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1 | INTRODUCTION

The purpose of this paper is to investigate the multiplicity of solutions for the noncooperative Schrodinger-Kirchhoff-type
systems involving a general variable exponent elliptic operator and critical nonlinearity in R":

K(Bw)(div (A, (V) = b(x) Ay w)) = |u|"™2u + A(X)Z—:(x, u,v)  inRY,
K(B))(=div (A;(Vv)) + b(x).A,(v)) = [v] @20 + ?\(x)i—f(x, u,v) inRY, (11)
u,v € WO ®RY) n W ORY),

where N > 2, A is a continuous, radially symmetric function on RV, b € L®(RN) satisfies b, : = essinf{b(x) : x € RN} >

0,VF = (Z—F, Z—F) is the gradient of a C! function 7 : RN x R? — R*, the functions p and q are log-Holder continuous,
u v

radially symmetric on R, and satisfy the following inequality,

1<p <p(x)<p*<q <qx)<qg" <N, (1.2)
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for all x € R, and the function s is continuous, radially symmetric on RY, and satisfies the following inequality,

h™ <h(x) <r” <r(x) <r* <h*(x) < oo, (1.3)
for all x € RN, where p~ :=essinf{p(x) : x € RN}, p* :=esssup{p(x) : x € RN}, and analogously for g, q*,h~,

h*,r~, and r*, with h(x) = (1 — H(x3}))p(x) + H(x3 )q(x), where x; is given by condition (H,,) below, and

Nh(x)
N—h(x)

if h(x) <N,
h*(x) =
+oo  ifh(x) >N,

for all x € RN, where H : Ry — {0,1} is given by

; 3
H(Ki)= 1 1f1<*>0,
0 if x} <o0.

Furthermore, we assume that the set Cj, defined as {x € RN | r(x) = h*(x)} is not empty.
The operators A; : X — R, where i can be either 1 or 2, and the operator B : X — R, are defined as follows,

Ai(w) = a;(JulPO)|ulP®~2y and Bu) = / L(z‘h(quIp(")) + b(0)A;([u]P™))dx,
ry P(X)

where X is the following Banach space:

X 1= WP (RY) nw O (RY).

Function A;(.) is defined as A;(t) = fot a;(k)dk and function a;(.) is from condition (Hy, ) below.
In this paper, we shall consider the function a; : Rt — R*, which satisfies the following assumptions for either i = 1
ori=2:

(Hg,) a;(.)is of class C.
(H,,) There exist positive constants ‘K?, x!, %2, and 3 fori =1 or 2, such that

90x)—p(x) q(x)—p(x)
K+ HEDKt @ <a(t) <xl +xyt p®  forae.x € RN andallt > 0.

(H,,) There exists a positive constant ¢ > 0 such that

3(a; (1P p()-2)
t

min {ai(tp(x>)tp(x)‘2, a; (1P Px)=2 4 5
t

} > ctP®=2 forae. x € RN andall ¢ > 0.

(Hg,) There exist positive constants y, a; (for i = 1 or 2), and a positive function 9 satisfying condition (F,) below, such
that

1 oy _ qgt o 9
A;(t) > —a;(t)t with h™ < 8(x) < r~ and — < — <, forallt >0,
a; p Yy p

where y; satisfies condition (K,) below.

Next, letK : IR%.[J)r — R* be a nondecreasing and continuous Kirchhoff function such that
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(K;) there exists & > 0 such that

K(t) > K& = K(0), forallt € R};

+
(K,) there existsy € (L, 1] such that
p

t
R(t) > yK(t)t, forall t € RY, where K(t) := / K(s)ds.
0

1
There are many functions satisfying conditions (K;) — (K,), for example, K(t) = &, + &,t7, for y <1, & > 0, and
K1 >0.

In recent years, increasing attention has been paid to the study of differential and partial differential equations involving
variable exponent. The interest in studying such problems was stimulated by their many physical applications. For exam-
ple, they have been applied in nonlinear elasticity problems, electrorheological fluids, image processing, flow in porous
media, and elsewhere, see, for example, Chen et al. [9], Diening et al. [17, 18], Halsey [26], Radulescu and Repovs [46],
Ruzicka [47, 48], and the references therein.

We shall illustrate the degree of generality of the kind of problems studied here, with adequate hypotheses on functions
a; and a,, by exhibiting some examples of problems, which are also interesting from the mathematical point of view and
have a wide range of applications in physics and other fields.

Example 1. Considering a; = 1 and a, = 1, we see that a; and a, satisfy conditions (H,, ), (H,, ), and (H,, ) for K? = Kl.l =
1, Kl.z > 0 (where i = 1 or 2), and x3 = 0. In this particular case, we are investigating the following problem:

K(B)(Apeort — bEOIUPD2u) = [u O2u + A0 (x,w,0)  inRY,
K(B©)(=Apc0 + bEIL[PD20) = o @20 + AT (x,u,0) inRY,
where
Bw) = / L (1VuP + b() P dx
ry P(X)
and

B) = /RN ﬁ(wuw@ + ()| lP®) dx.

The operator Apyu = div (|Vu|P®=2Vy) is known as the p(x)-Laplacian, which coincides with the usual p-Laplacian
when p(x) = p, and with the Laplacian when p(x) = 2.

Example 2. Considering the functions

q(x)—p(x) q(x)—p(x)
a;(t)=1+t »P® anda,(t) =1+t P®

We observe that both a; and a, satisfy conditions (H, ), (Hy,), and (H,,), with ) = ! = x’ =%} =1 (fori =1or2).In
this case, we are investigating the following noncooperative p&q-Laplacian system:

K(BW)(Apeoyut + Agoyu — bEO(ulPO2u + [u]90720)) = u| )2y + A(x)Z—Z(x, u,v) inRV,

K(BO)(=Apx)v = By + b)([0[PP720 + [0]19720)) = o ®=2p + A(x)i—f(x, u,v) inRY,
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where

B(u) = /RN <$(|Vulp(x) + b(x)|ulP®) + ﬁ(wuw@ + b(x)|u|q0f>)>dx
and
B() = / (L(wuv’(x) + BEO)[V]PX) + —— (V]9 + b(x)|v|Q(x))>dx.
ry \ P(X) q(x)

This class of systems arises in various applications, such as reaction—diffusion systems described by

g—’; = div(a;(Vu)Vu) + P(x,u), where a;(Vu) = |Vu|PX=2 4 |Vy |92 (1.4)
where the reaction term P(x, u) is a polynomial of u with variable coefficients. Such systems have wide applications in
physics and related sciences, including plasma physics, biophysics, and chemical reaction design. In these applications,
the function u represents concentration, the first term on the right-hand side of (1.4) accounts for diffusion with a diffusion
coefficient a;(Vu), and the second term represents the reaction, which is related to source and loss processes, typically
in chemical and biological applications. For further details, interested readers can refer to works by Mahshid and Razani
[42], He and Li [27], and the references therein.
We continue with other examples that are also interesting from the mathematical point of view.

t

V1+t2

=x)=1,x} =2, % =0, ¥ >0, and x7 > 0. In this scenario, we are studying the following

Example 3. Consideringa,(t) =1+ and a, = 1, we can observe that both a, and a, satisfy conditions (H,, ), (H,),

0

and (H,,), for ) = «)

problem:

(x)
K(B(u)) <div ((1 + %) IVu|P(x)—2Vu> — b(x)|u|P(x)—2u> = |u|" ™2y + A(x)Z—:(x, u,v) in RN,

(x)
K(B(U))<—div <<1 + &> IVvlp(x)‘ZVv> + b(x)lvlp(x)‘2v> = |v|"®2p 4+ ?\(x)i—j(x, u,v) in RN,

V14| Vo|2P&)
where
B(u) = / L <|Vu|P(x) + 1 /1 + |Vu|2p(x) + b(x)|u|p(x)>dx
rN D(X)
and

B() = / L <|Vvlp(x) +4/1+ |VU|2p(x) + b(x)|vlp(x))dx.
ry P(X)

The operator

Vu P&
div( 1+ ) o2y
VI + [VuP®)

is known as the p(x)-Laplacian-like operator or the generalized capillary operator, which has applications in various fields
such as industry, biomedicine, and pharmaceuticals. For further details, you can refer to Ni and Serrin [43].

q(x)—p(x) q(x)—p(x)

Example 4. Considering a,(t) =1+t »® 4+ ﬁ and a,(t) =1+t P® | we have that a; and a, satisfy

(1+1) P&

conditions (Hg, ), (Hg,), and (H,,) with ) =«) =%} =1, ] =2 and x} =«

2

1= K; = 1. In this case, we are studying
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problem

|Vu|PO)—2yy
px)-2
(1 4 |Vu|pX) po

— b() (JulPD~2u + [u]d)=2y)

K(B(u)) Ap(x)u + Aq(x)u + div

= |u| ™2y 4+ )\(x)c;—r(x,u, v) in RN,
u

|Vo|PO)—2vy
p(x)-2
(14 |Vu|P®) p)

K(B))| —Ap)v — Agyv — div + b(x)(Jv]PX)~2p + [p]a)-2p)

= |v|"®2p 4+ )\(x)c;—r(x,u, v) in RN,
v
where

1 1 1 =
B(u) = / <— Vu p(x) + b(x) u p(x) + ——(|Vu q(x) + b(x) u q(x) + =(1+ |Vu P(x)Y p(x) >dx
[ (g ive ) + = (19u [4]909) + 3 (14 |Val?)

and

2
B) = / (L(|Vv|p(x) + b(x)|v|P(x)) + L(|vv|q(X) + b(x)|v|q<x)) + 1(1 + |vv|p(x))p(x>>dx_
Ry \ P(X) q(x) 2

Moreover, the class of systems (1.1) can include either a single model of the divergence operators mentioned above, as
in Examples I-IV, or two different models in each equation for divergence operators simultaneously, depending on the
studied phenomenon. Also, every equation in this class can be either degenerate or nondegenerate.

