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ARTICLE INFO ABSTRACT
Keywords: We discuss avoidance of sure loss and coherence results for semicopulas and standardized
Copula and quasi-copula functions, i.e., for grounded, 1-increasing functions with value 1 at (1,1,...,1). We characterize

Semicopula and standardized function
Coherence and avoidance of sure loss
k-increasing function

the existence of a k-increasing n-variate function C fulfilling A < C < B for standardized n-variate
functions A, B and discuss methods for constructing such functions. Our proofs also include
procedures for extending functions on some countably infinite mesh to functions on the unit
box. We provide a characterization when A respectively B coincides with the pointwise infimum
respectively supremum of the set of all k-increasing n-variate functions C fulfilling A < C < B.

1. Introduction and motivation

In recent literature on statistical reasoning, imprecise probabilities have become one of the main tools for modeling uncertainty,
especially in situations when the use of a precise probability model may be questionable or the exact assessment of probability of
events impossible. This is often the case in decision making with vague, incomplete, or even conflicting information [24], and in risk
management [5]. The general theory of imprecise probability [6,43] offers a variety of different models for dealing with imprecision
such as lower and upper previsions, lower and upper probabilities, probability boxes, distortion probabilities, capacities, and several
others, [23,25,36,37].

An imprecise model is typically required to satisfy some reasonable consistency conditions. Two such conditions are avoidance of
sure loss and coherence that were first introduced for lower and upper probabilities [42] and for lower and upper previsions [44]. In
the behavioral interpretation, avoidance of sure loss means that a gambler’s assessments of events should not lead to acceptance of
bets that would produce net loss, regardless of the outcome. Coherence, on the other hand, suggests that, given a set of acceptable
bets, a gambler should also accept any positive linear combination of these bets. A major difference between the precise and imprecise
setting is that lower and upper probabilities are not additive functions. Instead, they are generally at least monotone with respect
to set inclusion, i.e., they are capacities. Capacities as a generalization of additive measures were introduced by Choquet in [8] (see
also [17] and note that the original definition given there is less general than the one used nowadays). Together with semicopulas
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they give rise to the framework of universal integrals [19] providing a common frame for many non-additive integrals [9], including
the well-known Choquet integral [8,16] and Sugeno integral [27,40,41].

Avoidance of sure loss and coherence were recently translated to the setting of cumulative distribution functions [33], where
imprecision is typically modeled with a probability box, i.e., a set of cumulative distribution functions bounded pointwise from
above and from below. The two notions can also be considered for copulas, which motivated the introduction of imprecise copulas
[32] as boxes of copulas bounded by two quasi-copulas C and C. In this setting, avoidance of sure loss is equivalent to the existence of

a copula C satisfying C < C < C, where < denotes the pointwise order, while coherence is equivalent to the following two equalities:

gzinf{Clgscgaand C is a copula}, Ezsup{C|g<C<EandC is a copula}.

Favorable topological properties of copulas facilitated the application of discretization techniques that eventually led to a charac-
terization of the two notions [28,31], given solely in terms of the bounding functions C and C. The newly developed method, now
called the ALGEN method [30], was later extended to distribution functions and applied to give a description of probability boxes in
terms of coherent imprecise copulas [29,31].

It is natural to ask whether this new characterization can now be translated back to the theory of lower and upper probabilities
and previsions. This is one of the motivations for the present paper. We generalize the ALGEN method to the case where the bounds
need not be quasi-copulas. Instead, they are only assumed to be grounded, 1-increasing, and have value 1 at (1,1,...,1). We will
call such functions standardized functions by analogy with [33], where standardized functions were introduced in the setting of
distributions. This will allow for our results to be used in the theory of multivariate probability boxes and thus provide a stepping
stone towards applications in lower and upper previsions. In particular, our results can be applied to semicopulas (which include
distribution functions of capacities with uniform margins [36], and the representing functions of the envelopes of compatible families
of continuous distribution functions [38]), in which case we can omit one of the technical assumptions and also obtain an additional
characterization for coherence. The term semicopula was used for the first time by Bassan and Spizzichino [7] in a statistical context.
Semicopulas have been known, in a different context, as conjunctors (monotone extensions of the Boolean conjunction with neutral
element 1) [11] or as t-seminorms [39]. For (structural) properties of the class of semicopulas see [12-14].

Furthermore, we also adapt the method to work for classes of functions other than copulas. In particular, we focus on the classes
of k-increasing n-quasi-copulas. With k =2 this includes the class of supermodular n-quasi-copulas. The role of k-increasing n-quasi-
copulas (especially for k = n — 1) has been investigated in [3] (see also [4]), while the importance of supermodular, sometimes
also-called L-superadditive, functions has long been recognized, see e.g. [2,18,20-22,26,34,35] and the references therein.

The structure of the paper is as follows. In Section 2 we give the necessary definitions and basic properties that will be used
throughout the paper. We state our main results on avoidance of sure loss for standardized functions and semicopulas in Section 3
and give their proofs in Sections 4-7. Given two specific functions A < B we construct a k-increasing function C between them on
a dense countably infinite mesh by modifying the lower bound A in Section 4 and by modifying the upper bound B in Section 5.
We extend the function C to the full unit cube in Section 6 and collect our findings to conclude the proofs of the main results in
Section 7. Section 8 is dedicated to results on coherence.

2. Notions and basic properties
2.1. On k-boxes, multiplicities, and related properties

Throughout the paper we shall denote the unit interval by [ = [0, 1] and we will abbreviate the set {1,2, ...,n} by [n], where n is an
arbitrary positive integer which will be fixed for the whole paper. We also denote the points (0,0, ...,0) € " by 0 and (1,1,...,1) €l"
by 1. We will use the terms increasing to mean non-decreasing and decreasing to mean non-increasing.

Definition 2.1. Choose k € N such that k € [n]. Let X = (x1,X,,...,x,) €l" and y = (¥, ¥,, ..., ¥,) €" be two points.
A Cartesian product of n closed intervals, i.e., a set of the form [xy] = [xl, yl] X [xz, yz] X ooe X [xn, yn] will be called a k-box if

Hieln]|x;<y}=k and Hieln]|x;=y;}|=n—k.

The vertices of a k-box R = [Xy] will be denoted by ver R = ver [xy] ={x, ¥} X{x2, ¥} X+ X {x,,9,}.
Putting m = |{i € [n] | v; = x;}|, the sign of a vertex v of a k-box R = [x, y] is defined by

signg(v) = (=170,

The multiplicity of an arbitrary point u € [ with respect to a k-box R is given by

W signg(u) ifueverR,
me(u) =
R 0 otherwise.

Note that, given a k-box R = [x,y], for each vertex v we have n — k < m < n. In particular, signg(y) =1, since m =n — k in this
case, and signg(x) = (=1, since m = n.

We denote by %, (I") the set of all finite disjoint unions of k-boxes with vertices in [". This means that a typical element R € %, (I")
is of the form R = |_|;=1 R;, where {R; };:1 is an arbitrary finite family (multi-set) of k-boxes with vertices in [" and | | denotes
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Fig. 1. Two examples of a disjoint union of 2-boxes in I* (see Example 2.2).

the formal disjoint union. We extend the definition of the multiplicity of points from a k-box to a finite disjoint union of k-boxes
R=|[}_, R; by putting for eachu el

s
mp@) =Y mp (W),
j=1
Observe that the disjoint unions here are formal disjoint unions, i.e., a priori the k-boxes R; need not be disjoint, we just treat them as
such when calculating the multiplicities.

Example 2.2. Fig. 1 depicts two examples of disjoint unions of 2-boxes in I>. On the left we have a disjoint union of four 2-boxes,
namely, ABLK, CFJG, MNT.S, and OQT R. So this union is comprised of two overlapping pairs of boxes that are disconnected
from each other. The multiplicity of the point 7 is 2 since it is a vertex of two boxes with corresponding multiplicity 1. The points D,
E, I, H, and P have multiplicity O because they are not vertices of any of the boxes. All other points have multiplicity —1 or 1. Note
that this union can also be interpreted as a union of ten 2-boxes, namely, ABED, CDHG, two copies of DEIH, EFJI, HILK,
MNQP, OPSR, and two copies of POT.S. The multiplicities of the points remain the same in this interpretation. This is always
the case, because cutting a box into two has no affect on the multiplicities of its points (the multiplicities cancel where the cut is
made).

On the right we have a disjoint union of five 2-boxes, namely, ABMK, CDHF, DHNI, JKML, and M N PO, two of them
are crossing. Note that at some points the multiplicities are added, while at others they cancel. In particular, the point M has
multiplicity 3 and the point K has multiplicity —2, while the points D, H, and N have multiplicity O due to cancellation. Furthermore,
the points E and G have multiplicity O since they are no vertices. All other points have multiplicity —1 or 1.

