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A B S T R A C T   

The present numerical study assesses the jet length, diameter and velocity of various non-Newtonian power-law 
fluids of a gas dynamic virtual nozzle. A related two-phase flow problem is formulated within the mixture 
framework and solved with the finite volume method and volume of fluid interface treatment in axisymmetry. 
The process parametric range allows the incompressible laminar flow assumption. A comprehensive jet char-
acteristics analysis is carried out in a typical micro-nozzle configuration for a range of shear-thinning to shear- 
thickening fluids with power law indices 0.5 ≤ n < 1.5, gas mass flow rate of 10 mg/min and liquid volumetric 
flow rate of 43 µl/min, resulting in a gas Reynolds number of 130 with Reynolds and Weber numbers for a 
reference water jet being 90 and 10, respectively. It is observed that jets from shear-thinning fluids (0.5 ≤ n <
1.0) tend to be thicker, longer, and slower when compared with the shear-thickening fluids (1.0 < n ≤ 1.5). A 
dripping-jetting phase diagram of the nozzle is constructed by varying the power law index, gas and liquid flow 
rates in the range 0.9–1.1, 5–15 mg/min and 5–50 µl/min, respectively. It is observed that the area of stable 
jetting decreases with the increase of the power law index. The obtained novel information on the behaviour of 
non-Newtonian gas-focused micro-jets provides a possible new dimension for tailoring the serial crystallography 
sample delivery systems where the micro-jets carry dispersed crystals into an X-ray beam.   

1. Introduction 

Microfluidics has emerged in a wide range of applications, such as 
food safety (Nilghaz et al., 2021), drug screening (Sun et al., 2019), 
material synthesis (Günther and Jensen, 2006), and bioengineering 
(Finehout and Tian, 2009). Liquid jets emanating from micro nozzles are 
also commonly used for sample delivery in serial crystallography (SX) 
experiments (Grünbein and Kovacs, 2019; Weierstall, 2014; Zhao et al., 
2019) at synchrotrons and X-ray Free Electron Lasers (XFELs). This 
development is described in recent review papers (Cheng, 2020; Heja-
zian et al., 2020). They can also be used as precursors to monodispersed 
droplet generation for microencapsulation (Lee et al., 2016) in the 
pharmaceutical industry. Although most of the microfluidics applica-
tions involve Newtonian fluids, a handful of applications such as 
microreactors (Dessimoz et al., 2008), drug delivery (Fontana et al., 
2016), lab-on-a-chip (Stone et al., 2004), cell encapsulation (Navi et al., 
2018), and serial femtosecond crystallography (SFX) (Weierstall, 2014), 
involve complex, non-Newtonian liquids. They can include varying 

concentrations of polymers, surfactants, and biological/non-biological 
matter. The presence of non-Newtonian fluids, with a nonlinear rela-
tionship between shear stress and strain rate, essentially defines the 
hydrodynamic response of the microfluidic entities (Kumari and Atta, 
2022; Qiu et al., 2010) differing much from the Newtonian behaviour. 

Increased utilization of micro-jets in sample delivery for SFX at 
XFELs and SX at synchrotrons demands continuous improvements in 
their performance. In SFX experiments (Chapman et al., 2011), the 
high-intensity X-ray pulses diffract from the micro-crystals dispersed in 
the micro-jets. If pulses are short enough (in the femtosecond regime), 
the diffraction happens before the crystals are altered or destroyed, and 
the diffraction data can be used to obtain information on the protein 
structure (Neutze et al., 2000) or even time evolution in protein con-
formations. However, the high frequency of X-ray pulses requires 
replenishment of destroyed samples before the arrival of the next X-ray 
pulse. The required velocity depends on the XFEL operational frequency. 
Additionally, the weak diffraction signals from micron to submicron 
crystals require minimizing the background signal to gather high-quality 

* Corresponding author at: Laboratory for Fluid Dynamics and Thermodynamics, Faculty of Mechanical Engineering, University of Ljubljana, Aškerčeva 6, 
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data. Ideally, the protein crystals should stay in their native environment 
(water or buffer) until they interact with X-rays with the minimum 
amount of liquid around them. This necessitates that the jet diameters 
are commensurate to the X-ray and crystals sizes (~1 µm or below). 
Finally, to avoid shadowing from the nozzle, the sample-beam interac-
tion should ideally happen at least 100 µm from the nozzle outlet. 
Consequently, the stable jet length must be long enough to ensure 

interaction at such distances. 
The purpose of the present paper is to investigate the effects of the 

non-Newtonian shear-thinning/thickening fluid rheology on the micro- 
jet characteristics. 

The limitation of Rayleigh jets (Rayleigh, 1879) to miniaturization 
leaves flow-focusing (Gañán-Calvo, 1998) as the standard choice for 
producing liquid jets for SFX experiments. A focusing momentum from a 
co-flowing sheath gas is imparted to a liquid stream issuing from a 
feeding capillary of a gas dynamic virtual nozzle (GDVN) (DePonte et al., 
2008). GDVN’s are now routinely prepared using 3D printing technol-
ogy (Nelson et al., 2016). 

