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Abstract
We consider the following convective Neumann systems:

Vuq |P1 .
~Apui+ ﬁ =f0xu, Uy, Vuy, Vuy)  in L,
Vuy|P?2 .
(S) -Ap,up + Iu;(‘?z =hxuy, Uy, Vuy, Vu,)  in €2,
p1-28u1 _ = p2-28up
[Vus| e =0=|Vu,| e on 0€2,

where Q is a bounded domain in RN (N > 2) with a smooth boundary 8€2, 8,8, > 0
are small parameters, 1 is the outward unit vector normal to 9€2,

f1.6: Q x R? x R”N — R are Carathéodory functions that satisfy certain growth
conditions, and A, (1 <p; <N,i=1,2) are the p-Laplace operators

Apup= div(|Vu P2V u;) for u; € W'PiI(S2). To prove the existence of solutions to such
systems, we use a subsupersolution method. We also obtain nodal solutions by
constructing appropriate subsolution and supersolution pairs. To the best of our
knowledge, such systems have not been studied yet.

Mathematics Subject Classification: 35J62;35J92

Keywords: Neumann elliptic system; Gradient dependence; Subsolution and
supersolution method; Nodal solution

1 Introduction

We consider the following Neumann systems with gradient dependence:

Vuy|P1 .
—A, U+ Iului(‘sl =fi (o, u1, up, Vg, Vp)  in Q,
Vuy P2 .
(S) —Ap, s + quuzjsz = fox, 1, up, Vuy, Vup)  in Q,
Vi |12 54 = 0 = |V P22 22 on 8%,

where Q is a bounded domain in RN (N > 2) with a smooth boundary 3€2, 81,8, > 0 are
small parameters, 7 is the outward unit normal vector to 92, A,, (1 <p; <N, i=1,2) are
the p-Laplace operators A, u; := div(|Vu; P2 Vu;) for u; € WPi(Q).

In recent years, much has been done regarding the existence of solutions for nonlinear

systems with the Dirichlet condition and the reaction term depending on the gradient us-
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ing different techniques, mainly fixed point theory, variational methods, truncation meth-
ods, and subsupersolution methods. We mention for instance, Candito et al. [2], where the
authors investigated a quasilinear singular Dirichlet system with gradient dependence.
They combined Schauder’s fixed point theorem with subsupersolution approach to estab-
lish the existence of smooth positive solutions. For more detail, we refer the readers to
some recent papers: Carl and Motreanu [5], Infante et al. [10], Miyagaki and Rodrigues
[14], Kita and Otani [11], Motreanu et al. [17], Orpel [21], Ou [22], Wang et al. [24], Yang
and Yang [25], and the references therein. See also the monograph by Motreanu [16].

On the other hand, the corresponding Neumann system has been much less studied.
In this context, the Neumann quasilinear equation involving a connective term equation
was studied by Moussaoui et al. [20]. Candito et al. [3] obtained nodal solutions for a
(p1,p2)-Laplacian Neumann system without gradient terms. Neumann systems involving
variable exponent double phase operators and gradient dependence were investigated by
Guarnotta et al. [9].

The main interest of the present work is the presence of the gradient term, which con-
stitutes a serious obstacle in the investigation of system (S). Note that system (S) is not in
the variational form. Therefore the usual critical point theory cannot be directly applied.
This difficulty is overcome by using the theory of pseudomonotone operators. We first
introduce an auxiliary system using truncation operators. Then we construct a subsolu-
tion (u,,u,) and a supersolution (#;,%,) such that u;, <, u, < U, (see Theorem 5.1).
Finally, sub- and supersolutions and truncation techniques provide at least two solutions
for system (S) with precise sign properties.

We will assume that the nonlinearities f; for i = 1,2 are Carathéodory functions f;, f5 :
Q x R? x RN — R, that is, fi(-,s1,52,£1,&2) is measurable for every (s1,s,,&1,&) € R? x
RN, £i(-,51,52,&1,&) is continuous for a.e. x € 2, and they satisfy the following growth
conditions:

(Hy) There exist o, B;, M; >0, i = 1,2, such that max{w;, 8;} < p; — 1 and

Ifi(, 51,82, €1, 2)| < Mi(1+ |si]*0) (1 + &)
fori=1,2 and all (x,s1,52,&1,&) € 2 x R? x R?N,

(Hy) With appropriate m; > 0, i = 1,2, we have

I}H‘li%f{ﬁ(x,sl,sbél,ég) 1(61,8) € RZN} >m;, uniformly in x € Q.

