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1. Introduction

The algebraic system max algebra and its isomorphic versions (max-plus algebra, tropical
algebra) provide an attractive way of describing a class of non-linear problems appear-
ing for instance in manufacturing and transportation scheduling, information technology,
discrete event-dynamic systems, combinatorial optimization, mathematical physics, DNA
analysis, etc. (see e.g. [1-9] and the references cited there). Max algebra’s usefulness arises
from the fact that these non-linear problems become linear when described in the max
algebra language. Moreover, max algebra techniques were used to solve certain linear alge-
bra and graph theoretical problems (see e.g. [10-12]). In particular, tropical polynomial
methods improved the accuracy of the numerical computation of the eigenvalues of a
matrix polynomial (see e.g. [13-17] and the references cited there).

The max algebra consists of the set of non-negative numbers with sum a @ b =
max{a, b} and the standard product ab, where a, b > 0. The operations between matrices
and vectors in max algebra are defined by analogy with the usual linear algebra.
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The eigenproblem in max algebra and its isomorphic versions (and the eigenproblem
for more general maps) has already received a lot of attention (see e.g. [2,4,7,18-22] and
the references cited there). The results can be applied in different contexts, for instance in
optimal control problems (here the max eigenvectors correspond to stationary solutions
of the dynamic programming equations and the max eigenvalues correspond to the max-
imal ergodic rewards per time unit), in the study of discrete event systems, in statistical
mechanics, in the study of delay systems, etc. (see e.g. [18,19,21] and the references cited
there).

Also infinite dimensional extensions of spectral theory in max algebra (and more
general settings) have already received substantial attention (see e.g. [18,20-30] and the
references cited there). In this article, we continue this investigation by focusing on infinite
bounded non-negative matrices and their spectral properties in max algebra. The article is
organized in the following way.

In Section 2, we recall some definitions and results from [27,28], which are relevant in
the rest of the article. In Section 3, we prove several spectral radii formulas for infinite
bounded non-negative matrices in max algebra and prove some Perron-Frobenius type
results for such matrices. In Section 4, we prove results on block triangular forms which
are similar to results on Frobenius normal form of n x n non-negative matrices [2,4,7,19].
We conclude the article with some continuity results in Section 5. The main results of this
article are Theorems 3.1, 3.4, 3.6, 3.8, 3.12, and 4.4.

2. Preliminaries

In the first part of this section, we recall some facts on n x n matrices in max algebra. A
matrix A = [Aif]Zj:I is non-negative ifAlj > Oforalli,j € {1,2,...,n}. Let R"*" be the set
ofalln x nreal matricesand R’}*" the set of all # x #n non-negative matrices. The entries of
a matrix are also denoted by ajj, a;j or A; ;. The product of non-negative matrices A and Bin
max algebra is denoted by A ® B, where (A ® B);j = maxk—1,..» AixBkjand thesum A & B
in max algebra is defined by (A @ B);; = max{A;;, Bjj}. The notation Aé means A ® A, and
A]é) denotes the kth max power of A. If x = (x;)i=1,..» is @ non-negative vector, then the
notation A ® x means (A ® x); = maxj=1,...,» A;jXj. The usual associative and distributive
laws hold in this algebra.

The role of the spectral radius of A € R’”*" in max algebra is played by the maximum
cycle geometric mean r(A), which is defined by

r(A) = max{(A,-lik o Ann AV ke Nand iy, ... i € {1,.. .,n}} (1)
and equal to
r(A) = max{(Ailik . -Ai3i2Ai2,-1)1/k tk<mnandi,...,i € {1,...,n} mutually distinct}.
A digraph G(A) = (N(A), E(A)) associated to A € R*" is defined by setting N(A) =
{1,...,n} and letting (i, j) € E(A) whenever A;; > 0. When this digraph contains at least
one cycle, one distinguishes critical cycles, where the maximum in (1) is attained. A graph

with just one node and no edges will be called trivial. A bit unusually, but in consistency
with [4,19,31], a matrix A € R’ is called irreducible if G(A) is trivial (A is 1 x 1 zero
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matrix) or strongly connected (for each i,j € N(A), i # j there is a path in G(A) that starts
in i and ends in j).

There are many different descriptions of the maximum cycle geometric mean r(A) (see
e.g. [4,12,32-34] and the references cited there). It is known that r(A) is the largest max
eigenvalue of A, i.e. r(A) is the largest A > 0 for which there exists x € R’,, x # 0 with
A®x=Aix.

Moreover, if A is irreducible, then r(A) is the unique max eigenvalue and every max
eigenvector is positive (see e.g. [2, Theorem 2], [1,4,35]). Also, the max version of the
Gelfand formula holds for any A € R’*", i.e.

r(A) = lim [AZ|Y™ (2)
m—> 00
for an arbitrary vector norm || - || on R"*" (see e.g. [34] and the references cited there).

Next we turn our attention to infinite matrices in max algebra. An infinite (entrywise)
non-negative matrix A = (a,j);fj‘-’zl = (a; ,j);f]‘-’:l is called bounded if

Al = supfa;; : i,j € N} < oo.