For a k-box R = [Xy] we have mg(u) € {—1,0,1} for each u € [". Notice that this can also hold for a disjoint union of several
k-boxes; however, this is a very special case. In fact, the multiplicity of a point with respect to a finite disjoint union of k-boxes can
be any integer, as the following lemma shows.

Lemma 2.3. Let x € [" be any point which is not a vertex of [" and fix some integer k € [n]. Then for every z € Z there exists a finite disjoint
union of k-boxes R € %, (1") such that mg(x) = z.

Proof. For z =0 the conclusion is obvious, so suppose that z # 0. Since x is not a vertex of the unit cube [", there exists at least one
coordinate of x which equals neither O or 1, and without loss of generality we may assume x; € 0, 1[. For every j € [k] \ {1} put

1 iij=0,
a. =
J X; iij>0,

and define the two k-boxes
R = [(0,0,...,O,ka,...,xn),(xl,az,...,ak,xk+1,...,xn)] ,

R’ = [(x1,0,...,0, %441, . %), (L, Ga, ooy @ Xpey 1 o5 %,)] -

The point x is a vertex of both R’ and R”, so mg/(x) € {—1,1} and, since they differ only in the first coordinate, mpr (x) = —npgs ().
If z-mp(x)>0put R= |_||SZ‘1 R,and R= |_||SZ=|l R otherwise. In both cases we have mg(x)=z. []

Definition 2.4. Let k € N be such that k € [n], and let A : [” — [ be an n-variate function. Then
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(i) A is grounded if A(x) =0 whenever x; =0 for some i € [n];
(ii) A has uniform marginals if A(1,...,1,x;,1,...,1)=x; forall x; €l and all i € [n];
(iii) A is k-increasing if for every k-box R = [x,y]

Vak(R) := Z signg(V)A(V) > 0.

vever R

Since the multiplicities of the vertices are additive, for a k-increasing function A : 1" — [ we also have for any disjoint union of
k-boxes R € %z, (I")

Vai(R) = Z mr(VAW) 0.
veverR
Note that a function A is 1-increasing if and only if it is increasing in each variable. The following types of 1-increasing functions will
be of special interest in our paper: standardized functions, semicopulas [13,14] and quasi-copulas [1-4,15] (for some category-related
aspects see, e.g., [10]).

Definition 2.5. An n-variate function A : 1" — [ is called

(i) standardized if it is grounded, 1-increasing, and satisfies A(1) =1,
(ii) a semicopula if it is grounded, 1-increasing, and has uniform marginals,
(iii) a quasi-copula if it is a 1-Lipschitz semicopula.

We remark that any nonzero, grounded, 1-increasing function A : [” — R can be standardized by dividing it by A(1). Next, we
recall the definitions of avoidance of sure loss and coherence for pairs of bivariate standardized functions adjusted to the case of
functions defined on [2.

Definition 2.6. ([33]) Let A, B : 12 — [ be standardized functions with A < B.

(i) Given the pair (A, B), we speak about avoidance of sure loss if there exists a 2-increasing function C : 12 - [ such that A < C < B.
(ii) The pair (A, B) is coherent if

A=inf{C: [|2—>[||Cis 2-increasing, A < C < B} and B=sup{C: |]2—>[||Cis 2-increasing, A < C < B}.

We remark that any 2-increasing function C that satisfies A < C < B is in fact a cumulative distribution function, since it
is automatically grounded and satisfies C(1,1) = 1. Pairs of standardized functions (A, B) satisfying A < B are called bivariate
probability boxes, see [32]. Bivariate probability boxes can be constructed using so-called imprecise copulas and marginal univariate
probability boxes [32]. An imprecise copula is a pair of bivariate quasi-copulas (A, B) satisfying A < B. An imprecise copula avoids
sure loss if and only if the interval between A and B contains a true copula, and it is coherent if and only if A equals the infimum
(and B the supremum) of all copulas between A and B.

Now we extend these definitions to n-variate standardized functions and k-increasing n-variate functions (coherence of pairs of
n-quasi-copulas in the case k = n was already considered in [31]).

Definition 2.7. Let A, B : [" — [ be standardized functions with A < B and k € [n] \ {1}.

(i) Given the pair (A, B), we speak about k-avoidance of sure loss if there is a k-increasing function C : 1" — [ such that A < C < B.
(ii) The pair (A, B) is k-coherent if

A=inf{C: [" > 1] C is k-increasing, A < C < B} and B=sup{C: [" > 1]|C is k-increasing, A < C < B}.

The following lemma, though summarizing a very basic mathematical fact, will facilitate our arguments and improve the read-
ability of the proofs to come.

Lemma 2.8. Consider two n-variate functions A, B : 1" — [ with A < B and fix some integer k € [n]. For an arbitrary finite disjoint union
of k-boxes R € %,(1") and an arbitrary y € " the following holds:

Ay) if mg(y) <O,
max{mg(y)A(y), mg(y)B(y)} = mg(y) - 10 if mp(y) =0,
B(y) if mg(y)>0.

4
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Definition 2.9. Let A, B : 1" — [ be two functions with A < B and define the function L(A B . : %, (") = R by

LAP®R)= Y mpy)By)+ Z mR(A(Y)-
yel yeli"
mg(y)>0 mR(y)<0

Because of Lemma 2.8 we have for all R € %, (1")

LAY ®R) = Y max{mp(y)AQY). mg(y)B))- 21
yelir

This is actually a finite sum since mg(y) # 0 only for finitely many y € [”. Note that for a disjoint union of k-boxes R we have
LiA'A)(R) =V, x(R), and thus the function A4 is k-increasing if and only if LE{A’A)(R) >0 for all Re Zz, (I").

Furthermore, define the functions Pl\(/IA,’(B) : " > R and P(()Ak’B) ;1" >R by

A,B A.B
(A B) L( )(R) (A B) Lgc )(R)
x)= Tt and x)= o Tl
Re%’k( ) |mpx)| Ref}k( [mp(x)|
mg (x)>0 mg(x)<0

Here we use the convention that the infimum of an empty set equals 0. We also define the functions y(A B 5 R and 6,(('4’3) M-SR
by, respectively,

7P ) =min{ P{yP ), Bx) - Ax)}  and 8P (x)=min{ PSP (x), Bx) - AX)}.
The intuition behind the functions defined above is as follows. The k-avoidance of sure loss for a pair (A, B) of semicopulas will
be equivalent to the function LE{A’B ) being non-negative on any disjoint union of k-boxes, see Theorem 3.2. Now suppose that the
function L;A’B) is non-negative. The value yl(cA’B)(x) tells us at most how much we can increase the value of the function A at a single
point x so that after the change the function L;(A’B) remains non-negative, see Proposition 4.1. Similarly, the value 51(€A’B)(x) tells us

at most how much we can decrease the value of the function B at a point x so that after the change the function LE{A’B) remains
non-negative, see Proposition 5.1.

Definition 2.10. Let §,,65, ..., 5, be subsets of | containing both 0 and 1, and put 2 = []}_, §; C I". If each set §; is countably infinite
and dense in [ then also & is countably infinite and dense in [”. We call such a & a dense countably infinite mesh in [".

Note that a dense countably infinite mesh & contains the points 0 and 1. We define a version of the functions P;,f kB), P(A B),
y,(cA B), and 51(:"3) for functions A, B defined on a mesh & as follows. Let %, (%) be the set of all finite disjoint unions of k-boxes

with vertices in & and let A, B: 2 — [ be functions with A < B. Then the functions Plff kB%, P(()Akl;, y/({A@B) and 5<A B a1 map from 2
into R and are defined by, respectively,

(A,B) (A,B)
PP (@) R) . R)
Mk, 2 Re%km ImR(d)I Fora Re%km ImR(d)I
mg(d)>0 mg(d)<0
ves () =min{ %) (d), B(@) - A@)}, 8.7 @ =min{ P55 (d), B(d) - A(d)).

If the point x from Lemma 2.3 belongs to Z, then the disjoint union of k-boxes R can be chosen from %, (2). Furthermore, Lemma 2.8
is valid also if the functions A, B are defined on Z only and y € &, in which case we have for all R € %,(2)

LAPR) =Y max{mg(d)Ad), mg(d)B(d))}.

de2
2.2. Bounds for P(()Ak’B) and Pl\(AAI’{B)

Proposition 2.11. Let Z be a dense countably infinite mesh in I" and fix some integer k € [n]. Let A, B: 2 — | be functions with A < B
and LZA’B)(R) 2 0 for all R € %#,(Z). Furthermore, assume that A(v) = B(v) for all vertices v of the unit cube [". Then for eachx € ¥

pA-B)

P 0+ B (0 2 B(x) — A®).