In the case of a single equation, system (1.1) is related to a model that was first proposed by Kirchhoff in 1883. This model
represents the stationary version of the Kirchhoff equation, which can be written as:

d%u 0o E [F 2 d%u
pﬁ—<7+i ; dx ﬁ—o. (1.5)

ou(x)
ox

This equation extends the classical D’Alembert wave equation by considering the small vertical vibrations of a stretched
elastic string with variable tension and fixed ends. One distinctive feature of Equation (1.5) is the presence of a nonlocal
coefficient:

2

Ju dx.

ax

POEL

+_
h 2L,

This coefficient depends on the average value:
dul’

ax

1 /L

2L J,
As a result, the equation is no longer a pointwise equation, and this nonlocal aspect distinguishes it from the classical
wave equation.

The parameters in Equation (1.5) have the following meanings: u = u(x, t) represents the transverse string displacement
at the spatial coordinate x and time ¢, E is the Young modulus of the material, also known as the elastic modulus, which
measures the string’s resistance to elastic deformation, p is the mass density, L is the length of the string, h is the area of
cross-section, and py, is the initial tension (for more details see Kirchhoff [30]).
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Almost one century later, Jacques-Louis Lions [40] returned to the equation and proposed a general Kirchhoff
equation in arbitrary dimension with an external force term, which was written as

52_“_( +b/ |Vu|2dx)Au=f(x,u) in Q,
a2 Q

(1.6)
u=0 on 9Q;

this problem is often referred to as a nonlocal problem because it involves an integral over the domain Q. This integral
component introduces mathematical complexities that make the study of such problems particularly interesting. The
nonlocal problem serves as a model for various physical and biological systems in which the variable u represents a process
dependent on its own average, such as population density. For further references on this subject, interested readers can
explore the works of Arosio and Pannizi [3], Cavalcanti et al. [8], Chipot and Lovat [14], and Corréa and Nascimento [15],
along with the references provided therein.

On one hand, it is widely acknowledged that the class of elliptic problems with constant critical exponents in bounded or
unbounded domains holds a significant place in the literature. This class of problems was first introduced in the seminal
paper by Brezis and Nirenberg [6], which primarily focused on Laplacian equations. Subsequently, various extensions
of the results presented in [6] have been explored in many directions. A notable feature of elliptic equations involving
critical growth is the issue of a lack of compactness, which is closely tied to the variational approach. To address this
lack of compactness, P. L. Lions [41] developed a method employing the concentration-compactness principle (CCP)
to establish that a minimizing sequence or a Palais—-Smale (PS) sequence is precompact. Following this development, a
variable exponent version of P. L. Lions’ CCP for bounded domains was independently formulated by Bonder and Silva [5],
Fu [23], while the version for unbounded domains was introduced by Fu [25]. Subsequently, numerous researchers have
employed these results to investigate critical elliptic problems involving variable exponents, as evidenced by the works of
Alves et al. [1, 2], Chems Eddine et al. [10, 11, 13], Hurtado et al. [29], Liang et al. [34-37], and Fu and Zhang [24, 50].

On the other hand, over the past few decades, there has been significant interest among researchers in studying elliptic
problems that lead to indefinite functionals. For instance, in the work by Benci [4], it was assumed that X is a Hilbert
space, and f satisfies the PS condition, and has the form

fw) = (L0, 0+ Pw), uEH,

where L is a bounded self-adjoint operator and @’ is compact. Nevertheless, the solution spaces are not necessarily Hilbert
spaces. To overcome this difficulty, in [33], Li introduced a limit index theory and applied it to estimate the number of
solutions for the following noncooperative p-Laplacian elliptic system with Dirichlet boundary conditions

oF .
Apu=—(x,u,v) inQ,
du

—Apv = a—F(x, u,v) inQ, 1.7)
dv
u=0, v=0, on oQ.

Following that, Huang and Li [28] studied the following noncooperative p-Laplacian elliptic system in the unbounded
domain of RY by using the principle of symmetric criticality and the limit index theory

oF .
Apu—ulP~?u = —(x,u,v) inRY,
ou
oF .
—Apv + [v[P~?0 = —(x,u,v) inRY,
dv
u,v € WhP(RN),

where 1 < p < N, and extended some results of Li [33]. Next, Cai and Li [7] dealt with the case when the corresponding
functional of (1.7) may not be locally Lipschitz continuous in Banach spaces. Lin and Li [38], studied problem (1.7) with
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critical exponents of the form
Apu = [ulP"~2u + a—F(x,u, v) inQ,
ou
*_2 oF .
—Apv = [ulP v + a—(x, u,v) inQ, (1.8)
v
u=v=0 on 0Q,

where Q is a bounded domain in RN, 1 < pP,g<N,p*= ;pr, and g* = I\IIVTq, and established the existence of multiple

solutions for problem (1.8) without using CCP. Some similar results for the noncooperative p(x)-Laplacian elliptic prob-
lems were obtained by Liang et al. [35, 36]. Recently, Chems Eddine [12] extended these results to the problem (1.1) when
K =1, Ais areal number, and the functions p and g are Lipschitz continuous.

Our objective in this paper is to study the existence and multiplicity of solutions for a class of the generalized non-
cooperative Schrodinger—Kirchhoff-type systems with critical nonlinearity involving a general variable exponent elliptic
operator in RY. More precisely, our main results of this work extend, complement, and complete several works, in par-
ticular Chems Eddine [12], Fang and Zhang [22], Huang and Li [28], Li [33], Liang and Zhang [36], and some papers
listed therein.

As we shall see in the next sections, there are three main difficulties in our situation. First, the energy functional corre-
sponding to problem (1.1) is strongly indefinite. Here, we mean strongly indefinitely that a functional is unbounded from
below and from above on any subspace of finite codimension. Hence, we cannot apply the Mountain pass theorem for
the energy functional. The second difficulty in solving problem (1.1) is the lack of compactness, which can be illustrated
by the fact that the embedding of W;’h(x)(IRN ) & L O(RN) is no longer compact. The third difficulty is that problem
(1.1) involves nonlocal terms K (B(u)) and K (3(v)), which prevent us from applying the methods as before. To overcome
these difficulties, we use the limit index theory developed by Li [33], the principle of concentration—compactness (The-
orem 2.7), the CCP at infinity (Theorem 2.8) for the weighted-variable exponent Sobolev spaces W;’h(x)(IRN ), and the
principle of symmetric criticality of Krawcewicz and Marzantowicz [32].

Throughout this paper, we shall assume that F satisfies the following conditions:

(F) F € CY(RN x R?,R*) and it satisfies
oF oF i -
'5‘11 (x,n,é)’ 'aa(x’”’é)’ B f1(x)|n|f(x) ! +fz(x)|£|€(x) h

where ¢ € M(RN), q* < ¢(x) < h*(x)forallx € RN,and 0 < f,, f, € LI® n L®(RN) with I(x) = h*(x)/(h*(x) —

t(x)).
(F,) There exists 9(x) such that h* < 9(x) and 0 < 8(x)F(x,1, &) < nZ—F(x,n, &)+ EZ—Z(x,n, %), for all (x,1, &) € (RN x
m

R2).
(F3) nz—:(x,n, £) > 0 forall (x,n, &) € RN x R,

(F,) Fisevenin(m,&): F(x,m,&) = F(x, -, =&) for all (x,1, &) € RN x R
(Fs) F(x,m,&) = F(|x|,m, &) for all (x,n, &) € RN x R2.

The main result of this paper is as follows.

Theorem 1.1. Assume that conditions (H,,) — (Hy,), (K;) — (K3), and (F,) — (Fs) are satisfied. Then, there exists a constant
Ax > 0, such that if A(x) satisfies the following condition,

— e_ 3 + . _
0<A™ := xleanN AX) AT i= Aoy < Ay
then problem (1.1) possesses infinitely many weak solutions in X X X.
The paper is organized as follows. In Section 2.1, we briefly present some properties of the generalized weighted Sobolev

spaces with variable exponents. In addition, we introduce the principle of concentration—compactness and the CCP at
infinity in the generalized weighted-variable exponent Sobolev spaces. In Section 2.2, we mainly introduce the limit index

85U8017 SUOWIWOD A0 3cedldde au Aq peusenob aJe Seoie YO ‘@SN JO SN 10} Akeiq18ulUQ AB|1IAA UO (SUORIPUOD-PUEe-SWLRY/Wo0 A3 1M ARl jeuljuo//Sdny) SUORIPUOD pue swie | 8 88s *[202/90/.T] uo Ariqi]auljuo /8|IM ILSAOIS 8URIYO0D AQ £05002202 BUeW/Z00T OT/I0P/Wod" A8 | Akeiq1jeuljuo//Sdny wol papeojumod ‘9 ‘¥202 ‘9T922zST



CHEMS EDDINE and REPOVS &A:ggglhéﬁ'%%ﬁHE 2099

theory due to Li [33]. In Section 3, we provide proof for the main results, after we have verified the PS condition at some
special energy levels, by using the CCP.
2 | PRELIMINARIES AND BASIC NOTATIONS

In this section, we introduce some definitions and results, which will be used in the next section. Throughout this paper,
we employ the following notation and conventions: We use — to denote strong convergence, — for weak convergence,

3k
and — for weak-* convergence. For any given p > 0 and x € Q, B,(x) represents the ball with radius p centered at x. The
duality pairing between X’ and X is represented by (-, -). C and ¢ denote a positive constants and can be determined based
on specific conditions.

