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admitting a vertex-transitive subgroup of the automorphism
group of the graph preserving the corresponding 2-factor and
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introduce a new infinite family of cubic vertex-transitive graphs
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1. Introduction

In this paper all graphs are assumed to be finite, undirected, simple and connected, unless
otherwise specified. For definitions of some terms not defined in the Introduction, see Sections 2
and 3.

The main motivation for the investigations undertaken in this paper is the following problem
which is a generalization of a question of Bojan Mohar to the first author of this paper (see [4]):
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Problem 1.1. Classify or characterize the cubic vertex-transitive graphs admitting a partition of
their edge sets into a 2-factor ¢ and a 1-factor such that some vertex-transitive subgroup of the
automorphism group of the graph preserves C.

Once these graphs have been determined a natural next step (which leads to the original
question of Mohar) of course is to determine for which of them the 2-factor C is preserved by the
full automorphism group of the graph. Now, a vertex-transitive subgroup G of the automorphism
group of a cubic vertex-transitive graph I" can have one, two or three orbits in its natural action
on the arc set of the graph. It is easy to see that the examples where this action has only one orbit
(in which case G acts arc transitively on I") are the only ones that do not admit a partition of the
edge set into a 2-factor and a 1-factor that is preserved by G. In this sense it is thus clear that the
cubic vertex-transitive graphs that admit a partition of the edge set of the graph into a 2-factor and
a 1-factor which is preserved by the full automorphism group of the graph are precisely those that
are not arc-transitive. But what we are looking for in the context of Problem 1.1 (and the question
of Mohar) is an explicit description of such graphs.

Before proceeding a slight digression is in order. In [ 10] a complete list of connected cubic vertex-
transitive graphs of order up to 1280 was obtained. In that paper a detailed description of the
methods used to compute the graphs from each of the above mentioned three cases (depending
on the number of orbits of the automorphism group on the arc set of the graph) was given. In
particular, it was shown that with the exception of the girth 4 examples (which correspond to
the graphs known as prisms and Md&bius ladders) the cubic vertex-transitive graphs for which the
automorphism group has two orbits on the arc set correspond naturally to certain arc-transitive
quartic graphs admitting what are called arc-transitive cycle decompositions (see [14]). In the
investigations concerning Problem 1.1 one thus could take the approach of considering the so-called
cubic graphical regular representations (the graphs whose automorphism group is regular) and the
ones corresponding to these quartic arc-transitive cycle decompositions separately. There are also
numerous papers on cubic vertex-transitive (and arc-transitive) graphs in the literature that one
could try to use (see for instance [6-8,11-13] for some of the more recent ones). However, in
obtaining the explicit descriptions of the graphs we are looking for this does not seem to be of
considerable help, which is why we decided to take a “direct approach”.

The first steps in the investigation of the above mentioned question of Mohar were taken
in [3,4], where the examples for which the corresponding 2-factor C consists of one or two cycles,
respectively, were analyzed and the ones for which the full automorphism group preserves C were
classified. The analysis of the case where C has two cycles was considerably more difficult than
the one where C consists of a single (Hamilton) cycle. This suggests that taking this further by
considering the examples for which C consists of a small number of cycles (say three, four or five)
probably does not make much sense. On the other hand, we think it is worth considering the graphs
for which we do not restrict the number of cycles in C but instead insist that each member of C is
only adjacent to two other members of C (in the sense that distinct C, C’ € C are adjacent if there
exist adjacent vertices v € V(C) and v' € V(C')). We say that such a graph is of cycle quotient type
with respect to C.

To explain why we think this is worth pursuing we present the data obtained by performing a
computer search (using MAGMA [5]) within the above mentioned census [10] up to order 500. The
meaning of the notation in the table given below is as follows. For a given integer n let VT, be
the set of all connected cubic vertex-transitive but not arc-transitive graphs up to order n (recall
that these are precisely the graphs I that admit an Aut(I”)-invariant partition of their edge sets
into a 2-factor and a 1-factor). Then let VT ,11 C VT, be the subset of the graphs I that admit an
Aut(I")-invariant partition of their edge sets into a Hamilton cycle and a 1-factor, let V72 C VT,
be the subset of the graphs I that admit an Aut(/")-invariant partition of their edge sets into a
2-factor with two cycles and a 1-factor, and let V72* = V72 \ VTL. Next, let VT' € VT, be the
subset of the graphs I" that admit a partition of their edge sets into an Aut(/")-invariant 2-factor
C and a 1-factor such that |[C| > 3 and I" is of cycle quotient type with respect to C. Finally, let
VT = VT \(VTLUVT?) and VT = VT, \ (VT U VT2 UVT,). The obtained data is given in
the following table.
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n VTl VTl VT3l VT2 VTl VT VTl
100 627 278 204 110 255 110 129
200 2530 1164 770 360 1147 430 576
300 5657 2667 1727 764 2640 901 1325
400 10360 4785 3046 1312 4835 1614 2649
500 15703 7524 4770 2017 7538 2368 3794

As one might expect, the proportion of the size of VT, in VT, seems to slowly increase as n grows
and the same seems to hold for the size of V75 in VT ,. On the other hand, the proportion of the
size of VT2¥ in VT, seems to slowly decrease. Nevertheless, it still seems that V75! and VT are
important and substantial enough subsets of VT, to be worth investigating.

In this paper we show that the cubic vertex-transitive graphs corresponding to Problem 1.1
which are of cycle quotient type come in two essentially different “flavors” — we say that some
of them are of alternating cycle quotient type and some of bialternating cycle quotient type (see
Section 3 for details). It turns out that of the 7538 graphs I" from V7% around 76 percent of them
(5733 to be precise) admit an Aut(I")-invariant partition of their edge sets into a 2-factor ¢ and a
1-factor such that I" is of alternating cycle quotient type with respect to C, while around 28 percent
of them (2112 to be precise) admit an Aut(/")-invariant partition of their edge sets into a 2-factor
¢ and a 1-factor such that I" is of bialternating cycle quotient type with respect to C (meaning that
307 of them admit both kinds of cycle quotient type partitions).

The main aim of the present paper is to undertake a detailed analysis of the cubic vertex-
transitive graphs of alternating cycle quotient type and to resolve Problem 1.1 and the correspond-
ing question of Mohar for this class of graphs. Our main results are as follows. We give a complete
classification of connected cubic graphs I” admitting a vertex-transitive subgroup G < Aut(I") and a
G-invariant partition of their edge sets into a 2-factor C and a 1-factor such that I" is of alternating
cycle quotient type with respect to C (see Theorem 5.2). Moreover, we determine for which of these
graphs the 2-factor C is preserved by Aut(I") (see Theorem 6.13). We also show that the family of
graphs Ay(m, n, k, £) from Theorem 5.2 contains infinite subfamilies of arc-regular graphs and of
2-arc-regular graphs (see Corollary 7.1), as well as of graphs for which the automorphism group
has two orbits on the arc set but with vertex-stabilizers of order more than 2. In this sense the
family x,(m, n, k, £) is interesting on its own and may well be the subject of further investigations
of cubic vertex-transitive graphs.

We point out that the corresponding graphs A,(m, n, k, £) from Theorem 5.2 are a natural
generalization of both the well-known generalized Petersen graphs [9] and of the honeycomb
toroidal graphs [1] (the latter ones correspond to the case when k = 1). Whereas in the vertex-
transitive generalized Petersen graphs the graph consists of an n-cycle with “jumps” by 1 and an
n-cycle with “jumps” by k (with the exception of the graph of the dodecahedron) and a perfect
matching connecting the corresponding vertices of the two n-cycles, the graph x,(m, n, k, £) consists
of a larger number (m) of n-cycles, alternatingly having “jumps” by 1 and k, and a perfect matching
which connects half of the vertices (every other) of an n-cycle to the corresponding half of the
vertices of the “next” n-cycle and where the parameter ¢ describes in what way the remaining half
of the vertices of the “last” n-cycle is connected to the remaining half of the vertices of the “first”
n-cycle.

2. Preliminaries

For a graph I we denote its vertex set and edge set by V(I") and E(I"), respectively, where
we sometimes simply write V and E if the graph I' is clear from the context. A subgroup G of
the automorphism group Aut(I") of a graph I" is said to be vertex-transitive, edge-transitive or s-
arc-transitive on I", where s > 1, if the natural action of G on V(I"), E(I") or the set of all s-arcs,
respectively, is transitive (where an s-arc is a sequence of vertices (v, v1, ..., vs) of I" for which
any two consecutive vertices are adjacent and any three consecutive vertices are pairwise distinct).
Moreover, if the action of G on the set of s-arcs is regular, we say that G is s-arc-regular on I". In the
case that G = Aut(I") we say that the graph I" is vertex-transitive, edge-transitive, s-arc-transitive
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or s-arc-regular, respectively, where we abbreviate the terms 1-arc-transitive and 1-arc-regular to
arc-transitive and arc-regular, respectively.

Throughout the paper the Greek letters «, 8, ¥, p,0,n and 7 will denote automorphisms of
graphs while § and ¢ will usually be integers from {0, 1} or {—1, 1}. This should cause no confusion.

We will often be working with elements of the residue class ring Z, for some positive integer
n, as well as with integers. We will write things such as t£ + 2 = 0, where ¢ will be an element
of Z, and t will be an integer. By this we mean that the corresponding equality holds in Z,, or in
other words that viewing ¢ as an integer (any one in its residue class) t¢ + 2 is divisible by n. We
also make the convention that for an integer (or an element of Z,), say k, we abbreviate things like
ke{—2,2}tok=42and k ¢ {—2,2} to k = £2.

A family of graphs that will play an important role in this paper is that of the honeycomb
toroidal graphs HTG(m, n, £). This is the most natural family of examples of connected cubic graphs
I’ admitting a partition of their edge sets into a 2-factor C and a 1-factor such that I" is of alternating
cycle quotient type with respect to C and some vertex-transitive subgroup of Aut(I") preserves C.
These graphs have been extensively studied (see the recent survey [1]). For instance, it is known that
they admit a regular subgroup of the automorphism group (isomorphic to a generalized dihedral
group) [2] and their automorphism groups have also been determined [ 15]. To avoid repetition let us
simply say that the honeycomb toroidal graph HTG(m, n, £), where m > 1,n > 4is even and ¢ € Z,
is of the same parity as m, is precisely what we get in our Construction 4.2 (where we naturally
extend that construction to allow for m € {1, 2}) by taking A,(m, n, S, £) with S consisting of m
copies of {—1, 1} (but see also [1]).

3. The two cycle quotient types

We now describe the general setting and introduce some corresponding notation that we will
be working with throughout the paper. Unless otherwise specified our graph I" will always be a
connected cubic vertex-transitive graph admitting a partition of its edge set into a 2-factor ¢ and
a 1-factor Z. So, whenever we speak of C or Z we are referring to this chosen 2-factor or 1-factor
of I', respectively (note that a given I" may admit several different partitions of its edge set into
a 2-factor and a 1-factor). We will usually also assume that there exists some vertex-transitive
subgroup G < Aut([") preserving the 2-factor C (which of course happens if and only if it preserves
the 1-factor 7). In this case we will say that this partition is G-invariant.