The multiphase jet flows in GDVNs involve complicated contribu-
tions of various cohesive and disruptive forces. The complex interaction 
of such forces dictates the ultimate behaviour of the resulting jets and 
droplets. They are influenced by fluid rheology, gas type, nozzle ge-
ometry, and process parameters (Zahoor et al., 2021a; Zhang et al., 
2020). Depending upon the involved fluids’ rheology, the shear pro-
duced at the liquid-gas interface acts as a countering agent against the 
interfacial instabilities and resulting jet breakup. The speed of the 
co-flowing gas significantly influences the jet characteristics. Various 
stability analyses have been performed on the energy transfer and force 
balances between liquid and gas flows in incompressible (Huerre and 
Monkewitz, 1990; Vega et al., 2010) and compressible (Rubio et al., 
2021) regimes. The jets for SFX are mostly used in a vacuum environ-
ment, making the gas compressibility effects significant (Rubio et al., 

Fig. 1. Scheme of computational domain with (a) actual nozzle, (b) axisymmetric domain modelling, (c) control volume arrangement with levels 1, 2, and 3 and 
respective cell sizes of 0.5, 1.0 and 2.0 µm. The blue colour represents the liquid. 

Table 1 
An overview of boundary conditions at six boundary patches.  

Patch Velocity Pressure Phase fraction 

Inlet liquid Ql = Q∘ ∂p
∂n

= 0 
α = 1 

Inlet gas m ⋅
g = m ⋅

∘ ∂p
∂n

= 0 
α = 0 

Walls v = 0 fixedFluxPressure [1] ∂α
∂n

= 0 

Outlet ∂v
∂n

= 0 
p = 101325 Pa ∂α

∂n
= 0 

Front wedge [2] 

Back wedge  

[1] This boundary condition sets the pressure gradient to the provided value 
such that the flux on the boundary is specified by the velocity boundary 
condition. 

[2] A special boundary condition to enforce cyclic conditions between the two 
patches. 
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2021). Rubio et al. (2022b) experimentally found that introducing 
viscoelasticity in transonic jet focusing reduces the liquid flow rate 
required to produce stable jets. 

The experimentally validated (Dupin et al., 2006; Herrada et al., 
2008; Nazari et al., 2023; Zahoor et al., 2021b) numerical approaches 
have been recently successfully utilized to study the Newtonian jet 
breakup behaviour as a function of the process (Zahoor et al., 2018c), 
geometrical (Šarler et al., 2021; Zahoor et al., 2018a), and material 
parameters (Zahoor et al., 2020, 2018b). All these studies offer 

systematic information on the complex behaviours of these multiphase 
flows but are limited to Newtonian fluids. The presence of crystals 
changes the behaviour of these jets from Newtonian to complex 
non-Newtonian. Additionally, in some settings, highly viscous 
non-Newtonian fluids (lipidic cubic phase) are extruded from feeding 
capillaries 10 - 50 µm in diameter to carry membrane proteins (Weier-
stall, 2014). In such high-viscosity fluids, co-flowing gas helps avoid 
curling. Although the process involving such gas-focused jets (Martiel 
et al., 2019) has been investigated extensively both experimentally 

Fig. 2. Jet diameter and jet length at the nozzle outlet as a function of time and cell size for n = 1.0 (pure water) with gas and liquid flow rates of 10 mg/min and 43 
µl/min, respectively. 

Fig. 3. Shear stress profiles of Newtonian fluid (n = 1.0) as a function of radius at 4 axial positions along the jet and mesh density with gas and liquid flow rates of 10 
mg/min and 43 µl/min, respectively. 
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(Beyerlein et al., 2015; DePonte et al., 2008; Echelmeier et al., 2019; 
Knoška et al., 2020; Oberthuer et al., 2017; Wiedorn et al., 2018) and 
numerically (Beľsak et al., 2021; Herrada et al., 2008; ̌Sarler et al., 2021; 
Zahoor et al., 2021b, 2018c, 2018a), only a few included 
non-Newtonian behaviours (Aliseda et al., 2008; Ertl and Weigand, 
2016; Hejazian et al., 2020; Li et al., 2013; Negri et al., 2013; Ponce--
Torres et al., 2016). For example, Aliseda et al. (2008) studied the at-
omization of non-Newtonian liquids by coaxial gas jets in co-flow 
atomizers used in tablet coating in the pharmaceutical industry, both 
theoretically and experimentally, while Ertl and Weigand (2016) per-
formed direct numerical simulations to investigate the primary breakup 
phenomena of shear-thinning liquid when issued in a stagnant air 
environment. Ponce-Torres et al. (2016) considered the gas focusing of 
viscoelastic capillary jets in their experiments. 