Let R denote the set of all infinite bounded non-negative matrices and let I5° be the
positive cone of all non-negative bounded sequences (x;);en. For A, B € RTXOO and x €
I2° we denote by @ and ® the sum and the product in max algebra, respectively, i.e. for
i,j € Nlet

(A © B)jj = max{aj;, bj}, (A ® B)jj =supaiby, (A® x); = supa;jx;.
keN jeN

Let Ag denote the kth power in max algebra. Let us point out that ® here does not denote
the tensor product.
Let {e1, €2, . . .} be the standard basis in £°. Then

A®Rx
[All =sup[AQejll = sup [A®x|= -sup 1A
jeN Ixl=1xel% xereato 1l
and |A ® B|| < ||A]l - || B, where ||x|| = sup;cy |xi| for x € [*°.
For iy, i1,12,...,ir € Nlet
k—1
A(lky e 10) = l_[ aiH_lit-

=0

For each i,j € N we have

(A%)ij = sup{AGik—1, .. .,i1,)) ¢ i1, ... ik—1 € N}, 3)

It follows that
AL || = sup{A(ix, . . ., io) : g, - . ., ix € N}.

It is easy to see that

k+j k j
lAg I < 1A - 1AL

for all k,j € N. It is well known that this implies that the sequence ||A§-9 |17k is convergent

and its limit is equal to the infimum. The limit is called the spectral radius in max algebra
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(the Bonsall cone spectral radius of the map g4 : x — A ® x on the cone [5°) and denoted
by r(A). Observe that the map g4 : I° — I5° is Lipschitz with the Lipschitz constant || A]|.
For some theory on Bonsall’s cone spectral radius see e.g. [21,26-29].

For x € £3° let rx(A) = limsup,_, o ||A'(§9 ® x||*/* be the local spectral radius of A at x
in max algebra. It is easy to see (and known) that 7(A) = r,(A) wherey = (1,1, 1,...). The
approximate point spectrum o,,(A) in max algebra is defined as the set of all t > 0 such
that

inf{||A ® x — tx|| : x € I, [|lx]| = 1} = 0.

The point spectrum 0, (A) in max algebra is defined as the setall t > Osuch that A ® x = tx
for some x € I5°, x # 0. Clearly 0,(A) C 0gp(A).

Letm(A) = sup; r¢;(A) be the upper standard spectral radius of A (the supremum oflocal
spectral radii at standard vectors e;) and so m(A) < r(A). Let s(A) = inf{|[A® x| : x €
I2°, llx|l = 1} be the minimum modulus of A and let d(A) = lim,_, o s(Afé)l/” be the lower
spectral radius of A (see [28]). The following result was proved in [27, Corollaries 2 and 3],
[28, Proposition 3.1, Theorem 3.5 and Example 4.13].

Theorem 2.1: Let A be an infinite bounded non-negative matrix. Then
(i) [m(A),r(A)] C ogp(A) C [d(A),1(A)],
(i) 7x(A) € 0gp(A) forall x € £5°, x # 0,
(iii) d(A) = min{t: t € 04p(A)} and r(A) = max{t : t € o4p(A)}.
Remark 2.1: (i) Itis known thatin general m(A) # r(A) and 0,4,(A) may not be convex

(see [27, Example 7] and [28, Example 3.2]).
(ii) For an n x n non-negative matrix A it is known that

oap(A) = 0p(A) = {t : thereexistsj e {1,...,n},t = re;(A)}
and also that the above does not hold for A € R [27, Remark 3].
Denote further by (A) the supremum cycle geometric mean (or cycle radius) of A, i.e.
Ju(A) = sup{(A(il,ik, i iDYR ke N, .. ik € N}. (4)
Clearly i (A) < r(A). By (3) it follows that
w(A) = sup{(Aé§> l-l/k 1kie N}. (5)
Furthermore, one can assume that the vertices iy,..., i in the definition of ©(A) are
mutually distinct.
Recall that for finite matrices A € R”JFX” we have r(A) = u(A). Moreover, in this case

w(A) = max{ (A(il, s e s iz,il)l/k tk<n1<iy,..., ik < nare mutually distinct}.

For infinite matrices the equality ©(A) = r(A) is no longer true in general.
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Example 2.2: Let A € RT*™ be defined by a;;41 = 1 foralli € N and a;; = 0 otherwise
(backward shift). It is easy to see that £(A) = m(A) = 0and r(A) = 1.

The following example shows that the supremum in the definition of 11 (A) may not be
attained.

Example 2.3: Let A € R?*™ be defined by a;; = z—i-;l foralli € Nand a;; = 0 otherwise.
Then ©(A) = r(A) = 1 but the supremum in (4) is not attained.

3. Spectral radii formulas for infinite matrices in max algebra

For k € Nand A € R write
c(A) = sup{A(ik,. ..»d0) t 1o, . . ., ik € N mutually distinct}

and ' (A) denote the upper simple path geometric mean radius, i.e.

r'(A) = lim sup cx(A) /%, (6)

k— o0
Theorem 3.1: For A € RY™* we have
r(A) = max{u(A), 7' (A)}. (7)

Proof: Clearly r(A) > max{u(A), 7 (A)}.