2.1 | Generalized weighted variable Sobolev spaces and the principle of
concentration—compactness

First, we shall introduce some fundamental results from the theory of Lebesgue—Sobolev spaces with variable exponents.
The details can be found in Diening et al. [18], Fan and Zhao [21], and Kové¢ik and Rékosni [31]. Let M(RY) be the set of
all measurable real functions on RY. We define

C,(RN) = {p e C(RN) : essinfycpnp(x) > 1}.

Additionally, we denote by Cifg(RN ) the set of functions p € C, (R") that satisfy the log-Holder continuity condition

1 1
Sup{lp(x)—p(y)|log|x—_y| tx,yERN,0< |x—y| < 5} < 0.

For any p € C,(RY), we define
p~ :=essinf,cpyp(x) and pt := ess sup,cpn p(x).

For any p € C,(RY), we define the variable exponent Lebesgue space as

LPOO(RN) = {u € M(RN) : / lu(x)|P@dx < oo},
RN

endowed with the Luxemburg norm

|u|p(x) = |u|Lp(x)(RN) =inf {T >0: /
RN

Let b € M(RYN), and b(x) > 0 for a.e. x € RY. Define the weighted variable exponent Lebesgue space L? ©(RN) by

Lf(x)(RN) = {u e M(RVN) : / b(x)|u(x)[PXdx < oo},
RN

p(x)
dx <1 ,.

with the norm

u(x)

T

u = ul. pw = inf f>0:/ b(x
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From now on, we shall assume that w € L®(R")with b, : = essinfycgn b(x) > 0. Then obviously Lf: (x)(IRN )isaBanach
space (see Cruz-Uribe et al. [16] for details), and the norms |u|, , and |u|, are equivalent in Lg (RM).
On the other hand, the variable exponent Sobolev space W1P®)(RN) is defined by

WLPOIRN) = {u € LPO(RN) @ [Vu| € LPORN)},
and is endowed with the norm
lulls pey 2= Ntllgroeay = [Ulpeo) + [Vl g, forall u € WHPORN),
Next, we define the weighted-variable exponent Sobolev space W;’p (x)(IRN ) as follows:
Lp(x) (N pPX) Ny . p(xX) (N
W, PO@Y) = {u e IPU®RY) [Vl € V@Y |

This space is equipped with the norm

lullp,, :=inf {‘r> 0: /
RN

It is worth noting that the norms [|u|| , and [|ul|; p(x) are equivalent in the space W;’p (x)(IRN ). Moreover, if p~ > 1, then

Vu(x) Pex) u(x)
T

+b(xX)|—

p(x) L
dx <1 ¢, forallu € W, PP ®RY),

the spaces LPO(RN), WLP)(RN), and W;’p (RN are separable, reflexive, and uniformly convex Banach spaces.
We now present some essential facts that will be utilized later.

Proposition 2.1 (see [18, 21]). The conjugate space of LPO(RN) is LP/(")(IRN ), where

R
p(x)  p'(x)

Furthermore, for any (u,v) € LPO(RN) x LP'@O(RN), we have the following Holder-type inequality:

|/ uvdx| < < ( ) >|u|p(x)|vlp’(x) Szlulp(x)lvlp’(x)-

Proposition 2.2 (see [18, 21]). Denote p,(u) = fRN [u|PX)dx, for allu € LP®)(RN). We have

min { |u|p(x), |u|p(x)} < pp(u) < max { |u|p(x), |u|p(x)}
and the following implications are true:

(D ulpx) < 1(resp.= 1 > 1) & pp(u) < 1(resp.=1,> 1),
(ll) |u|p(x) >1= |U| (x) < pp(u) < |u|

(ii) lulpo < 1= 1P < pp(w) < ul?

P(x)’

p(x)’
Additionally, in particular, for any sequence {u,} ¢ LP®(RN),

[unlpx) = Oif and only if p,,(u,) —,0
and

{u,} is bounded in LP®)(RN) if and only if pp(uy,) is bounded in R.
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According to Proposition 2.2, we can derive the following inequalities:

- +

lully, < / (IVHI + bGC™ )dx <l for -l 2 1. @D
R

+ -
lull? ) < / (IVuGI™™ + b)) Ydx < fully,  for Jull,, <1 22)

; RN ,

Moreover, for any sequence {u,} C W;’p (x)(IRN ),

when |[u,|lp,, — 0, it is equivalent to / (IVun(x)Ip(x) + b(x)lun(x)lp(x)>dx -0,
RN

and

when {u,} is bounded in Wll)’p (x)(RN ), it is equivalent to /

(|Vu,, P9 4 b(x)|u, |p(x)>dx is bounded in R.
RN

Proposition 2.3 (see [19]). Let p and q be measurable functions such that p € L*(RN) and 1 < p(x), g(x) < o for a.e.
x € RN, Ifu € LIY(RN), u # 0, then the following inequalities hold:

p~ p(x) p*

If lulpeogoo S 1o then July o < [P0 < Tl
p* (x) p-

I.f |u|p(x)q(x) 2 15 then |u|p(x)q(x) S ||u|p * |q(x) S |u|p(x)q(x)

In particular, if p(x) = p is constant, then [|[u|P|q) = |u|5q(x).

Proposition 2.4 (see [18, 19]). Letp € Cﬂfg(lRN) be such that p* < N and let g € C(RN) satisfy 1 < q(x) < p*(x) for each
x € RN, then there exists a continuous and compact embedding W;’p (x)(IRN ) & LIO(RN),

Proposition 2.5 (see [18,19]). Letp € Cfg(RN ). Then, there exists a positive constant C* such that
|l ooy < Cllullyp,  forallu € Wy (®RN).
In the upcoming discussions, we shall work with the product space denoted as
Y = (W;P(x)(RN) A W;Jl(x)(RN)) % (W;,p(x)(RN) A W;J’l(x)(RN))
This space is endowed with the norm
I, Vlly 1= max {{lullpp IVlpn}, forall(u,v) €Y,

where |[ullp ) 1= llullp,p + H(Ki)“u”b,q represents the norm of W;’p(x)(IRN) N W;’h(x)([RN). The space Y* corresponds to
the dual space of Y and is endowed with the standard dual norm.

Definition 2.6. Consider a Banach space Y. An element (u,v) € Y is said to be a weak solution of the system (1.1) if

—K(B(w)) / (A1 (Vw).Vii + b(x)A,(w)it)dx — / lu|" )24 dx
RN R

N

+K(B@)) [ (A1(V).VO + b(x).A,(v)0)dx — / lv|"™-2p5 dx
RN RN

—/ ?\(x)a—r(x,u,v)adx—/ ?\(x)a—F(x,u, v)0dx =0,
RN ou RN ov
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forall @,0) € Y = (W, ®N) n W, "W@Y)) x (W, PO ®RY) nw) " O®Y) ).

The energy functional £, : Y — R associated with problem (1.1) is given by,

By (u, v) = —R(B(x))) + R(BL(X))) - / L ®dx - / L oredy - / AGOF(x, u, v)dx,
R RN

ry T(X) ~ r(x)

for each (u,v)inY.
Through standard calculus, one can establish that, under the above assumptions, the energy functional £, : Y — RN
associated with problem (1.1) is well-defined and belongs to CL(Y,R). Its derivative, denoted as E ;\ (u,v), satisfies

N

(E} (u,v),(@1,0)) = —K(B(w) / (A;(Vu).Vii + b(x)A,(w)ii) dx — / lu|")2ud dx
RN R
+ K(B(v))/ (A;(VV).V0 + b(x)A,(v)0) dx — / [v]"®)~2v5 dx
RN RN
— ~/RN ?\(x)g—Z(x, u,v)idx — /RN }\(x)g—Z(x,u, v)Udx,

for all (i, ¥) € Y. Consequently, the critical points of the functional £, correspond to weak solutions of the system (1.1).

To establish our existence result, we need to address the loss of compactness in the inclusion W;’p D(RN) & LP*O(RN),
As a consequence, we can no longer expect the PS condition to hold uniformly. However, we can prove a local PS condition
that will hold for E, (u,v) below a certain value of energy, by using the principle of concentration-compactness for the
weighted-variable exponent Sobolev space Wll)’p (x)(IRN ). For the reader’s convenience, we state this result in order to prove
Theorem 1.1, see Fu and Zhang [25, Theorem 2.2] for the proof.

Let us recall that Mz(RN) denotes the space of finite nonnegative Borel measures on RY. For any v € Mz(RY), we
have v(RY) = ||v||. We say that v,, Ay weakly-* in Mp(RN) if, as n — oo, we have (v,,, &) = (v, &) for all & € Cy(RN).
Therefore, just as in Fu and Zhang [25, Theorem 2.2], we can readily deduce the following.

