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Abstract. We extend the concept of a G-Drazin inverse from the set M,
of all n x n complex matrices to the set R of all Drazin invertible elements in
a ring R with identity. We also generalize a partial order induced by G-Drazin
inverses from M, to the set of all regular elements in RP, study its properties,
compare it to known partial orders, and generalize some known results.

1. Introduction

Generalized inverses and induced partial orders were initially often stud-
ied on real and complex matrices. Their development was stimulated by,
among other things, a wealth of applications, e.g., in statistics, the theory
of differential equations, and numerical analysis, to name but a few (see,
e.g., [4,15,17]). Recently, many of those concepts were extended from matri-
ces to rings (satisfying suitable additional conditions) [7,13,24,25,29]. In the
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present paper we follow this trend and generalize a G-Drazin inverse and its
induced partial order.

Throughout the paper, the term ring means an associative ring with
identity 1. Let R be a x-ring, i.e., a ring equipped with involution *. One of
the first among generalized inverses was introduced independently by Moore,
Bjerhammar, and Penrose [2,19,23] on M,,, the *-ring of all n x n complex
matrices. An element a € R is said to be Moore—Penrose invertible if there
exists x € R that satisfies the following four equations:

(1.1) axa =a, zaxr =z, (ax)* =azx, (za)®=za.

If such x exists, it is unique and we write = af and call it the Moore—
Penrose inverse of a. There are many applications of the Moore—Penrose
inverse and in some of them one may get by with a weaker type of a gen-
eralized inverse (see, e.g., [6,27]). For a ring R, we say that a € R has an
inner generalized inverse or {1}-inverse a~ € R if x = a~ satisfies the first
equation in (1.1), i.e., aa~a = a. In this case we say that a is a regular ele-
ment in R. We denote the set of all {1}-inverses of a by a{1} and by R™)
the set of all regular elements in R. If every element in R is regular, then
we say that R is a von Neumann regular ring. The Moore-Penrose inverse
has on the one hand many properties, that, in general, a {1}-inverse does
not have, but on the other hand, it is often easier to find a {1}-inverse than
the Moore—Penrose inverse.

Let R be a ring. If x = af satisfies the first two equations in (1.1) and
commutes with a € R, then we call a* the group inverse of a (see [11]). Tt
turns out that the group inverse is a special case of an inverse known as the
Drazin inverse that has many applications in the theories of control theory
[3], finite Markov chains [4], singular differential and difference equations [4],
cryptography [10], and iterative methods in numerical analysis [15]. We say
that an element a € R has a Drazin inverse z = a” € R if

(1.2) ar =za, z=ax?, o =d"e

for some non-negative integer k. Note that for k =0 we define o = 1. If
a has a Drazin inverse a”, then we say that a is Drazin invertible and the
smallest non-negative integer k in (1.2) is called the Drazin index i(a) of
a. Tt is well known that there is at most one z = a” such that (1.2) holds
(see [8]). If i(a) <1, the Drazin inverse x of a is the group inverse of a.
We denote by RP and R the subsets of all Drazin invertible and group
invertible elements in R, respectively, and let R(P) = RP AR,
Campbell and Meyer noted in [4] that it could be sometimes difficult
to compute the Drazin invese of A € M,, and that one way to lessen this
problem is to look for a generalized inverse that would play the same role
for AP as {1}-inverses play for AT. Therefore they introduced the following
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generalized inverse: For A € M,, with i(A) =k we say that X € M, is a
weak Drazin inverse of A if X AFt1 = A% A special kind of a weak Drazin
inverse called a G-Drazin (or GD) inverse was defined by Wang and Liu in
[28]. We now extend [28, Definition 1.1] to rings.

DEFINITION 1.1. Let R be a ring and let a € R” with i(a) = k. We say
that © = a“P is a G-Drazin (or GD) inverse of a if

k+1 k k+1 k

ara =a, xa =a", a

In general, the G-Drazin inverse of a € R, if it exists, is not unique
[28]. We denote the set of all G-Drazin inverses of a € R” by a{GD}.