Let I, C and G be as in the previous paragraph. We let the quotient graph I'c of I" with respect
to C be the simple graph with vertex set ¢ in which two distinct vertices C and C’ are adjacent if
and only if there is a vertex v of C that is adjacent to at least one vertex v’ of C'. Note that because
of the assumption on C and G the graph I} is vertex-transitive (and thus regular). Even though we
will only be working with examples with |C| > 3 in this paper we mention that by our definition
I; is the complete graph K; if and only if [C| = 1 (the corresponding graphs were studied in [4]),
while I'; is the complete graph K; if and only if |C| = 2 (the corresponding graphs were studied
in [3]). As already stated in the Introduction, we say that I" is of cycle quotient type with respect to
C if Iz is a cycle (or in other words if each C € C has precisely two neighbors in I';). It is this kind
of graphs that we want to study in this paper.

Suppose I is of cycle quotient type with respect to C and suppose a vertex-transitive subgroup
G < Aut(I") preserves C. Since in this case C consist of at least three cycles and I" is cubic, the
cycles from C are all induced cycles of the same length, which we denote throughout the paper by
n. Moreover, each vertex v of I" has precisely one neighbor which is in a different member of C
than v. We call this neighbor of v the outside neighbor of v and denote it by v*. We let m = |C| (and
so I' is of order mn) and we denote the members of C by G, i € Z,,, where we assume that in I'¢
each G is adjacent to C;_; and G 1, computation of indices being performed modulo m. Moreover,
we denote the vertices of I” by u;j, i € Zm, j € Zy, in such a way that V; = {u;:j € Z,} is the vertex
set of C; for each i € Zy,. Throughout the paper all computations of the indices for u;; are thus to
be performed modulo m in the first and modulo n in the second component.

With no loss of generality we assume that ug; ~ ugj;q for all j € Z, and that upo ~ uq,.
For each i € Z, we denote the setwise stabilizer of V; in G by G;. Since G is vertex-transitive and
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preserves C, the restriction of the action of Gy to Vj is transitive, and so the corresponding group is a
transitive subgroup of the dihedral group D, of order 2n. Since D,, has at most two proper transitive
subgroups, namely the cyclic group of order n and the dihedral group D,;, (when n is even), it is
clear that G contains an automorphism p preserving Vy and whose restriction to Vj is the 2-step
rotation of Cy, where

o(uoj) = ug j1o for each j € Z,. (1)

Consider the vertex ug o of I" and recall that we have decided that ug¢* = u;o € Vi. There are
then two essentially different possibilities. The first is that none of 1y 1* and up _1* is in Vj. In this
case we say that I" is of alternating cycle quotient type with respect to C. In the other case we say
that I" is of bialternating cycle quotient type with respect to C (note that if say ug 1* € V; then for
I' to be of cycle quotient type with respect to C we require that ug»*, ug3* € Vi—1, and so the
outside neighbors of consecutive pairs of vertices of C; alternate between being in V; and V;;,_1). As
announced in the Introduction it is the aim of this paper to classify the graphs of alternating cycle
quotient type and determine for which of them the corresponding 2-factor C is preserved by the
whole Aut(I"). We start with the following useful observation.

Proposition 3.1. Let I" be a connected cubic graph admitting a partition of its edge set into a 2-factor
C and a 1-factor T such that |C| > 3 and that the quotient graph I'c with respect to C is a cycle. Suppose
there exists a vertex-transitive subgroup G < Aut(I") preserving this partition. Then the group induced
by the action of G on It is the dihedral group of order 2m, where m = |C|.

Proof. Leti € Zj and let u;; be a vertex of I" such that u;;* € Viyq. Since G is vertex-transitive
on I" and preserves C, there exists an »; € G mapping u;; to u;;*. Since u;; and u;;* are the outside
neighbors of each other, it follows that »; interchanges u;; and u;;*, and so its induced action on I'¢
interchanges C; and Ci 1. Since this holds for each i € Z;, and I¢ is a cycle of length m it follows
that the group induced by the action of G on I; is indeed the full dihedral group D,,. O

4. The graphs x,(m, n, S, £) and X,(m, n, k, £)

Let I', C, Z, G < Aut(I"), n and m be as in the previous section where we assume that I" is of
alternating cycle quotient type with respect to C. Recall that up o* € V4 and ug 1%, ug—1* € V1. Let
p € G be such that (1) holds and note that (since p(up,—1) = ug.1) it preserves each of Vy and V;;_;.
By Proposition 3.1 it then preserves each V;, i € Z,. Moreover, applying p we see that n must be
even, say n = 2n’ for some n’ > 2, and

Upj* €Vy < 2|j and ug;* € Vpo1 < 214]j.

With no loss of generality we can assume that ug; ~ u,; for all even j € Z,. Therefore, uq;* € V,
for all odd j € Z,, and so we can again assume that u; j ~ uy; for all odd j € Z,. Continuing in this
way we can thus assume that for each i with 0 < i < m — 2 we have that

ujj ~ Ui forall j € Z, withj=i (mod 2). (2)

To fully describe I we now only need to describe the edges of the m — 1 cycles G;, 1 <i<m—1,
and the edges of Z connecting the vertices ug; € Vy with j odd to those of V;,_1.

Recall that none of the two neighbors of ug o in Cp has its outside neighbor in the same set V;
as ugo. As G preserves C and is vertex-transitive it thus follows that for each i € Z,, and each pair
of consecutive vertices of C; their outside neighbors are in different members of C. Therefore, if
for some i € Zy, and j, j' € Z, the vertices u;; and u;y are adjacent, then j and j' are of different
parity. This proves the first half of the following result (where we refer the reader to Section 3 and
Construction 4.2 for the definition of the HTG-graphs).

Proposition 4.1. Let I" be a connected cubic vertex-transitive graph admitting a partition of its edge
set into a 2-factor C and a 1-factor T such that I is of alternating cycle quotient type with respect to C.
If C is preserved by a vertex-transitive subgroup G < Aut(I") and the members of C are 4-cycles, then
I’ is isomorphic to the honeycomb toroidal graph HTG(m, 4, ), where m = |C| and £ € {0, 1} is of the
same parity as m. Moreover, C is preserved by Aut(I").
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Proof. That I" is isomorphic to HTG(m, 4, ¢) for the unique ¢ € {0, 1} which is of the same parity
as m follows from the above discussion and the fact that HTG(m, 4, £) = HTG(m, 4, £ 4+ 2) (we can
simply exchange the roles of ug 1 and ug 3). That the partition is Aut(/")-invariant follows from the
fact that the cycles from the 2-factor C are 4-cycles while the edges of the 1-factor do not lie on
4-cycles (as |C| = 3). O

In view of the above proposition we can assume henceforth in this section that n’ > 3 (recall
that n = 2n’). Let p € G be such that its action on Vj is as in (1). Since it preserves the 1-factor Z, it
maps each u, ; with j even to uy j4,. Thus n’ > 3 implies that the restriction of the action of p to C;
is a rotation having two orbits of size n’ on V;. With no loss of generality we can thus assume that
the vertices u; j with j odd have been labeled in such a way that p(u; ;) = uq 4, for all j € Z,. We
now see that p(uy ;) = uy j;» for all odd j € Z,, and so we can assume that the vertices u, ; with j
even have been labeled in such a way that p(u, ;) = u, j4 for all j € Z,. Continuing in this way we
thus finally see that we can assume that the vertices of I" have been labeled in such a way that

,O(ijj) = Ujjt+2 forallie Zm andj € Zn. (3)
It now also follows that there exists a unique ¢ € Z, such that
Um—1j ~ Ugjt¢ forallj € Z, withj=m—1 (mod 2). (4)

Observe that ¢ must be of the same parity as m so that j 4 ¢ will be odd and thus ug j;, will indeed
be a vertex having its outside neighbor in V;,_4. Finally, the discussion in the paragraph preceding
Proposition 4.1 together with (3) implies that for each i € Z,, there exist distinct odd a;, b; € Z,
such that

Ui j ™~ Ujjta;s Uijtb; forallj € Z, withj=1i (mod 2). (5)

Of course, {ag, bg} = {—1, 1}. Note that for the edges connecting the vertices of V; to form an n-cycle
we require gcd(b; — a;, n) = 2 to hold. We now have a complete description of the graph I".

Construction 4.2. Let m, n be integers where n > 4 is even and m > 3 and let £ € 7Z, be of the

same parity as m. Furthermore, set ag = 1 and by = —1 and for each i with 1 < i < m — 1 let
a;, b; € Z, be distinct odd elements such that gcd(b; — a;, n) = 2. Then the graph X,(m, n, S, £), where
S =[{ao, bo}, {a1, b1}, ..., {am-1, bm_1}], is the graph of order mn with vertex set consisting of all u; ,

i € Zm, j € Zy, and adjacencies given in (2), (4) and (5).

Proposition 4.3. Let I" be a connected cubic vertex-transitive graph admitting a partition of its edge set
into a 2-factor C and a 1-factor such that I' is of alternating cycle quotient type with respect to C. If C is
preserved by some vertex-transitive subgroup of Aut(I") then I" is isomorphic to a graph X,(m, n, S, £)
from Construction 4.2, where m = |C|.

The sequence S from the above construction is called the signature of the graph A,;(m, n, S, ¢). In
the remainder of this section we show that it suffices to consider only signatures of a very particular
kind (see Corollary 4.5 and Proposition 4.10). We also make the agreement that whenever we have a
graph I' = Xy(m, n, S, €) from Construction 4.2 we let V; = {u;j:j € Z,} and C; be the cycle induced
on V; for each i € Z,,. Moreover, we set C = {C;:i € Z;,} and we let Z be the set of all edges arising
from adjacencies in (2) and (4). We call the edges from Z the links of I and the remaining ones
(that is, those from the cycles in C) the non-links of I'.

We first record some useful isomorphisms between graphs from Construction 4.2.

Lemma 44. lLet ' = Xx,(m,n,S, ), where the parameters satisfy all the assumptions from
Construction 4.2. Then for each even q € Z, both of the following hold:

(i) For any i with 1 < i < m—2 we have that I’ = X,(m, n, S’, £), where the signature S’ is obtained
from S by replacing {a;, b;} and {a;;1, bix1} by {a; —q, b — q} and {a;+1 +q, bi+1 + q}, respectively.