Theorem 2.7. Consider h € Cfg(IRN) and q € C(RN) such that

1< inf p(x) < sup h(x) <N and 1<r(x)<h*(x) forallxinRN.
XERN XeRN

Let {u, },en be a sequence that weakly converges in W;’h(x)(RN ) to u, and such that ||u, ||y, < 1. The sequence satisfies the
following conditions asn — oo :

@) Vatg 'O + b)) > win My(RN),
2) |uy|"™® = v in MpRN),

as n — oo. Additionally, suppose that C,, = {x € RN : r(x) = h*(x)} is nonempty. Then, for some countable index set I,
we have

= 1Vl £ bl + Y 18 + R, w(Ch) < 1; 23)
iel
v=[ul®+ Y vidy, V(C)<S; 24)
iel

with

S = sup { / uldx : ue wy" ", ull,, < 1}, {Xikier C Chs
RN
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and {p;},{v;} C [0, ), &y, is the Dirac mass at x; € Cy, and fi € Mp(RN) is a nonatomic nonnegative measure. The atoms
and the regular part satisfy the generalized Sobolev inequality

v(Cy) < 2O/ C* max {M(Ch)r+/h_, w(cyy /" }
and

v; £ C* max { uﬁ/hi uf/m }

i >

Theorem 2.7 does not account for the potential mass loss at infinity within a weakly convergent sequence. Subsequently,
Theorem 2.8 quantifies this occurrence. In a manner reminiscent of Fu and Zhang [25, Theorem 2.5], we deduce the
following outcomes.

Theorem 2.8. Assuming C, = {x € RN : r(x) = h*(x)}, let {u,,},en be a sequence that weakly converges in W;’h(x)([R{N ) to
u, and such that

@ [V, ") + b(x)|u, " — pin Mp(RN),
2) [up|™™ = vin Mp(RN).

We define the quantities:

o= dm  timsup [ (V31,76 + b0t 1)
{x€RN;|x|>R}

{X€RN;|X|>R} n—s+oo

and

Ve = lim lim sup/ [, | dx.
{x€RN;|x|>R}

R=00 potoo

The quantities |1, and v, are well defined and satisfy

limsup [ (|Vu,|"™ + b(x)|u,|")dx = / du + pe and lim sup/ [, |"®dx = / dv + V.
Ch c

n—+oo Cp Ch n—+oo h

Additionally, the following inequality holds:

Vo < C* max{ug/hi, ug/h+ }

2.2 | Limitindex theory

In this subsection, we shall introduce the limit index theory due to Li [33]. In order to do that, we recall the following
definitions (the interested readers can refer to Szulkin [47] and Willem [49]).

Definition 2.9 (see [33]). The action of a topological group G on a normed space Z is a continuous map G X Z — Z :
[g,z] — gz such that

lz=12z, (gh)z=g(hz), z — gzislinear forallg,h € G.

The action is isometric if ||gz|| = ||z||, forall g € G,z € Z, in which case, Z is called the G-space. The set of invariant
points is defined by

FixG :={ze€Z :gz=zforallg € G}.

Aset A C Z is invariant if gA = A for every g € G. A function ¢ : Z — R is invariant if pog = ¢ forevery g € G,z € Z.
Amap f : Z - Zisequivariant if gof = fog for every g € G.
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Suppose that Z is a G-Banach space, that is, there is a G isometric action on Z. Let
Y:={ACZ: Aisclosed and gA = A, forall g € G}
be a family of all G-invariant closed subset of Z, and let
h:={heC%Z,2) : h(gu) = g(hu), forallg € G}
be the class of all G-equivariant mappings of Z. Finally, the set O(u) : = {gu : g € G} is called the G-orbit of u.

Definition 2.10 (see [33]). An index for (G, %, h) isa mappingi : £ — Z, U {+oo}, where Z, is the set of all nonnegative
integers, such that for all A, B € %, h € h, the following conditions are satisfied:

@D i(A) =0 A=40.

(2) (Monotonicity) A C B = i(A) < i(B).

(3) (Subadditivity) i(A U B) < i(A) + i(B).

(4) (Supervariance) i(A) < i(h(A)), forall h € h.

(5) (Continuity) If A is compact and A N FixG = @, then i(A) < +o0 and there is a G-invariant neighborhood N of A such
that i(N) = i(A).

(6) (Normalization) If x ¢ FixG, then i(O(x)) = 1.

Definition 2.11 (see [4]). An index theory is said to satisfy the d-dimension property if there is a positive integer d such
that i(V9 n §;(0)) = k, for all dk-dimensional subspaces V¢ e ¥ such that V¢¢ 0 FixG = {0}, where S;(0)) is the unit
sphere in Z.

Suppose U and V are G-invariant closed subspaces of Z such that Z = U @ V, where V is infinite dimensional and

[s9)
v=_Jv,
j=1

where v is dnj—dimensional G-invariant subspaces of V, j = 1,2,...,andV; CV, C--- CV, C .... Let Zi=UYV; and
forall A € %, letAj =ANZ,.

Definition 2.12 (see [33]). Let i be an index theory satisfying the d-dimension property. A limit index with respect to (Z})
induced by i is a mapping i® : ¥ — Z U {—o0; +oo}, given by i®(A) = lim supj_,oo(i(Aj) —n;).

Proposition 2.13 (see [33]). Let A, B € X. Then, i satisfies the following:

1D A=0=i%® = —o.

(2) (Monotonicity) A C B = i®(A) < i®(B).

(3) (Subadditivity) i*®(A U B) < i®(A) + i®(B).

(4) If VN FixG = {0}, then i®(S,(0) N V) = 0, where S,(0) ={z € Z : ||z|| = p}.

(5) IfYyand Y, are G-invariant closed subspaces of V such thatV = Y, @ Y,, Y, C V;, forsome j, and dim Y, = dm, then
i2(S,(0) N Yp) > —m.

Definition 2.14 (see [49]). A functional E € C'(Z,R) is said to satisfy condition (PS). if any sequence {u,}x,
Uk € Zyy, such that B, (un) — ¢, E;k(unk) — 0, as n; — oo, possesses a convergent subsequence, where Z,, is the
ny.-dimensional subspace of Z as in Definition 2.11 and E,, = E|Z,.

Theorem 2.15 (see [33]). Assume the following:

(By) E € CY(Z,R) is G-invariant.
(B,) There exist G-invariant closed subspaces U and V such that V is infinite dimensionaland Z = U @ V.
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(B3) There is a sequence of G-invariant finite-dimensional subspaces

V1CV2CCVJC, dlmijdnj,

such thatV = U;il V.

(B,) There is an index theory i on Z satisfying the d-dimension property.

(Bs) There are G-invariant subspaces Y, Yo, Y, of V such thatV =Y, @ Yo, Y1,Y, C V, forsome joanddim Y, = dm <
dk = dimY;.

(Bg) There are M and N, M < N such that E satisfies (PS),, for all c € [M, N].

(B;7) The following holds:

(1) either FixG C U @ Y, or FixG NV = {0},
(2) there is p > 0 Such that for allu € Y, N S,(0), we have E(z) > M,
() forallz e U @Y, we have E(z) < N.

Ifi* is the limit index corresponding to i, then the numbers ¢; := inf;eo(4)>sup,. 4, E(z), =k +1 < j < —m,

are critical values of E, and M < c_j 41 < -+ < c_y < N. Moreover, if c =c¢; = -+ = ¢y, ¥ 2 0, then i(IK,) > r + 1, where
Kc={z€Z:E'(z)=0,E(z) =c}.

Notations. X = W;’p RNy W;’h(x)([RN ),Y = X x X, G, = O(N) is the group of orthogonal linear transformations in
RN,

Xg, 1= Wy EI@Y) n W tORN) = fu e WPV RN Wy M ORN) : guix) = u(g T x) = u(x), g € Gi}

={ue Wll)’p RNy A W;’h(x)(RN ) : uand v are radially symmetric},

and Z = YGl =XG1 XXGl'

3 | PROOF OF THE MAIN RESULT

To prove the main result of this paper, Theorem 1.1, we shall perform a careful analysis of the behavior of minimizing
sequences in Lemma 3.1, by using the CCP for the weighted-variable exponent Sobolev space stated above, which will
allow us to recover compactness below some critical threshold.

Since E, € C'(Y,R), the weak solutions for problem (1.1) coincide with the critical points of E,. On the other
hand, by condition (Fs), it is immediate that £ is G,-invariant. Therefore, by the principle of symmetric criticality of
Krawcewicz and Marzantowicz [32], we know that (u, v) is a critical point of £, if and only if (u, v) is a critical point of
E) = E;\| Z=Xg,%Xg, " So it suffices to prove the existence of a sequence of critical points of E,, on Z.

Let X be a Banach space and a functional f € C'(X, R). Given sequence {u,}, in X, if there exist ¢ € R such that
fu,) - cand f'(u,) - 0in X',

we say that {u,,}, is a PS sequence with energy level ¢ (or {u,} is (PS), for short). When any (PS), sequence for f possesses
some strongly convergent subsequence in X, we say that f satisfies the PS condition at level ¢ (or f is (PS), short).