Most studies involving non-Newtonian fluids consider liquid-liquid 
(Derzsi et al., 2013; Edmond et al., 2006; Rostami and Morini, 2019) 
multiphase flows in microfluidic appliances. Rare experimental studies 
focused on gas focusing of viscoelastic fluids (Ponce-Torres et al., 2016) 
and ultrafine fibre solution blow spinning (Hofmann et al., 2018). These 
studies were mainly experimental and utilized plate-orifice nozzles 
while considering the viscoelastic behaviour of focused fluids. The nu-
merical investigations (Shi and Tang, 2015; Sontti and Atta, 2017) re-
ported a strong influence of the jet and droplet formation from the 
rheological properties of the operating fluids, in addition to surface 

tension and flow rate. Additionally, numerical investigations involving 
non-Newtonian fluid behaviour included droplet formation in T-junc-
tion microchannel (Kumari and Atta, 2022) and droplet formation from 
power-law fluids in liquid-liquid flow-focusing device (Chen et al., 
2020). A more comprehensive understanding of the physics of the 
gas-focused jet from converging GDVN involving a range of Newtonian 
to non-Newtonian fluids (shear-thinning/thickening) (Bergmann et al., 
2017) is needed. 

The inclusion of non-Newtonian rheological behaviour of focused 
liquid in the present paper is aimed to expand the knowledge base 
around previous parametric studies involving gas-focusing and the in-
fluence of external excitations (Cruz-Mazo et al., 2019; Zupan et al., 
2023). 

2. Model formulation and solution procedure 

2.1. GDVN geometry 

The problem involves a two-phase gas-liquid flow in a cylindrically 
symmetric GDVN, as shown in Fig. 1. Similar GDVN geometry has been 
discussed extensively (Zahoor et al., 2018a). The GDVN consists of an 
inner liquid-feeding capillary and an outer converging gas flow capil-
lary. In the experimental setting (Zahoor et al., 2021b), the liquid and 
gas flow is ensured by supply lines from flow controllers. 

Fig. 4. Viscosity distribution in the liquid micro-jet with gas and liquid flow rates of 10 mg/min and 43 µl/min, respectively as a function of different power-law 
index (from top to bottom: n = 0.5, 0.75, 0.90, 1.0, and 1.10). 
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Fig. 5. The streamlines near the liquid meniscus for gas and liquid flow rates of 10 mg/min and 43 µl/min, respectively as a function of the power-law index (from 
top to bottom: n = 0.5, 0.75, 0.90, 1.0, and 1.10). 

R. Zahoor et al.                                                                                                                                                                                                                                 



International Journal of Multiphase Flow 170 (2024) 104628

6

2.2. Governing equations 

The numerical model consists of a mixture formulated mass and 
momentum conservation equations of an incompressible and immiscible 
gas-liquid two-phase flow. The axisymmetry of the numerical model 
provides a reasonably good physical insight into the jet before the pri-
mary breakup. It is, however, not applicable for modelling the whipping 
instabilities (Blanco-Trejo et al., 2020) and secondary jet breakup. Both 
are out of scope in the present study since the primary interest is in 
operating parameters typically used in SFX to reach stable jetting. That 
is why the extensive computational resources used in 3D modelling 
(Herrada et al., 2008; Vega et al., 2010; Beľsak et al., 2021; Zahoor et al., 
2021b) for assessing the differences between the non-Newtonian and 
Newtonian jet behaviour, are not needed. 

The governing mass and momentum conservation equations are as 
follows: 

∇⋅v = 0, (1)  

∂
∂t
(ρv) + ∇⋅(ρvv) = − ∇p +∇⋅

[
2μ(∇v)sym

]
+ fσ , (2)  

where v represents mixture velocity, p pressure, μ kinematic viscosity, ρ 
density, (∇v)sym = 0.5[(∇v)+(∇v)tr

] symmetric part of the velocity 
deformation tensor, and fσ the body force due to the surface tension. 

To describe the presence of (gas/liquid) phases at a given point 
P(x, t) with spatial position x and time instance t, a phase function α(x, t)
is introduced such that: 

α(x, t) =
{

1 P(x, t) ∈ liquid
0 P(x, t) ∈ gas . (3) 

In the absence of phase change, the interface advection equation is 
represented as: 

∂
∂t

α + v⋅∇α = 0. (4) 

The material properties of the flow field (1) and (2) are provided by 
volume averaging: 

ρ = ρlα + ρg(1 − α) (5)  

μ = μlα + μg(1 − α) (6)  

v =
[
vlρlα+ vgρg(1 − α)

]/
ρ (7) 

The volumetric representation of the surface tension force is fσ =

σκ∇α with σ denoting the surface tension and κ the interface curvature. 
The continuum surface force (Brackbill et al., 1992) model is used for 
estimating the interface curvature κ(α) = − ∇⋅n̂, with n̂ = ∇α /|∇α|
being unit interface normal pointing from the gas to the liquid. 