With all of the mentioned generalized inverses we may define relations
on R. For a,b € R we say that a is below b with respect to the minus relation
and write

(1.3) a<" b if aoa=ab and aa” =ba"

for some a= € a{1}. It turns out (see [9]) that this relation is a partial order
on RW. There are many equivalent definitions of the minus partial order
(see, e.g., [22]). Moreover, we may extend this partial order to a more gen-
eral setting of rings or even semigroups [18]. Let R be a ring. For a,b € R
we write

(1.4) a<" b if a=axb=by and za=a

for some x,y € R. It turns out that this is indeed a partial order for any
ring R (see [18]) and that definitions (1.3) and (1.4) are equivalent on R},

The sharp partial order <f was introduced in [16] on the set of all n x n
matrices over a field F which have the group inverse. This order was gen-
eralized in [13] and independently in [25] to rings. Namely, for a € R* and
b € R, we write

(1.5) a<*b if dfa=d* and ad® = bat.

It was shown in [13] that <* is indeed a partial order on R¥.

In [28] a new matrix partial order was introduced on M, in terms of
G-Drazin inverses. Namely, for A, B € M, we say that A is below B under
the G-Drazin order if there exist G-Drazin inverses AYP and ASP of A such
that

AFPA = AFPB and AASP = BASP.

It was proved in [28] that this relation is indeed a partial order. It is the
aim of this paper to generalize and study the G-Drazin partial order to the
set RP of all Drazin invertible elements in a unital ring R. The paper is
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structured as follows. In the second section we recall the concept of the core-
nilpotent decomposition and present some definitions and auxiliary results.
In the third section we study G-Drazin invertibility in rings, characterize
G-Drazin inverses, and also describe the set of all G-Drazin inverses of a
given a € R(WP). In the fourth section we introduce the G-Drazin relation
on rings, present some characterizations of this relation, and then show that
it is indeed a partial order on the set R(:DP) of all Drazin invertible, regu-
lar elements in a ring R. We then extend the concept of G-Drazin partial
order to the set of all Drazin invertible elements in a ring and compare the
G-Drazin partial order to some known partial orders.

2. Preliminaries

Let from now on R be a ring (i.e., an associative ring with identity 1).
Denote by N(R) the set of all nilpotent elements in R. Koliha gave in [12]
an equivalent definition of the Drazin inverse. Namely, for a,b € R, (1.2) is
equivalent to

(2.1) ab=ba, b=ab®> a—a®beN(R).

Moreover, the index i(a) of a is equal to the nilpotency index of a — a?b.
Suppose a € RP. Tt is known (see [26]) that then

(2.2) a=c+mn

where ¢ € R¥, n € N(R) with index of nilpotency equal to i(a), and cn =
nc=0. Then c is called the core part of a and n the nilpotent part of a.
Since cfect = ¢ and cfe = ecf, it follows ¢fn = 0 = nc’, and therefore it is
easy to see by (2.1) that a” = ¢. Since the Drazin inverse of every element
in R is unique if it exists, we may conclude that ¢ and n from (2.2) are
unique. In fact,

(2.3) c=a%” and n=a-—d?aP.
We refer to ¢ +n as the core-nilpotent decomposition of a.

For a,b € RP, let a = ¢, + ng and b = ¢, + ny, be the core-nilpotent de-
compositions of a and b respectively, where ¢, is the core part of a, ¢ is the
core part of b, n, is the nilpotent part of a, and ny is the nilpotent part of
b. The element a is said to be below the element b under the Drazin order if
ca <P ¢;,. When this happens, we write a <P b (see [14, Definition 4]). Note
that the Drazin order is in fact a pre-order. Namely, since the sharp order
(1.5) is a partial order on the set of all group invertible elements in a general
ring with identity, it clearly follows that the Drazin order is reflexive and
transitive however it is not anti-symmetric (see [17, Example 4.4.5]). The
following result which was proved in [14] will be used in the continuation.
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PROPOSITION 2.1. Let a,b € RP. The following statements are then
equivalent.

(i) a <D b.
(ii) aa? = baP = aPb.
(iii) kb = ba* = ak“ where k = i(a).
(iv) @b = ba* = a** for some integer k > 0.