In order to prove that E, satisfies (PS)., we recall some properties of the Banach space X. According to Triebel [438,
section 4.9.4], there exists a Schauder basis {e,’1 }:o= forX. Lete, = /G1 e;(g(x))dug. We are going to, if necessary, select

one in identical elements. We know that {en};’;’=1 is a Schauder basis for X, . Furthermore, since X;;, is reflexive, {e,ﬁ};o:l
the biorthogonal functionals associated to the basis {en}:;o=1 (which is characterized by relations

lifn=m
ek e V=08, = ’
(em €n) i {Oifn;ém.
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form a basis for X 51 with the following properties—see Lindenstrauss and Tzafriri [39, cf. Proposition 1.b.1 and Theorem
1.b.51]. Denote

L Y *
Xgi) = spanf{ey, ..., ey} X(Gr? = span{e, 1, ...; XG(I") = span{e},...,ey |.

1 y
Let P, : X5, — Xénl) be the projector corresponding to decomposition X = X(G'? @Xg? and P, : X 21 - X 2(1") the
y L
projector corresponding to the decomposition X7, = X, ;’;(1") eX 2(1") . Then, P,u - u, Pju* - v* for any u € Xg,, v* €

Xél asn — coand (Pyv*,u) = (v, P,u).SetZ =Yg, = Xg, X Xg,, Z, =Xg, xXé';).We shall prove the following local
PS condition.

+ —

Lemma 3.1. Assume that the conditions (H,,) — (H,,), (K1) — (K), and (F,) — (Fs) are satisfied. Then, the functional E

satisfies the local (PS), with
11 KD\ [ KD\
ce|—oo, 8—_ - l"__ max = , = ,
Na e

where D = (1 — H(x})) min {x), 9} + H(x}) min {x},%3 }, in the following sense: If {y,, } C Y is a sequence such that
y}’lk = (ul’lk’ Unk) an’d

/
E;\nk(unk,vnk) - andE)\nk(unk, Uy, ) = 0, ask — oo,

where E)\nk = E,| Zp, withZ, =Xg, XX, then {(unk, vnk)} , Dossesses a subsequence converging strongly in Z to a critical
point of the functional E.

Proof. First, we show that {(unk, vnk)} is bounded in Z. If not, we may assume that ||u,, |, > 1and ||v,, [l > 1 for any
integer n. We have by condition (F3),

Ot s = (=B}, (s 0. (1, 0))

= K(B(uy,)) / (A1 (Vup,).Vuy,, + b(x)Ay(uu)dx
RN

+/ |unk|r(X)dx+/ ?\(x)a—F(x,unk,vnk)unkdx,

RN RN ou

ZK(B(unk))/ (a1(| Vit POVt [P + b(x)ay (|, [PO) 1y, [PX)) dx.
RN

Therefore, by using (K;) and (H,,), we have

<—E;\nk (Upy s Upy s (unk,0)> > K [min {x%,%9} /RN (1Vtd, [P + ()1, |[PX)) dx
+ min {K%’Kg}H(Ki)/RN (Vi 1909 + b(x)lunkl‘I(x))dx]. (3.1)

-

Let us assume, for the sake of contradiction, that there exists a subsequence, still denoted by {unk } such that | -

Upy,

+o0. If Ki = 0, from Proposition 2.2, we have

<_E;\nk (unka Unk)a (unk’ 0)> 2 C1 ”unk ”i))’p,
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thus

=
oDl llp.p = Cillun,l, ,

However, this is a contradiction since p~ > 1. Therefore, we can conclude that {unk } is bounded in X, .
Next, if xi > 0, we need to analyze the following cases:

D | Up, — +oo and |(u,, - +ooask - +oo;
b,p b,q

2) | Up, — +oo and |[u,, is bounded;
b.p b.g

3) | Uy, is bounded and | Uy, — +00.
b,p b,q

We shall investigate each of these cases separately. In case (1), for m large enough, ||u,, ||Z’_q > |luy, ||§;]. Hence, using

relation (3.1), we get
¢+ 0y, (1) 2 Crlluy, || » T CoyH(x; )Ilunkllb,q
2 Cilltty [1], + CaHOD g, IE 2 Callwnill?,

which leads to an absurd result.
In case (2), by relation (3.1), we obtain

P
¢ + Onk(l) Z Cl ”unk ||b,p

Taking the limit as k — +o0, we get a contradiction.
Case (3) can be handled in a manner similar to case (2). Hence, we conclude that {unk} is bounded in X, .
On the one hand, we get

vl’l
Cc + O(l)“Unk ”b,h Z E)\"k (O, vnk) - <E;\nk (unk’ vnk)’ (09 S(Xk) > >

= R(B(vy,)) —/ e )lvnklr(")dx /[RN A(X)F(x,0,v,, )dx
— K(B(vy,)) /RN <A1(ank)v<19( )>dx +b(x)A2(vnk)9( )>d

oF Un
r(x) hadl Tk
+/ o )|vnk| dx + /RN A(x) 3 (x,0, vn")S(x)dx’

that is,

c+ O(l)llvnk ”b,l’l = K(B(Unk)) - K(B(vnk)) / <A1(ank)v(9( )) + b(x)AZ(vnk)‘;)(r;l;)>dx
RN

1 ) oF O
+/RN <9(x) o )>|vnk| dx+/RN A(x)(av (x’o’v"k)S(x) T(x,O,vnk)>dx.

Next, by using (H,,), (K;) — (K;), and (F,), we obtain

Y 1 o o
<(oc1p(x) s(x)>a1(|anklp ) VU, |P

¢+ ollvy, llpn = ﬁo/

RN

4 (x) (x)
+<oc2p(x) 8(x )>b(x)a2(|vnk|p vy, 1P )dx

+ 8K O ——a;(]Vv |P(">)|Vv |P(x) 2V, V8dx + IR O v |r(x)dx
0 19( )2 1 nk nk RN 19(X) r(x) Ny ’

85U8017 SUOWIWOD A0 3cedldde au Aq peusenob aJe Seoie YO ‘@SN JO SN 10} Akeiq18ulUQ AB|1IAA UO (SUORIPUOD-PUEe-SWLRY/Wo0 A3 1M ARl jeuljuo//Sdny) SUORIPUOD pue swie | 8 88s *[202/90/.T] uo Ariqi]auljuo /8|IM ILSAOIS 8URIYO0D AQ £05002202 BUeW/Z00T OT/I0P/Wod" A8 | Akeiq1jeuljuo//Sdny wol papeojumod ‘9 ‘¥202 ‘9T922zST



2108 MATHEMATISCHE CHEMS EDDINE and REPOVS
NACHRICHTEN
V4 1
>8R — Vo, [PONVy, [PX) 4 p p(x) p)]q

+8 it a;(|Vvy, [PO)| Vo, [PX-2V,, Vdx + 1 1 v, "®dx.
* Jon gm0V g o \300 70w )1

Denote

. V4 1 . 1 1
:= inf - = —_
Oy := il <max{oc1, () 9(x)) >0, andd, := inf, <8(x) r(x))

Then, using (F,), we get

v
E}\nk (0’ vkn) - <E;\”k (unk, Unk)7 <07 ﬁ) > ﬁo <61 mln {Kl’ 2} / |ank |p(X) + b(x)lv |p(X))

+0d; min {K%,K%}H(Ki)/ (IV0,, 19 + b(x)lvnqu(X))dx>
RN

+@0/ a,(|Vvy, [P9)| Vo, [PP2V, V9dx+/ 3, vy, I"@dx.
8(x)? RN

On the other hand, we obtain

a1(|ank|P(x))|Vv [PI=2yp, V9| < |anklp(x) 2Vu,, V9| + [x]

U
2
8(x)? 1-9( )? * 9(x )2|VU”k|q(X) Vo, VS’

By use the Young inequality, for any € € (0, 1), there exist c¢;(¢) and c,(¢) > 0 such that

|V, [PO2Vy, V§

O p(x) p(x)
o < ElVU, 1P + €1 (O)]uy | (32)

V0, 190972V, V| < €] VU, |99 + ¢y(€)] 0y, 9. (3.3)

Uy
L(P

Hence, by relations (3.2) and (3.3), we get
¢+ oMoy, llpn = Ko </ ((6* —6)|Vuy, |p(x) + (05 b(x) = ¢1(e))|vy, |p(x))dx
RN
H(Ki)/ (0% = )V 19 + (3, b(x) — c5(€)) |y, Iq(x))dx>,
RN

where 8, = min {8; min {x?,%)},8; min {x},%3} }.
Lete < 8, /2 and wy = 2max(c;(€), c,(€))/0,, we get

3
¢ +0(Wlvnllpn = Ko < / (1V0R, 1P + b(x)[0,, [P dx
RN
H(Ki)/ (1V,, 1959 + b(x)|unk|q(X))dx>
RN

D~ 3 q-
2 Cllvg, 17, + CaHOD v I,

This implies that {v,, } is bounded in X, This implies that ||, |lp,n + [V, |lp,» is bounded in Z.
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In the sequel, we shall prove that{(u,, , v, )} contains a subsequence converging strongly in Z. We note that the sequence
{(up, } is bounded in X, . Therefore, up to a subsequence, u,, — u in Xg, and u, — ua.e.in RN,

ODlltn, = ullp > (=B}, (b = 1:00,), (i, =10,0))

= K(B(uy,, —u)) / (A1 (V(up, — ).V (ty, — ) + b(xX) Ay, — u) (U, — u))dx
RN

+/ [u,, — u"®dx +/ ?\(x)a—r(x, Uy, — U, Uy, )dX
RN RN ou
> Ro/ (a1(IVty, — ulP)| Vi, — ulP™) + b(x)ay(|un, — ulP) |y, — ulP™)dx
RN
+/ lu, —ul"@dx + inf ?\(x)/ a—7?(x,u —u,v,, )dx
RN nj YERN RN au ny ni

> @o/ (a1 (IV @, = PV (1, = )P + b()ay(|thy, = ulP)uty, — ulP™)dx
RN

P 3 q-
2 Cylluy, —ulll, + CoHO Iy, —ullf .