Suppose that r(A) > w(A). If w(A) = 0 then cx(A) = ||A’f®|| for all kK € N and so the
statement is trivial.

Suppose that ((A) > 0. Without loss of generality we may assume that ;(A) = 1 and
r(A) > u(A) = 1.

Letny € Nand0 < ¢ < r(A) — 1. Then there exists n > ngand iy, . . ., i, € Nsuch that
A, ..., i1,00) > (r(A) — &)" > ||A]|™. Omit all cycles in the path iy, i}, . . . , i,,. We obtain
mutually distinct jo, . .., jx such that Ak, ...,j1,jo) = Ay, ..., i1, i) > (r(A) —&)" >
||A||"™. Hence n > k > ng and

k(A) > (r(A) — &)" > (r(A) — )k,

Hence limsup;_, ., ct(A)V5 > r(A) — e. Since & > 0 was arbitrary, we have r'(A) =
lim sup;._, k(A5 > 1(A). So r(A) = max{u(A), 7 (A)}. |
Let A € RP*™, A = (aij)%@:l' Let me(A) = limsup;_, , 7¢;(A).
For n € N let P, : £5° — £5° be the canonical projection defined by P, (x1,x2,...) =
(0, e ,O,Xn+1, .. )
—— —

Lgt tess(A) = limy,_, oo r(PyAP,) = inf ey r(P,AP,). Observe that in this particular
case the classical linear algebra product P,AP, coincides with the max algebra product
P, ®@AQ® Py.

We have

r(A) = lim sup{A(ik,. i)V iy i € N},
k—00
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re,(A) = lim sup sup{A(ik,...,il,j)l/k il ik € N},
k— o0

re(A) = lim lim sup{{A(ik,...,io)l/k Cioye ik > N+ 1}.

n—00 k— 00
Clearly
me(A) < m(A) < r(A)
and
ress(A) < r(A).

Next we show that in general m,(A) < r.(A) is not true.

Example 3.2: Let

r 1 2 3
o - Z =
2 3 4
1
- 0 0 O
2
2
A=|- 0 0 O
3
3
- 0 0 O
4

Clearly r,(A) = 0 since P;AP; = 0. However, re;(A) =1 for all j > 2. Indeed, r(4) <
|A]l = 1 and forj > 2 we have

, n—1\* j—1
A(l,n,Ln...,n1,j) = T
_}g—/ n ]

forall k,n € N. So
-1
re;(A) = lim sup ||Ag<+lej||1/(2k+l) > n—o
k— o0 n
Since n € N was arbitrary, r,;(A) = 1. So m.(A) = m(A) = u(A) =r(A) = 1, while
Tess(A) = 0.
The following example shows that it may happen that ;t(A) > m.(A).

Example 3.3: Let A = (aij)gle, where a;; = % for all i € N and a;; = 0 otherwise. Then
re(A) = % forall j € Nand so m.(A) = 0. Also ' (A) = r5(A) = 0, but w(A) = m(A) =
r(A) =1.

Theorem 3.4: Let A € RF™®. Then u(A) < m(A) and r'(A) < ress(A). Consequently,

r(A) = max{res(A), m(A)}. (8)
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Proof: Letiy,...,ix € N. We have

re, (A) > limsup || A" e;, ||/

n—0o0

1/nk
> limsup(A(in ik it i) = Al i i

n—o0

n

Hence m(A) > u(A).

To show that r'(A) < r.s(A) we assume on the contrary that r.i(A) < r'(A). Without
loss of generality we may assume that || A|| = 1. So there exists k € N such that r(PyAPx) <
r'(A). Choose 0 < & < M. Find ng € N such that || (PLAPy)"|| < (r(PrAPy) +
&) for all n > ny.

Find ip, i1, . . ., iy € N mutually distinct for a suitable sufficiently large N € N such that

AN, - . . ig) = (7 (A) — &)
(such ip, 71, ..., iy and N exist by (6)). Let
S=1{j:0=<j=<N,ij <k}
Clearly card S < k. We have
A(iN,...,ig) =B-C,
where
B=][{ai;:0<j<N{ipiza} NS# 0} < |AI* =1
and
C =[T{ay,5 : 0 <j < N ippigpa} NS = 4},

Then C decomposes into at most card S+ 1 < k + 1 disjoint paths whose elements lie
outside {1,...,k}.
If jo, j1, - - - » jm are mutually distinct elements outside {1, ..., k} then

AGms - - ->jo) = A" =1 (ifm < ng) and
Aims - - -»jo) < (r(PkAPR) + €)™ (if m > ng).
Thus
C < (r(PLAPy) + g)N~(kFDmo=2k
Hence
Y (A) — & < (BO)VN < (r(PLAPY) + g)lfN’l(kJrl)nosz*lk L f(PAAP) + 5

as N — o0. Since ¢ > 0 was arbitrary, we have '(A) < r(PxAPy), a contradiction.
So max{res(A), m(A)} > max{r'(A), u(A)} = r(A) by Theorem 3.1. The reverse
inequality is clear. |
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Remark 3.1: By Theorems 3.1 and 3.4 it follows that for A € R°** we also have
r(A) = max{r'(A), m(A)} = max{ress(A), w(A)}. )
Suppose that r(A) # 0. For j € N write

A ik15 - - > i1])
r(A)*

c(ej) = sup ckeNyi,...,igi.1 €N

(with no exponent 1/k here).
Lemma 3.5: Let A € RT**, r(A) # 0, r(P1AP1) < land c(e;) < 1. Thenr(A) < 1.