(ii) ' = X,(m, n,S”, £ — q), where the signature S” is obtained from S by replacing {ay_1, bm_1} by
{am—1— 4, bpu—1 —q}.
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Proof. To confirm the claim from item (i) simply relabel each u;; and uj;; where j = i (mod 2)
by ujjrq and uiyq jiq, respectively. To confirm the claim from item (ii) simply relabel the vertices
Um—1; With j =m — 1 (mod n) by u;,_1 4. We leave the details to the reader. O

Corollary 4.5. Let I’ Xqs(m,n, S, £), where the parameters satisfy all the assumptions from
Construction 4.2. Then I' = X,(m,n,S’, ') for some ¢ € Z, and a signature S’ such that for each
i € Zy we have that a; + b; = 0.

R

Proof. We claim that for each i, 1 <i < m — 1, with a; + b; # 0, there exists an even q € Z, such
that a; —q+ b; — q = 0. Indeed, since a; and b; are both odd and n is even, there exists a q € Z, such
that 2q = a; + b;. If g is even, we are done, while if it is odd then the fact that gcd(b; — a;, n) = 2
implies that n’ is odd (recall that n = 2n’), and so we can simply replace q by q + n'.

It is now clear that using Lemma 4.4 we can change the signature S, one step at a time, to obtain
a signature S” with the desired property (in the last step the parameter £ may change). O

By Corollary 4.5 we can restrict our attention to graphs I" = A,(m, n, S, £), where the signature
Sisof the form S = [{£1}, {*k}, ..., {£kn_1}] for some odd k1, ks, ..., knm_1 € Zy,, where for each
i we have that gcd(2k;, n) = 2, which is of course equivalent to gcd(k;, n) = 1. Observe that this
implies that u;; ~ uj j4, for alli € Zy and j € Z, (where we let ko = 1). Whenever the signature is
in such a form we simply write it as [1, kq, ka, . . ., kn_1] (Where we can in fact assume that k; < n’
for all i € Zy,). For ease of reference we now record our assumption that we will be working with
in some of the next results.

Assumption 4.6. We assume that I' = &x,(m, n, S, £) for some m > 3,anevenn > 6 and £ € Z, of
the same parity as m and where the signature S is of the form S = [kg, k1, ..., km_1] for kg = 1 and
some kq, ks, ..., kn_1 € Z, which are all coprime to n. We also assume that there exists a vertex-
transitive subgroup G < Aut(I") preserving the 2-factor C consisting of the m cycles of length n
induced on the sets V;, i € Zy,.

We now investigate in what way the assumption on the existence of the group G restricts the
signature S and the parameter ¢£. We achieve this via elements of G guaranteed by Proposition 3.1.
Before proceeding we remind the reader of our convention that all expressions involving elements
of Z, (such as ¢ and the k;, i € Z,,) are to be considered modulo n.

Lemma 4.7. Let ' = X,(m,n,S,{) be as in Assumption 4.6. Then there exists a nontrivial
automorphism of I' preserving the 2-factor C and fixing uo o if and only if 2¢ = 0.

Proof. Suppose n € Aut(/") is a nontrivial automorphism preserving C and fixing ug . It then either
also fixes up ; or interchanges it with ug _;. In the former case it must fix the whole Cy pointwise
and then the fact that n > 6 implies that 5 fixes at least three vertices of the cycle C; (recall that (2)
holds), and thus has to fix it pointwise. Continuing in this way we thus see that » is the identity, a
contradiction.

It thus follows that » interchanges up ; with ug _4, and consequently also interchanges ug; with
up,—j for each j € Z,. Considering outside neighbors it thus follows that 5 interchanges uq; with
uj,_j for each even j € Z,. Let j € Z, be odd. Since n > 6 and (; is an n-cycle, the vertex u, is
the unique common neighbor of u; ;_k, and uy jk,, which are mapped by n to uy,_jy, and uy _j_g,,
respectively (recall that k; is odd, and so j — ky and j + k; are even). Since the unique common
neighbor of these two vertices is u;,_;, it follows that » interchanges u,; with u; _; for each j € Z,.
Continuing in this way we finally see that 7 also interchanges up_1; with up,_; _; for each j € Z,.
For j € Z, of the same parity as m — 1 we thus have that » maps the pair of adjacent vertices upm_1 ;

and ug j1, to the pair u,_1,—; and ug _j_, which are adjacent if and only if —j + ¢ = —j — £. This
clearly holds if and only if 2¢ = 0.
To prove the converse one simply needs to show that if 2¢ = 0 then the permutation 7

interchanging u;; with u; _; for each i € Z, and each j € Z, is an automorphism of I", which
is easy to do and is left to the reader. O
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Lemma 4.8. Let I' = X,(m,n,S, £) be as in Assumption 4.6. Then 2k1.2 = +2 holds for all i € Zy,.
Moreover, if 2¢ # 0, then 2k? = 2 holds for all i € Zp,.

Proof. leti € Zp, wherei # m — 1, and let § be 0 or 1 depending on whether i is even or odd,
respectively. Note that by (2) this implies that u; s = u;;15. Since G is vertex-transitive, there
thus exists an « € G interchanging u; s with u;;; 5. Hence o? fixes u; 5, and so Lemma 4.7 implies
that o? either fixes each vertex of I" or 2¢ = 0 in which case a similar argument as in the proof of
Lemma 4.7 shows that o? interchanges uy j with uy _j»s for each i’ € Zy, andj € Z,. Let e € {—1, 1}
be such that o(u; s+k;) = Uit1,5+¢k;,,- Then

(Ui s4jk;) = Uit1,s4¢jk,, fOr all j € Zy.
By (2) we thus find that

2 _ A —
o (ui,6+2ki2) = (x(u1+l,3+52kiki+1) = ul',8+2ki2+1a

and so either 2k?,; = 2k? or 2¢ = 0 and 2k, |, =

—2k?. Since ko = 1, we are done. O
Proposition 4.9. Let I’ = x,(m, n, S, £) be as in Assumption 4.6. Then precisely one of the following
holds:

e 2k; = £2 holds for all i € Z,, or
e m is even, 2k, # %2, and 2k; = %2 for each even i € Z,, while 2k; = +2k, for each odd i € Zy,.

Proof. Leti € Z;, be such that i < m — 3 and let § be 0 or 1, depending on whether i is even or
odd, respectively. Since G is vertex-transitive there exists a y € G mapping u; s to Uiy s+1. Since
Uis™ = Ujy1,s and Uir1 541" = Uiy2 541, We have that y(uit1,5) = Uiy2.5+1. The induced action of y on
the quotient graph I; is thus a 1-step rotation mapping Vy to Vi, for each i’ € Z,. Let ¢ € {—1, 1}
be the unique element such that y (u;sik;) = Uit1,64+1+ek;,,- Then Lemma 4.8 yields

V(Ui 512k, k) = Uip1ss1e2er2, | € {Uit1,643, Uir1,5-1).

Applying (2) we obtain y(Ui11,s42kk.,) € {Uit2.5+3, Uir2,5-1}. On the other hand, since y(u;y1,5) =
Uiy2,5+1 and there is a natural walk of length 2k; in Gy from w15 t0 Uitq 542k, We also have
that

i+1

V(Ui 1.8+2kikiy ) € (Ui2, 5414 2kkiyz > Uit2,6+1-2kiki )+

Therefore, 2k;k;, = 2. Multiplying by k; and applying Lemma 4.8 yields 2k;;, = +2k; for all
i € Zy withi < m — 3. Consequently, 2k; = +2 for all even i € Z,, while 2k; = +2k;
for all odd i € Zp. A completely analogous argument where we take i = m — 2 shows that
2km_2 = 2km_oko = %2, and so if m is odd we in fact have that 2k; = +2 for alli € Z,,. O

We are now ready to make the final step in simplifying the signature of our graphs.

Proposition 4.10. Let I' = x,(m, n, S, £) be as in Assumption 4.6. Then we can relabel the vertices
of each of the cycles of the 2-factor C in such a way that one of the following holds:

o there exists some {' € Z, such that I’ = HTG(m, n, £'), or
e m is even and there exist £’ € Z, and an odd k € Z, with 2k # +2 and 2k* = £2 such that
r =x,(mn,[1,k 1,k ...,1,k],¢).

Proof. We consider each of the two possibilities given by Proposition 4.9 separately.

Suppose first that 2k; = +2 for all i € Z,. Then for each i € Z,, we have that either k; = £1,
in which case we can simply assume that k; = 1, or k; = n’ & 1 (recall that n = 2n’). If the former
holds for all i € Z, there is nothing to prove as then I" is a honeycomb toroidal graph. Assume
thus that this is not the case and let i, 1 <i < m — 1, be the smallest integer such that k; = n’ £ 1.
With no loss of generality we can in fact assume that k; = n’ 4+ 1. Since k; is odd, n’ is even (and

8
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Fig. 1. The graphs x,(4, 10, 3,0) and A,(4, 10, 3, 2).

thus n is divisible by 4). We can now apply Lemma 4.4 with ¢ = n’ to obtain a new signature in
which all the ky with i’ < i remain 1 and the new k; becomes 1 as well. Clearly, the new signature
still satisfies the assumption that 2k; = +2 for all i’ € Z,,. We proceed in this way until finally
reaching the situation in which all the k; are 1, proving that I" is a honeycomb toroidal graph (note
that at the last step £ may change).

Suppose now that 2k; # +2 for at least one i € Zp,. Then Proposition 4.9 implies that m is even,
2k; # £2 and for each i € Zj, either 2k; = +2 or 2k; = £2k;, depending on whether i is even or
odd, respectively. The argument is now very similar as in the previous case. If k; # +1 for some
eveni € Zp or k; # £k for some odd i € Zy, then the fact that k; = 1 and k; & k; are both
even implies that n’ is even and that we can assume k; = n’ + 1 or k; = n’ + ky. Using Lemma 4.4
with ¢ = n’ again shows that we can change the signature in such a way that k; becomes 1 or ky,
depending on whether i is even or odd, respectively. O

Since the automorphism groups of honeycomb toroidal graphs are known [15], Proposition 4.10
implies that in order to solve Problem 1.1 and the corresponding question of Mohar for the cubic
vertex-transitive graphs of alternating cycle quotient type we only need to investigate the graphs
Xqg(m, n, S, £) with m even and S of the form [1,k, 1, ..., k], where k € Z, is such an odd element
that 2k # =42 and 2k* = #2. We record the adjusted assumption for ease of reference and
introduce a simplified notation for such graphs (we point out that here we do not assume that
a vertex-transitive subgroup of the automorphism group preserving the 2-factor C exists).

Assumption 4.11. We assume I = X,(m,n, S, £), where m > 4,n > 6 and ¢ € Z, are all even
and S =[1,k, 1,k,...,1,k] for an odd k € Z, such that 2k # 42 and 2k? = £2. We simplify the
notation for this graph to X,(m, n, k, £).

Note that for 2k # =2 to be possible, we require that n > 10. The smallest possible graphs
satisfying Assumption 4.11 are thus of order 40 (having m = 4 and n = 10). The examples
Xq(4, 10, 3, 0) and A,(4, 10, 3, 2) are presented in Fig. 1 (Cy corresponds to the “outer” 10-cycle).
Using MAGMA one can verify that the first of these two graphs is 2-arc-regular, while the second is
not even vertex-transitive.