This implies that u,, converges strongly to u in X, .

Next, we shall prove that there exists v € X, such thatv,, — v strongly in X, . As X¢, is reflexive, passing to a subse-
quence, still denoted by vy, , we may assume that there exists v € X, such thatv, — vinXg, and v, (x) — v(x) a.e.in
RY. We can also obtain that Up, = VinXg,,ask — oo. So there exist two positive and bounded measures u and v on RN
and some at least countable family of points (x;);c; C C, = {x € RY : r(x) = h*(x)} and of positive numbers (v;);c; and
(u;);er such that

E3
|Vt 1)+ b0t |1 = in Mp(RN),
*
|ty I"®) = v in MpRY).
According to Theorem 2.7, we have

t= Va" ™+ bOOul"™) + Y i + 1 w(C) <1,

iel
v = [ul™ + Z vié,, Vv(Cy) L C,
iel
where &, is the Dirac mass at x;, I is a countable index set, and {I is a nonatomic measure

r

et r+ nt
W(Cy) <27 C* max u(ch)h_—,u(ch> , (3.4)

r+ ro

v; < C* max{uih__, uih_J'}, foralli e1. (3.5

Concentration at infinity of the sequence {v,, } is described by the following quantities:

Ue = lim lirnsup/ (|ank|h(x) + b(x)|vnk|h(x))dx,
{x€RN :|x|>R}

—® pr—oo

Ve = lim limsup/ |vnk|’(")dx.
{xeRN : |x|>R}

—X oo
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We claim that I is finite and for i € I, either v; = 0 or

rt —

) ) r+—h— . ) —_—
v > max ( (1-H@3)) mm{x?,kg}+H(ki) min{x? 2 > < (A-HE3)) m1n{x?,x2}+H(ki) min{x? 12} ) r~h
1= h— ’ h—
S

Sr¥

Let x; € Cj, be a singular point of the measures u and v. We choose ¢ € C° (RM,[0,1]) such that Vol <2and

1, if |x| <1,
X) =
#x) {0, if | x| > 2.

We define, for any € > 0 and i € I, the function

X — X;

bie 1=¢< ), for all x € RN,

Note that ¢; . € CP (RN, [0, 1]), [V cle < f and

B 1, X € Bg(xi)’
$iel) = {0, x € RN \ Be(x;).

Itis clear that {v,, ¢; .} is bounded in X, . From this, we can conclude that (E;\nk (U > U, ) (0,05, @) = 0as ny — +oo,

that is, we obtain

<E;\ " (unk > Unk), (0’ Unk¢i,5)> = K(B(Unk)) / (al(l ank |p(X))| ank |p(X)_2VUVlk V(U}’lk ¢i,€)
n RN

+b(x)ay(|0g [P0y [P 20y, (Vn 1)) dx — /[R y |0 "9 720, (Vg $1.0) dx

oF
— /N ?\(x)%(x, Up, > Upy WUy, $ic dX — 0 as n — +oo.
R

That is,

@V [PV, P72V, V8 vy, dx = =K (B(uy,) / . (@1(1Voy, 1209V, [P

R

K(5,) [

R

oF
+b(x)ay(|vy, |P<x))|vnk |P(")>¢i’g dx + / [V, "¢, . dx + / ?\(X)E(X, Upyes Upy Wy Pic dx + 0y (1), (3.6)
N

R RN
Now, we shall prove that
lim {lim sup K (B(vy,)) / a;(|Voy, [PO)| Vo, [P=2Vo, V; v, dx} =0. (3.7)
=0 | np—+oo RN
Note that, due to the hypotheses (H,,) enough to show that
lim {lim sup K (B(vy,)) / VU, P72V, Ve vy, dx} =0 (3.8)
e—0 Np—+0 RN s
and
lim {hm sup K (B(vy,)) / VU, 19972V, V; vy, dx} =0. (3.9)
=0 | np—+o0 RN ’
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First, by using the Holder’s inequality, we have

p(x)—1
/N |ank |P(X)—2VUnk V¢i,svnk dx| < 2' |ank W ¢l U ”k )
R peO-1
. . p()-1 . .
given that {vnk} is bounded, the sequence of real values ’ank is also bounded. Therefore, there exists a
p(x)-1

positive constant C such that

<C| V¢i,svnk |p(x)-

[ 1900120720, V1.0, dx
R

Moreover, {vnk } isbounded in W;’p (x)(BZE(xl-)), then there exists a subsequence denoted again {vnk } weakly convergent
to v in LP®™)(B,.(x;)). Hence,

lim sup / |V, P72V 0, Ve Ui dx| < CIV; U, i)
ng—+0o0 RN
<2C11msup||V¢ |POI) . IIUIP(X)lmB )
( ) ) Boe(x;) pGx) 72N
i 1P p(x)
<2C llrgjglp [Vl I%,Bk(xi)HUl |N—IZ(x)’B25(xi).
Note that

<P*(x)>, P N 4N
(Vi [PON\ 7@ ) dx = IV [Ndx < <E> meas(By(x;)) = N N
Boe(x;

Bae(x;)

JE))
where wy is the surface area of an N-dimensional unit sphere. Since fB ) (|0 |PX)) P® dx — 0 as € — 0, we can
2e\ A

conclude that [Vé; ;v | (x) = 0, which implies
} =0. (3.10)

Since {v,;} is bounded in W;’P(x)(IR{N), we may assume that B(v,,) = t >0 as n, — +oo. We note that K(t) is
continuous, we then have

/N |ank|p(x)_zvvnkv¢i,evnk dx
R

lim < lim sup
=0 ny—+oo

K(B(,,)) — K1) > & >0, asng — +o.

Hence, by relation (3.10), we obtain

lim {hm sup K(B(vnk)) Iank |PO=2V 0, Ve Ui dx} =0. (3.11)

e N —+0o

Analogously, we verify relation (3.9). Therefore, we conclude the proof of relation (3.7).
Similarly, we can also get

lim/ 7\(x) (x Upy s Uy )PicUp dx = 0, as k — +o0. (3.12)
RN

e—0
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Indeed, by use Holder’s inequality with assumption (F,) and since 0 < ¢; . < 1, we obtain

lim / NS (6t 0 )10, < Tim sup AG) [ (10Nt 190 + FL000y, 1) 0y, i,
RN

€0 XERN RN
<A [ (GO0 1)+ 000 1) 91200, I

< }:1_{% e1 (1111 Nt 1€ 1ix oy =+ 1 2l N0mg 1€ L ) 11,6 Vg Lk -

The above propositions yield

11m ?\(X) (x Uy, > Upy )PicUpy dX < llmcl(lflll(x)”unk”h(x) + |f2|l(x)”vnk”h(x)>||vk 1h(x),By. (x)s
RN

and this last goes to zero because
[ 1lecolltn 1 + 1f2lecollon Il ) < o0

Since ¢; . has compact support, going to the limit n; — +oco and letting ¢ — 0 in relation (3.6), from relations (3.7) and
(3.8), we get

0="v; —lim (hm sup K(B(vnr) / (1170, [P V0, P9 + B[0P 0, [P ) dx>
RN

e=0 ng—+oo

<v;~lim (hm sup s%( / 11708, 1200 Vo P60+ B[, 1) 3 P dx)),
RN

=0 \ np—+4o0
and by applying assumption (H,, ), we obtain

0<v;—lim <lim sup K¢ (min {x),%9} /N (1VU [PX) + b(x) vy, PO ) dx
R

€20 \ np—+oo
+min {x2, 12 }H3) 1V, 199 + b() U, 1999)dx, ). (3.13)

Note that, when K = 0, we have h(x) = p(x). Hence, from Theorem 2.7 and the aforementioned arguments, we obtain

0 <v; — & min {x, 2}hm/ ¢icdu

— Komin {x?, %)} (pi — lim /RN(|VU|P(X) + b(0)|v|P)g; dx).
By using Lebesgue dominated convergence theorem, we get

lim [ (|V0]P® + b(x)|v[PX)¢; . dx = 0.
=0 JpN ’

Then, we get
Komin {19} < v;. (3.14)

On the other hand, if Ki > 0, we have h(x) = q(x) Therefore, it follows from Theorem 2.7 and relation (3.13) that