M.k.2

Proof. If x is a vertex of the unit cube [” then the claim holds, since the right-hand side of the inequality equals 0. So fix x € 2
which is not a vertex of the unit cube [”. By Lemma 2.3 there exist some R;,R, € #,(2) with mg (x) <0 and mg, (x) > 0 which can
be used to define a new disjoint union of k-boxes R; by
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ImR, ()] Img, (0]

Re=| [ ®L L] R|

=1 t=1

i.e., R3 consists of |mg, (x)| copies of R; and |mg (x)| copies of R,. We want to show that

LYPR)  LMPRy LAP(R;)
>BxX)—AKX)+ —~ > 2.2)
|mg, (%)] |mg, (%)] |mg, (®)] - |mg, (x)]
Inequality (2.2) is equivalent to
|mg, ()] - LD R)) + [mg, (0] - LEP (Ry) > [mg, ()] - g, ()] - (Bx) = A) + LD (Ry), (2.3)

which in turn can be rewritten into

i, GO+ Y, max { g, (@A), mg, (@B} + g, 0]+ Y, max { g, @ A@), mg, @B }

de2 dez

Z [mg (¥)] - Img, ()] - (B(x) — A(X)) + Z max {mR3 (DA(d), mg, (d) B(d)} .
de2

We shall investigate the contribution of each d € 2 to both sides of the inequality (2.3) by distinguishing the two cases (1) d =x,
and (2) d # x. Note that the term |le )| - |mR2 (x)| - (B(x) — A(x)) contains the point X, so it needs to be considered only in case (1).
Case 1: d =x. Since mg, (x) < 0 and mg, (x) > 0, its contribution to the left-hand side of (2.3) is

|mg, ()| - mg, (X) - AX) + |mg, (X)] - mg, (X) - BX) = |mg, (X)] - |mg,(®)] - (BE) = A(X)).

Since mg, (x)= |mR2 )| -mg, x)+ |mR1 )| -mg, (x) =0, the term |mR1 )| - |mR2 (x)| - (B(x) — A(x)) also equals its contribution to the
right-hand side of (2.3), implying that the inequality holds.

Case 2: d # x. Since |mR2 )| -mRI(d) + |le(x)| - mg, d) = mg, (d), for the contribution of d to the left-hand side of (2.3) we
obtain the following lower bound

1, GO - max { g, (@A), mg, (@ B(@) b+ g, (0] - max { g, (@) A@), g, @ B(@) }
> max { Img, (01 i, (@) - A@) + g, ()] - i, (@) - A@), g, ()] - i, (@) - B@) + g, ()] - g, (@) - B@) |

= max {mR3 ()A(d). mp, (d)B(d)} .

equaling the contribution of d to the right-hand side of (2.3). Thus, inequality (2.2) is verified. The last term of inequality (2.2) is
non-negative by assumption, so it follows that

LYPR)  LAPRy

> B(x) — A(Xx).
i Gl ool 2 0T AX

In order to obtain the desired result it suffices to take the infimum over all R; € %, (2) with mg, (x) < 0, on the one hand, and the
infimum over all R, € %, (2) with mg, (x) > 0, on the other hand. []

Lemma 2.12. Let A, B : 1" — | be semicopulas with A < B and fix some integer k € [n].
(i) If B is continuous then for all x € [" : P(()Ak’B)(x) < Bx) — A(x).

(ii) If A is continuous then for all x € [" : PI\(/IA;CB)(X) < B(x) — A(x).

Proof. First assume that x = (x|, ...,x,) € ]0,1]" and that B is continuous. If x =1, then the set {R € %, (I") | mg(x) < 0} is empty,
P(()”*];B)(x) =0 by definition, and the first inequality holds. If x # 1, there exists x; < 1. By permuting the coordinates, we may
assume without loss of generality that x; < 1. Choose an ¢ such that 0 <& <1 — x; and denote x’ = (x,,0,...,0,x4,,...,x,) and
X" =(x; + €%y, ..., X Xpy 15 .- » X,). Then Ry = [x/,x"'] is a k-box with m g (x) =—1 and

PSP <LMP(R) = BR) - Ax),

since all other vertices of R; have at least one coordinate which equals 0. Sending ¢ to 0 and using the continuity of B gives the first
inequality for the point x.

Next assume that x € ]0, 1]” and that A is continuous. Choose an € such that 0 < £ € x; and put X’ = (x; —¢,0, ... ,0, Xjeglso-e2Xy)
and x” = (x| = &,X), ..., X X441 ... X,). Then Ry = [x',x] is a k-box with mp, (x)=1, mp, (x"") = -1, and

P;/fﬁ(x) SLMP(Ry) = B(x) - AX").

Again, by sending ¢ to 0 and using the continuity of A we obtain the second inequality for the point x.

6
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Fig. 2. Graph of a function which does not satisfy Condition S (left) and a function which satisfies Condition S with .S = { % % } (right).

Now assume that x € 1" \ 10, 11", so at least one coordinate x; of x equals 0, implying that B(x) — A(x) = 0. We need to prove that
P(()A];B) (x) = PIE,[AI‘(B) (x) =0. We will do this without using any continuity of A or B, so the same reasoning will work for both cases.

Choose an ¢ > 0. If the set {R € Z,(I") | mg(x) <0} is empty then P(()A];B)(x) =0 by definition. If it is non-empty then there exists a

k-box R; = [x’,x”] with mp (x) = —1 such that x = (x’l, cnx), X = (x’l’, ...,x!) and x;f - x;. < g for all j € [n]. We have
AB AB
PIPo< L PRy= Y By- Y Am< Y, By Y, BY).
yel" yel" yei yEver Ry
mpy =1 ey )=-1 mpy =1

Since x; =0 we have x! <¢, so y; < & for every y = (yy,...,¥,) € ver R;. This means that B(y) < B(l,....1,y;,1,...,) =y, <€

since B is a semicopula. It follows that P(()A,;B) (x) < 2¥¢, and sending € to 0 gives P(()A];B )(x) = 0. The equality P;AA]‘(B)(X) =0 is shown
similarly. [] ' ' ’

3. Main theorems

In this section we formulate our main results, the proofs of which will be given in Section 7. These results give characterizations
of pairs (A, B) of standardized functions and semicopulas such that we have k-avoidance of sure loss (see Definition 2.7). Our results
extend the ALGEN method to the setting of standardized functions and semicopulas for any k € [n]. The acronym ALGEN stands
for Algebraic Obstacles in the Geometry of Negative Volumes. It is a method for constructing a copula lying between two given
quasi-copulas A and B with A < B, if it exists. For more details on the method see [30, Appendix A]. In order to state our main
results we first introduce the following notion.

Condition S. A function A : [" — [ satisfies Condition S if there exists a countable set .S’ C [ such that for every u € I” and every
i € [n] the set of discontinuities of the section t — A(uy, ..., u;_;,t,u;,1,...,u,) is contained in S.

Note that each section t — A(uy, ..., u;_1,t,U;q,...,u,) of a 1-increasing function A : [” — [ has countably many discontinuities.
Condition S requires that for each section its set of discontinuities is contained in a common countable set .S. Examples of functions
that do respectively do not satisfy Condition S are depicted in Fig. 2. Here is our first main result.

Theorem 3.1. Let A, B : " — [ be standardized functions with A < B and fix some integer k € [n]. Suppose that at least one of the functions
A and B satisfies Condition S for a set S C [. Then the following statements are equivalent:

(i) There exists a k-increasing n-variate function C : " — [ such that A< C < B.
(i) Foral Re Z,(1") :  LP(R)>0.

Note that whenever 2 C [” is a countably infinite mesh then the assertion (ii) of Theorem 3.1 implies that LE{A’B)(R) >0 for all
R € %,(2). In the framework of semicopulas, Theorem 3.1 can be strengthened by omitting Condition S.

Theorem 3.2. Consider two n-variate semicopulas A, B : I" — [ with A < B and fix some integer k € [n]. Then the following statements are
equivalent:

(i) There exists a k-increasing n-variate semicopula C : " — | such that A< C < B.
(i) Foral Re Z,(1") :  LP®R)>0.
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4. Construction of C from below and discussion of its properties
4.1. Constructing C from below

We will construct the function C first on a dense countably infinite mesh 2. This will be done by raising the values of the function
A point by point. The first proposition describes how this is done at a single point.

Proposition 4.1. Let 2 be a dense countably infinite mesh in " and fix some integer k € [n]. Let A,B: 2 — | be functions with A < B
and L;{A’B)(R) >0 for dll R € %#,(2). Fix a point x € 9 and define the function A’ © 9 — | by

) fu#x,
Aw= {A(x) /AP0 ffu=x.

Then it follows that A < A’ < B, that the pair (A’, B) satisfies the condition L(A B)(R) >0 for all R € #,(2), and that y(A B)(x) =0.