5. Achieving vertex transitivity
In this section we determine which of the graphs I from Assumption 4.11 admit a vertex-

transitive subgroup of Aut(I") preserving the 2-factor C, thereby solving Problem 1.1 for the case of
the graphs of alternating cycle quotient type.
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Proposition 5.1. Let I’ = X,(m, n, k, I) be as in Assumption 4.11. Then there exists some y € Aut(I")
preserving the 2-factor C and mapping ug o to uq.1 if and only if one of the following holds:

(i) Lk = % and at least one of k* = +1 and 4 | m holds.
(ii) k* # +1, m = 2 (mod 4) and £k = n’ & ¢, where n = 2n'.

Proof. We distinguish two cases depending on whether k> = 41 or not.

CASE 1: k2 = £1.

Let § € {—1, 1} be such that k¥ = § (and so §k* = 1). Suppose there exists a y € Aut(I")
preserving C and mapping ug o to uq 1. Letting ¢ € {—1, 1} be such that y(up1) = U114k We see
that

v (Uoj) = Uy 144jx for all j € Zy. (6)

Since y preserves the set of all links of I", (2) implies that y(uq;) = uy 14k for all even j € Z,. In
particular, y(uq,0) = uy,1 and y(uy,2x) = Uz 1425, and so the common neighbor u;  of uq ¢ and uq 2
is mapped by y to uj 14.s. It now clearly follows that y(uq jk) = Uz 145 holds for all j € Z,. Taking
into account that j = (8jk)k we thus see that y(u; ;) = uy 144 for all j € Z,. Continuing in this way
we find that

Y (Uij) = Uip1,144jk for all i € Zy \ {m — 1} and j € Z,, (7)
and

Y(Um—1;j) = Uo,1+etejk for all j € Zy,. (8)

Since m is even, (4) implies that u,,_q; ~ upji¢ for each odd j € Z,. Since these two vertices are
mapped by y to Ug 14e+ejk aNd U1 14gjkteek, it thus follows that £k = €. To prove the converse we
simply show that if £k = ¢¢ for some ¢ € {—1, 1}, then the permutation y defined on I" by (7) and
(8) is indeed an automorphism of I". We leave this easy verification to the reader.

CASE 2: k? # %1.

Since 2k* = +2 we thus have that k» = n’ 4+ § for a § € {—1, 1}. Since k is odd this implies
that n’ is even and that 1 = §(k 4+ n’)k. Suppose again that there exists a y € Aut(I") preserving
C and mapping up to uy ;. We proceed very similarly as above, first letting ¢ € {—1, 1} be such
that y(ug 1) = 1,14« and obtaining that (6) holds and consequently that y(u; jx) = U 145 for all
j € Zy. Therefore,

y(Uu1) = v (U1 sjtkngk) = Uz, 14¢jkjn for all j € Zy.
By (2) we then obtain that y(uy ;) = U3 14+ for all odd j € Z,, and consequently also
y(Uyj) = U3 14gjkqn for all j € Z,.

Continuing in this way we finally find that

Uit1, 1+4ejk i=0 (mod4)
_ Uit 1, 1+ejk-+jn’ i=1 (mod 4) . .
i) = . 1€Z m—1}, j€ Z,. 9
y( LJ) Uig1 1 4ejin’ l =2 (mod 4) m \ { ) J n (9)
Ui 1, 14 ekt GH ) i=3 (mod 4),
Moreover, if 4 | m, then
Y (Um-1) = Uo 1+e+ejk+(+1)n fOr all j € Zn, (10)
while if m = 2 (mod 4), then
Y (Um—1;) = Uo 1+¢+ejk+jn fOr all j € Zp. (11)

We now again consider the y-image of a link of the form up_1jug ¢, j € Zy odd. In the case of
4 | m we find that £k = £, while in the case of m = 2 (mod 4) we find that ¢k = &£ + n’, as
claimed. Again, one can easily verify that the converse holds in the sense that if 4 | m and ¢k = &¥,
then the mapping y defined by (9) and (10) is an automorphism of I", while if m = 2 (mod 4) and
Lk = € + n’, then the y defined by (9) and (11) is an automorphism of I". O

10
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We can now classify the graphs of alternating cycle quotient type that correspond to Problem 1.1.

Theorem 5.2. Let I" be a connected cubic vertex-transitive graph admitting a partition of its edge set
into a 2-factor C and a 1-factor T such that I" is of alternating cycle quotient type with respect to C.
Let m = |C| and let n be such that I" is of order mn. Then there exists a vertex-transitive subgroup of
Aut(I') preserving C if and only if one of the following holds:

(i) ' = HTG(m, n, £) for some £ € Z, of the same parity as m, or
(ii) mis even and I' = X,(m, n, k, £) for some even £ € Z, and odd k € Z, such that 2k # +2,
2k? = 42 and one of the following conditions is satisfied:

o ¢k = +¢ and at least one of k* = 1 and 4 | m holds, or
e lk=n"4+¢ m=2 (mod 4) and k* =n’ &+ 1, where n = 2n’.

Proof. The forward implication follows from Proposition 4.1, Proposition 4.3, Corollary 4.5, Propo-
sition 4.10 and Proposition 5.1. For the converse we first note that the HTG(m, n, £) graphs indeed
do admit a vertex-transitive subgroup of their automorphism group preserving C. As we already
mentioned they admit a regular generalized dihedral group as a subgroup of the automorphism
group and the links of these graphs correspond to a certain involution of this group (see [2]).

To complete the proof we thus only need to consider the graphs I' = X,(m, n, k, £) from item
(ii) of the theorem. In fact, since the mapping p defined as in (3) clearly is an automorphism of I
preserving C, Proposition 5.1 implies that we only need to show that there exists an automorphism
of I" preserving C and mapping ug to ug ;. Let 8 be the permutation of the vertex set of I" defined
by the rule

Bluij) = { e iz o [€Zm ey (12)
Observe that 8 is well defined and is a permutation of the vertex set of I" (in fact, it is an involution).
Since m is even, i and m — i are of the same parity, and so the non-links of I" are clearly mapped
to edges of I'. To see that the links are also mapped to edges of I" it suffices to note that 1 —j — ¢
and j, as well as i and m — i — 1 are of different parity. We leave the details to the reader. O

6. Additional automorphisms

In the last part of the paper we determine those graphs from Theorem 5.2 that admit additional
automorphisms which do not preserve the 2-factor C. We start this rather long and tedious analysis
in which a careful examination of the 10-cycles of the X,(m, n, k, £) graphs plays a crucial role by
recording some additional isomorphisms between the x,(m, n, k, £) graphs and by showing that we
can restrict ourselves to the examples with n > 14.

Lemma 6.1. Let I' = Xy(m,n, k, £) where the parameters m, n, k and £ satisfy the conditions of
Theorem 5.2(ii). Then I’ = X,(m,n, —k,£) and I’ = X,(m, n, k, —£). Moreover, if n is divisible by 4,
then I' = x,(m,n, k+n', ) or I' = X,(m,n, k+n', £ +n'), where n = 2n’, depending on whether m
is divisible by 4 or not, respectively.

Proof. The first claim follows from the definition of the x,;(m, n, k, £) graphs, while an isomorphism
showing that I" = X,(m, n, k, —¢) can be obtained by mapping each vertex u;; of I" to the vertex
u; —j of Xs(m,n, k, —¢). To prove the last claim suppose n is divisible by 4. Then n’ is even and
k' = k 4+ n’ is coprime to n. Moreover, 2k’ = 2k and k> = k?, and so k’ satisfies all the conditions
of Assumption 4.11. If m is divisible by 4, we can apply Lemma 4.4(i) with ¢ = n’ for each
ie{1,2,5,6,9,10,...,m — 3, m — 2} to see that I' = x,(m, n, k', £). If however, m = 2 (mod 4)
then we can apply Lemma 4.4(i) with ¢ = n’ for eachi € {1,2,5,6,9,10,...,m — 5, m — 4} and
Lemma 4.4(ii) to see that I' = x,(m, n, k', £ + n’) as claimed. O

11
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Proposition 6.2. Let I' = A,(m, n, k, £) where the parameters m, n, k and £ satisfy the conditions
of Theorem 5.2(ii). Then I' is bipartite, is of girth at least 8 and either n = 10 or n > 14. Moreover,
ifn = 10 then ' = Xx,(m, 10, 3, 0) which is 2-arc-regular for m = 4, while for all m > 4 the
automorphism group Aut(I") preserves the 2-factor C and is of order 20m.

Proof. That I" is bipartite follows from Construction 4.2 since m and ¢ are both even. Since
gcd(k, n) = 1 and 2k # =2, it follows that n = 10 or n > 14. Moreover, considering the vertices
at distance 3 from u; o one finds that I" has no 6-cycles (recall that m > 4 and 2k # +£2), thus
showing that I" is of girth at least 8.

To complete the proof assume n = 10. Then 2k # +2 implies k = +£3, and so we can assume
that k = 3 by Lemma 6.1. Then k* = —1, and so Theorem 5.2 implies that £(3 & 1) = 0,
forcing £ = 0 (recall that ¢ is even). That X,(4, 10, 3,0) is 2-arc-regular can be verified by
MAGMA. Suppose then that m > 6. One can verify that in this case there are precisely four
8-cycles through the edge ug o190 — two through each of the 3-paths (ug o, 1,0, U1,3, U1,6) and
(uo,0, U1,0, U1,7, U1,4). On the other hand, there are six 8-cycles through the edge ugoug1 — two
through each of the 3-paths (u o, to,1, Uo,2, Uo,3) and (ug,o, Uo,1, Uo 2, U71,2) and one through each of
the 3-paths (ug 0, Uo,1, Um—1,1, Um—1,8) and (U0, Uo,1, Um—1,1, Um—1,4). Together with Lemma 4.7 this
shows that no automorphism of I" can map the link ug ou1, to any of the non-links ug oug 1 and
Up olUo,—1- Consequently, Aut(I") preserves the 2-factor C and |Aut(l")| = 2|V(I")| = 20m. O

Lemma 6.3. If I’ = x,(m,n,k, £), where the parameters m, n, k and ¢ satisfy the conditions of
Theorem 5.2(ii) and n > 14, then 2k # +4.