If for p € R, p?> = p, then p is said to be an idempotent. The equality 1 =
e1+ex+---+ey, where eq, ea,. .., e, are idempotents in R and e;e; = 0 for
1 # j,is called a decomposition of the identity of R. Let 1 = ej+ea+---+e,
and 1 = f1 + fo+ -+ + f, be two decompositions of the identity of R. We
have

n
x=1-z-1=(eg+es+-+e)x(fi+fot -+ fn)= Z e;xfj.
ij=1

Then any = € R can be uniquely represented in the following matrix form:

i1t - Tin

Tpl *° Tnn exf

where z;; = e;xf; € e,Rfj. With e x f we emphasize the use of the de-
compositions of the identity 1 =e; +es+---4 e, on the left side and
1=fi+ fo+---+ fn on the right side of x = 1-x - 1. If 2 = (2j)exs and
Y = (Yij)ex s, then z +y = (245 + Yij)exs. Moreover, if 1 =g; +--- + gy is
another decomposition of the identity of R and z = (2;) x4, then, by the
orthogonality of the idempotents involved, zz = ( Py xikzkj) exg’ Thus,
if we have decompositions of the identity of R, then the usual algebraic op-
erations in R can be interpreted as simple operations between appropriate
n X n matrices over R. When n = 2 and p,q € R are idempotents, we may
write

x=prq+px(l—q)+ (1 —plzg+ (1 —p)z(l —q) = [wll “12] ,

21 T22 px

Here z11 = pxq, 12 = pr(1 —q), 721 = (1 —p)2q, and x93 = (1 —p)z(1 —q).

Let a € R and let a° denote the right annihilator of a, i.e., the set a® =
{z € R:ax =0}. Similarly we denote the left annihilator °a of a, i.e., the
set °a = {x € R : za = 0}. Suppose that p,q € R are such idempotents that
°a="°p and a° = ¢°. Observe (or see [7, Lemma 2.2]) that °p = R(1 — p)
and ¢° = (1 — ¢)R. It follows that then a = pag, i.e.,

(2.4) o= {g 8qu.
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ON G-DRAZIN PARTIAL ORDER IN RINGS 181

Let a € RP, p = aa®, and let a = ¢, + n, be the core-nilpotent decompo-
sition of a. Observe that then p is an idempotent and that (see [14, Section

2)

cqg O
(2.5) a= [0 na] .
PXP

Here the index of nilpotency of n, equals i(a) = k. Note that

(2.6) p=aa® = (cq +na)cl = cacl.

We end this section with an auxiliary result which was proved in [14].

PROPOSITION 2.2. Let a € RP, p=aa®, and let a = ¢, + ng, be the
core-nilpotent decomposition of a. For b € RP | we have a <P b if and only

if
c, 0
=57
DPXD

where t € (1 —p)R(1 —p).

3. G-Drazin invertibility in rings

In this section we study and characterize G-Drazin inverses of elements
in rings. First, let us use the core-nilpotent decomposition to derive the
matrix form of a G-Drazin inverse of a € R(D).

LEMMA 3.1. Let a € RYD), p=adP, and let a = ¢y + ng be the core-
nilpotent decomposition of a. Then a®P is a G-Drazin inverse of a if and

only if
el [Cg 0_]
0 n
PXD

a
where n, € ng{1}.

PROOF. Let i(a) = k and let first

-fi
0 n, pxp

with n; € n,{1}. Then
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_ [cacgca 0 ] _ [Ca 0} Wy
0  nen,ng i 0 ng pxp

We have

a
0 - k+1 0 ’I’Lk

i k41 k

CoC cr 0

baFt! = [ @~a 0 } and af = [ } .
Ny Ny, pXp alpxp

By (1.2) and since n¥ =0, we obtain ba

a**1b = a*. Thus, b € a{GD}.
Conversely, let z € a{GD} and write
k+1 _ ok

T T
. L} xz] |
3 T4,
= a” we obtain

[ml wg] [cﬁ“ 0] _ [9510%: 0} _ [c’; O}
T3 4] pup 00 pXp 73¢q’ 0 PXp 00 pPXp

k+1 — gk Similarly, we get that

From za

and so z1cft! = ¥ and 23¢ft! = 0. By the first equation, we have
e+l E+1 g k+1
$10a+ (CEI) = ca(cg) )
hence :Elcacg = cﬁ, and so by (2.6) x1p = cﬁ. Since x1 € Rp, 1 = c[ﬁz. The

second equation yields that xgc’gﬂ(cﬁ)k“ =0 and hence mgcacg =0. By

(2.6), z3p = 0 and since z3 € Rp, we have 23 = 0. From a**'z = ¥ we sim-
ilarly get cf*'zy = 0 and thus (cg)kﬂc]a”lxg =0. So, 0= gy = pxe and
since o € pR, xo = 0. From axa = a we now obtain

