a linear combination of two copulas. If y is not induced by a linear combination of two copulas,
then Y™, 7, must be conditionally convergent.

As another corollary to Theorem 1 we obtain the following interesting property.

Theorem 20. Let Q be a bivariate quasi-copula that induces a signed measure pg on B(12). Then

_ uol(10.x1x [0, y])
luol(®)

is a joint distribution function of two absolutely continuous random variables X and Y with ranges in 2.

H(x,y) (34

Proof. Let C, and 7, be the sequences from Theorem 1, so that uy = Y2 7, Hc,- Function H is clearly a distribution function of
two random variables X and Y with support in [. The cumulative distribution of X is given by

luo! (10.x1x 1)

== oi®
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|MQ |(AXD)
0l

Let pp, be the positive measure induced by Fy, i.e., u Fy (A) = for all A € B(I). Suppose A € B([) satisfies A(A) =0. Let Pt

and P~ be the supports of measures y* p and p_ 0’ respectively. Then
luol(AXD) _ Ho((AXDNPY) — g ((AxDn PT)
Lol (1) 1ol (M%)

HFEy (A=

0
—2<2WC (AxDn P*) - Zy,,ycn((AXI])nP_)>.
luol (1) ~
Since Hc, is a positive measure, He, ((A xhn P+) < Hc, (A x1) = A(A) =0 and similarly Hc, ((A xhn P~ ) 0 for all n > 1. Hence,
HF, (A)=0. This shows that measure yp, is absolutely continuous with respect to Lebesgue measure. By Radon-Nikodym theorem

there exists a B(l)-measurable function f such that Fy(x)=pu Fy ([0, x]) = /[0 A fxdA. Therefore, X is absolutely continuous random
variable with density fy. Similarly, Y is also absolutely continuous. []

Remark 21. Theorem 20 essentially states that the signed measures y;(A) = [pp|(A X ) and u(A) = |ug|(I X A) are absolutely
continuous with respect to the Lebesgue measure on [. The conclusion of Theorem 20 holds also if we replace measure |y, in
formula (34) by either /45 or yg.

5. Example

We conclude this paper with an example illustrating Theorem 1 and Corollary 19. In [7, Example 13] the authors construct an
example of a quasi-copula Q, that induces a finite signed measure, but cannot be written as a linear combination of two copulas. This
implies that its induced measure y,, cannot be written as a linear combination of two measures induced by copulas. On the other
hand, by Corollary 19, measure i, can be expressed as an infinite linear combination of measures induced by copulas. We now find
such a representation of ug.

First, we briefly recall the definition of quasi-copula Q, for some additional details see [7, Example 13]. For a positive integer n let
0, be a discrete quasi-copula defined on an equidistant mesh {0, Tl Tl 1}2 € 12, which has mass distributed in a checkerboard
pattern (of positive and negative values) within the central diamond-shaped area (with no mass outside this area), so that there are
exactly (n + 1)? squares with positive mass 2'11? and »? squares with negative mass —ﬁ. For example, the spread of mass of Q5 is
given by the matrix

— 1 -

00 0 = 0 00
1 1 1
007—7700
1 1 1 1 1
07-37-730
1.1 1 11 11
7 7 17 77 717
1 1 1 1 1
07-37-730
1 1 1
oo & -1 00
oo o 4 0 0 o]

If we denote by én the bilinear extension of Q,, to 12, then quasi-copula Q is deﬁned as an 0rd1na1 sum of quasi-copulas {Q,,}
with respect to the partition J = {J,,},? |, where J, =[a

n=1’

.—1,0,] and a, = E + Z +...+ z_n =1- 27- Since the length of J,, is 27’ the
summand én contributes a total mass of zi" to the mass of Q.

Denote the product copula by II. Note that for every positive integer » the function (/J\n = 217((2" + DI - @n) is clearly grounded
and has uniform marginals. In fact, it is a copula since its mass is nowhere negative and its total mass is equal to 1. We can express

0,=@n+ DI —2nC, =T+ 2n(I1 - C,). (35)

For a positive integer n denote by C, the ordinal sum with respect to partition .J, where the n-th summand is é'\,, and all other
summands are I1. In addition, denote by P the ordinal sum with respect to partition .7, where all the summands are I1.
We claim that

Ho = pp+2up — ue,) +4up — ne,) +6(up — pe) + ... +2n(up — pc ) + ... (36)

Indeed, the series on the right converges in the total variation norm because the support of measure 2n(up — yc,) is contained in
J, x J,, so by equation (35)

_ N T Y2 = 2 1 _ An(n+1)?
12n(pp ”C,,)”TV_ZM ||I4Q" ﬂn“TV— -2- (llQ M) (M=o -2-(n+1D?*- (2n+1 (2n+1)2)—2,,(2n+1)2,

el LH)Z is convergent with sum = 2.842. In addition, on each J, X J, the sum of the series in (36) coincides
2"(2n+1) n n

with g by equation (35), because only the two terms yp and 2n(up — pc,) are nonzero there. This implies that the sum of the series
in (36) is indeed equal to Ho-

and the series Y o
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Using the trick from the proof of Lemma 18, we obtain from equation (36) the converging sum expression for y, namely

Ho = Hp+ Hp = Hc, T Hp — H,
—_—

4 terms

1 1 1 1 1 1
M A L T S LT T A
. J/

~
16 terms

1 1 1 1 1 1
+ 3Hp — 3Hcy T 3Hp — 3Hey T T 3HP — SHG
o >

36 terms

+ ...

n n

1 1 1 1 1 1
+oHp— s He, T Hp — THe, Tt Tl — Ll
.

-~
4n? terms

+ ...

Of course, this representation is not unique.
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