0 <v; — & min {x, %) } H(x} )hm [hm sup </N (1Y, 199 + b(xX)|y, 1999) ;. dx)]
R

np—o0

<v; — Komin {x?, %5 } H(x} )hm/ ¢ du

— &, min {kf,K%}H(Ki)(ui - lir%/ (IVo]9%) + b(x)|v]9X)¢; dx),
£ RN
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and by applying the Lebesgue dominated convergence theorem, we obtain

lim (|Vo]99) + b(x)[v]9))¢; . dx = 0.
g N

R

Then, we get
Komin {xF, %5 }H()w; < v;. (3.15)
Now, by combining relations (3.14) and (3.15), we have
Ko(@ = HO)) min {x), 9} + H(}) min {17,155 } ) < v;. (3.16)
Using relation (3.5), we obtain

rt -

v; < C*max Vi \" vi \"
' KD ) \ KD ’

where D = (1 — H(x)) min {x?, %3} + H(x}) min {x?,%2 }. which implies that v; = 0 or

rt r

«p\" " e\
v; > max < ﬁ_> < 2_> (.17)
s s

for all i € I, which implies that I is finite. The claim is therefore proved.
To analyze the concentration at co, we choose a suitable cut-off function 3 € C° (RY,[0,1]) such that 1(x) = 0 on

Br(0) and (x) = 1 on RV \B,x(0). We set g(x) = (%) we can easily observe that {v, g} is bounded in X, and

lim,, _, o <E;\nk (Upy» Uy, ), (0, vnkz,bR)> =0,

(Y, (000, 0,00, 90)) = K (B(0y) /[R (@ V0, 7)1 V0,, P25 0, V(o )
FBGIT0 N0, P20, @) = [ 10,120 (0 ) d
R

oF
- /RN )\(x)%(x,unk, Up W0, Yr dx — 0 as n — +oo.

In other words,

_ oF
a1 (1Y, [PV Uy, [P 72V 0, Vipgoy, dx = / AGE) 56, U, U O, P dx
N N

R

K(Bl(vnk))/

R

# [ on P Odx = K(500)) [ (Vo P00 120 4 b0, Pl 1P )i+, 1) (19
R R

As in the previous proof, we can find that lim,, _ |V¢Rvnk

= 0whenR — o0, and
p(x)

p(x)—1
< 2‘ )Vunk

Viyrv
p(x) | ¢R ny p(x) )
plx)-1

/ 190, P2 Vo, dx
R
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. . p(x)—1 .
since {vnk} is bounded, the real-valued sequence |ank | s also bounded, then
p(x)—1

lim limsup K (B(vy,)) / ||V, P72V, Phroy, | dx = 0. (3.19)
R—00 5400 RN

Similarly, we can also get
lim limsup K (B(vy,)) / ||Vvy, 19972V, Pru,, | dx = 0. (3.20)
R=00 pyp 40 RN

Therefore, we have

lim lim sup /R i a;(IV vy, [PO))| Vo, [PP2Vy,, Vigu, dx = 0.

R=00 ) 5400

Note thatv, — v weaklyinXg, ,so /RN A(x)i—f(x, u, V)(L,, — V)Prdx — 0. As

oF oF oF oF
/N A(x)(a—v(x, Up, s vnk> - a—v(x,u, V)V, Prdx| < c| <6_v(x’ Up, > Uy, ) — a—v(x, u, v)>¢R|(h*(x))/|vnk|h*(x),
R

F oF
<c| %(x’ Upys Unk) - %(xa u, U)lL(h*(x))’(RN\BR(O))-
According to assumption (F;), analogous to Fu and Zhang to [24, Theorem 4.3], for any € > 0, there exists R; > 0 such
oF oF
that when R > Ry, |E(x,unk, vnk) - E(x,u, U)lL(h*(X))'([RN\BR(O)) < ¢, foranyn € N.

Note that /RN Z—F(x, u, V)vYPrdx — 0 as R - oo. Thus, we obtain that
15}

lim lim sup/ A(x)a_r(x, Upk, Unk)UnkI;dex
RN dv

7 k—+oo

or

ER (x, Unks Unk)vnk¢Rdx

< sup A(x) lim lim sup /
RN

xeRN R gyt

. oF oF oF oF
= A" lim lim sup /RN <6_v(x’ Up, > Uy, ) — a—v(x,u, v))vnkl,bR + a—v(x,u, V)V, — V) + a—v(x,u,v)uz/)Rdx,

R—o ng—+0o

oF oF oF
[ i 3 - . -
= AT lim (hmsup /RN <6v (X, Uy, » Up,) 3 (x,u, v)) Up, YrAx + /RN 30 (x,u,v)vszdx>,

—>00 nyg—+oo

= 7\+( lim limsup/ <a—r(x,unk,vnk> — a—Jp(x,u,v))vnkszdx + lim / a—P(x,u,v)vt,dex>,
RN dv R—o0 RN ov

R=00 40 dv
=0.
Since ¥ has compact support, going to the limit n, — +o0 and letting R — oo in relation (3.18), we get
Ko((1 = HG@E) min {x0,%9} + HG) min {x2, 52} ) oo < Voo

According to Theorem 2.8, we have either v, = 0 or

+ —

ap\" " [ap\ "
Voo > max ( 2-) ( 2_> (3.21)
S s

foralli € I, where D = (1 — H(x3)) min {x?, %) } + H(x3) min {x?,x2}.
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Next, we claim that relations (3.17) and (3.21) cannot occur. If the case (3.21) holds, for some i € I, then by using
(Hg,), (Ky) = (K3), and (F,), we get that

. Unk
e= g (B, 0on) = (B, o (0.535)))

B(vnk /R —|vnk|r(x)dx—/RN A(x)F(x,O,vnk)dx—K(Bl(vnk))/R <A1(ank)V<19( )>

N

O & 0.5
+b(x)A2(U”k)9(x)>dx + /RN e )Ivnkl dx + /RN A(x) 3 (x,0, v"")S(x)dx’

1
> ﬁo/ < 4 - > [a1(1 V0,11 P9 V0,1 1P + B() @z ([0, [P |0, [P ] dx
ry \ Max{a;, a}p(x)  9(x)

+@0/ o )2a1(|vUnk|P<X>)|vU K |PO=2Vy,, Vdx

L 1 r(x) 5_F _
* /[RN <19(x) }’(x))lvnkl dx + A~ /RN <av (x7 ’ nk)s( ) F(X,O, vnk)>dx

>(L_1
2\ 5= =7 Ve

So, by relation (3.21), we have

rt rT

KD\ [(8KD\
= \ =
S S

This is impossible. Therefore, v, = 0 for all i € I. Similarly, we can prove that (3.17) cannot occur for any i. Then,

limsup/ [0 " ®dx — [v]"®dx.
RN RN

nj—>+00

Note that if [v,, —v|" ™) < 2’+(|vnk ") 4 |v|"™), then by the Fatou Lemma, we have

[ 2 or®dx = [ timint (2o, 41079 = oy, — o1 ),
RN R

N Ng—+0o

< liminf / (2r+|unk|r<X> + 27 o™ — Ju,, — vlr(x))dx,
RN

ng—+oo

< / 27+ p|" ™) dx — lim sup / |0y, — vI"dx.
RN RN

ng—+0o00

Thus, /oy [Un, = v|"™dx — 0, we have v,, — v strongly in L"™(RN).
Now, let us define the operator ® as follows:

[®(v),0] := / (A;(VU)VT + b(x)A,(0)0)dx
RN
for any (v, 0) € X, X Xg,. Using Holder’s inequality and the condition (Hy, ), we can establish that

(2(v),0)| < CIIvII D1
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Thus, the linear functional ®(v) is continuous on Xg, for each v € X, . Therefore, due to the weak convergence of v, in

Xg,, we obtain
lim (®(v,,),vy) = (®(vg),vy) and lim (D(vy),v,, —vy) = 0.
nj— oo np—o0

Clearly, (cp(vnk), Up, — vo> — 0 as n;y — oo. Hence, based on relation (3.22), we can deduce that

i, (@) = B(w0). 0y, — vo) = lim [ (Ry() + (IO, ()x =0,
I’lk—N)O nk—>oo RN
with

R (x) = {a1(IV 0, [P Vv, [PP2V0, — a;(| Vg |PX)| Vo, |PX=2V, Vo, — Vuy)

forall x € RN and all n € N, and

Q,(x) = {ay(|vy, [PD)vy, P20, — ay(Jug|PO) e [P =20, v, — g )

(3.22)

for all x € RN and all n € N. Hence, by applying some elementary inequalities (see, e.g., Hurtado et al. [29, Auxiliary

Results]), for any n, & € RV,

In— £1P0) < e, (@ (IIPO)N P20 — a,(|E[P)[E P28, m — £) if p(x) > 2

In = &7 < el + [ED> P {a;(n[PCN)M[PO"2n — q;(JEIPONNEIPOI2En —£)  if1 < p(x) <2

By replacing n and & with Vv, and Vu,, respectively, and integrating over RY, we obtain

/ R, (x)dx > C/ Vo, — Vo |PXdx.
RN {x€RN; p(x)=2}

Thus,

lim |Vu,, — Voo |PPdx = 0.
k=% J (xeRN; p(x)>2}

On the other hand, by using relation (3.23), we get

R, (x)dx > C/ 01 ()P |V, — Vuy|?dx,

RN {xeRN; 1<p(x)<2}

where 0,(x) = C(|v,, | + [Vug|). Therefore, by Holder’s inequality, we have

p()(p(x)—2) p()(p(x)—2)
2 2
/ VU, — Vuo[PPdx = / o, o, |V, — Voo |PO) |dx
{x€RN; 1<p(x)<2} {x€RN; 1<p(x)<2}
p(x)2—p(x)) P)(p(x)—2)
<Clloe, * |l 2 lo, > Vo, — VolPD 2
L2-P() ({xeRN; 1<p(x)<2}) LPO) ({xeRN; 1<p(x)<2})