[caxlca 0 } . [ca 0}
0 NgT4Ng pxp 0 ng pxp

and therefore ngx4ng, = n,. Thus,

v — [cg O}
0 24 pXp

where x4 € no{1}. O

The equivalence between statements (i) and (ii) of the next result recov-
ers [5, Corollary 2.1] which was proved using corresponding matrix decom-
positions.
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THEOREM 3.2. Let a € RP with i(a) =k and v € R. The following

statements are equivalent:
(i) z = a%P.
k k

(ii) axa = a and a"x = xa".
(iii) aza = a and a”x = za®.
i

(iv) aza = a and a”azx = zaPa.

(v) axa = a and a*aPz = za’a®.
PrROOF. For z = a®P, we know that aza = a and o'z = o* = zaFt!.
So,
bz = aP(a*12) = aPa* = aFaP = za" e = zd,

i.e., (ii) holds.

If aza = a and a*z = za¥, then o* 'z = a(d*z) = aza
larly za*+! = . Hence, z = a“P and (i) is satisfied.

The rest of the equivalences follow as in [20, Corollary 4.3]. O

+1 k

= a* and simi-

We can also characterize G-Drazin invertibility by idempotents.

THEOREM 3.3. Let a € RP with i(a) = k. The following statements are
equivalent:
(i) a{GD} # 0.
(ii) There exist idempotents p,q € R such that pR = aR, Rq = Ra and
k= aF = gak
p=a” = qa”.
(iii) There exist idempotents p,q € R such that pR = aR, Rq = Ra and
aPp = qa®.
Moreover, for arbitrary a~ € a{l}, ga”p € a{GD}, that is,

q-a{l}-p Ca{GD}.

PROOF. Assume that z = a®?. Set p = ax and ¢ = za. Then p = p?,
¢=¢* pR =axrR = aR, Rqg = Rza = Ra and a*p = a1z = a¥ = zak*! =
k
qa”.
Let (ii) hold. Since pR = aR, then a = pa and p = av, for some v € R,
which gives ava = a and so a is regular. Denote by = = ga™p, for a~ € a{1}.
Further, p = av = aa™ (av) = aa”p, and, by Rq = Ra, a = aq and ¢ = qa™ a.
Thus, aza = (ag)a” pa = (aa”p)a = pa = a,
2a" ! = gapah ! = ga~d" ! = ga* = dF

k +1

= akp =a'aa p= aqua_p ="y

which yields that € a{GD}.
The equivalence (i) < (iii) follows similarly (see also [20]). O
Let a € RP, with i(a) = k, and let a = ¢, + ny be the core-nilpotent de-

composition of a. We have n¥ = 0 and thus a! = ¢/, for every I > k. So, for
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every [ > k, a' has the group inverse (cﬁ)l and hence a! € Rf C RM. We
now describe the set of all G-Drazin inverses of a € R(HP) and extend [21,
Corollary 3.11(ii)].

THEOREM 3.4. Let a € RMP) with i(a) = k. Then
a{GD} = {a"aa™ + (1 - a"a)a” +aP(1 —aa™) +u—aau(l —aa™)
—(1—a " a)uad® — a"auaa™ :u € R is arbitrary}
for some a~ € a{1} and (a¥T1)~ € (a**1){1}.
Proor. For
r=a"aa” +(1-a"a)d® +a’(1—aa”) +u

D

—aPau(l —aa™) — (1 — a” a)uaa®

—a auaa

k+1

where u € R, we can verify that aza = a, xa =dF and o'z = a*. So,

z € a{GD}.

Now, we derive the general solution for the system of equations axa = a,
zaFtt = ¥ and otz = aF. According to [1, p. 52], the equation aza = a
has the general solution

(3.1) r=a aa +y—a ayaa ,

for an arbitrary y € R. Substituting (3.1) in za**! = a*, we obtain
(3.2) (1-a a)ya**t = (1 — a"a)d".

Since 1 —a~a € (1 —a~a){1}, by [1, p. 52], (3.2) yields

(3.3) y=(1-a"a)d @) +2—-1—-a a)za" (")~

for an arbitrary z € R. Using a*Tlz = ¥, (3.1), and (3.3), it follows
(3.4) " 2(1 —aa™) = af(1 — aa™).