The compressible formulation of the subject problem has been 
extensively discussed in (Zahoor et al., 2018c). 

There are various models available to describe the non-Newtonian 
fluid rheology. Amongst them are Byron and Carreau (1968), Carreau 
(1972), Cross (1965), Casson (1959), and the power-law Reiner (1926) 
model, to name a few. We assume the power-law type of non-Newtonian 
behaviour of the focused liquid with viscosity calculated by 

μl = K|γ|n− 1
; |γ| = 2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(∇v)sym : (∇v)sym

√
, (8)  

with K representing the consistency index and n being the power-law 
index. The power-law fluids are categorized into shear-thinning (n <
1), Newtonian (n = 1), and shear-thickening (n > 1) fluids. 

The Bond number (Bo= ΔρgL2 /σ) representing the relative impor-
tance of the gravitational to surface tension force of the problem under 
consideration (Δρ = ρl − ρg = 998 − 0.164 = 999.83 kgm− 3, L =

35 μm, g = 9.8 ms− 1, and σ = 0.072 Nm− 1) is very small (1.5 × 10− 4), 
thus indicating that the gravitational forces can be neglected. 

The numerical solution of Eqs. (1)-(2) is based on the finite volume 
method (FVM) discretization (Ferziger and Perić, 2002; Moukalled 
et al., 2016; Versteeg and Malalasekera, 2007), where the gas-liquid 
interfaces are defined by the volume of fluid (VOF) model (Hirt and 

Fig. 6. The axial component of velocity (logarithmic scale) for gas and liquid flow rates of 10 mg/min and 43 µl/min, respectively as a function of the radius at four 
axial positions for five different power-law indexes. 
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Fig. 7. Shear stress (force in the z-direction and surface in the r-direction) distribution in the liquid micro-jet with gas and liquid flow rates of 10 mg/min and 43 µl/ 
min, respectively as a function of different power-law index (from top to bottom: n = 0.5, 0.75, 0.90, 1.0, and 1.10). 
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Nichols, 1981). Numerical simulations are performed with OpenFOAM 
(Greenshields, 2022) package. The standard algebraic formulation of 
VOF is susceptible to interface smearing issues, which is countered by an 
interface compression approach (Weller, 2008). The numerical solution 
of axisymmetric problems with OpenFOAM requires modelling of the 
domain in the shape of a 5

◦

wedge, as represented in Fig. 1-a. The bottom 
plane of the wedge is collapsed to the symmetry axis. The nozzle domain 
is discretized into ~150 000 hexa-dominant finite volumes (Fig. 1-b). 
The maximum refinement is ensured in the region of interest (gas-liquid 
interface) with a minimum cell size of 0.5 µm (Fig. 1-c). The cell sizes 
grow away from the liquid jet to a maximum of 16 µm. A scheme of the 
spatial distribution of control volumes over the computational domain is 
represented in Fig. 1-b. 

The outlet domain size with the length l = 3500 µm, and radius h =
1000 µm, and the minimum cell size of 0.5 µm is based on the previously 
reported mesh independence study for a similar nozzle and numerical 
model (Zahoor et al., 2018c). The boundary of the discretized numerical 
domain is grouped into six distinct boundary condition types. They are 
defined in Table 1. 

A minimum of 2nd order accurate schemes is used in the solution 
procedure. The derivative terms are calculated using Gaussian finite- 
volume integration (LeVeque, 2002). A 2nd order accurate vanLeer 
Total Variation Diminishing (TVD) scheme (van Leer, 1979) is used for 
convective terms. Interpolation of variables from cell to face is obtained 
by a TVD scheme limitedLinearV. The transient terms are treated with 
Crank-Nicolson 2nd order accurate transient scheme. It utilizes a 
blending coefficient ϕ to provide blending between two schemes (0: 
Euler, 1: Crank-Nicolson). A value of ϕ = 0.9 was utilized as it provides a 
good compromise between accuracy and robustness. For 
pressure-velocity coupling PIMPLE algorithm is utilized, a blend of 
SIMPLE and PISO algorithms. The time step is adapted based on the 
Courant number (Courant et al., 1967) Co = (|v|Δt /Δx)≤ 0.30. A 
detailed documentation about the implementation and guidelines for 
using described numerical schemes is given in (Moukalled et al., 2016). 

Helium gas of constant density ρ = 0.164 kgm− 3 and constant vis-
cosity μ = 1.96 × 10− 5 Pa.s was assumed as the focusing gas. The vis-

cosity of the focused liquid ranged from Newtonian to shear-thinning 
and shear-thickening. They were assumed such that the values of power- 
law index n were changed around water (n = 1) for shear-thinning 0.5 ≤
n < 1 and shear-thickening 1.5 ≥ n > 1. The consistency index (K =
0.001 Pa.s), density (ρ = 1000 kgm− 3), and surface tension (σ = 0.072 
Nm-1) were kept constant. 