(A,B)

Proof. If u#x then A’(u) = A(u) < B(u) and, by definition of Yig

A'(X) = AX) + 757 (%) S AX) + BX) = AX) = B(X).
If R € %,(2) with mg(x) > 0 then L‘A"B)(R) = L*P(R) > 0. 1f R € 2,(2) with mg(x) <0 then

L(A PR) = LAPR) = mg(0AX) + mgx)A'(x) = LMD (R) + mR(x)y(A B (x), (4.1)
implying

s (A,
yA B)( )< PAB) () < LR __LkA PR)
OkTTIZ mg®)] (%)

Since mg(x) < 0 it follows that mR(x)y(A B)(x) L(A B)(R), and thus again L(A B)(R) > 0. To verify y(A B)(x) =0 we
compute
(A',B) (4.B) R
pA'B L} (R) . L7 (R)

o _
Fokis ™= o T = k2o ]~ T
mg(x)<0 mg(x)<0

o 0 =Poy )~ 7" x)

by (4.1). Note that we may use (4.1) since the infimum is taken over disjoint unions of k-boxes R with mg(x) < 0 only. Finally,

(A.B

(A.B
Yo

7P = '3, B - AX) -7 00} =7 P 0 - v P o =0. O

min{ P2 (x), Ba) — A'(x)} = min{ Py (%) -

In the following proposition we construct C as a pointwise limit of an increasing sequence of functions A’ obtained
from A.

Proposition 4.2. Let & be a dense countably infinite mesh in [" and fix some integer k € [n]. Let A, B: 2 — | be functions with A < B
and LZA’B)(R) 2 0 for all R € %#,(Z). Then there exists a function C : 2 — | such that

(i) ASC<Bon2,
(i) y(c B)(d) =0forallde 2,

(i) LEPR) > 0 for all R € 7,(9).

Proof. Since 2 is countable we can arrange the elements of & into a sequence (d;);cn. We recursively define a sequence of functions
AD: 91 putting AO = A and, fori>1,

. A=D) ifd#d,,
A(l)(d) = 1 (A( ).B) . (4.2)
A + 7 ;) ifd=d,

The deﬁnition of A and Proposition 4.1, imply A < AV < A@ ... < AC-D < AD < ... and AD < B. Using Proposition 4.1, we also
@ m 0)

have y “‘ #(d;)=0forallieNand L\ "*'(R) > 0 for all R € %,(2). It follows that y(A Pzt P > “‘ By >

for all d € 9. Hence, y,((A@ B)(d )y=0foralli>j.

Now, let C be the pointwise limit of the sequence (A®),cy. The limit exists since at each d € 2 the sequence of numbers
(AD(d)),cp is increasing and bounded. It immediately follows that

8
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(i) ASC<Bong;
(i) y(c B)(d-) =0forall jEN;

(i) LEBR) =lim,_ o, LA P (R) > 0 for all R € Z,(2);

where (iii) holds because there are only finitely many points d € 2 with my(d) # 0, thus completing the proof. []

4.2. On the k-increasingness of C

We have so far shown that for two n-variate functions A, B: 2 — [ on a dense countably infinite mesh 2 C " with LiA’B)(R) >0
for all R € Z,(Z) we may obtain another function C: ¥ — [" as the pointwise limit of a sequence of functions (A(i))ieN as given
by (4.2).

We shall show that the function C obtained in this way is k-increasing, i.e., fulfills LE{C’C)(R) 2 0 for all R € Z,(2). Before doing
so, let us first look at the consequences a violation of the k-increasingness for C would have.

Without loss of generality we may assume that the k-increasingness is violated for a k-box R* € %#,(2), i.e., LECC’C)(R*) < 0. Note
that the k-box R* has exactly 2% vertices, half of them with positive multiplicities. We shall denote these vertices by x;, i.e., for each
i € [2¥-1] we have

x; € ver R* and  mp(x;)=1. (4.3)

The following lemma illustrates that for a subset thereof the values of B and C differ and give rise to the existence of a disjoint union
of k-boxes with respect to which the vertex has a negative multiplicity.

Lemma 4.3. Let & be a dense countably infinite mesh in " and fix some integer k € [n]. Let B,C : 2 — | be functions with C < B
L(C B)(R) 20 for all R € %,(2), and y(c B)(d) 0 for all d € 2. Furthermore, assume that C(v) = B(v) for all vertices v of the unit cube
" and that there exists a k-box R* € %k(j) with

LRy =v<0. (4.4)
Then there exists s € [25~!] such that for each i € [s] there exist a vertex x; € ver R* and a finite disjoint union of k-boxes R; € %,(2) with

C(x) < B(x)) x)=1 x)<0  and LE‘C’B)(R")J”' “.5)
X; X)), mp(x)=1,  mg(x an ECHIES .

For all other X; € ver R* with mg.(X;) =1 it holds that C(x;) = B(x;).

Proof. Let R* € #,(2) be a k-box with LE(C’C) (R*) =v <0, and denote by x; its vertices with positive multiplicity, i.e., for each
i € [2k-1] we have X; € ver R* and mp.(x;) =1 (as in (4.3)).

Since y(C B)(d) = min{ P(()Ck];)(d), B(d) - C(d)} =0 for all d € 2, this holds in particular also for all x;. Assuming B(x;) — C(x;) =0
for all vertices x; with i € [2%=1] leads, on the basis of the assumptions for C (compare also Proposition 4.2 (iii)), to the contradiction

0< L;{C’B)(R*)z L;C’C)(R*)<O.

We may therefore assume that (after a possible rearrangement of the vertices) there exists s € [2€~!] such that

) .
/P )_{P(()Ckgg(x)_o<13(x) C(x,) ifi€ls]. @)

B(x;) - C(x,)=0 if i € 25717\ [s].

Since for each i € [s] we have B(x;) > C(x;), the point x; is not a Vertex of the unit cube [”, and by Lemma 2.3 there exists an

le € %,(2) with mg; (x;) < 0. Since, for all d € 2, the function P(() P is given by

(C,B)
P(C ,B) _ k (R)
oro D= ,
Re@k@) |mR(d)|
mg (d)<0

we can further conclude that, for each i € [s], the infimum for P(() [ j(x ) is not taken over the empty set, implying that there exists
an R; € Z,(2) with

(C,B)

LRl
mg (x)<0 and S <1
R g, (%)

while my.(x;) =1 for i € [s] is trivially fulfilled. [



E.P. Klement, D. Kokol Bukovsek, B. Mojskerc et al. International Journal of Approximate Reasoning 165 (2024) 109089

Under the assumptions of Lemma 4.3 we obtain R; € %, (2) with i € [s] for some s € [2%-1], from which additional finite disjoint
unions of k-boxes R and f{i can be constructed. Taking into account that each corresponding vertex x; € ver R* fulfills (4.5), and in
particular also C(x;) < B(x;) for all i € [s], we define the following additional disjoint unions of k-boxes putting, for i € [s],

__m
|mRi(X,‘)| ’

() )0
R, = <!;| R*) u !;J <:1 R,> : (4.8)

For every d € 7, the multiplicities with respect to R and lAl,-, for i € [s], can be evaluated as

m=|mR](x1)|~...~|mRS(xS)| and m;

mﬁ(d)=m~mR*(d)+Zml-mR[(d) and  my (d)=m-mp.(d)+ Z m; - mg, (d), (4.9)
=1 lelsI\{i}

respectively. In particular, for each vertex x; of the k-box R* with mp.(x;) =1 and i € [s] we obtain the following equalities:

=-m

s S —
mﬁ(xi)zm-mm(xi)+2m,~mR1(xi)=m+m,~-le(xi)+ Z m,~mR[(xi)= Z m,~mR[(xi)

=1 N—— [els\{i} lelsI\{i}
=1 <0
mg ()= m - mpe (x;) + Dy m (%) = m+ my(x,). (4.10)
IelsI\ (i)

Having disjoint unions of k-boxes R and ﬁ,— for i € [s] at hand, we are now interested in identifying upper bounds for Lf’B)(ﬁ)
and Lf(c’B)(f{i).