Proof. Suppose to the contrary that 2k = +4 and note that (replacing k by —k if necessary) we
can then in fact assume that 2k = 4. Thus 2(k — 2) = 0, and so since k is odd we must have that
k = n’ 4+ 2 (where n = 2n’) and that n is not divisible by 4. But then 2k?* = 2(n’ +2)*> = 8 # 42
(recall that n > 14), contradicting Theorem 5.2. O

We now focus on 10-cycles of the graphs A (m,n, k,£). Let ' = X,(m,n, k,£) be as in
Theorem 5.2(ii) with n > 14 and let C be a 10-cycle of I'. For each vertex of C and each of the
two possible directions we traverse C from the chosen vertex in the chosen direction and assign
the sequence cic; - - - Cqo to this traversal where ¢; is 0 or 1, depending on whether the ith edge
traversed is a link or a non-link, respectively. We call the set of all sequences obtained in this way
(there are 2 - 10 = 20 of them, but there may be repetitions) the code of C and we represent it
by any of the corresponding sequences (note that for any two representatives of the code of C one
can be obtained from the other by cyclic rotations and possibly reflections). We usually abbreviate
these sequences by writing them in the “power format” (gathering consecutive symbols of the same
kind).

Observe that

(Uo,0, Uo,1, Uo,2, U1,2, Ut 24ks Uz 24k» U2 14k U2 ks U ks Ut,0)

is a 10-cycle of I with code 1201012010. We say that the 10-cycles of I" with this code are of
type 0. To determine other possible 10-cycles observe that no 10-cycle can have two consecutive
links and that whenever there is an even number of consecutive non-links between two links these
two links have their endvertices in the same pair of sets V; and V1. Since m is even and n > 14, it
is now easy to see that besides those of type O the only other potential 10-cycles of I" have codes

1010, 150120 and 130101010,

where the latter code is only possible if m = 4. We say that a 10-cycle of I' is of type 1, 2 or 3,
depending on whether its code is 140140, 150120, or 120101010, respectively. The next result gives
necessary and sufficient conditions for the existence of 10-cycles of each of the types 0, 1 and 2, and
gives the number of such 10-cycles through a given edge (those of type 3 are somewhat special, so
we treat them separately).

12
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Proposition 6.4. Let I' = X,(m, n, k, £) where the parameters m, n, k and ¢ satisfy the conditions of
Theorem 5.2(ii) and n > 14. Then for each of the types 0, 1 and 2 of 10-cycles of I" a necessary and
sufficient condition for the existence of such 10-cycles is as given in the following table. Moreover, for
each of the edges ug gUo 1, Uo,oUo,—1 and ugp olUy,0, the number of 10-cycles of each of these three types
through this edge is given.

Type Condition Ug oo, 1 Ug oUo, —1 Ug oU1,0
0 none 6 6 8
1 4k = +4 4 4 2
2 2k = £6 8 8 4

Proof. We first consider the 10-cycles of type 0. Due to the code of these 10-cycles we see that for
each such 10-cycle of I" there exists a unique i € Z,, such that this cycle contains two consecutive
edges of the cycle G;, two consecutive edges of C;, and two nonconsecutive edges of the cycle Ci1.
Moreover, suppose j € Z, is such that one of the two edges from Ci1 iS Uit1 jUit1,j+1 OF Uit1 jUist1,j+k»
depending on whether i+ 1 is even or odd, respectively. Since Lemma 6.3 implies that 2k %= +4, and
consequently also 4k # 2 (recall that 2k? = 42), it then follows that for a suitable § € {—1, 1}
the other edge from Ciyq on this 10-cycle is Ujy1 j12skUit1,j+1428k OT Uit jt2sUit1,j+25+k depending
on whether i+ 1 is even or odd, respectively. It is now clear that the existence of 10-cycles of type 0
is not subject to any extra condition on the parameters. It is also easy to verify that for each of the
three given edges the number of 10-cycles of type O through this edge is as stated in the above
table.

That the two conditions for the 10-cycles of types 1 and 2 are as stated in the table is clear
(recall that 2k? = 42, and so the condition 6k = =42 is equivalent to the condition 2k = +6). Since
n > 14 and gcd(k, n) = 1, we find that 4k # —4k and 6k # —6k. It is now easy to confirm the
stated numbers of 10-cycles through each of the three given edges from the above table. O

We now consider the 10-cycles of type 3. Recall that for 10-cycles of type 3 to exist we require
m = 4 to hold. Moreover, for each such 10-cycle there exists an i € Z4 such that this 10-cycle has
three consecutive edges of the cycle C;, one edge from each of the other three cycles from ¢ and
four links. In view of the existence of the automorphism y from the proof of Proposition 5.1 we can
assume that i = 0. There thus exist some &g, €1, &2, €3 € {—1, 1} such that 3gg+¢&1k+¢&,+e3k+£ = 0.
Theorem 5.2 implies that 2k # £2 and ¢k = =£¢, and so there are three essentially different
possibilities depending on whether ¢ is of the form +4, +2 + 2k or +4 + 2k. We say that the
10-cycles corresponding to these three types of conditions are of types 3.1, 3.2 and 3.3, respectively.
Observe that in the case that 10-cycles of type 3.1 exist (that is when £ = £4), Theorem 5.2 implies
that £ = +4k, and so 4k = £4, implying that 10-cycles of type 1 also exist.

We first deal with the possibility that the 10-cycles of type 3.3 exist.

Lemma 6.5. Let I' = X,(4,n,k, ) where the parameters n, k and ¢ satisfy the conditions of
Theorem 5.2(ii) with m = 4 and n > 14. Suppose I possesses 10-cycles of type 3.3. Then either
I’ = X,(4, 20, k, 10) for some k € {£3, £7} in which case I" is 2-arc-regular, or Aut(I") is regular and
thus preserves the 2-factor C.

Proof. By Lemma 6.1 we can assume that £ = 4 4 2k. Let § € {—1, 1} be such that 2k?* = 26. Since
m = 4, Theorem 5.2 implies that ¢k = ¢ for some ¢ € {—1, 1}.

Suppose first that ¢ = 1. Then 0 = £(k—1) = 2k—4+24, and so Theorem 5.2 implies that § = —1
and 2k = 6. By Lemma 4.8 it follows that 2¢ = 0, and so 0 = 4k + 8 = 20 holds in Z,. Therefore,
n > 14 implies that n = 20, and so k € {3, 13} and ¢ = 10. Using MAGMA one can verify that the
graph A,(4, 20, 3, 10) (which is isomorphic to x,(4, 20, 13, 10) by Lemma 6.1) is 2-arc-regular.

Suppose now that ¢ = —1. Then

0=2¢(k+1)=2k*4+6k+4 =6k+4+26.

If § = —1 (in which case 2¢ = 0), we thus have that 6k + 2 = 0 = 4k + 8, forcing 2k = 6. Then
4k = 12, and so again n = 20. As above, k € {3, 13} and ¢ = 10 holds. We are thus left with the

13
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possibility that § = 1, in which case 6k = —6. We now distinguish the two possibilities depending
on whether I" has 10-cycles of type 1 or not.

If I has 10-cycles of type 1, then 4k = 4 (recall that 2k # —2). In this case 0 = 12k + 12 = 24,
and so in fact n = 24 (recall that n > 14). Then 4k = 4 and 6k = —6 imply that k € {7, 19}
and consequently £ = 18. Using MAGMA one can verify that the graph X,(4, 24, 7, 18) (which is
isomorphic to A;,(4, 24, 19, 18) by Lemma 6.1) has a regular automorphism group.

We are left with the case that I" has no 10-cycles of type 1 (recall that we are assuming ¢ = —1
and § = 1). Since 6k = —6 and gcd(k, n) = 1, Proposition 6.4 implies that there are also no 10-
cycles of type 2. Since there are no 10-cycles of type 1, Theorem 5.2 implies that there are also no
10-cycles of type 3.1. Moreover, if £ = 42 + 2k, then Lemma 6.3 implies that 4+ 2k = ¢ = —2 — 2k,
contradicting —6 = 6k. This shows that we only have the 10-cycles of types 0 and 3.3. Moreover,
¢ ¢ {4 — 2k, —4 + 2k, —4 — 2k} (recall that 2k # 2), and so £ = 4 + 2k is the only condition of
type £ = +4 + 2k giving rise to 10-cycles of type 3.1 (note however that 6k = —6 implies that
4k 4+ 2 =6k — 2k +2 = —2k — 4 = —¢, and so £ = —2 — 4k also holds). It is now not difficult to
see that there are precisely three 10-cycles of type 3 through the edge ug oug 1, namely

(ug,1, Ug,0, Ug,—1, Up,—2, U1,—2, U1, —2—k, U2, —2—k, U2 —3—k, U3, _3_k, U3,_3_2k),
(ug,1, Uo,0, U1,0, U1,—ks U —k, Up —1—k, U2, —2—k, U2, —3—k, U3,—3—k, U3 _3_2k), (13)
(ug,1, Ug,0, U1,0, U1,—k, Up,—k, Uz, —1—k, U3, —1—k, U3, _1—2k, Up,3, Up,2),

and precisely three through the edge ug oup 1, namely the first from (13) and

(Ug,—1, Uo,0, U1,0, U k» U1,2k> U3k, U2 3ks U2, 143ks U3, 143k, U3, 144k), (14)
(ug,—1, Uo,0, U1,0, U ks U2 ks U2, 14k> U3, 14k» U3 142k, U3, 143k, U3, 144k)-

Moreover, the last two 10-cycles from (13) and the two 10-cycles from (14) are the only 10-
cycles of type 3 through the edge ug ouy 0. Therefore, Proposition 6.4 implies that the 2-factor C is
Aut(I')-invariant, and consequently Lemma 4.7 shows that Aut(I") is regular (recall that 2¢ # 0). O

Proposition 6.6. Let I' = x,(m, n, k, £) where the parameters m, n, k and ¢ satisfy the conditions
of Theorem 5.2(ii) and n > 14. If the 2-factor C is not preserved by Aut(I"), then either 4k = 44 or
I’ = x,(4, 20, k, 10) for some k € {43, £7}.

Proof. Suppose that the 2-factor C is not preserved by Aut(/") and that 4k # +4. Proposition 6.4
then implies that I must have 10-cycles of type 3, and so m = 4. By Lemma 6.5 it suffices to
show that we must have 10-cycles of type 3.3. By way of contradiction suppose that this is not the
case. Since 4k # 4, Theorem 5.2 implies that there are no 10-cycles of type 3.1, and so the only
10-cycles of type 3 are those of type 3.2. By Lemma 6.1 we can thus assume that £ = 2 + 2k. Since
4k # 44, we have that 2¢ # 0, and so Lemma 4.8 implies that 2k* = 2. By Theorem 5.2 there is
some ¢ € {—1, 1} such that

0="Lk+e)=2k>+2(1+ &)k +2e =2(1+ &)k +2(1 + ¢),

forcing e = —1.1f I has 10-cycles of type 2, then Proposition 6.4 implies that 36 = (2k)* = 4k* = 4,
and so n € {16, 32}. However, since 2k = +6 forces 2 = 2k* = 418, we find that n = 16 and
4k = £4, a contradiction.