The numerical simulations were performed up to 10− 3 s. Each 
required ~150 h of computational time on 64 Intel (R) Xeon (R) pro-
cessors. The resulting output data was analysed with ParaView (Ahrens 
et al., 2005) and Matplotlib (Hunter, 2007) to provide the jet stability, 
shape, velocities, viscosities, and shear stresses etc. 

3. Results 

The influence of the non-Newtonian behaviour of the jet was per-
formed for the range of power-law index n = 0.5–1.5 at the fixed gas and 
liquid flow rates of 10 mg/min and 43 µl/min. The choice of such 
operating flow rates provides a long and stable jet for a reference 
Newtonian water (n = 1.0) jet. This enables the sensitivity studies of the 
changes in the jet characteristics, i.e., length (Lj), diameters (Dj), and 
velocities (vj) as a function of fluid rheology around the reference case. A 
jetting-dripping phase diagram was constructed for the range of power 
law, gas and liquid flow rates 0.9–1.1, 5–15 mg/min and 5–50 µl/min, 
respectively, to determine the mutual influence of the flow rates and 
non-Newtonian behaviour. 

The mesh-independent numerical results for gas and liquid flow rates 
of 10 mg/min and 43 µl/min, respectively, are ensured by conducting a 
related convergence study on Newtonian fluid (n = 1.0). Jet stability, 
shape, and resulting shear stresses in the vicinity of the jet are analysed 
as a function of control volume sizes. It is seen in Fig. 2 that the jet di-
ameters and lengths reasonably converge for control volume sizes of 0.5 
µm and 0.25 µm. Additionally, the shear stresses generated at the gas- 
liquid interfaces are investigated. The shear stress profiles (force in 
the direction of z-coordinate and surface in the direction of r-coordinate) 
at 4 axial positions along the radial direction of the jet are analysed in 
Fig. 3. It is thus obvious that the choice of spatial discretization with 0.5 

Fig. 8. Shear stress (force in z-direction, surface in r-direction) as a function of the radius at four axial positions for five different power-law indices.  
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µm cell size is sufficient to characterize the jet performance. 
The related non-dimensional numbers involved in jet focusing, 

referred to the Newtonian fluid are the Reynolds number Rej =

ρlQl/πRjμl = 90 and Weber number Wej = ρlQ2
l /π2R3

j σ = 10. 
The liquid viscosity of the jet as a function of the power-law index is 

provided in Fig. 4. The viscosity in the shear-thinning fluids (n < 1.0) 
decreases with the strain rate in contrast to the shear-thickening fluids 
(n > 1.0), where it increases. The decrease/increase in viscosity as a 
function of shear rate tends to influence the amount of shear generated 
at the gas-liquid interface. The shear force, along with the inertial and 
surface tension forces, are major driving agents in jet-focusing processes 
(Herrada et al., 2008). Thus, a change in any of these forces can influ-
ence the intricate balance between them, causing an overall impact on 
the jet’s stability, shape, and velocity. 

The shear stress on the liquid due to co-flowing gas causes a pulling 
effect on the liquid meniscus, triggering a pressure build-up in the tip of 
the meniscus. Such pressure built-up tends to relieve upstream in liquid 
feeding capillary and downstream in the chamber. The shear-thinning 

fluids (n < 1) can be easily pushed back, causing a strong recircula-
tion in the liquid capillary. Such cause and effect are evident in Fig. 5, 
where large recirculation structures appear for n = 0.5. When the fluid 
becomes increasingly shear-thickening, the size of the recirculation re-
gion decreases and vanishes for n > 1.1. This is happening because the 
effectively higher viscosity fluids are more resistant towards backward 
flows and relieve the momentum build-up by issuing a jet in the 
downstream direction. 

For a given nozzle geometry, fixed operating condition (10 mg/min) 
and material properties of the gas, the velocity away from the gas-liquid 
interface does not show any significant changes, as shown in Fig. 6. 
Considerable changes can be seen near the interface and inside the jet 
due to the changes in liquid rheology. In shear-thinning fluids (n < 1.0) 
the jet’s viscosity drops near the liquid-gas interface and the transfer of 
momentum to the core is thus reduced. The shear-thinning fluids are 
thus substantially slower in the core of the jet than the Newtonian fluid 
(n > 1.0). It is also observed that the velocity profiles in Fig. 6, for shear- 
thinning liquids (n = 0.5, 0.90, and 0.75) have negative velocity peaks 
near the symmetry line in liquid meniscus region (Fig. 6-a). On the other 
hand, with the shear thickening fluids (n > 1.0), the jet assumes a plug 
type flow, i.e., moving with an almost constant speed over its cross- 
section. It is also apparent that the recirculation (negative axial veloc-
ities in Fig. 6-a) in the jet meniscus disappears as soon as the rheological 
behaviour changes from thinning to thickening (n > 1.0). 