Proof: Suppose on the contrary that r(A) > 1. Without loss of generality we may assume
thatr(A) = 1.Letb € (0,1) satisfy r(P;AP;) < bandc(e;) < b.Sincer(P1AP;) < b, there
exists my € N such that

Alig, ..., ig) < U™ (m > mo;ig,...,0m > 2).

We have r,5(A) < r(P1AP;) < b. So u(A) = r(A) = 1 by Remark 3.1.
Letk > mg + 2 satisty | A||26%/2=2 < 1and choose mutually distinct ig, i, . . ., ix—1 € N
such that A(ig, ix_1, . . ., i1, ig) /% > b/2.
If1 ¢ {ig,...,ix_1} then r(P1AP;) > A(ip, ik_1,- - ., io)/k > b'/2 > b, a contradiction.
Let 1 € {ip, ..., ix—1}. Without loss of generality we may assume that iy = 1. Then

b% < Alig, ik—1, -, io) < IAII* - [(PLAP) 2| < ||A]% - bF2

So 1 < bF/272||A||2, a contradiction. |
Under the assumption 7. (A) < r(A) we prove additional results.

Theorem 3.6: Let A € RY*™ and res(A) < r(A). Then there exists ig € N with Tei, (A) =
w(A) = r(A). In particular, m(A) = r(A) = n(A).

Proof: Without loss of generality we may assume that r(A) = 1.
Since res(A) < 1,thereexistsn € Nwithr(P,AP,) < 1.ByLemma 3.5, there exists iy <
n with c(ej,) = 1. Indeed, if c(e;) < 1 forall 1 <i < n, then Lemma 3.5 gives inductively
r(Py,_1AP,_1) < 1,r(P,_2AP,_») < 1,...,r(P1AP;) < 1,r(A) < 1, a contradiction.
Let iy < nsatisfy c(e;,) = 1.So for each e € (0,1) thereexistk, € Nandiy,..., i1 €
N with A(ip, ikg—l’ ...i1,09) > 1—¢.S0

minfre, (A), w(A)) = 1 - )% = 1 —e.

Since ¢ € (0, 1) was arbitrary, Tei, (A)=1=pu(A).Hencem(A) = uA)=rA)=1. N

Lemma 3.7: IfA € RT™* such that res(A) < r(A) = 1, then sup,, || A%l < oc.
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Proof: Since 1.55(A) < 1, there exist ny € N and my € N such that

Ay, ..., 0g) <1 (m>mg;ig,...,0m > Ho).
In particular,
C:=sup{AGm,...,ip) : m € Nyiy,...,ipm_1 > no} < 00.

We have

sup |AS | = sup{A(ik,. .., io) : k € Nyig,..., ik € N}.

keN
Since w(A) = r(A) = 1, we can omit in the path (i, ..., 4) all cycles and assume with-
out loss of generality that the indices i, . . ., i are mutually distinct. Let S = {j : ij < no}.

Clearly card S < ngy. So S divides the path i, ..., into at most ng + 1 sub-paths with
vertices outside the set {1,...,np}. So

Aligy ..., 1) < ||A||2”0Cn0+1

and consequently sup; . ||A]é,|| < 00. [ |
Theorem 3.8: Let A € R and re(A) < r(A). Then r(A) € 0,(A).

Proof: Without loss of generality we may assume that r(A) = 1. By Lemma 3.5, there exist
n € Nand iy < nwith c(e;) = 1. Setx = @]920 A ® ejy. By Lemma 3.7, x € £3°. We have

o0
A®x:@Aj®ei0 < x.
=1

On the other hand, x = (A ® x) ® e;,. Since c(e;) =1, for each & > 0 there exist
ke € N and iy,...,i,—1 € N with A(ip, ix,—1,...,i1,i0) > 1 —¢&. Hence A®@ x > Ak @
e, > (1 — &)e;,. Since ¢ > 0 was arbitrary, A ® x > e;, and A ® x = x. Hence r(A) €
op(A). |

Remark 3.2: There are several closely related results to Theorem 3.8 in the literature ([21,
Theorem 3.4], [26, Theorem 4.4] and [27, Theorem 3.14]; see also [26, Conjecture 4.1]).
At the moment, it is not clear if Theorem 3.8 is a special case of some of these results (in
particular, it is not clear what is the relation between .. (A) and the essential spectral radii
studied there). In any case, our proof of Theorem 3.8 is more elementary than the proofs
of ([21, Theorem 3.4], [26, Theorem 4.4] and [27, Theorem 3.14]).