We are thus left with the possibility that the only 10-cycles of I" are those of types 0 and 3.2
(which correspond only to the condition £ = 2 4 2k). It is now easy to verify that each of the edges
Up,olp,1 and ug oui1,o lies on four different 10-cycles of type 3, while the edge ug outp,—1 lies on just
two. But then Proposition 6.4 implies that the 2-factor C is Aut(/")-invariant, a contradiction. O

We finally analyze the graphs A;,(m, n, k, £) from Theorem 5.2(ii) that have 10-cycles of type 1.
There are two essentially different possibilities depending on whether the graph has only 10-cycles
of types 0 and 1 or not. Note that by Proposition 6.4 in the latter case 10-cycles of type 3 must exist
if the 2-factor C is not invariant under the full automorphism group of the graph. We first analyze
this situation.
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Proposition 6.7. Let I' = X,(m, n, k, £) where the parameters m, n, k and ¢ satisfy the conditions of
Theorem 5.2(ii) and where n > 14 and 4k = =+4. If the 2-factor C is not preserved by Aut(I") and I
possesses 10-cycles of type 3, then there exists a positive integer ng such that up to isomorphisms from
Lemma 6.1 the graph I is one of X,(4, 16ng, 4ng + 1, 8ng + 4) and Ax,(4, 32ng, 8ng + 1, 4).

Proof. By Lemma 6.1 we can assume that 4k = 4. Since 2k # 2, n is divisible by 4, say n = 4n; for
some n; > 4, and 2(k — 1) = 2ny. By Lemma 6.1 we can replace k by k 4+ 2n; if necessary (since
m 2: 4), and so we can in fact assume that k = n; + 1. Therefore, 8 | n (recall that k is odd) and
2k = 2.

Suppose that C is not Aut(/")-invariant and that I" possesses 10-cycles of type 3. By Lemma 6.5
these 10-cycles cannot be of type 3.3. Since Lemma 6.1 allows us to replace ¢ by —¢ if necessary
we can thus assume that ¢ € {4, 2k — 2, 2k + 2} = {4, 2ny, 2ny + 4}. If n = 16, then £ € {4, 8, 12}.
Using MAGMA we can verify that the graph A;(4, 16,5, 8) has 128 automorphisms, so that by
Lemma 4.7 the 2-factor C is Aut(I")-invariant, while the graph x,(4, 16, 5, 4) (which is isomorphic
to X,(4, 16, 5, 12)), has 256 automorphisms, and so C is not Aut(/")-invariant.

For the rest of the proof we can thus assume that n > 16. Since in this case 2k = 2n; 4+ 2 # +6,
Proposition 6.4 implies that we do not have 10-cycles of type 2 in I'. Then 4, 2k — 2, 2k + 2 and
—2k — 2 are four different elements of Z, (note however that 4 = 4k and 2k —2 = —2k+2), and so
it is now not difficult to determine the 10-cycles of type 3 through each of the three edges incident
with ug o, depending on whether £ is 4, 2k — 2 or 2k 4 2. We leave it to the reader to verify that
the number of 10-cycles of type 3 through the corresponding edge (depending on the choice for ¢)
is as given in the following table.

14 Ug,ollo, 1 Up,olo, 1 Ug,oli1,0
4 8 4 8
2k —2 6 6 8
2k +2 4 2 4

Since C is not Aut(/")-invariant, Proposition 6.4 implies that £ € {4, 2k + 2} and that the edges
Up olUp,1 and ug oo are in the same Aut(I”)-orbit, while ug otlp,—; is in a different Aut(/")-orbit. We
denote the latter orbit by O. Let p € Aut(I") be as in (3) and y € Aut(I") be as in the proof of
Proposition 5.1 and note that the & from that proof must be equal to 1 (since that proof shows that
Lk = &f). The action of the subgroup (p, ) then reveals that

O = {ujpj—1uipj:i € {0, 2}, j € Zn} U {ujitligjri:i € {1, 3}, j € Zy}. (15)

By Theorem 5.2 there exists a vertex-transitive subgroup of Aut(/") preserving C, and so as O
is an Aut(I")-orbit and C is not Aut(I")-invariant, there exists some 6 € Aut(I") fixing ug o but
interchanging ug ; with u; . Of course, up _; is fixed by . We claim that we can assume that
0(up,—2) = us 1. If this is not the case, then 6 fixes each of up _; and ug__3 (recall that up,_up 3 €
0). Note that there is a unique 10-cycle of I" through the path (ug _4, Ug,—3, Uo,—2, Up,—1, Up,0) and
that it is of type 1 and continues through the vertex u; o, which is not fixed by 6. It thus follows
that 8(up,_4) = u3 _3_,. It is now easy to see that the automorphism 606~ fixes each of ug o and
Up,—1 but none of up ; and ug _,. There thus exists a 8 € Aut(I") such that

0(uo,—2) = uz,_1—¢, 6(Uo,—1) = Ug,—1, O(Ug,0) = Ug,e and O(ug 1) = U70.

By (15) we then have that 0(up _3) = u3_1_k—¢ and 6(up2) = u;y k. Note that there is a unique
10-cycle through the path (ug —2, to, -1, Ug 0, Uo,1, Up2) and that the next vertex on it is u; . Since
this path is mapped by 6 to the path (u3 _1_¢, Uo,—1, Uo,0, U1,0, U1,x), Which clearly lies on a 10-cycle
of type 0, it thus follows that 6(u; 5) = uy 2. Therefore, 6(ug 3) = uy r and (ug 4) = Uy k+1. An induc-
tive approach now shows that each path of length 4 of the form (ug »;, Uo 2j+1, Uo,2j+2, Uo,2j+3, Uo,2j+4)
which lies on a unique 10-cycle of I" (which is of type 1) is mapped by 6 to a path of length 4 that
lies on a 10-cycle of type 0, and that all edges of the form ug »juo »+1 are mapped to links of I".
It is now easy to determine the action of 6 on Vy. In particular, 6(ug ;) € Vp if and only if one of j
and j + 1 is divisible by 8, while 6(u;) € V; if and only if one of j — 1 and j — 2 is divisible by 8.
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Moreover, since 62 fixes the path (uo,—2, Ug,—1, Up.0, Up,1, Up,2), it must also fix the unique 10-cycle
through it pointwise, and so also fixes 1 3 and hence ug 4. An inductive approach thus shows that
62 fixes each vertex of V pointwise and it then easily follows that € is an involution.

To complete the proof note that 0(up2) = uyx and 6(uq2) = ug k. Since uj 12— ¢ O, 0
interchanges u2—k and ug . But then 2k — 2 = 2n; must be divisible by 8, showing that n is
divisible by 16. Finally, if £ = 4, then since 2k + 2 + ¢ = 2n; 4+ 8 # 8, the above inductive approach
shows that 6 does not fix ug g (it maps it to ug2,,+8), While it fixes each vertex of the form ug 1g;,
j € Zy. Thus 2ny 4 8 is not divisible by 16, showing that n in fact must be divisible by 32. O

In Proposition 6.11 we will show that the graphs X,(4, 16ng, 4n9+1, 8ng+4) and X,(4, 32ng, 8ng+
1, 4), ng > 1, indeed do admit an automorphism 6 not preserving the 2-factor C. Note that the proof
of Proposition 6.7 shows that the stabilizer of the vertex ug o in these graphs is of order at most 4.
Not to make this paper longer than it already is we mention without proof that it can in fact be
shown that the stabilizer is in fact of order 2, except for the graphs &,(4, 16ng, 4ng + 1, 8ng + 4)
with ng odd for which it is indeed of order 4.

We finally focus on the examples that only have 10-cycles of types 0 and 1.

Lemma 6.8. Let I' = Xy(m,n, k, £) where the parameters m, n, k and £ satisfy the conditions of
Theorem 5.2(ii) and where in addition n > 14, 4k = £4 and I" has no 10-cycles of types 2 and 3.
Then the only automorphism of I' fixing a vertex and all of its neighbors is the identity. Consequently,
|Aut(I")| < 6mn.

Proof. Suppose that I" only has 10-cycles of types 0 and 1 and let t € Aut(!") fix ugo and
each of its neighbors. It is easy to see that there are precisely five 10-cycles through the 2-path
(uo,—1, Ug,0, Uo,1), two of type 0 and three of type 1. Since this is an odd number, the number of
these 10-cycles that pass through ug, (which happens to be 2) is different from the number of
these 10-cycles that pass through uy,_1,1-¢, and so t fixes ug . Similarly, t fixes ug _,. There are
three 10-cycles through the 3-path (ug 2, ug.1, Uo,0, U1,0), and so (as this is again an odd number) t
must fix each of uq, and uq . Since by Theorem 5.2 the graph I' is vertex-transitive this in fact
shows that if some automorphism of I" fixes a vertex and all of its three neighbors, then it also
fixes each neighbor of each of these three neighbors. As I" is connected, this shows that t is the
identity. O

Proposition 6.9. Let I' = A,(m, n, k, £) where the parameters m, n, k and £ satisfy the conditions
of Theorem 5.2(ii) and where in addition n > 14, 4k = 4 and I" has no 10-cycles of types 2 and 3.
If I' admits an automorphism fixing the vertex ug ¢ and interchanging the vertex u o with one of ug ;
and ug,_1, then up to isomorphisms from Lemma 6.1 there exist integers mg, ng and £, where my > 2,
ng > 1,0 < £y < 4ng and 8ngy | (mong + £o — 1)(mgng + £¢ + 3), such that m = 2mgy, n = 4ngm,
k=nom+1and £ = £om.

Proof. Since 4(k — 1) = 0, Theorem 5.2 implies that n = 4n; for some n; > 4 and k €
{n1 + 1,3n; + 1}. By Lemma 6.1 we can thus assume that k = n; 4+ 1 (but note that if m = 2
(mod 4) we may have to replace ¢ by ¢ + 2n,). Since k is odd, n is divisible by 8.

Suppose that 6 € Aut(I") fixes the vertex ug o and interchanges u; o with one of up; and ug ;.
Lemma 6.1 and its proof show that if 8(u; 9) = up,_1 we can simply replace £ by —¢ and then the
corresponding 6 for the graph X,(m, n, k, —€) will exchange u; o with up 1. We can thus assume that
0 interchanges the vertices up 1 and uq o.

We determine the action of & on I' by inspecting its action on the 10-cycles of I". The only
10-cycles of I' are those of types 0 and 1, and so it is easy to see that for each 3-path consisting of
3 non-links there are precisely two 10-cycles through it (both of type 1), for each 3-path consisting
of two consecutive non-links and a link there are precisely three 10-cycles through it (two of type 0
and one of type 1), and for each 3-path consisting of two links and a non-link there are precisely
two 10-cycles through it (both of type 0). The 3-paths whose middle edge is a link come in two
“flavours”. Each such 3-path of course lies on two 10-cycles of type 0. But some of them also
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lie on a 10-cycle of type 1, while some do not. For instance, for i even and j € Z, the 3-path
(Ui, 2541, Ui 255 Uit1,2)> Uir1,2+k) lies on a 10-cycle of type 1, while (u; i1, Ui 2), Uir1,2)5 Uir1,2j—k) does
not. We say that a 3-path is of type 2 or 3, depending on whether there are two or three 10-cycles
through it, respectively.