The direct consequence of changes in the viscosity of jetting liquid is 
the amount of shear stress present at the interface. Such shear is pro-
duced due to the relative velocities of the liquid and gas. It is obvious 
from Figs. 7 and 8 that the shear induced by the co-flowing gas is smaller 
in shear-thinning fluids compared to thickening fluids. Since the gas 
slows down in the downstream direction in the outlet chamber, the shear 
stresses also decrease. The maximum shear stress is present near the gas- 
liquid interface of the jet, while it decreases towards the centre of the jet. 
The shear force at the gas-liquid interface compresses, stabilizes, and 
accelerates the jets. 

The diameter of the liquid jet (the radial position where α = 0.5) at a 
certain axial position z is calculated by integrating the liquid fraction as: 

Dj(t) = 2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2
∫rmax(z)

0

α(r, z, t)rdr

√
√
√
√
√ , (9)  

where rmax(z) is the maximum radial distance to the domain’s boundary 
at the position z. 

After passing the initial transient period, the jet attains a stable 
shape. At such conditions, the jet diameter is averaged over a reasonable 
time interval Δt = 0.1 ms as: 

Dj(t) =
1

Δt

∫ti+Δt

ti

Dj(t)dt. (10) 

In present simulations, for a single gas and liquid flow rate of 10 mg/ 
min and 43 µl/min, respectively, the averaging is calculated over the last 
100 output records, with each time record at an interval of 1 µs (i.e., a 
total of 0.1 ms averaging time). Average values obtained from Eq. (10) 
are represented along with minimum and maximum values as a function 
of the power-law index in Fig. 9. It is evident that the jet diameter de-
creases when moving from the shear-thinning to shear-thickening fluids. 
There is no considerable change in average jet diameter and velocities 
when n is increased from 0.9 to 1.10. This is attributed to the fact that 
there are no substantial changes in shear force between the interval 0.9 
≤ n ≤ 1.10 (seen in Fig. 8). The jet diameter stays stable over the 
averaging interval thus the minimum, average and maximum values are 
the same. The jet diameter decreases considerably from the nozzle outlet 
to a distance of 50 µm, followed by a further slight decrease to a length of 
100 µm. This is due to the combined effect of the highest focusing mo-
mentum from co-flowing gas and variations in liquid viscosities due to 

Fig. 9. Average jet (a) diameters at z = 0, 50, and 100 µm, (b) velocities at z =
0, 50, and 100 µm, and (c) length until the detachment of first droplet for gas 
and liquid flow rates of 10 mg/min and 43 µl/min, respectively. The error bars 
include the maximum and minimum values, averaged over the last 0.1 ms 
of simulation. 
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Fig. 10. Snapshot representation of liquid columns as a function of the power-law index (n).  
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strain rate. The gas momentum is highest in the region where it ema-
nates in the outlet chamber, with a considerable compression of the 
liquid jet up to 50 µm length. From 50 µm to 100 µm, the change in the 
gas velocity is negligible and has almost no influence on the jet diameter. 

Similarly, Fig. 9-b shows the increase in average velocity of the 
resulting jets with the transition from shear-thinning to shear-thickening 
fluids. The reason for slow velocities of the jet is the presence of large 
energy sinks in the meniscus of the jet. The momentum from the co- 
flowing gas is not efficiently transferred to the liquid emanating from 
the feeding capillary, resulting in thicker and slower jets. As these en-
ergy sinks decrease for shear-thickening fluids, the focusing gas can 
efficiently transfer momentum to produce thinner and faster jets. 

The liquid jet after issuing from the feeding capillary requires a 
considerable exchange of kinetic energy from the gas to stabilize and 
gain acceleration. In addition to the energy consumed by the recircu-
lation sinks, the energy consumption by the jets is scaled as ≈ σ /Dj 
(Gañán-Calvo, 1998). Thus, the thinner jets require more energy from 
the gas to keep the sophisticated balance with surface tension forces. So, 
with the constant operating (gas and liquid flow rates of 10 mg/min and 
43 µl/min, respectively) and geometric properties, surface tension force 
becomes a dominant force in thinner jets, causing them to start pinching 
into droplets earlier and resulting in shorter jets. The same trend is also 
seen in Figs. 9 and 10. These results agree with the previously reported 
study (Zahoor et al., 2020) on the surface tension influence on the jet 
length. 