Applying [1, p. 52] and 1 —aa™ € (1 —aa™){1}, the general solution to (3.4)
is

(3.5) z= ("N "d*(1 —aa”) +u — (") " d" M u(l — aa™),

for an arbitrary u € R. From (3.1), (3.3), and (3.5), one can see that
r=a"aa” +(1-a"a)d® +a’(1—aa")+u
D

—aPau(l —aa™) — (1 — a”a)uaa® — e auaa™. O
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4. G-Drazin partial order in rings

Let us extend the G-Drazin order to rings.

DEFINITION 4.1. Let R be a ring and let a € R” and b€ R. We say
that a is below b under the G-Drazin order and write a <P b if there exist

G-Drazin inverses a{P and a$” of a such that

(4.1) a$Pa = afPb and aalP = baSP.

REMARK 4.2. For G-Drazin inverses a{’?, aS$P of a € R, observe that
by Definition 1.1, a§”aa{’P € a{GD}. If (4.1) holds, then

aSPaa$Pa = a§PaafPb and  aaSPaalP = ba§P aaf?
and therefore we may equivalently reformulate Definition 4.1 as follows:
a <D b if there exists a G-Drazin inverse a®? of a such that

a“Pa =a“Ph and aa®P = ba®P.

COROLLARY 4.3. Let a € RP and b € R. The following statements are
equivalent.

(i) a <GP b.

(ii) @ = ba“Pa = aa®Pb for some a®P € a{GD}.

PROOF. By Remark 4.2, if a <P b, there exists a®P € aéGD} such that
a“Pa = a“Ph and aa®P = ba®P. Hence, a = aa®Pa = aa®Pb and analo-
gously a = ba®P

Suppose that a = ba®”a = aa“Pb for some a“P € a{GD}. Then, for z =
a“Paa®P | we have r € a{GD}, ax = aa®Paa®? = aa®P = ba“PaaP = bx
and similarly za = xb. [

With the next theorem we characterize the G-Drazin order in terms of
core-nilpotent decomposition.

THEOREM 4.4. Let a € RGP p=aaP, be R, and let a = ¢, + ng be
the core-nilpotent decomposition of a. Then a <P b if and only if

0
=[50
0 by o

where ng <~ by.

PROOF. Let
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with ng <™ by. There exists n, € ng{1} such that n,n, = n, by and nyn, =
byn, . Let
WGP — [Cg 0_] _
0 n, pxp
By Lemma 3.1, a®? € a{GD}. Also,

WGPy — |:C’¢izca 0 ] _ [cgca 0 } — 4Dy
0 ngna] ., 0 mn, by oxp

and similarly aa®? = a“Pb. Thus, a <P b.
Conversely, let a <P b and

There exists a®” € a{GD} such that a“”a = a%Pb and aa®P = ba“". By
Lemma 3.1 there exists n, € ng,{1} such that

WGD — [Cg 0_] .
0 n, pxp
Then a“Pa = a%Pb yields
[cﬁca 0 } _ [0251 Cgbz]
0 ngna],., n, by n, by pxp
i

and so cpe, = cﬁbl, cﬁbg =0, and n,n, = n,by. Since by, b2 € pR, we have

Coq = cacgbl =pby =b; and 0 = cacgbg = pby = by. From aa®P = ba®P we

get
[caci 0 } _ [blcg b2n;}
0 ngn, pxp bgcﬁ byn,
Thus, bgcg = 0 and since b3 € Rp, 0 = bgcgca = bsp = bs. Also, ngn, = byn, .

Therefore,
0
=[5 )
0 b4 pXp

The G-Drazin order <@ can also be characterized by idempotents.

pXp

where n, <~ by. O
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THEOREM 4.5. Let a € RP with i(a) = k and let b € R. The following
statements are equivalent:
(i) a <GP b.
(ii) There exist idempotents p,q € R such that pR = aR, Rq = Ra, ap =
ak = qa®* and pb = a = bq.
(ili) There exist idempotents p,q € R such that pR = aR, Rq = Ra,
aPp = qa® and pb = a = bq.

PROOF. Using Remark 4.2, the assumption a <¢P b implies that there
exists © € a{GD} such that za = xb and ax = bx. As in the proof of The-
orem 3.3, we observe that p = ax and ¢ = za satisfy pR = aR, Rq = Ra,
akp = a¥ = qga*. Also, pb = a(xb) = ara = a and bg = (bzx)a = aza = a, and
hence (i) implies (ii).