The assumption f,.(A) < r(A) is necessary for the conclusion of Theorem 3.8 as the
following example shows.

Example3.9: Leta;;—; = 1foralli € N,i > 2and a;; = 0 otherwise (A is a forward shift).
Then r(A) = re5(A) = ' (A) = m(A) = me(A) = 1, u(A) = 0 and 1 is not in op(A) = 0.

We conclude this section with some additional results on irreducible matrices. The
weighted directed graph D(A) associated with A € R3°** has the vertex set N and edges
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(i,j) from a vertex i to a vertex j with weight a;; if and only if a;; > 0. A matrix A € RT”*®
is called irreducible if and only if D(A) strongly connected (for each i,j € N, i # j, there
exists a path from i to j in D(A)). Equivalently, A € RS is irreducible if and only if for
each (i,j) € N x N there exists k = k(i, j) such that (Aéz,),-j > 0. A matrix A € R?*™ is
called reducible if it is not irreducible. Equivalently, A € R3°* is reducible if and only if
there exists a non-empty set M C N, M # N, such thata;; = Oforall (,j) € M x (N'\ M).

Obviously, £(A) > 0 if A is irreducible. We say that x € I5° is strictly positive (and we
denote x> 0) if x; > 0 for all i € N. The following result generalizes a well known finite
dimensional result to the infinite dimensional case (see also [18]).

Proposition 3.10: Let A € R be irreducible. If A € 0,(A) and A @ x = Ax, x € I,
x#0,thenx>0and A € [u(A),r(A)].

Proof: Clearly A = ry(A) < r(A). Choose i such that x; > 0. Then for each m € N there
exists k = k(m, i) such that (A]é)mi > 0 and so

)\kxm = (Aég ®X)m = (Algg))mixi > 0.
Thus A > 0 and x,, > 0 and so x > 0. Also for each m, n € N we have

My = (Agg ®X)m > (Agg;)mmxm

andso A > (A%),ln/,ﬁ, which implies A > 1(A) by (5). This completes the proof. [ |

Example3.11: Let0 <& < L.LetA = (a;)77; € R be defined by ayj = &/, a4, =
1 (j€N) and a;; = 0 otherwise. It is easy to see that A is irreducible, r(A) =1 and
w(A) = ¢ # r(A).

The following result can be considered as a max algebra version of the classical
Jentzsch-Perron theorem for (linear) kernel (integral) operators.

Theorem 3.12: Let A € R beirreducible and let ro(A) < r(A). Theno,(A) = {r(A)}
and each max eigenvector of A is strictly positive.

Proof: By Theorem 3.8 we know that r(A) € 0,(A). By Remark 3.1, r(A) = u(A) and so
0p(A) = {r(A)} and each max eigenvector of A is strictly positive by Proposition 3.10. W

Remark 3.3: The assumption .,(A) < r(A) cannot be omitted in Theorem 3.12. If A €
RF** is the matrix from Example 3.11, then A is irreducible, re(A) = r(A) = 1 and

1 ¢ op(A).

Example 3.13: Let A be the matrix from Example 3.2. Then each max eigenvector of A is
of the form x € I°, x, = %lxl forallm > 2and x; > 0.
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4. Block triangular forms

In this section, we prove that under suitable conditions a matrix A € RF* is permu-
tationally equivalent to a matrix in a block triangular form (i.e. there exists an infinite
permutation matrix P such that PAPT = P® A ® PT is a matrix in a suitable block
triangular form).

As in [27,28] a subset C of [ is called a cone (with vertex 0) if tC C C for all t > 0,
where tC = {tx : x € C}. A cone C C I is called a max cone if for every pair x, y € Calso
x @y € C. A cone Cis called invariant for Aif A ®@ x € Cforall x € C(ie.if g4 (C) C C).
Foraset S C I7° we denote by span,,S the max cone generated by S, i.e. spang,S is the set of
all x € lf for which there exist k = k(x) € N, s1,...,sr € Sand A1,..., At > 0 such that
X=2A151 B - D AgSk.

First we state a simple observation.

Lemma4.1: Let A = (aij)fle € RY*™. Leti,j € Nand aj > 0. Then ro,(A) > re;(A).
Consequently, spang{ek : 1o, (A) < a} is a max cone invariant for A for every a € R

Lemma 4.2: Let A € RT*™ satisfy m.(A) < m(A). Then there exists a finite non-empty
set F C N such that in the decomposition N = F U (N \ F) the matrix A is permutationally

equivalent to a matrix in the form
All 0
Ay Apn]’

where m(A) = m(A11) = r¢;(A) for all j € F and me(Az) = me(A), Tess(A22) = Tess(A),
m(Az) < m(A) and r(Az) = max{m(Az), res(A)}.

Proof: Without loss of generality we may assume that m(A) = 1.

Then there exists iy such that Tei, (A) = 1, since me(A) < m(A) =1. Let F = {j:
re;(A) = 1}. Since m.(A) <m(A) =1, Fis a finite set. It is easy to see that A has the
required form in the decomposition N = FU (N \ F). |

A better decomposition can be obtained if we assume also that 7, (A) < r(A).