An interesting aspect arises from the jet shape in Fig. 9, showing an 
increase in jet stability and length for shear-thinning fluids, although 
having larger recirculating structures (Fig. 5), and stretching further 
back in the liquid-feeding capillary. Herrada et al. (2008) have exten-
sively discussed the recirculation cells in the liquid meniscus, their 
development, and their consequence on jet stability. They observed that 
such recirculation structures considerably influence jet stabilities, but 
their investigations were limited to Newtonian constant viscosity liq-
uids. The decreasing viscosity with increasing shear rate in 
shear-thinning liquids demands less energy from co-flowing sheath gas 
for a stable jet. With lower viscosity (n < 1.0) at the surface than in the 

core, the jets accelerate more at the surface, making it easier for the 
surface instabilities to be convected downstream, resulting in longer and 
more stable jets. 

At 10 mg/min and 43 µl/min gas and liquid flow rates, the power- 
law index increases above 1.1, which makes the jet unstable. The 
instability starts from the nozzle outlet and a compact thread breaks at 
the meniscus. This process, which repeats in time, is called spurting. It 
occurs due to the high liquid viscosity, preventing the aerodynamic 
forces from the co-flowing gas to shape the jet. The attached liquid drop 
collects at the tip of the liquid thread as it travels downstream (Fig. 10). 
The co-flowing gas there does not have enough tangential stress to form 
and sustain the jet. 

To further investigate the influence of varying liquid viscosities on 
jet acceleration, the volume-specific kinetic energy of the liquid 
(KE = 0.5αρl|vl|

2
) as a function of liquid rheology is analysed in Fig. 11. 

The kinetic energy plots explain the effectiveness of the momentum 
transfer from the co-flowing gas to liquid. With the constant gas flow 
rate, the velocity available from the co-flowing gas is constant. The 
effectiveness of the momentum transfer is correlated to the relative 
velocities of gas and liquid, which in turn depend upon the gas and 
liquid viscosities. In the case of shear-thickening fluids, the higher 
liquid-gas viscosity ratios produce a higher interface shear, resulting in 
efficient momentum transfer to the jet and, consequently, faster jets. 

The effect of the liquid viscosity on the jet formation and later sta-
bilization is summarized in Fig. 12 where the temporal evolution of the 
process is demonstrated. With an increase in n, the spurting ligaments 
increase in length while their frequency decreases. This results in the 
process moving further away towards the full dripping mode (for higher 
n values). The time evolution of the jet from Newtonian (n = 1.0) to 
shear-thickening (n > 1.0) values depicts that as the liquid rheological 
properties move towards shear-thickening, the jet becomes more 
viscous, requiring more influence from the co-flowing gas to remain 
stable. 

For a given gas flow rate, a minimum liquid flow rate occurs (Vega 
et al., 2010), below which the stable jetting seizes to occur. This is 
caused by the disturbance in intricate force balance driving the jetting 

Fig. 11. The distribution of volume averaged kinetic energy of the jet for the gas and liquid flow rates of 10 mg/min and 43 µl/min, respectively as a function of the 
power-law index (from top to bottom: n = 0.5, 0.75, 0.90, 1.0, and 1.10). 
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phenomenon. For lower gas flow rates, when the liquid is drawn from 
the feeding capillary, it tends to overshoot the equilibrium length due to 
liquid inertia. Without sufficient focusing force from co-flowing gas, the 
instabilities travel upstream, causing the jet to pinch at the meniscus tip. 
The meniscus oscillates in such repetitive spurting mode, and a stable jet 
is not achieved, as shown in Fig. 12. 

The stability limits of the considered flow-focusing configuration 
(see Fig. 13) show that for shear-thickening liquids, the jet stability is 

limited in the upper right corner between gas flow rates of 10 and 15 
mg/min with liquid flow rates above 45 and 40 µl/min, respectively. The 
stability border decreases with the Newtonian and shear-thinning fluids, 
enlarging the stable jet area. The increased gas flow required for a stable 
jet, shown in Fig. 13-(c), confirms that a higher focusing momentum 
from the co-flowing gas is necessary for a stable viscous shear-thickening 
jet. 

By increasing the gas flow rate, the compressibility might become 
important. Thus, we compared the incompressible numerical model 
with the compressible one (Zahoor et al., 2018c) to assess the possible 
differences. The liquid jet shapes and resulting viscosity changes are 
presented in Figs. 14 and 15. The compressible and incompressible re-
sults agree well, demonstrating that the computationally efficient 
incompressible numerical model is adequate for the considered para-
metric range. 