Assume that (ii) holds. According to Theorem 3.3, x = ga"p € a{GD},
for a= € a{l}. Since ¢ is an idempotent, a = bg implies a = ag, and thus
ar = (aq)a™p = aa”p = bqa~p = bx. Similarly, za = ab, that is, a <P b.

In an analogous manner, we prove that (i) < (iii). O

Since every G-Drazin inverse of a € RP is also its inner generalized in-
verse, it follows by (1.3) and Definition 4.1 that the G-Drazin order implies
the minus order, i.e., if a <GP b for a € RP and b€ R, then a <~ b. We
will present some constraints under which the converse is true. Let us first
prove an auxiliary result.

LEMMA 4.6. Let a € RMWD) p=aal, b e R, and let a = cq + ng be the
core-nilpotent decomposition of a. Let b= by + by for some by € pRp and
by € (1 —p)R(1L—p). If a <™ b, then by = cq and ng <~ by.

PROOF. Since a <~ b, there exists x € R such that axa = a, ra = zb,
and ax = bx. Let
3 Tl pxp

By axa = a, we get
[camlca caxgna} . [ca 0}
NgT3Cq MNgTaN |0 n
at3Caq Tlqd4Tlq PXP al pxp

and therefore c,z1¢, = ¢, and ngxan, = n,. Multiplying the former equa-
tion first from the left and next from the right by ¢k, we obtain

CaZ1P = P = PT1Caq,
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and since z1 € pRp, we get c,r1 = x1¢, and x1 = x1c,x1. Thus, z1 = cﬁ.

Since b = [%1 l? , we have by xa = xb,
4 pxp
hea an Aby wob
(4‘2) aCa 27q — a1 204
T3Ca TaNa x3by x4by pxp
and by ax = bx,
(4.3) [cacg caf@] _ [bwg b1fc2} .
Ngx3 Ngl4 pXp b4(L‘3 b4(L‘4 pXp

It follows that p = cﬁca = cﬁbl and p = cacﬁ = blcg. So, cgbl = blcg. Since
bl,cg € pRp, we also have by = blcgbl and cg = cgblcg. Thus, by = (cﬁ)ﬁ = Cq-
By (4.2) and (4.3) we also get x4ng, = x4by and n,x4 = byxy, and since
NgT4Ng = Ng, We establish that n, <™ by. O
THEOREM 4.7. Let a € RMWP), i(a) =k, and b€ RP. The following
statements are equivalent.
(i) a <GP b.
(i) @ <~ b and a <P b.
(iii) @ <~ b and a*b = ba*.
(iv) @ <7 b, °(a¥) C °(ba¥), and (a*)° C (a*b)°.
PROOF. Let us first show that (i) implies (ii)-(iv). Let a <P b. Then
a <7 b. Let a =cq+ ng be the core-niplotent decomposition of a and let
p = aa”. By Theorem 4.4, we may write

O and b= |C Y
0 ng 0 by
pPXp pPXp

where n, <~ by. Since n’; =0, we have
(4.4) a" 1l = aFb = ba®
and therefore by Proposition 2.1, a <P b. Tt follows that (i) implies (ii) and
(iii). Let sa® =0 = a*z for some s,z € R. By (4.4), 0 = sa**! = sba* and
similarly 0 = a¥bz. Therefore, (i) also implies (iv).

As above, let from now on a have the form (2.5) and let us first prove
that (ii) implies (i). So, suppose a <~ b and a <P b. By Proposition 2.2,

0
=[5
0 by o
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where by € (1 —p)R(1 — p). Lemma 4.6 implies then that n, <~ by. There-
fore, by Theorem 4.4, a <P b.
To show that (iii) implies (i), assume a <~ b and a*b = ba*. Let

-
b3 by o

Since n¥ = 0, we get
|:C];b1 C§b2:| _ |:blc§ 0:|
0 0], b3ca 0] )

and thus cfby = 0 and b3c® = 0. Multiplying the first equation from the left

and the second equation from the right by (cﬁ)k we get pbo = 0 = bgp. Since

by € pR and b3 € Rp, bo = b3 = 0. Lemma 4.6 then yields that by = ¢, and
ng <~ by, and so by Theorem 4.4, a <GP b.
Assume now that (iv) holds. Again, let

s
bs b pPXP

Since n¥ = 0 and thus ak = c’; € pRp, we have (1 — p)a® = 0 and therefore,
by assumption, (1 — p)ba® = 0. So,

0 [0 0 } [bl bz] [c’; 0} B [ 0 o]
- o - o k
01 P pXp b3 b4 PXPp 00 PXPp (1 p)bgca 0 pXp

and hence
0= (1—p)bsck(ch)F = (1 —p)bsp® = (1 — p)bsp.