Proposition 4.4. Let & be a dense countably infinite mesh in " and fix some integer k € [n]. Let B,C : 2 — | be functions with C < B,

LE{C’B)(R) 20 forallR € Z,(2), and 71(<CéB) (d) =0 for all d € . Furthermore, assume that C(v) = B(v) for all vertices v of the unit cube "
and that there exists a k-box R* € %#,(2) with Lic’c)(R*) = v < 0 such that there are vertices x; with mg«(x;) = 1 and C(x;) < B(x;) for

all i € [s] and some s € [2%~1], while for all other x; € ver R* with my«(x;) = 1 the equality C(x;) = B(x;) holds.
(i) For each i € [s] and each l/ii as defined by (4.8) we obtain
LEPR)<m- (Bx) - Cx)) +m- LR + Z m - LEPR,)). (4.11)
1e[s1\{i}
(ii) For Ras defined by (4.7) we get

s
C,B) c,C 5 C.B
LEPR) <m- LEOR)+ Y my- LEPR)). (4.12)
I1=1

Proof. We first focus on the upper bound for Lf(c’B)(ﬁ,-) for some arbitrary but fixed i € [s]. Due to C < B, and taking into ac-
count (2.1), we can express

LEPR)=Y max{mg (@ B(d), mg (DC)),
de2

leading to the following equivalent expression of (4.11)

D max{mg, (d) - B(@d), mg (d)- C(d))

dey
<m- (B)=Cx) +m- Y mpe(d)-C@)+ Y my- < Y max(mg, (d) - B(d), mg, (d) - C(d)}>.
deo le[sI\{i} deo

We shall investigate the contribution of each d € Z to both sides of the above equivalent form of inequality (4.11) by distinguishing
the following three cases: (1) d=x;, (2) d = X, with j€[s]\ {i} and 3)d e 2\ {Xj | j € [s]}, i.e., whether or not d is one of the
vertices of R* with positive multiplicity and different values at B and C.

10
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Case 1: Suppose d =x;, i.e., mg:(x;) = 1 and B(x;) > C(x;) (and P(()CIQZ(X,») =0). We consider two subcases. First assume that

mg (x;) 2 0. By (4.10), for the contribution of x; to LE{C’B)(f{I-) we obtain the following (in)equalities:

mi, (%) B)=m - mpe (%) - B+ Y my - mp, (%) - B(x,)

1e[s)\{i}
=m-Bx)+ Y m-mg(x): BX,)
1elsI (i)
=m(B(x) = CX)+m-mge(x)- C(x)+ Y. my-mg, (x)- B(x)
1elsh(i)
<m(B(x;) — C(x;)) +m-mp(x;) - C(x;) + Z m; - max{mRI(xi) . B(xi),le (x;)- C(x)}.
tels\ (i)

Secondly, if mg, (x;) <0, then for the contribution of x; to L;(C’m(ﬁi) we obtain, taking into account C(x;) < B(x;),
mﬁl_(xi) SO =mempe(x;) - C(x) + 2 my - mg (X;) - C(x;)
Ie[s1\{i}
<m-(B) = C(x) +m-mpe(x) - Cx)+ 3 my - max{me, (x;) - B(x,). mg, (x;) - C(x))}.
le[sI\{i}
Case 2: Consider d = X; with j e [s]\ {i}, i.e, mps(X;) =1, and C(x;) < B(x;). Assuming first that mg (x;) 20 we obtain for the
contribution of x ; to LiC’B)(ﬁ,-) the following series of (in)equalities:
mﬁ[(xj) - B(x;)=m-mp«(x;) - B(x;)+ 2 my - mR[(xj) - B(x;)
1e[s1\{i}

=m- B(x;)+m; - mg (x;)-B(x;) + >y g (x) - B(x))
—_——— 1elsI\{i,j}

=-m
= ) mmg(x)) Bx;)
lelsI\{i.j}
< 2 my - max{mg (x;) - B(X;), mg, (x;) - C(x;)}
lelsI\{i.j}
=m- mR*(xj) . C(xj) -m- C(xj) + Z my - max{mR,(xj) . B(xj),le(xj) . C(xj)}.
lelsI\{i.j}
Using the definition of m, it follows that

mﬁi(xj)-B(Xj)<m~mR*(xj)-C(xj)+mj-ij(xj)-C(Xj)+ E m1-max{le(xj)~B(xj),le(xj)~C(xj)}
le[sI\{i.j}

<m-mR*(xj)-C(xj)+ Z m,-max{le(xj)-B(xj),mR[(xj)-C(xj)}.
lelsI\{i}

Next assume that mg (x;) <0. Then the contribution of x; to LZC’B)(f{,-) satisfies
mﬁi(xj) -C(x;)=m-mp«(x;)- C(X;) + Z my - mg, (x;) - C(x;)
lelsI\{i}

<m- mR*(xj) . C(xj) + 2 my - rnax{mR’(xj) . B(xj),le(xj) . C(xj)}‘
lelsI\{i}
Case 3: Consider d € 2 \ {Xy,...,X,}. If mp.(d) =1 then d is a vertex of R* with positive multiplicity and necessarily fulfilling
B(d) = C(d). As a consequence,

max{mg (d) - B), mg () C(@)} = mg (@) - C(d)
=m-mp.(d)-C(d)+ Y, m-mg,(d)-C(d)
telsN{i)

=m-mp.()-C)+ Y mmax{mg, (d)- B(d),mg, d) Cd)}.
Ie[sI\{i}

Otherwise mp.(d) € {—1,0}, i.e., m - mg«(d) - B(d) < m - mg«(d) - C(d). Therefore, evaluating each term separately using (4.9), we
obtain

11
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max{mﬁi (d) - B(d), Mg, (d)-C(d)} <max{m-mp:(d) - B(d),m - mp«(d) - C(d)} + 2 my - max{le d) - B(d),le (d)-C(d)}
1els1\{i}

=m-mpg:(d)- C(d) + Z my - max{mg (d) - B(d), mg,(d) - C(d)}.
lelsI\{i}
Summarizing all three cases we have shown that (4.11) holds since the contribution of any d € D to its left-hand side is surpassed by
its contribution to the right-hand side of the inequality.
We now turn to L;(C’B)(R) and show that the inequality (4.12) holds which, following (2.1), can be equivalently expressed by

Y max{mg(d) - B@d),my(d)- C(d)} < Y m-mp.(d)- C(d) + Zm, (Z max {mg,(d) - B(d), mg, (d)- C(d)}>.
de2 de2 de2
We again look at the contribution of each d € Z to both sides of this inequality and distinguish different cases for d € 2.
Case 1: d € {x,...,X,}, i.e, Mmps(X;) =1 and C(x;) < B(x;) for each j € [s]. Assuming that mg(x;) >0, (4.10) implies that also
mﬁv(xj) =m+ mg (x ) > 0. As a consequence,
J

LE B G
pC.B) ®) Lk R))

(x;)= .
ko Re%(@) ImR(x | Img (x))
mg(x;)>0 J
Since P(()Ck];)(x j) =0, it follows from Proposition 2.11 that

Img, ()1 (BOx)) = COx) < Img (571 - (PG 206 + P (6) < LEPR,).

Moreover, by (4.11) and taking into account (4.4) and (4.5), we may argue that
mg, (%)) (B(x)) = Cx) < LEP(R;)
<m-(Bx;))=Cx)+m-LEORY+ Y m- LOPR)
lels\{J}
V]
<m-(B(x;)—C(x;)+m-v+ Z my - |mg (X)) - <
lelsI\{j}

=m-(BXx;)-Cx;)+m- U+mu(s—l)

= (Bx)) - Cx) - 1.

Since mg (x;) = m + mg(x;), we further obtain the contradiction
J

m- v

0.< mg(x) -(B(x;) = C(x,)) < — =2 <0,
——

>0

showing that necessarily mg (x )< 0 for all j € [s]. Therefore, for the contribution of any x g with j € [s] to the left-hand side of (4.12)
we obtain

my(x;) - C(x;) = <m Cmpe (X)) + ) my - mRI(xj)> FC(x)) <mempe(x;) - C(X,) + Y my - max{mg (x;) - B(X;), mg, (x;) - C(x,)}.

=1 =1

Case 2: d € 2\ {xq,...,X,}. If mg«(d) =1 then d is a vertex of R* with positive multiplicity and necessarily fulfills B(d) = C(d)
(compare also (4.6)). Then mg(d) - B(d) = mg(d) - C(d) and mg, (d)- B(d) = mg, (d) - C(d) for all / € [s], and therefore trivially

max {mg(d) - B(d), mg(d) - C(d)} = mg(d) - C(d)

=m-mp.(d)- C(d)+ Y m; - mg,(d)- C(d)
I=1

=m-mps(d) - C(d) + Z my - max{mR[(d) . B(d),mR’(d) -C(d)}.
I=1

If mg+(d) # 1 then d is not a vertex of R* or it is a vertex with negative multiplicity to R*, i.e., fulfills mg.(d) € {0,—1} since R* is a
k-box. Assume first that mg R(d) =0. Then, due to mp.(d) € {0,—1}, the contribution to the left-hand side of (4.12) satisfies

12
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mg(d) - B(d)=m - mg.(d)- B(d)+ Y m - mg, (d)- B(d)
I=1

<m-mp.(d)- C(d)+ Y m; - mg (d- B(d))
I=1

<m-mps(d)- C(@d)+ Y, m; - max{my, (d) - B(d), mg, (d) - C(d)}.
I=1

If mﬁ(d) < 0 then for the contribution to the left-hand side of (4.12) we obtain

mg(d) - C(d)=m- mp.(d)- C(d)+ Y m; - mg, (d)- C(d) <m-mp.(d) - C(d)+ Y, m; - max{mg (d) - Bd), mg (d) - C@)},
=1 =1

verifying that inequality (4.12) holds. []

We have now collected all the necessary details for showing that the function C obtained as the pointwise limit of the sequence
(A"D),c does not only have all the properties shown in Proposition 4.2 but is also k-increasing on 2.