PE(p)=2)\~ p)(p()-2)\*
( 2 ) ” O-l ” ( 2 ) } X

LPO({xeRN; 1<p(x)<2})’ LPO)({xeRN; 1<p(x)<2})

SCmaX{IICflII

-
2
max{ (/ cf(x)_ZIank - Vvolzdx> (/ of(X)_ZIank - Vvolzdx> }
{x€RN; 1<p(x)<2} {xeRN; 1<p(x)<2}

o
2

(3.23)

(3.24)
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As the last term on the right-hand side of the above inequality tends to zero, we can conclude

lim Vo, — Vuo|P¥dx = 0. (3.25)
nj— 00 N.
{xeRN; 1<p(x)<2}

Now, combining relation (3.24) with relation (3.25), we obtain

lim Vo, — Vuo|P®dx = 0.
nj—>o0 RN

The same arguments can be used to prove that

lim b(x)|vy,, — v |PPdx = 0.
nj— 00 RN

In conclusion, we have shown that the sequence {vnk} converges strongly to v, in Xg, . Therefore, we can conclude that
{(unk, Un, )} contains a subsequence converging strongly in Z. O

Now, we are ready to prove Theorem 1.1.

Proof. The proof immediately follows from Theorem 2.15. More precisely, it suffices to check the conditions of
Theorem 2.15. Set

Z=U®V, U=Xgx{0}, V={0}xXg,
and
L k
Yo ={0}xxg”, Yy ={0}x X,

where m and k are yet to be determined.

Define a group action G = {1, 7} = Z, by setting t(u, v) = (—u, —v), then FixG = {0} X {0} (also denote{0}). It is clear that
U and V are G-invariant closed subspaces of Z, and Y, and Y are G-invariant closed subspaces of V and codimy Y, = m,
dimY; = k.

Let

¥ :={A cZ\{0}: Aisclosedin X and (u,v) € A= (—u,—v) € A}.
Define an index y on X by

min{N € Z : 3h € C(4, RN\{0}) such that h(—u, —v) = h(u,v)},
x(A) =4 0if A=,

+o0 if such h does not exist.

Then, from Huang and Li [28], we deduce that y is an index theory satisfying the properties given in Definition 2.10.
Moreover, y satisfies the one-dimensional property. According to Definition 2.12, we can obtain a limit index y* with
respect to (Z,,) from .

Now we shall verify the conditions of Theorem 2.15. It is easy to verify that the conditions (B,), (B,), (B4) in Theorem 2.15
are satisfied. Set

V= X(GJI) = spanfe;, e, ..., €j}.
Hence, (B;) in Theorem 2.15 is also satisfied. In the sequel, we shall verify the condition (B;) in Theorem 2.15. Note that

FixG = {0}, which implies that FixG NV = {(0, 0)}, satisfying condition (1) of (B;). Now, we need to verify the conditions
(2) and (3) of (B;).
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Hereafter, we shall focus our attention on the case when z = (u, v) € Z satisfies llullp , <1and o]l ), <1.

() Let(0,v) € YoNnS, (0)(where p,, is yet to be determined). Thus, by using assumptions (F;) and (H,, ), we have

Ex(0,v) = R(B(v)) — / —|v|V(X)dx— / A(X)F(x,0,v)dx,
RN

RN F(X)
A p(x) A p(x)
zmo/ <M+b(x)2(|v—l)>dx—i_/ lv]"™®dx — sup ?\(x)/ f2(0) lv]*@dx,
RN p(x) p(x) r= Jpn xERN RN ()
* * 1 fa(x)
C[ p H q ]_ _/ r(x)d —At t’(x)d
2 ClIvlly, , +HGOloll, o | = = RNIUI x e )| vl
Denote
8n=  sup / Qz((ﬁ)l |“®dx andt, = sup [o"®dx.
vEXg"ll,IIvllb,hsl RN vexm Mol p<t

We invoke here Fan and Han [20, Lemma 3.3] to obtain that §,, — 0, as m — oo.

Next, we need to verify that 7,, — 0 as m — oo0. We know that 0 < 7, + 1 < 7,,;, which implies that 7, > 7 >0 as
. L
m — oo. Therefore, there exist v,,, € X C";l such that

1
0< - "®dx < =,
STy /RN [Upn| X

foreverym = 1,2, .... As Xg, is reflexive, we can pass to a subsequence, still denoted by {v,, }, such that there exists v € X,
satisfying v,, — v weakly in X, as m — co.
We claim v = 0. in fact, for any el’z S {e;‘, e’zk, ey oy e },We have e;‘;(vm) = O0when m > k,which implies that eZ(vm) -0

as m — oo. It is immediate that e;:(v) = 0 for any k € N. Since (X;,)* = span {ei‘, e;“, s e;z, }, we can conclude that
v=0. %

By Theorem 2.7, there exist a finite measure v and sequences {x;} C Cj, such that |v,,|"™ — v = 3. | v, in Mg(RV).
where I is a countable set. Following a similar discussion as in Lemma 3.1, we can conclude that v; = v({x;}) = 0 for any
i € I where x; # 0.

On the other hand, for any 0 < t < R, take 6 € C;°(B,z(0)) such that 0 <6 < 1;6 =1 in B,z(0)\B5(0), 6 = 0 in B,(0).
Then,

/ |vm|r(x)6dx — / 0dv = / Odv =0, asm — oo.
RN RN {xeRN; t<|x|<R}

Since

/ |vm|r(x)dx§/ |vm|r(x)6dx,
{x€RN; 2t<|x|<2R} RN

we obtain lim,,,_, ., /RN |vm|r(x) dx = 0. Therefore, 7,, — 0,as m — 0.
Then, we have

.
p* i | L r- Nt
E\0,0) 2 C|llolly, + HGDIIT, | = - 1lolly, = X*67, ol
q* Mol T
> cllollf), = T oy, = *67 M0l s

q* r +st” e
> clulld, = (@h +A* 85l
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Let

1

o = cq* gt
" r=(th, +)\5f;l_) .

When (0,v) € Yon'S, (0) and Iollpn = Pms for sufficiently large m, we have

— q+

cq+ r=—qt [T — q+ 1 r——qt
SupEA(O’ U)lYoﬂSpm(O) 2 <r__> < q+ -[-”_ + )\+5€_ ’
m m

where 7,, and §,, - 0 as m — oo, thus we have

+
- q

Cq+ r——qt r- — q+ 1 r——qt
supE;\(O, U)|yongpm(o) > r—_ q+ I ?\+5€_ = mm —>ooasm — oo,
m m

that is, the condition (2) of (B;) holds.

(i) By (K;)and (K,), for any u € X, , we have

Ex(u,0) = —R(Bw)) - /

—— u|"®dx — /)\(x)F(x,O,v)dx,
RN T ( ) RN

<0.
Hence, we can choose I such that

M > sup E(u,0). (3.26)
uEXGl

On the other hand, from (K,), we can obtain for £ > £
(fo)
fo

About the latter condition and relation (3.26), for all (u,v) € U @ Y, we have

R() < —%¢r < 57. (3.27)

By(u, v) = —R(B@W) + R(BO)) — / gl / %lvV(x)dx— / AGOF(x, u, v)dx,
RN RN

7t
/4

—clol’,.

< C”U” r(x

)+ M.

Since |.| r(x) is also a norm on Yy, and Y, is a finite-dimensional space, thus ||.||, , and |.| r(x) are equivalent. Then, we
get

Tl

~
Ex(u,v) < cllvll,), = cpellolly , + M.

+
Given thaty > L we have
-
supEj lygy, < +oo.
Therefore, we can choose k > m and 9. > IN,,, such that

Exlvey, < Ny,

85U8017 SUOWIWOD A0 3cedldde au Aq peusenob aJe Seoie YO ‘@SN JO SN 10} Akeiq18ulUQ AB|1IAA UO (SUORIPUOD-PUEe-SWLRY/Wo0 A3 1M ARl jeuljuo//Sdny) SUORIPUOD pue swie | 8 88s *[202/90/.T] uo Ariqi]auljuo /8|IM ILSAOIS 8URIYO0D AQ £05002202 BUeW/Z00T OT/I0P/Wod" A8 | Akeiq1jeuljuo//Sdny wol papeojumod ‘9 ‘¥202 ‘9T922zST



2120 %ﬁggﬁ%ﬁ%ﬁﬁHE CHEMS EDDINE and REPOVS
[NACHRICHTEN |

which satisfies the condition (3) in (B;). According to Lemma 3.1, E, (u, v) satisfies the condition of (PS), for any
c € [M,,,, Ni], thus (Bg) in Theorem 2.15 holds. Consequently, based on Theorem 2.15, we can conclude that

c; = sup sup E,(u,v), —-k+1<i<-m,
X (A)<i z=(u,v)EA

represent critical values of E, where IMM,,, < c_j11 < ... <c_, < Ny Aswe let m — o0, we can obtain an unbounded
sequence of critical values c;. Due to the even nature of the functional E, this results in two critical points Fz; of E
corresponding to each c;. O
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