Since b3 € (1 — p)Rp, bz = 0. Similarly, a*(1 — p) = 0 and thus, by assump-
tion, a®b(1 — p) = 0 which yields 0 = pba(1 — p) = by. Therefore,

by 0}
b:[
0 ba]

and hence again by Lemma 4.6 and Theorem 4.4, a <¢Pb. O

With Theorems 4.4 and 4.7 we generalized [28, Theorem 3.4]. The
G-Drazin order <%P is clearly a reflexive relation on RULP).  Suppose
a <CP b and b <P q for some a,b € RIP). Since then statement (ii) of
Theorem 4.7 implies a <~ b and b <™ a, it follows that a =b. So, the
G-Drazin order is an antisymmetric relation on R-P). Both, the minus
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order <= and the Drazin order <P are transitive relations and therefore,
again by Theorem 4.7, the G-Drazin order is also a transitive relation. We
thus have the following result.

THEOREM 4.8. The G-Drazin order <GP is a partial order on RLD),

REMARK 4.9. Note that each of the statements (ii), (iii), (iv) of Theo-
rem 4.7 together with the definition (1.4) of the minus partial order, which
holds in a general ring R with identity, allows us to extend the G-Drazin
partial order from the set RL) to the set RP. For example, we may de-
fine in this more general setting the G-Drazin partial order as follows. Let
aeRP and beR. Then a <P b when a <~ b and a <P b. It turns out
that such a partial order has already been defined (but not much studied)
in [14, Section 5]. It is called the S-minus partial order (see also [17]).

Recall that the Drazin order <P is a pre-order on R”. Namely, the
failure of anti-symmetry is due to the fact that the Drazin order ignores
the nilpotent parts in the core-nilpotent decomposition. As a modification
of the Drazin order so that the nilpotent parts are also involved another
partial order was introduced on the set of all all n x n matrices over a field
F in [17] and later extended in [14] to RP. In what follows, we use (1.4) as
the definition of the minus partial order.

DEFINITION 4.10. Let a,b € R” and let a = ¢, + n, and b = ¢, + 1y be
the core-nilpotent decompositions of a and b respectively, where ¢, is the
core part of a, ¢, is the core part of b, n, is the nilpotent part of a, and ny
is the nilpotent part of b. The element a is said to be below the element b
under the C-N partial order if cq <! ¢, and n, <~ np. When this happens,
we write a <b~ b.

With [14, Theorem 6] it was proved that the C-N partial order implies
the minus partial order, i.e., if for a,b € R”, a <%~ b, then a <~ b. Tt fol-
lows by statement (ii) of Theorem 4.7 that the C-N partial order implies
the above extension of the G-Drazin partial order (i.e., the S-minus partial
order) to the set of all Drazin invertible elements in a ring. The converse im-
plication is in general not true and some constraints under which the S-minus
partial implies the C-N partial order were presented in [14].

References

[1] A. Ben-Israel and T. N. E. Greville, Generalized Inverses: Theory and Applications,
Canadian Mathematical Society, Springer (New York, 2003).

[2] A. Bjerhammar, Application of calculus of matrices to method of least squares; with
special references to geodetic calculations, Trans. Roy. Inst. Tech. Stockholm,
49 (1951), 86 pp.

[3] S. L. Campbell, Optimal control of autonomous linear processes with singular ma-
trices in the quadratic cost functional, SIAM J. Control Optim., 14 (1976),
1092-1106.

Acta Mathematica Hungarica 173, 2024



(4]

ON G-DRAZIN PARTIAL ORDER IN RINGS 191

S. L. Campbell and C. D. Meyer, Generalized Inverse of Linear Transformations,
STAM (Philadelphia, 2009).

C. Coll, M. Lattanzi and N. Thome, Weighted G-Drazin inverses and a new pre-order
on rectangular matrices, Appl. Math. Comput., 317 (2018), 12-24.