Proposition 4.5. Let 2 be a dense countably infinite mesh in " and fix some integer k € [n]. Let A,B: 2 — | be functions with A< B
and LECA’B)(R) > 0 for all R € %#,(2). Furthermore, assume that A(v) = B(v) for all vertices v of the unit cube I". Let C: 2 — | be the

pointwise limit of the sequence (A(i)),»eN defined in (4.2). Then C is k-increasing on 7, i.e., LECC’Q(R) >0 forall R € Z,(2).

Proof. Note that C =lim,_,,, A?) implies that for each d € &

7$P@ = min( BSP (@), B@) - C(@)) =0,

and LECC’B)(R) > 0 for all R € Z,(2), according to Proposition 4.2.

Assume that C is not k-increasing, i.e., there exists a k-box R* such that L;{C’C)(R*) = v < 0, where the vertices x; of R* fulfill
mp«(x;) =1 and C(x;) < B(x;) for all i € [s] and some s € [2¥~!], while C(x;) = B(x;) for all other vertices with mp.(x;) = 1. Note
that C(v) = B(v) for all vertices v of the unit cube [” since A < C < B and A(v) = B(v). Then, following Lemma 4.3, there exist finite
disjoint unions of k-boxes R; € %, (2) such that for all i € [s]

6)<0 ama R
mg (X; an _ < —.
Rt Img, )| s
Combining the k-box R* and the corresponding disjoint unions of k-boxes R;, we introduce an additional disjoint union Re %, (D)
by means of (4.7). Proposition 4.4 provides us with an upper bound for LE{C’B)(f{) by means of (4.12), implying the contradiction

s s
0K LEP®) <m- LEORY + Y my - LEPR) <m-v+ Y my- % |mg, (%) =m - (v+|0]) =0,
I=1 I=1
showing that C has to be k-increasing on 2. []

5. Construction of C from above and discussion of its properties

The results of the previous section already prove the existence of a k-increasing n-variate function C on a dense countable mesh 7
by a construction from below, i.e., starting from the lower bound A. A rather natural question is whether or not the construction of
a, possibly different, function C could also be initiated from the upper bound B. This question can be answered to the positive. In
this section we briefly sketch the proof steps and the construction, pointing to possibly different arguments needed in the proofs in
comparison to the results related to the construction of a function C from the lower bound A.

In the single construction step, function B defined on the mesh & is reduced at an arbitrary but fixed point x € ¥ by means

of 6,(;;3), leading to a smaller function B’ still satisfying LE(A’B/)(R) > 0 for all R € %, (D). The proof of the following proposition

formalizing this step is in complete analogy to the proof of Proposition 4.1.

Proposition 5.1. Let & be a dense countably infinite mesh in [" and fix some integer k € [n]. Let A, B: 2 — [ be functions with A < B
and LE{A’B)(R) > 0 for all R € #,(2). Fix a point x € 9 and define the function B' : 9 — [ by

[ B ifu#x,
Bws= {B(x) —64B(y) ifu=x.

k.2
Then we have that A < B’ < B, that the pair (A, B') satisfies the condition LE{A’B/)(R) >0 for all R € %#,(2), and that 5,((’4; ’)(x) =0.
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Since 2 is a dense countably infinite mesh in [” containing the points 0 and 1, its elements can be rearranged into a sequence
(d;);en- As a consequence, a function C can be obtained as the pointwise limit of a sequence of functions B? : & — | recursively
defined by successively applying Proposition 5.1, i.e., putting B©® = B and, for i > 1,

. Bi-Da ifd+d,
B<'>(d)={ @ ifd+#d, (5.1)

B(i—l)(di) _ 5I(CA-0,ZB(f—l))(di) ifd= d[,

(compare also Proposition 4.2). The function C constructed in this way has the following properties.

Proposition 5.2. Let 2 be a dense countably infinite mesh in " and fix some integer k € [n]. Let A,B: 2 — | be functions with A < B
and LE(A‘B)(R) > 0 for all R € %#,(2). Then there exists C : 9 — | such that

(i) ASKC<Bon2,
(i) 6/%7(d)=0foralld € 2,

(i) L(R) >0 for all R € 7,(2).

When showing that C is k-increasing, assume first, to the contrary, that there is some k-box R* where the vertices x; € ver R*
with negative multiplicities, i.e., fulfilling mgz. (x;) = —1, are in the focus of our argumentation, in particular those fulfilling in addition
A(x;) < C(x;) with i € [s] and some s € [2¥71].

Lemma 5.3. Let & be a dense countably infinite mesh in 1" and fix some integer k € [n]. Let A,C: 2 — | be functions with A < C,
LiA’C)(R) >0 for all R € %#,(2), and 6,(:‘;) (d) =0 for all d € 9. Furthermore, assume that A(v) = C(v) for all vertices v of the unit cube "
and that there exists a k-box R* € %, (2) with LLC‘C)(R*) =0 < 0. Then there exists s € [2¥~1] such that for each i € [s] there exist a
vertex X; € ver R* and a finite disjoint union of k-boxes R; € %,(2) with

Ax)) < C(x,) x) =1 (x>0 d LLA’C)(R")< ol
X; X;), L(x)=—1, (x; , an = <=
i i mp i le i |mR,-(Xi)| s

For all other x; € ver R* with mg«(x;) = —1 the equadlity A(x;) = C(x;) holds.

The proof of Lemma 5.3 follows in analogy to the arguments for Lemma 4.3 and is thus omitted at this place.
For any such vertex x; with i € [s], mg=(x;) = —1 and mg, (x;) > 0 the following notations and additional disjoint unions of k-boxes
can be defined by putting, for i € [s],

_ m
|mR,.(X,')| ’

<!;| R*> - !:J <:1 R’) ' (53)

In analogy to Proposition 4.4, we are now interested in finding upper bounds for L;A’Q(lv() and LE(A’C)(IV{,-).

m=|mg (x)| ... |mg (x,)| and  m

R,

Proposition 5.4. Let & be a dense countably infinite mesh in 1" and fix some integer k € [n]. Let A,C : 2 — | be functions with A < C,

LE{A’C) R) =0 forall R € %,(2), and chcAéC)(d) =0 for all d € &. Furthermore, assume that A(v) = C(v) for all vertices v of the unit cube "

and that there exists a k-box R* € %,(2) with LE{C’C)(R*) = v < 0 such that there are vertices X; with mg«(x;) = —1 and A(x;) < C(x;) for
all i € [s] and some s € [25~1], while for all other vertices X; € ver R* with mp.(X;) = —1 we have A(x;) = C(x;).

(i) For each i € [s] and each lvli as defined by (5.3), the following holds

LAOR) <m- (Coxp) = A)) +m- LEORY+ Y my- LAOR)). 5.4
1e[s1\{i}
@ii) For R as defined by (5.2) the following holds
N
LAOR) <m- LEORY + Y my - LAOR,)). (5.5)
=1

14
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Proof. When showing the validity of (5.4), the contribution of each d € 2 to both sides of the inequality can be considered in
analogy to the scenario when constructing C from below, i.e., starting from A (compare also the proof of Proposition 4.4). The cases
to be checked are (1) d =x;, (2) d =x; with j € [s] \{i}and 3)d € 2\ {x; |j € [s]}, i.e, distinguishing whether or not d is one of
the vertices of R* with negative multiplicity and different values with respect to A and C or not.