Finally, we analyse three different realistic fluids: Newtonian ethyl 
alcohol, shear-thinning carboxymethyl cellulose (CMC) solution and 
shear-thickening granular solution. We used the following parameters 
(n = 1.0, K = 0.0016 Pa.s, ρ = 800 kgm− 3, σ = 0.024 Nm− 1) for New-
tonian ethyl alcohol (Dean, 1990), (n = 0.20, K = 11.9 Pa.s, ρ = 1000 
kgm− 3, σ = 0.038 Nm− 1) for shear-thinning carboxymethyl cellulose 
(CMC) solution (Lin and Ko, 1995), and (n = 1.4, K = 0.0043 Pa.s, ρ =
1000 kgm− 3, σ = 0.072 Nm− 1) for shear-thickening granular solution 
(Baek and Kim, 2011). Shear-thinning and Newtonian fluids provide 
long and stable jet, while there is pull-out (Rubio et al., 2022a) or 
spurting instability of the jet for shear-thickening granular solution, as 
seen in Fig. 16. For shear-thickening granular solution, initially a longer 
and thicker liquid ligament comes out from the nozzle outlet (see 
Fig. 17). The jet bulges to the extent that a free surface pinches due to 
pull-out instability, a consequence of normal stress imbalance between 
the inlet and outlet of the liquid meniscus (Rubio et al., 2022a). For a 
short time, the breakup produces a thinner liquid column (see Figs. 16 
and 17) until a new thicker liquid volume bulges out. The process 
continues, where each initially thick ligament is followed by a thinner 
jet. 

4. Conclusions 

A comprehensive numerical investigation of the behaviour of gas- 
focused non-Newtonian shear-thinning and shear-thickening power- 
law fluids is performed. The numerical solution is obtained within the 
FVM-VOF framework. The power-law index is systematically varied 
within 0.5 ≤ n ≤ 1.5, keeping the gas and liquid flow rates constant 
inside a given GDVN. It is observed that fluid rheology largely influences 
the shear forces generated at the gas-liquid interface. The resulting in-
fluence is quantified in terms of the jet stability, shape, and flow char-
acteristics. Decreased liquid viscosity in shear-thinning fluids promotes 
larger recirculation zones inside the feeding capillaries. The less viscous 

Fig. 12. Diameter of the jet at z = 0 µm as a function of time for Newtonian and 
shear thickening fluids at the outlet of GDVN. 

Fig. 13. Phase diagram of liquid jets with (a) shear-thinning, (b) Newtonian, and (c) shear-thickening rheology.  
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Fig. 14. Evolution of jet diameter (top) and jet length (bottom) for power law index of 0.9, 1.0, and 1.1, calculated with compressible and incompressible model.  

Fig. 15. Liquid viscosity as a function of the radius at three axial positions (0, 
50, and 100 µm) for power law index of 0.9, 1.0, and 1.1, calculated with 
compressible and incompressible model. 

Fig. 16. Evolution of the jet diameter for Newtonian (ethyl alcohol), shear- 
thinning (CMC solution), and shear-thickening (granular solution) fluids. 
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jets issuing from the nozzle are thus thicker, longer, and slower. On the 
other hand, the shear-thickening fluids are more resistant to the recir-
culation tendency. The more effective momentum transfer between the 
gas and liquid phases thus ensures a thinner and faster jet. The thinner 
jets are found to be more influenced by the surface tension forces, thus 
breaking earlier and resulting in shorter jets. The shear stresses in the 
vicinity of the jet are analysed and found to be higher for shear- 
thickening liquids. For the given gas and liquid flow rates, the jetting 
process ceased to occur at a power-law index higher than 1.10. A higher 
force from co-flowing gas is thus needed to stabilize the jets with highly 
viscous fluids. Finally, a set of thinning, Newtonian and thickening fluids 
are investigated and compared. The shear-thinning fluids provide more 
stable and thicker jets, while in shear-thickening fluids, a periodic 
generation of thick and thin jets is formed. 

The present investigation provides a new dimension in the design of 
sample delivery systems for serial crystallography. The present study 

shows how modifying the rheology of the sample-carrying fluid alters 
the jet’s behaviour, which could be beneficial in some XFEL experi-
ments. For example, a plug-like flow of non-Newtonian jets, with min-
imal shear stress over their cross-section, might be beneficial for 
embedded protein crystals in SFX experiments. 
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Fig. 17. Temporal evolution of a jet with shear-thickening (granular solution) fluid.  
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Wilde, F., Aquila, A., Boutet, S., Liang, M., Hunter, M.S., Scheerer, P., Lipscomb, J.D., 
Weierstall, U., Kornberg, R.D., Spence, J.C.H., Pollack, L., Chapman, H.N., Bajt, S., 
2017. Double-flow focused liquid injector for efficient serial femtosecond 
crystallography. Sci. Rep. 7, 44628. https://doi.org/10.1038/srep44628. 

Ponce-Torres, A., Montanero, J.M., Vega, E.J., Gañán-Calvo, A.M., 2016. The production 
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M., 2021. Transonic flow focusing: stability analysis and jet diameter. Int. J. Multiph. 
Flow 142, 103720. https://doi.org/10.1016/j.ijmultiphaseflow.2021.103720. 
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Zahoor, R., Bajt, S., Šarler, B., 2021a. A numerical investigation of micro-jet 
characteristics in different pressure environments. Int. J. Hydromechatronics 4, 
368–383. https://doi.org/10.1504/IJHM.2021.120618. 
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