I. Golubié¢ and J. Marovt, On some applications of matrix partial orders in statistics,
Internat. J. Management Knowledge Learning, 9 (2020), 223-235.

D. S. Djordjevi¢, D S. Raki¢ and J. Marovt, Minus partial order in Rickart rings, Publ.
Math. Debrecen, 87 (2015), 291-305.

M. P. Drazin, Pseudo-inverse in associative rings and semigroups, Amer. Math.
Monthly, 65 (1958), 506-514.

R. E. Hartwig, How to partially order regular elements, Math. Japon., 25 (1980),
1-13.

R. E. Hartwig and J. Levine, Applications of the Drazin inverse to the Hill crypto-
graphic system. Part III, Cryptologia, 5 (1981), 67-77.

R. E. Hartwig and J. Luh, A note on the group structure on unit regular ring elements,
Pacific J. Math., 71 (1977), 449-461.

J. J. Koliha, A generalized Drazin inverse, Glasgow Math. J., 38 (1996), 367-381.

J. Marovt, On partial orders in Rickart rings, Linear Multilinear Algebra, 63 (2015),
1707-1723.

J. Marovt, Orders in rings based on the core-nilpotent decomposition, Linear Multi-
linear Algebra, 66 (2018), 803-820.

V. A. Miller and M. Neumann, Successive overrelaxation methods for solving the rank
deficient linear least squares problem, Linear Algebra Appl., 88/89 (1987),
533-557.

S. K. Mitra, On group inverses and the sharp order, Linear Algebra Appl., 92 (1987),
17-37.

S. K. Mitra, P. Bhimasankaram and S. B. Malik, Matriz Partial Orders, Shorted Op-
erators and Applications, Word Scientific (London, 2010).

H. Mitsch, A natural partial order for semigroups, Proc. Amer. Math. Soc., 97 (1986),
384-388.

E. H. Moore, On the reciprocal of the general algebraic matrix, Bull. Amer. Math.
Soc., 26 (1920), 394-395.

D. Mosié, Weighted G-Drazin inverse for operators on Banach spaces, Carpathian
J. Math., 35 (2019), 171-184.

D. Mosié¢, P. S. Stanimirovié¢ and M. C’irié7 Extensions of G-outer inverses, Filomat,
37 (2023), 7407-7429.

K. S. S. Nambooripad, The natural partial order on a regular semigroup, Proc. Edin-
burgh Math. Soc., 23 (1980), 249-260.

R. Penrose, A generalized inverse for matrices, Proc. Cambridge Philos. Soc., 51
(1955), 406-413.

Y. Qu, J. Wei and H. Yao, Characterizations of normal elements in rings with involu-
tion, Acta Math. Hungar., 156 (2018), 459-464.

D. S. Rakié, Generalization of sharp and core partial order using annihilators, Banach
J. Math. Anal., 9 (2015), 228-242.

26] V. Rakocevié, Continuity of the Drazin inverse, J. Operator Theory, 41 (1999), 55-68.

)
(28]

29]

J. R. Schott, Matriz Analysis for Statistics, John Wiley and Sons (Hoboken, 2005).

H. Wang and X. Liu, Partial orders based on core-nilpotent decomposition, Linear
Algebra Appl., 488 (2016), 235-248.

Q. Zhang, H. Zhu and H. Zou, Left and right w-core partial orders in rings, Acta
Math. Hungar., 169 (2023), 432-446.

Acta Mathematica Hungarica 173, 2024



192 c. DOLINAR, B. KUZMA, J. MAROVT and D. MOSIC: ON G-DRAZIN PARTIAL . . .

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long
as you give appropriate credit to the original author(s) and the source, provide a link to the Creative
Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit
line to the material. If material is not included in the article’s Creative Commons licence and your
intended use is not permitted by statutory regulation or exceeds the permitted use, you will need
to obtain permission directly from the copyright holder. To view a copy of this licence, visit http://
creativecommons.org/licenses/by/4.0/.

Acta Mathematica Hungarica 173, 2024



	On G-Drazin partial order in rings
	Abstract
	Introduction
	Preliminaries
	G-Drazin invertibility in rings
	G-Drazin partial order in rings
	References