Lemma 4.3: Let A € R satisfy ress(A) < r(A) and m.(A) < m(A). Then there exists
a finite non-empty set F C N such that in the decomposition N = F U (N \ F) the matrix A
is permutationally equivalent to a matrix in the form

|:A11 0 ]

Ay Anl’

wherer(An) = r(A) = (A1) = m(A) = m(An) = rq(A) forallj € F. Moreover, r(A) €
0p(A) and the supremum (maximum) in the definition of (A1) is attained.

Proof: Without loss of generality we may assume that r(A4) = 1.
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Let [f{; AZZ ] be the decomposition obtained in Lemma 4.2. Let ¢ > 0 satisfy m(A22) +
& < m(A) = 1. We have u(A) = m(A) = r(A) = 1 by Theorem 3.4 and Remark 3.1, so
there exists k € N and i, . .., ix_; € N such that

1/k

A(io,ik_l,...,il,io) >1—e.

Clearly rel.j(A) = 1¢;, (A) > 1 — & > m(Az) forall j=0,...,k—1. So ig,...,ik_1 € F
and (A11) > 1 — €. Since e > 0 was arbitrary and since F is a finite set, we have (A1) =
1.

By Theorem 3.8, r(A) € 0,(A), which completes the proof. |

Theorem4.4: Let A € RT™™ satisfy m.(A) < m(A). Then there exists a sequence (finite or
infinite) of finite non-empty disjoint sets F1, F», . .. C N and a sequence of numbers (my) sat-
isfying m(A) = my > my > ... such that in the decomposition N = F UF, U--- U (N\
U Fj) the matrix A is permutationally equivalent to a matrix in the form

A 0 o - 0
* A22 0 cee 0
* * A33 cee 0 , (10)
* * * oo Asoo

where Te; (A) = m(Akx) = my for all j € Fy. If the sequence (my) is finite, then m,(A) =
M(Aco,00)- If the sequence (my) is infinite, then m,(A) = limy_, oo M.

If, in addition, res(A) < r(A) then there exists a decomposition with the above properties
such that

r(Akk) = n(Akk) = my
for all k that satisfy my > t.(A). Moreover, for such k the supremum (maximum) in the

definition of w(Axx) is attained.

Proof: The decomposition is obtained using Lemma 4.2, inductively.
Let r(A) > ress(A), my > ress(A) and let

Agk 0 0 o 0

*  App1kl 0 0

A= | * * Akt k2 - 0
* * * s Asoco

Then r(A") = max{my, ress(A)} = My > ress(A) = ress(A”) and by Theorem 3.6 we have
r(A)) = m(A') = mg > me(A) = me(A’). So the statement follows from Lemma 4.3. W

Let A € R satisfy m.(A) < m(A). Without loss of generality (otherwise apply a
suitable permutational equivalence) we assume that A has the form (10). Each Ay (for
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k < 00) can be transformed by simultaneous permutations of the rows and columns to a
Frobenius normal form (FNF) (see e.g. [4,19,31,36,37] and the references cited there)

A0 0 0
SN
* Alk— ;0 . 0
* * X L., Agk]
where A[lk], ... ,Al[k] are irreducible square sub-matrices of Ax. This gives a (permutation-

ally equivalent) form of a matrix A denoted by

By 0 0 0
k Bz 0 0
: 1 By 0o |, (11)
0
| * ¥ % ... Asogeo]

where all By, are finite dimensional irreducible matrices. In general, the diagonal blocks of
the above form are determined uniquely (up to a simultaneous permutation of their rows
and columns), however their order is not determined uniquely.

Let m,(A) < m(A) and let A be a matrix in the form (11). Next we define the reduced
digraph R(A) = (Nr(A), ER(A)). Here the matrices By, B, . .., Ao, o from (11) corre-
spond to the (possible infinite) set Nz (A) of sets of nodes N1, Na, . .., Noo of the strongly
connected components of a digraph G(A) = (N(A), E(A)). Note that in (11) an edge from
anode of N, to anode of N, in G(A) may exist only if & > v. The set Er (A) equals

{(t,v) : there exist k € N, and j € Ny such that a;; > 0}.

By a class of A we mean a node j (or also the corresponding set N,) of the reduced graph
R (A). Class j accesses class v, denoted by © — v, if = v or if there exists a & — v path
in R(A) (a path that starts in ¢ and ends in v). A node j of G(A) is accessed by a class p,
denoted by i — j, if j belongs to a class v such that © — v.

The following result, that describes rej(A) via the access relation under the additional
condition 7. (A) < Te; (A), follows from Theorem 4.4.

Corollary 4.5: Let A € R such that me(A) < m(A) and res(A) < r(A) and let A,
B1,Ba, ..., Acooo be from (11) and j € N. Ifrej(A) > ress(A), then

rej(A) = max{r(By) : u — j}.