In order to show that (5.5) holds, only the contribution of d € {x,...,X,}, i.e., for elements X; €Y with mp. (x;)=-1 and
A(x;) < C(x;) for all j € [s] to both sides of the corresponding inequality needs slightly different arguments compared with the
situation when constructing C from A (see also the proof of Proposition 4.4). We briefly discuss these differences:

Case 1: d € {x;,...,Xx,}, i.e, Mmps(x;) =—1 and Ax;) < C(x;) for all j € [s]. If my (x;) < 0 then also mﬁj(xj) =-m+ my(x;) < 0

and, as a consequence, we get

(AC) (A.C) B
LRy LR
PAOx)=inf % R

04,2 ReZ(2) [mp(x))| ~ |my (x))|
g (x,)<0 J

Since PIS/IA,’CC;(X ;) =0, Proposition 2.11 implies

I, (6] - (C0x;) = AG) < I (5] - (P x) + P (x) < LEOR)).
Moreover, by (5.4) and in analogy to the proof of Proposition 4.4 we may argue that

I, (X)1 - (Cx)) = AG) < m- (COxp) = AG) +m- LEDRY+ ¥, my- LEOR)

1elsI\{j}
v
<m-(Cx)—AX ) +m-v+ Y my-|mg (x| %
1elsI\{j}
m-|v
=m-(Cx;) — A(x;)) — l l.
Since my(x;) = my (X;) +m, we obtain the contradiction
J
m- ||
0< (=1 - mg(x;) (C(x)) — A(x;)) = (—mﬁj(Xj) -m)-(C(x;) — A(X;)) < — <0,
~—— —_———
<0 =l (x))l=m

showing that mlv{(x ;) =0 for all / € [s]. Therefore, for the contribution of any x ; with j € [s] to the left-hand side of (5.5) we obtain

N N
mlv{(xj) . C(xj) = (m . mR*(xj) + Zm, . le(xj)> . C(xj) <m- mR*(xj) . C(xj) + Z my - max{mR[(xj) . A(xj),le(xj) . C(xj)}A
=1 I=1
Case 2: d € 2\ {Xy,...,X,} with mz.(d) = —1 and fulfilling A(d) = C(d). This case can be handled in analogy to the situation
when constructing C from A (see Proposition 5.4). []

Based on these results it can be shown that the function C obtained as pointwise limit of the sequence (B%),.y does not only
have all the properties mentioned in Proposition 5.2, but is also k-increasing on Z.

Proposition 5.5. Let & be a dense countably infinite mesh in [" and fix some integer k € [n]. Let A, B: 2 — | be functions with A < B
and LiA’B)(R) 2 0 for all R € %#,(2). Furthermore, assume that A(v) = B(v) for all vertices v of the unit cube I". Let C: 2 — [ be the

pointwise limit of the sequence (B(i))ieN as given by (5.1). Then C is k-increasing on 9, i.e., L;{C’C)(R) 2 0 for each R € %, ().

The proof of Proposition 5.5 can be carried out in analogy to the proof of Proposition 4.5, using some of the results of Lemma 5.3
and Propositions 5.2 and 5.4.

6. From a dense mesh to the unit cube

Given functions A < B defined on [”, in both Propositions 4.2 and 5.2 a function C, defined on 2, is constructed satisfying
A(x) < C(x) < B(x) for all x € 2. Propositions 4.5 and 5.5 show that the function C obtained in this way is k-increasing on 2 for
some k € [n]. Thus we can extend C to the entire unit cube ["” and show that this extension is still k-increasing and lies between A
and B (on the whole [").

Proposition 6.1. Let A, B: " — | be standardized functions with A < B and fix some integer k € [n]. Suppose that at least one of the
functions A and B satisfies Condition S with set S. Furthermore, let 2 C |" be a dense countably infinite mesh with S" C Y and C: ¥ — |
a k-increasing function such that A(d) < C(d) < B(d) for all d € . Then C can be extended to a k-increasing function C: 1" > 1 such that
A(x) < é(x) < B(x) forall x e 1".

15



E.P. Klement, D. Kokol Bukovsek, B. Mojskerc et al. International Journal of Approximate Reasoning 165 (2024) 109089
Proof. Suppose first that the function A satisfies Condition S, let 2 = §; X §, X --- X §,, and define the function C: "> 1lby

C(x)=sup{C(d) |d €[0,x]n 2). 6.1)

Note that the set on the right-hand side is non-empty because of 0 € 7. Since C is grounded and k-increasing on 2, it is 1-increasing
on 9. Hence, for ealch d € 2 we have C(d) = C(d), and C is an extension of C to [".

We claim that C is k-increasing on [”. Let R = [Xy] C 1" be a k-box. Denote the vertices of R by v,,V,,...,V,, where r =2*. We
may assume that mR(vj) =1lifje [%] and mg(v;) = —lifjelr]\ [%]. Let € > 0. For every j € [r] there exists d/- € [O,Vj] N 2 such
that C(v )= 275 < C(d;). Using these points d; we construct a k-box R with vertices in 2 which approximates R. For each i € [n]
let J! ={jelr]|(v));=x;} and J> = {j € [r] | (v)); = y;}, so that J! U J2 =[r]. If x; = y;, we define X; =max{(d,); | j € [r]} €,
and y; = X;, so that X; = J; < x; = y;. If x; < y;, we define X; = max{(d;); | j € J,.l} € §;, choose d; € ]x,-,y,-[n 5;, and also define
¥; = max{d;, max{(d,); | j € Jiz}} € §;, so that X; < x; < 9; < y;. Finally, we put X = (%1, %,,....%,), Y= 31, %2, ..., 9,), and R= [ﬁﬂ,
the latter being a k-box with vertices in &. Denote the vertices of R by d, 1 ,(/1\2, ,(,1\, in such a way that for all i € [r] and j € [r] we
have ((i\j)’ =X, if and only if (v;); = x;, i.e., if and only if j € Jl.l. Then mﬁ(c/l\j) =mg(v;) and d; < (/l\j <v, for all j € [r]. By (6.1),
this implies C(v;) > C(d;). Therefore we have the following inequality,

r/2 R r N r/2 R r 5 r/2 R r
Ve =Y Cvp- Y Evp>Yc (dj) -y (C(dj)+ TE) =Yc (d,) - Y c@p--
= j=rj2+1 =1 j=rj2+1 = j=rj2+1

and since C is 1-increasing and k-increasing on & we obtain

r/2 r

Ve >y c(d)- X c(d)-e=ve(R)-e>-e
j=1 Jj=r/2+1

Sending € to 0, we get Va(R) > 0 for all k-boxes RC ", i.e., Cis k-increasing on [".

We have A(d) < C(d) < B(d) for any d € 2 by assumption. For any x € I" and d € [0,x] N Z we have C(d) < B(d) < B(x), so
C(x) < B(x) by (6.1). To complete the proof it remains to show that A(x) < C(x) for each x € " \ 2.

Letx €["\ 2. Since x ¢ 2, at least one coordinate x; of x does not belong to ;. We may assume without loss of generality that,
for some m € [n], we have x; &0; for j € [m] and X; €0 for j € [n] \ [m]. Put d= s dpy Xy ..., x,) €[0,x] N 2 for each
d €[0,x]n 2. The function f; : t; — A(t{,d,,...,d,,X,,,1,...,X,) is continuous at t; = x; by Condition S, since x; ¢ §; and S C §;.
Since f is also increasing and 6, is dense in [, it follows that

s Ums sUms

A(xy,d,,....d xm+1,...,x,,)=sup{A(t1,d2,‘.. A Xppi1s -2 X))

1 €[0.x,] nd, }.

The function f, : t, — A(xy,15,d5,...,d,,,X,,41,...,X,) is continuous at ¢, = x,, increasing, and 6, is dense in [, so

A(X|, X0, d3, oo oy X1 X)) = SUp{AG ], 1, d3, ooy Xy 1 oo X,)

1 €[0.x,] N6y}

=Sup{A(tl,tz,d3,...,dm,xm+1,...,x,,) 1€ [O,xll Noy, 1 € [0,x2] 052}.

Continuing inductively up to index m, and at the last step using the increasing function f,, : t,, — A(xX|, ..., X 1, by Xpgts -5 Xp)
which is continuous at ¢,, = x,,,, we obtain

A(x)=sup{A(xl,...,xm_l,tm,xm+1,...,xn) t, € [O,Xm] ﬂ&m}

=Sup{ A1+ .. Lys Xppys -2 X,) | 1, € [0,x;] N 6; for all j € [m]}
=sup{4(d) |de10.x1n 7} =sup{A@) |d e [0.x1n 7}
<sup{C@|de0.x1n 7} =C),

completing the proof when A satisfies Condition S. Suppose now that the function B satisfies Condition S. In this case we define for
every x €[”

C(x)=inf{C(@)|d € [x,1]n 2}.

The functionNCN’ is another extension of C to I". Similarly as in the previous case we show that also Cis k-increasing. It is obvious
that A(x) < C(x) for any x € [". In order to prove C(x) < B(x) we use Condition S for the function B to show that

B(x)=inf{B(d) |d € [x,1]n 2}

in a similar way as above. []

When formulating the counterpart of Proposition 6.1 for the case of semicopulas, we can drop Condition S.

16



E.P. Klement, D. Kokol Bukovsek, B. Mojskerc et al. International Journal of Approximate Reasoning 165 (2024) 109089

Proposition 6.2. Consider two n-variate semicopulas A, B : 1" — [ with A < B and fix some integer k € [n] \ {1}. Further, let 2 C " be a
dense countably infinite mesh and C : 9 — | a k-increasing function such that A(d) < C(d) < B(d) for all d € . Then C can be extended
to a k-increasing function C' : 1" — | such that A(x) < C'(x) < B(x) forallx € .