Now, observe first that by Lemma 6.8 the automorphism 6 is an involution and since it fixes
both ug ¢ and ug _1, it must interchange uo _, with uy,_1,_1_¢. As the 3-path (u _1, Uo.0, Uo,1, Uo,2)
is of type 2 and (ug 1, Uo 0, U1,0, U1,—k) is of type 3, € interchanges ug, with u; . Next, since the
3-path (ug,0, Uo,1, Uo,2, Up,3) is of type 2, we see that # interchanges ug 3 with u; . Continuing in this
way we find that each edge of the form ug i »+1 is mapped to a link and each edge of the form
Uo 2j+1Uo,2j+2 to a non-link where if 6(ug 3j41) = uy j for appropriate i’ and j' then 6(ug 3j12) is Uy j41
or uy y4k, depending on whether i’ is even or odd, respectively. Writing m = 2mjq (recall that m is
even) we thus see that 0(ug 2m—2) = 0(Uo 20n—1)) = Um—1,(mg—1)(k+1)+k» and SO

O(uo,2m—1) = Uo,my(k+1)+e—1 and O(Ug 2m) = Uo mo(k-+1)+¢-

This shows that 6(ug ;) € Vj if and only if one of j and j + 1 is divisible by 2m and in particular
gcd(mo(k+ 1)+ ¢, n) = 2m. Thus 2m divides n and (since k+ 1 is even) m divides ¢, that is, £ = £ym
for some £, > 0. Moreover, 6(ug;) € V; if and only if one of j — 2 and j — 1 is divisible by 2m.
Since O(ug.1) = u1,0, (uo2) = u1x and 6(up 3) = uy, the fact that 6 is an involution implies that
O(u1,2¢) = ug,2, and so O(ug k) € Vi (as O(u1 k) = up2 € Vo). Therefore, 2k — 2 is divisible by 2m,
and so 2m divides 2n;. This thus proves that n = 4mng for some integer ny > 1.

To complete the proof write t = mg(k + 1) + ¢, recall that 6(up2m) = up,: and note that
t = m(mgong + 1+ £). Since gcd(t, n) = 2m, we have that mgong + €9 + 1 = 2t, for some t; > 0.
Now, @ is an involution, and so ug2m = 6(ug,¢) = 0(ug 2me, ), implying that

4m0 =2m= tot = 4m0fg = mo(mono +€0 + 1)2

must hold in Z,. Consequently, 8ng divides (mgng + €9 — 1)(mong + £o + 3) as claimed. O

Proposition 6.10. Let I" = X (m, n, k, £) where the parameters m, n, k and ¢ satisfy the conditions
of Theorem 5.2(ii) and where in addition n > 14, 4k = 4 and I" has no 10-cycles of types 2 and 3. If I
admits an automorphism fixing the vertex ug o and cyclically permuting its three neighbors, then up to
isomorphisms from Lemma 6.1 there exist odd integers mg, ng and an even integer £, where mg > 3,
ng > 1,0 < £y < 4nyg, lg +mong — 1 is divisible by 4 and ny | (Eﬁ + 3), such that m = 2mgy, n = 4ngm,
k=nom+ 1and £ = £om.

Proof. The proof is very similar to the proof of Proposition 6.9 so we leave out most of the details
and only indicate the main steps of the proof. As in the proof of Proposition 6.9 we first note that
n is divisible by 8 and that we can assume k = n; + 1, where n = 4n4, and we also introduce the
concepts of 3-paths of types 2 and 3.

Write m = 2my (recall that m is even) and assume that n € Aut(I") fixes ug ¢ and maps ug ; to
1,0 and uy o to ug 1. Again, we determine the action of 5 on the vertices of the form uy ; inductively
by considering the n-images of 3-paths of the form (uo j_3, Ug j—2, Uo j—1, Uo j), which are all of type 2.
We find that

n(uo,1) = 1,0, N(Uo2) = Ut —, N(Uo3) = Uz —k, N(Up.4) = Uz —1—k; - - -, N(Uo,2m) = U0, —my(1-+k)-

Therefore, gcd(¢ — my(1+ k), n) = 2m, implying that 2m divides n and m divides ¢, that is, £ = m{,
for some £y, > 0. We also easily establish that n(uq k) = uy,—3, and then n(ug o) = u1,—24k- The
above inductive approach determining 7(uo ;) for each j € Z, thus shows that 2k = 2 (mod 2m),
that is, 2m divides 2k — 2 = 2n;. It follows that 4m divides n, that is, n = 4mng for some ng > 1.
Note that this implies that n(up2m) = Uo,meeg—mony—1)- Similarly we find that since n* (which is
n~! by Lemma 6.8) maps ug 1 to u1o and u; g to Ug 1, it Maps oy _om to Uo, ¢-+mo(1+k)» implying that
gcd(€ 4+ mo(1 + k), n) = 2m. Therefore,

gcd(m(€g + mong + 1), 4mngy) = 2 m = ged(m(£o — mong — 1), 4mnyg),
implying that ¢, is even, mgng is odd and that 4 divides ¢y + mgng — 1.
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Finally, since r;z(uoy,z,n) = Ugmp(1+k)+¢» We have that n(uomk+1)+¢) = Uo,—2m- But since
mo(k+ 1)+ € = m(€o +mono + 1) and £y +mong + 1 is even, we also find that 1(to, mgk+1)+¢) = Uo,s,
where s = mg(€y — mong — 1)(€g + mgng + 1). Therefore,

2 m+mg(€y — mong — 1)(Lo + mong + 1) = mo(4 + (€3 — (monp + 1)%))
is divisible by n, which clearly implies that ny divides 4 + E(Z) —-1= Eﬁ + 3 as claimed. O

In the following two propositions we show that the graphs from Propositions 6.7, 6.9 and 6.10
indeed admit automorphisms mapping a link to a non-link. The verification that the given mappings
are indeed automorphisms of the corresponding graphs is quite tedious, so we leave some details
to the reader (but we do point out all of the main steps).

Proposition 6.11. Let mg, ng, £9 be nonnegative integers with mg > 2, np > 1 and 0 < £y < 4ng
such that 8ng | (mgong + £o — 1)(mgng + £o + 3). Then the graph X,(2mg, 8mgng, 2mgeng + 1, 2mgéy)
admits an automorphism fixing the vertex ug o and interchanging the vertices g 1 and uy o.

Proof. Let m = 2mg, n = 4mng, k = mng + 1, £ = méy and I' = X,(m, n, k, £). Furthermore, let
t = m(mgng+£o—+ 1). Since mong+£9 — 1 and mgng + £¢ + 3 have the same remainder modulo 4, the
assumption that 8ng divides their product implies that mong + £o + 1 = 2 (mod 4) and is divisible
by no odd prime divisor of ng. Thus mgng + €9 + 1 = 2t; (mod 4ng) for some odd ty coprime to ng
with 0 < ty < 2ny. Moreover, gcd(t, n) = 2m. We now define a certain mapping 6 on the vertex
set of I" fixing the vertex ug o and interchanging the vertices ug ; and u; o and then show that it is
in fact an automorphism of I".

Note that for each i with 0 < i < mg each element of Z, can uniquely be written in the form
—1+i(k+ 1)+ 2am + 4j +r, where 0 < a < 2ng, 0 <j < mg and 0 < r < 4. Moreover, since k is
coprime to n, each element of Z, can also uniquely be written in the form i(k 4+ 1) + 2am + 4j + rk,
where again 0 < a < 2ng, 0 <j < mg and 0 < r < 4. We then set

. ) oy ) Wjditat+jk+1)+r—1 : ref0,1}

9(“21,—l+l(k+l)+2am+4j+r) = { Unj 1 disatsit ek T € 2.3, (16)
o , _ ] U ditartjk+1)+r+1 : ref0,1}

Olttatsritestyeaamajsrt) = { Ugji1 ditat+jlkr)+2+r—2k - T € {2, 3} (17)

Since 4i + at is divisible by 4 and k is coprime to n, it is clear that no #-image from (16) can be
equal to a #-image from (17). Since gcd(t,n) = 2m and i < my, it is now clear that 6 is injective
and is thus a permutation of the vertex set of I".

That the non-links of I" are mapped to edges of I" is clear from (16) and (17), except perhaps for
the non-links where one of the vertices has r = 3 and the other r = 0. We consider the possibility
that the two vertices are both in some V,; and leave the one where they are both in some V5,1 to
the reader (here 4k = 4 should be used). Let v be a vertex of the form u; 14 i(k+1)+2am+4j+3- BY (16)
we then have that

O(v) = Uajr1,ditar+j(ker1)+k-

Observe that since 2j + 1 and 4i + at + j(k + 1) 4+ k are both odd, the outside neighbor of 6(v)
is in V,j;». We consider the 6-image of the neighbor w of v in V,; whose second index equals
—1+i(k+ 1)+ 2am + 4j + 4. If j < mp — 1, we can write

—1+ik+1)+2am+4j+4=—-1+ilk+1)+2am+ 4G+ 1),

and so O(w) = Uy(jt1),4i+ar+(+1)k+1)—1, Which is indeed a neighbor of 6(v). If however j = mg — 1,
then we can write

—1+ik+1)+2am+4+4=—-1+ik+1)+2(a+ 1)m

(with the understanding that a+1 = 0 if a = 2np — 1), and so 6(w) = U 4i4(a+1)t—1. Since t is even,
the outside neighbor of 8(w) is in Vj,,_; and its second index is

dit+at+t—1—L=4di+at+mimeng+1)—1=4i+at +melk+1)—1,
which is precisely the second index of 6(v).
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To complete the proof we need to verify that the links of I" are also mapped to edges of I'.
Consider first a link of the form

Ui, (ke 1)--2am+4j-+r U241, — 14+ 1)+ 2am-+ 4+ (18)

and note that in this case r € {1, 3}. That this link is mapped to an edge of I" in the case of r = 1
follows directly from (16) and (17). If r = 3, then the first of these two vertices is mapped to
Uj+1,4i+at+i(k+1)+k- Note that 2k = 2ngm 4 2 and write

—14ik+ 1)+ 2am +4j + 3 = i(k + 1) + 2(a — no)m + 4j + 2k,

where we replace a — ng by a + ng if a < ng (note that 4ngm = 0 in Z,). The second vertex in (18)
is thus mapped by 6 t0 Ui 1 4it(a—ng)t+itk+1)+2- Since ged(t, n) = 2m we have that not = 4mong =
2k — 2 = —2k + 2, and so the link from (18) is mapped to an edge of I".