Remark 4.1: The cycle time vector x (A) of A € RT*™ (see [38] for the n x n case) is a
vector in [5° with entries

[ (A)]; = lim sup(A, ® )/

k— 00
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where y = 1, the unit (column) vector. It is not hard to check that [ x (AT)] j = 1¢;(A), where
AT denotes the transposed matrix. Indeed, ||Alé, ® el = yT ® A’é) ®e = ejT ® (AT)éQ ®y

and so

rej(A) = lim sup ||A]g9 ® ej||1/k = lim sup(ejT ® (AT)]g9 ®y)1/k

k— o0 k— o0
. k

= lim sup((AT)]f@ ®y)}/ =[x (AT)]j-
k— o0

5. Continuity properties

We consider the metric on R induced by || - ||, i.e.

d(A,B) = ||A — B|| = sup{la — by : i,j € N}.
Proposition 5.1: The function A — r(A) is upper semi-continuous on (R*%, d).
Proof: Let A,B € RT** and k € N. We have

(AK)ji = sup{A(ix, ik—1, - - -, i1,10) = i = i, ik = j}
and

(BS)ji = sup{B(iksik—1,.. . i1, o) + i = b ik = j}.

Letiy = i,ix =jand ij,...,ik—1 € N. Then

|AGik, . . .»i0) — Biks . . .»i0)| = |@igin_, =+ @insig — bigsix_y * ** bivsio|
< @iy * @iy @irio — bivio)| + |@igsie_y =+ * Ginsio @iy — bini )i io|

+ o @iy = Bigie Dbie i+ binio| < KIIA — Bl max{||A|*7%, 1B

So ||Aé9 - B’é” < k||A — B|| max{[|A|*~L, |B||*"!} and the mapping A — Ag is continu-
ous. So the function A — ||AI(§) [I'/¥ is continuous and therefore the function A — r(A) =
infy ||A’f® ||1/¥ is upper semi-continuous. [

In general the Bonsall cone spectral radius is discontinuous (see also [24]). This is shown
by the following example, which is based on the classical example of Kakutani.

Example 5.2: Forke N, k = 2 . I'with 1 odd we write wy = 27/.

Define A € Rioxoo bYAi,i—H = w; and A,’)j =0 lf] ;é i+ 1.

For m € N define A,, € RT*® by (Ap)ij = wiifj =i+ 1and w; > 27", (A,)ij =0
otherwise.
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Clearly ||[A — Ay, || — 0. For each m € N we have (Am)é)erl =0, and so r(A,,) = 0 for
all m. Furthermore,

2Wl
1AL = [Jwi=12"" 272" 27227 p=tn=D) 52",
i=1

So
lAG 11" = ﬁ (%)2 . <2Lm>”2’" s ( . )m
j=1
ENP DY Pt
Hence r(A) = lim;; . ||Ag®’"”1/zm _ % 20,

Remark 5.1: Note thatin the above example wehave A] < A, < -- -, so the spectral radius
is discontinuous even for monotone sequences. So the infinite dimensional generalization
to our setting of [39, Proposition 3.7(ii)] is not valid.

The following results extends [39, Proposition 3.7(i)] to the infinite dimensional setting.
Proposition 5.3: The function A — 0,,(A) is upper semi-continuous on (RF*, d).

Proof: Lett > 0and t ¢ 04p(A). So there exists § > 0 such that |A ® x — tx|| > § for all
x €l |lxl| = 1.If|B— A < §/2, then

[B&x—tx| > [AQx—tx| - [A®x—~B®x| > /2

for all unit vectors x € I°. So t ¢ 04p(B) and the mapping B > 0,4,(B) is upper semi-
continuous. |

Remarks 5.1: (i) Propositions 5.1 and 5.3 remain valid (with similar proofs) for Bon-
sall's cone spectral radius and approximate point spectrum of positively homoge-
neous bounded maps A on a positive cone of a normed vector lattice. For necessary
definitions we refer the reader to e.g. [27] or [28].

(i) Example 5.2 shows that in general the approximate point spectrum oy (+) is not
continuous. For a simpler example for finite matrices see e.g. also [39, Example 3.6].

It is interesting that 1(-) behaves in the opposite way than r(-).
Proposition 5.4: The function A — (A) is lower semi-continuous on (R, d).

Proof: Let A, A, € RY*™ such that A, — A.

If L(A) = 0 then clearly 0 = p(A) < liminf, o0 (An).

Let #(A) > 0 and ¢ € (0, u(A)). Find a cycle such that A(iy, ik, . . ., i2,11) > (L(A) —
&)k, Then

WA = Ap(in, ik, in iDYE = Al ik, i2 i) VE > p(A) — .

Soliminf, o (A;) > (A) and the function A — £ (A) islower semi-continuous. W
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The following example shows that the function A — 1 (A) is in general not continuous.

Example 5.5: Let A € R be defined by A;j = §; ;1 (the Kronecker symbol), i.e. A is
the forward shift. Let By = A + Ej, where (Ex)1x = k! and (Ey); j = 0 otherwise. Then
uw(A) =0, By — Aand u(By) = kl—l/k — lask — oo.

The following result follows from Propositions 5.1 and 5.4.