Proof. The functions A and B are semicopulas and C lies between them, so C is grounded and has uniform marginals on 2. Since C
is grounded and k-increasing on 2 for some k > 2, it is also 1-Lipschitz. A 1-Lipschitz function has a unique continuous extension
to the closure of its definition set. The fact that Z is dense in I” makes the unique extension C’ defined for all x € [". Note that C’
coincides with the extension C of C defined in (6.1). However, when proving k-increasingness of C in the proof of Proposition 6.1,
Condition S was not utilized. Thus the same proof can be used here to show that C’ is k-increasing.

Furthermore, since C is 1-Lipschitz on 2, the extension C’ also coincides with the extension C from the proof of Proposition 6.1.
The proofs that A(x) < C (x) and 6(x) < B(x) for all x € 1" did not require Condition S, hence A(x) < C'(x) < B(x). [

7. Proofs of the main theorems
Now we can combine our findings to prove our main results, i.e., Theorems 3.1 and 3.2 which were stated in Section 3.

Proof of Theorem 3.1. Let A, B: [" — | be standardized functions with A < B. Suppose that at least one of the functions A and B
satisfies Condition S with a set S.
We first show that (i) implies (ii). Let C : [” — [ be a k-increasing function with A < C < B and R € %, (1"). Then

LAPR)= Y mgmBy)+ Y mgMARE Y, mg@Cy)+ Y, mp)Cy) =LV R) > 0.
yel" yel" yeli" yeli"
mg(y)>0 mg(y)<0 mg(y)>0 mg(y)<0

To prove that (ii) implies (i), suppose L;(A’B)(R) > 0 for all R € Z,(I"). Let 2 be a dense countably infinite mesh that contains S”".

Then Lf{A‘B)(R) > 0 for all R € %Z,(2). By Proposition 4.2 there exists a function C: 2 — [ such that A(d) < C(d) < B(d) for all
d € 2. Since A and B are standardized functions, we have A(v) = B(v) for all vertices v of the unit cube [". Proposition 4.5 implies
that C is k-increasing on 2. Hence, by Proposition 6.1, function C can be extended to a k-increasing function C : " — [ such that
AX)SC(x)< B(x)forallxel". []

In the proof of Proposition 4.2 we arranged the elements of Z into a sequence (d;),cn. The order is not important for the proof to
work. Note, however, that the obtained function C, constructed from below, satisfies

Cc@d)=A4"d))=Ad))+ 7,(:;)@1) = Ad,) + min{ Bd,) — A(d,), Pg)f,;f@)(dl)} = min{B(,), A(d,) + ng,f%(dl)}, (7.1)

where the function A’ is defined as in Proposition 4.1.
The proof of Theorem 3.1 could analogously be done with the use of Propositions 5.2 and 5.5, in which case the obtained
function C, constructed from above, would satisfy

Cd))=B'd))=B(d)) - 65 (d,) =max{Ad,), Bd)) - P;{;") @))}. (7.2)

Proof of Theorem 3.2. The proof for k > 2 is analogous to the proof of Theorem 3.1 (note that the assumption k > 2 appears in
Proposition 6.2). The only differences are that we can choose the dense countably infinite mesh Z arbitrarily since we do not have
Condition S, and that we use Proposition 6.2 instead of Proposition 6.1. Note that the function C we obtain is a semicopula because
it has uniform marginals, a property that it inherits from A and B, since A < C < B. If k = 1 then the proof that (i) implies (ii) is the
same while the opposite direction is trivial since we can take C = A. []

8. Coherence results

In the previous sections we were dealing with results related to the avoidance of sure loss. Now we present four consequences
concerning coherence (see Definition 2.7). Theorems 8.1 and 8.3 consider the case when the bounds are standardized functions,
while Theorems 8.2 and 8.4 deal with the case when the bounds are semicopulas. The k-coherence for the upper bound is given in
Theorems 8.1 and 8.2, while the k-coherence for the lower bound is considered in Theorems 8.3 and 8.4.

Theorem 8.1. Let A,B: 1" — [ be standardized functions with A < B and fix some integer k € [n]. Suppose that at least one of the
functions A and B satisfies Condition S and that L;(A’B)(R) 2 0 for all R € Z, (I"). Then the following are equivalent:

@) forallxel": Pg‘k’B)(x) > B(x) — A(x);
@) forallxel": B(x) = sup{C(x)|C: I" > 1, A< C < B, C is a k-increasing standardized function}.
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Proof. (i) = (ii): Assume that condition (i) holds and fix some x € [". Choose a dense countable mesh 2 C [" such that x € ¥ and
S" C 9. Note that for all d € 2 we have

(A B) (A,B)
D) ® o B ®
Pyl @)= inf — =Py ().
ReZ;, (1) ImR(d)I Reka Img(d)] 7
mR(d)<0 mg(d)

We repeat the proof from Theorem 3.1 by choosing d; = x in the proof of Proposition 4.2. By Equation (7.1) we get C(x) = B(x)
since P(() klg(x) > P(A B)(x) by the above and P(A B)(x) > B(x) — A(x) by assumption. Doing this for all x € I" gives us condition (ii),
because any k-i lncreasmg function between the standardlzed functions A and B is automatically standardized.

(ii) = (i): Now assume that condition (ii) holds. Fix some x € [" and some & > 0. By condition (ii) there is a k-increasing
standardized function C : I" — [ such that A < C < B and B(x) — £ < C(x). Then P(()’:C’B)(x) > Pg‘f)(x) and, for any R € %, (I") with

mg(x) <0, we have

LAOR =LEOR+ Y mp)(AWY) - C()) > mgX)(ARX) — C(X).
N——— yel" S—————

>0 mp(y)<0 >0
Hence, we get
PO e i L ®
x)= inff ———>—-(A(X)—C(x))>BX)—AXX)—¢
ReZ (1) |mg(X)]
mR(x)<0

and, therefore, P> (x) > B(x) -~ A(x). [
When the bounds are semicopulas, Condition S can be omitted and the equivalent condition (i) can be given as an equality.

Theorem 8.2. Let A, B : " — [ be semicopulas with A < B and fix some integer k € [n]\ {1}. Assume that LE{A‘B) (R) > 0 forallR € Z,(I").
Then the following are equivalent:

@ forallxer : PYP(x)=Bx) - Ax);
(ii) forallxel" : B(x) =sup{C(x)|C: I" -1, ASC< B, Cis a k-increasing semicopula}.

Each of the conditions (i) and (ii) implies that B is a quasi-copula.

Proof. Assume that the condition (i) holds. It trivially follows that for all x € [

Péf*f%x) > B(x) — A(X). (8.1)

We prove the condition (ii) in the same way as in Theorem 8.1, but with the use of Theorem 3.2 instead of Theorem 3.1.

Now assume that condition (ii) holds. We verify condition (8.1), again, in the same way as in Theorem 8.1. Every k-increasing
semicopula C is also 2-increasing and thus 1-Lipschitz. By (ii) the function B is a supremum of 1-Lipschitz functions, so it is 1-
Lipschitz and thus continuous. By Lemma 2.12 it holds that P(()’j‘k’B) (x) < B(x) — A(x). Together with (8.1), condition (i) follows. []

The proofs of the following two theorems rely on the proofs of Theorems 3.1 and 3.2 by constructing C from above, replacing
the function yk A.B) by 5(A ‘B) and using Equation (7.2) instead of Equation (7.1) (see also Section 5).

Theorem 8.3. Let A, B: " — [ be standardized functions with A < B and fix some integer k € [n]. Suppose that at least one of the
functions A and B satisfies Condition S and that LE(A’B) (R) > 0 for all R € %, (I"). Then the following are equivalent:

@ forallxelr: PIPx)>Bx) - A(x),
(ii) forallxel": A(x) =inf{C(x)|C: I" > 1, A< C < B, C is a k-increasing standardized function}.

Theorem 8.4. Let A, B : 1" — [ be semicopulas with A < B and fix some integer k € [n]\ {1}. Assume that LE{A’B)(R) >0 forall R € Z,(I").
Then the following are equivalent:

@ forallxel”: PP (x) = Bx) - AX);
(ii) forallxel" : A(x) inf{C(x)|C: ">, ASC< B, C is a k-increasing semicopula}.

Each of the conditions (i) and (ii) implies that A is a quasi-copula.
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Concluding remarks

We discuss k-increasing n-variate standardized functions, semicopulas and quasi-copulas. The case of k = n refers to the charac-
terization of n-variate copulas and the problem of relating a true copula to an imprecise copula has been solved in [28]. In [2-4,26]
several aspects of k-increasing n-quasi-copulas have been discussed, in particular for k =2 covering the case of supermodularity.
One of our aims has been to further reduce the conditions imposed on the functions we start with. Thus we work with a larger class
of functions but still obtain results on their avoidance of sure loss, i.e., provide a characterization of the existence of a k-increasing
n-variate standardized function and of a semicopula. Furthermore, we also show coherence results in this general setting. We expect
that our results contribute to a deeper understanding of probability and imprecise probabilities.
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