That the links of the form uii 1 ikt 1)4+-2am-+4j+rkU2i+2.i(k+ 1)+ 2am+4j+rk, Where i < mp — 1 (and
r € {1, 3}) are mapped to edges of I' is verified in a similar way as was done in the previous
paragraph, and so we leave this to the reader. We finally consider the links of the form

Um—1,(mg—1)(k-+1)+2am-+4j+rk U0, (mg— 1)(k-+1)+2am-+4j-+rk-+¢ (19)

where r € {1, 3}. Observe first that mg(k + 1) + £ = t = 2tym, and so the second index of this
vertex from V; can be written as

2tom+2am+4j+(r—1Dk—1=—-14+2(tc +a)ym+ 4j + (r — 1)k.
Moreover, by assumption
tot — 4mg = mo((2to)* — 4) = mo((mong + €o + 1> —4) =0,

that is, tot = 4my. For r = 1 the first of the vertices from (19) is mapped to Uy a(my—1)+at+jk-+1)+2
while the second is mapped to

Uj (to+a)t+jtk+1)—1 = U2j 4mg+at+j(k+1)—15

which is indeed a neighbor of uyj 4img—1)+at+jk+1)+2- The situation with r = 3 is very similar and
is left to the reader. This finally proves that 0 is an automorphism of I". That it fixes ug ¢ and
interchanges ug 1 with u; o follows from (16) and (17). O

Proposition 6.12. Let mg, ng be odd positive integers with mg > 3 and ng > 1, and let £y be an even
integer with 0 < £o < 4ng such that mgong + €9 — 1 is divisible by 4 and nq divides Eg + 3. Then the
graph X,(2mg, 8mgng, 2meng + 1, 2mefy) admits an automorphism fixing the vertex ug o and cyclically
permuting its three neighbors.

Proof. The proof is very similar to the proof of Proposition 6.11, which is why we leave out most of
the details and only point out the slight differences. Again, we let m = 2mg, n = 4mng, k = mng+1,
¢ = mly and I' = X,(m,n, k, £). This time we let t = m(£o — mgng — 1). Since £, is even and
mong + £o — 1 is divisible by 4, it clearly follows that £, — mgng — 1 = 2 (mod 4), and so the
assumption that ng is odd and divides E% + 3 implies that ng is coprime to £g — mgng — 1. There
thus exists an odd to coprime to ng with 0 < ty < 2ng such that £y — mpng — 1 = 2t, (mod 4ng).
In particular, t = 2mty (in Z,) and gcd(t, n) = 2m. We now define a mapping » on V(I") fixing the
vertex ug o and cyclically permuting its three neighbors and show that n € Aut(I").
Expressing each element of Z, in the same form as in the proof of Proposition 6.11 we set

o ) wjac—aijeryei-r i ref0,1)
ﬂ(u21,71+1(I<+1)+20m+4j+r) = { Uit tat—aicitksi@—rk  © T €1{2,3}, (20)
_ J U2jat—4i—jlk+1)-1-r : ref0,1}
Upisn oy 21
N(U2i1, i(k41)4+-2am+4j+1k ) { i1 ottty sszrk + T € (23] (21)

The proof that 7 is in fact a permutation of I" and that it maps all non-links of I" to edges of I" is
very similar to the corresponding proof for 6 in the proof of Proposition 6.11. The same holds for
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the proof that the links of I" are mapped to edges of I', except possibly for the links connecting
the vertices from V;,,_; and V. We thus only show how this part of the proof can be carried out.

Observe first that the assumptions that £ is even and mgng+ £y — 1 is divisible by 4 imply that ¢,
and mynp+1 are both even but precisely one of them is divisible by 4. Therefore, Zﬁ —(mgng+1)*+4
is divisible by 8. Moreover, since no divides ¢3 + 3, it divides ¢3 — (mono + 1)* +4, which thus finally
shows that

mo(€o — mong — 1)(€g + mong + 1) = mo((fé — (mgong + 1)2) = —4my.

Recall that £g —mgng — 1 = 2 (mod 4). Since mgny is odd, this implies that me)no(zo —mong—1) =
4mgng (in Z,), and so

t(l + fo) = 2t0m0(2t0 + 2) = mo(eo — MpNgy — 1)(£0 — Mghg + 1) = 4m0n0 — 4m0.
Consider now a link of the form

Um—1,(mg—1)(k-+1)+2am-+4j+rk U0, (mg—1)(k-+1)+2am-+4-+rk-+£ (22)

where r € {1, 3}. If r = 1 then the first of these two vertices is mapped by 1 to U ar—amg—jk-+1)+2-
For the second vertex we first note that mo(k+ 1) = m(mgng+ 1) and £ = t +m(mgne + 1), showing
that we can write its second index as

—1+2m(mgong + 1)+t +2am +4j = —1+ 2m(mong + to + a + 1) + 4.
Therefore, the second vertex from (22) is mapped by 7 to the vertex in V,; whose second index is
(monop+to+a+ 1)t —jlk+1)+1=—4mg+at —jlk+ 1)+ 1,

thus showing that the link from (22) is indeed mapped by 7 to an edge of I". The argument for
r = 3 is similar and is left to the reader. O

We can now state our main result of this section.

Theorem 6.13. Let I" be a connected cubic vertex-transitive graph admitting a partition of its edge
set into a 2-factor C and a 1-factor T such that I" is of alternating cycle quotient type with respect to
C. Let m = |C| and let n be such that I" is of order mn. Then C is Aut(I")-invariant if and only if one of
the following holds:

(i) I' = HTG(m, n, £) for some £ € Z, of the same parity as m such that none of the following three
conditions is satisfied:

e gcd(¢ +m, n) = 2m and 2mn | (£2 4+ 2mé — 3m?);
e gcd(f —m, n) = 2m and 2mn | (¢2 — 2me — 3m?);
e gcd(¢ +m, n) = ged(£ —m, n) = 2m and 2mn | (£2 4 3m?).

(ii) mis even and I' = X,(m, n, k, £) for some even £ € Z, and odd k € Z, with 2k # £2 and
2k*> = 42, where one of the two conditions stated below is satisfied but at the same time I" is not
isomorphic (via the isomorphisms from Lemma 6.1) to X,(4, 10, 3, 0), X,(4, 20, 3, 10) or a graph
from Proposition 6.11 or Proposition 6.12:

o ¢k = +¢ and at least one of k* = 41 and 4 | m holds, or
e lk=n"4+¢ m=2 (mod 4) and k* = n’ &+ 1, where n = 2n’.

Proof. By Theorem 5.2 the only candidates for I" such that C is Aut(I")-invariant are the graphs
HTG(m, n, ¢) for some ¢ € Z, of the same parity as m and the graphs X,(m,n, k, £) from
Theorem 5.2(ii). We thus need to prove that for these graphs C is indeed Aut([")-invariant if and
only if the conditions stated in the theorem hold.

We first consider the graphs I = HTG(m, n, £), where we can simply apply the results of [15].
Since m > 3, the only examples from [15, Theorem 1.1] for which the corresponding 2-factor C
might not be Aut(I")-invariant are the Pappus graph HTG(3, 6, 3) and the so-called generalized
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prisms HTG(m, 4, £). However, Proposition 4.1 shows that for the latter ones C is Aut(I”)-invariant.
Thus [15, Theorem 1.2] and [15, Lemmas 4.2-4.5] imply that the HTG(m, n, £) graphs with m > 3
for which the corresponding 2-factor C is not Aut(I”)-invariant are precisely those satisfying any of
the three conditions stated in our theorem (note that the Pappus graph HTG(3, 6, 3) in fact satisfies
all three of them).

Let now I' = Xy(m,n, k, £) be as in Theorem 5.2(ii). Propositions 6.2, 6.6, 6.7, 6.9 and 6.10
then imply that, up to isomorphisms from Lemma 6.1, the only way that C is not Aut(/")-invariant
is if I" is one of X,(4, 10, 3,0) and X,(4, 20, 3, 10) or a graph from Proposition 6.11 or Proposi-
tion 6.12 (note that the graphs from Proposition 6.7 satisfy the conditions of Proposition 6.11).
Propositions 6.2, 6.6, 6.11 and 6.12 imply that for these graphs the 2-factor C is indeed not
Aut(I')-invariant. O

7. Concluding remarks

In the Introduction we stated that the graphs &;(m, n, k, £), which were the main objects of study
in this paper, are natural generalizations of the generalized Petersen graphs and of the honeycomb
toroidal graphs. The connection to the generalized Petersen graphs was already indicated in the
Introduction but note that if we naturally extend the definition of the X,(m,n, k, £) graphs in
Construction 4.2 to allow for m = 2, the graphs A;(2, n, k, 0) correspond to the generalized Petersen
graphs. As was pointed out in Section 2, the graphs x,(m, n, 1, £) are the honeycomb toroidal graphs.

Let us also verify our claims about the (2)-arc-regular X,(m, n, k, £) graphs. It is easy to see that
for any my > 1 setting m = 8my + 2 the graphs x;(m,4 m, m+1,0) and X,(m, 12 m,3m+ 1,6 m)
satisfy the assumptions from Theorem 5.2, as well as those of Propositions 6.11 and 6.12. These
results then imply that these graphs are 2-arc-transitive and then Propositions 6.4 and 6.7 and
Lemma 6.8 imply that they are in fact 2-arc-regular. A similar conclusion can be made if we set
m = 8my — 2 and take the graphs x;(m, 4 m, m+ 1,2 m) and X,(m, 12 m, 3m+ 1, 0). It is also easy
to verify that for any m; > 1 taking m = 8m; — 2 the graph &y(m, 28 m, 7m + 1, 12 m) satisfies
the assumptions from Theorem 5.2 and Proposition 6.12. Since 2¢ # 0, Lemma 4.7 and the above
results show that these graphs are arc-regular. We thus have the following result.

Corollary 7.1. Let my > 1 be an integer and set m = 8m; + 2 and m’ = 8m; — 2. Then the graphs
Xo(m,4m, m+1,0), X,(m, 12 m, 3m+1,6 m), A, (m', 4m’, m' +1, 2m’) and X,(m’, 12m’, 3m’+1, 0)
are all 2-arc-regular, while the graph x,(m’, 28m’, 7m’ + 1, 12m’) is arc-regular.

Finally, let us briefly comment on the graphs of bialternating cycle quotient type. These graphs
will be the subject of a forthcoming paper in which the examples admitting a vertex-transitive
group preserving the corresponding 2-factor ¢ will be classified. However, determining for which
of them the full automorphism group preserves C at the moment seems to be a very difficult task.
Namely, it turns out that unlike the graphs of alternating cycle quotient type which are all of girth
at most 10, the graphs of bialternating cycle quotient type can have girths up to 14, and so an
analogous analysis as was done in Section 6 of this paper does not seem feasible. Nevertheless, it
turns out that like the graphs X,(m, n, k, £) the examples of bialternating cycle quotient type can
also have various different degrees of symmetry, and so may present a rich source of graphs for
future investigations on cubic vertex-transitive graphs.
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