Corollary 5.6: Let A € RT*™ satisfy 1(A) = r(A). Then the functions r(-) and u(-) are
continuous at A.

Proof: Let A, — A. We have

r(A) > limsup r(A,)

n—o0

by the upper semi-continuity of r(-). Furthermore,
r(A) = u(A) < liminf u(A,) <liminfr(A,)
n—oo n—oo

by the lower semi-continuity of the function w(-). Hence r(A,) — r(A) whenever A, —
A.
The continuity of j4(-) at A is proved in a similar manner. |

By Corollary 5.6 and Theorem 3.6 the following result follows.

Corollary 5.7: Let A € R and rei(A) < r(A). Then the functions r(-) and u(-) are
continuous at A.

Definition 5.8: Let (X,d) be a metric space. A mapping f : X — R is called Holder
continuous (of order @ > 0) if there exists a constant C > 0 such that the inequality

If(x) — f()| < Cd(x, p)* (12)

holds for all x, y € X. The map f is called locally Holder continuous (of order «) if for each
z € X there exist ¢ > 0 and C > 0 (which may depend on z) such that (12) holds for all
X,y € B(z, €), where B(z, €) denotes the closed ball in X with the centre z and the radius €. If
f islocally Holder continuous of order o = 1, then it is called locally Lipschitz continuous.

Remark 5.2: It was proved in the proof of Proposition 5.1 that for each A, B € RT** and
k € N we have

1AS — B | < kilA — BI| - max{)|A|I*=", B

Thus for each k € N the map A — A'é is locally Lipschitz continuous and thus also the
map A — ||Alf® || is locally Lipschitz continuous, since

NAS I — 1BE I < 1A% — BE Il < kllA — B - max{||A|*~", | BIF1).

Thus the map A ||A§9 [RARY locally Holder continuous of order %
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However, the following example shows that the mapping r(-) is in general not locally
Lipschitz continuous on the set {A € RI°*™ : r(A) = u(4)}.

Example5.9: LetA =0 € R?**. Thenr(A) = u(A) = 0.Forn € Nande > &’ > 0let
B¢ and C,,. . be given by

(Bug)ijy1 =€ (i <n)

(Bng)ij =0 (otherwise)

(Chee)iiyi =€ (i<n)

(Cheedn1 =€

(Chee)ij =0 (otherwise).

Then |[A — Byl = |A — Cyeerll = € and ||Bpe — Cpe e || = € for all n, e, ¢’. Moreover,
t(Bue) = 0and r(Cye o) = (" 1e)/" > gasn — 00.So forall L>0and & > 0 there
exist B, Cwith |[A — B|| < &, |A — C|| < & and |r(B) — r(C)| > L||B — C|.

In contrast to the finite dimensional case [6, Proposition 5.2(ii)], r(-) is in general
not locally Hélder continuous of any order o > 0 (and thus it is not locally Lipschitz
continuous) even on the set {A € R : r(A) = u(A) > 0}.

Example 5.10: Let o > 0. Set n; = 1. For each k > 2 find nj such that

[ )

=l =2 1
1+ kD)™™ ko > 14+ —.
(1+k) >1+ %

Let X be a Banach lattice isomorphic to £ with the standard basis e;; = x(j;(i € N,1 <
j<mni).DefineA: X, - X, byA®e, =e1,

1
A®ei,j:<1+7>ei,j+l (i>2,1=<j<m)
AQein =0.

Then r(A) = u(A) = 1.
For k > 2 define By by

By ®e1,1 = e,
1 . )
B ®eij = <1 + 7) eijr1 (1>=2,1=<j<n,
-2
Bi®ein =koey; (i>2).
Then ||A — Bi|| = k=% for all k. Moreover,

By) —r(A =1 1
IrB) = rA _ RlQ+kH ™ k%@ — 1) > lim K- — = oo.
k—oo ||Bx —A|* k— o0 k—o0 2k

So the function r(-) is not locally Holder continuous of order «.
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Remark 5.3: The following weaker statement than local Holder continuity of A > (A)
on the set {A € R : u(A) > 0} holds (and a related statement holds also for the map
A+ r(A)).Let u(B) > 0.If u(B) > & > 0and u(A) > 0, then

k=1 k=1
L(B) — & < w(A) + KY*)A — B|VF . max{||A|| ¥, ||B|| F } (13)

for some k € N.
Indeed, there exists a cycle such that B(i, i, . . ., i2,i1) > (4 (B) — &)K. 1t follows from
the proof of Proposition 5.1 that
(w(B) — &)* < Bin,iks . .., is 1)
< A(iv,is - - i, i1) + K| A — BI| - max{[|A|*~", | BI*")

and so
. . k=1 mik—11) /%
u(B) = & < (Aliniks. iz, in) + kLA = Bl - max{JAI*, IBI*"))
< Alinige- iz, i) *+ KYE1A = BV max {141 1B )
< () + K54 = BIME - max {141 T 18I T
Similarly, it can be proved that if £(A) > 0 and u(B) > ¢ > 0, then
u(B) + & = p(A) — KV4A = BV max [lal T 1817 | (14)

for some k € N.
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