Our main results are the following theorems.

Theorem 1.1 Let 81,8, > 0 be small enough and suppose that conditions (H;) and (Hy)
are satisfied. Then system (S) has a nodal solution (ug,vo) € C* () x CV(Q) for some
v €(0,1) such that uy(x) and ugy(x) are negative near 3.

Theorem 1.2 Let 81,8, > 0 be small enough and suppose that conditions (H;) and (Hy)
are satisfied. Then system (S) has a positive solution (u,,u*) € C*" (Q) x C* (Q) for some
y €(0,1) such that u,(x) and u* (x) are negative near 9S2.

The paper is organized as follows. In Sect. 2, we collect some needed definitions and
results. In Sect. 3, we study auxiliary systems. In Sect. 4, we prove Theorem 3.1. In Sect. 5,
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we study subsupersolutions. In Sect. 6, we study nodal solutions. In Sect. 7, we prove our

main results.

2 Preliminaries

This part is devoted to summarizing the necessary basic definitions, notations, and func-
tion spaces. For other necessary material, we refer the reader to the comprehensive mono-
graph by Papageorgiou et al. [23]. The Banach space W'?(Q) is equipped with the usual

norm
1/p 1,
lletlly,p == (Ilullﬁ + IIVMIII’Z) forue WH(Q),
where

vl (Jo IV@®)IP dx)'P if p < +00,
v, =
g esssup,.q |V(x)| otherwise.

Moreover, we denote

W=WLHQ) x WH(Q), W)= WHH(Q) N L¥(Q),

(261, U] = {u eWYW(Q) iu <u< uz}, Cé’y(ﬁ) = {u e CY(Q): u\yq = 0}.
Now we define a weak solution of system (S).

Definition 2.1 We say that (u;,u;) € W is a weak solutions of system (S) if

. [Vu|Pi .
u;+8; >0 a.e. inQ, ———€eL(Q) fori=1,2,
u,-+8,»

Vu P1
/|Vu1|p1’2Vu1Vg01dx+f Vi galdx:/fl(x,ul,uz,Vul,Vuz)goldx, (2.1)
Q Q U +8; Q

|Vuy [P

Q U+ 8

/|Vu2|p2’2Vu2Vg02dx+ gozdx:/fz(x,ul,uz,Vul,Vuz)gozdx,
Q Q

for every (¢1,92) € Wbl’pl(Q) X Wbl’m(Q).

Vu;l?
uﬁai

Remark 2.2 Note that the boundedness condition for (g1, ¢,) is necessary since
1,2, are only in LY(Q).

1=

Next, we state the definition of a sub-solution and a super-solution of system (S).

Definition 2.3 We say that the pair (#,,u,) € W is a sub-solution of system (S) if

) [Vu P )
u;+8;>0 ae. ing, —— el (Q) fori=1,2,
u;+9;
2 [V, |71
[Vu, |P7*Vu, Vor dx + erdx— | fi(xuy, wa, Vi, Vo )y dx
Q Q U +01 Q
(2.2)

o2 Vit |2

+ | [Vu,| Vu,Ve, dx + @y dx
Q Q Uy + 82

- /Qfg(x, W1, Uy, Vi, Vi, )pp dx <0,
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and we say that the pair (u;,u;) € W is a super-solution of system (S) if

VP
%;+8;>0 ae.in$, '_ | eLY(Q) fori=1,2,
Uu; + 0;
2o [V, [Pt _ _
Vi [Pr*Vu Vo, dx + prdx— | filx, 41, wo, Vidg, Vo )@y dx
Q Q U1 +6; Q
_ (2.3)
2o |V, |72
+ [ V|2 *Vuy Ve, dx + — @y dx
Q Q U+ 8

- / oo w1, oo, Vi, Vi) dx > 0,
Q

for all (¢1,¢) € Wbl’pl(SZ) X W/bl’pz(Q) such that ¢1, ¢, > 0 in Q and for all (w,w,) € W
such that u; < w; <u;, i = 1,2, with all integrals in (2.2) and (2.3) being finite.

We will use the following conditions:

(H3) Let0<g; <p1—1and0 <r; <py—1.Forevery p >0, there exists M; := M;(p) >0
such that

151,52, €1,62)| < My (1+ [&1]7 +1&[™)  inQ x [-p, p]* x R*N,

(Hyq) Let0<gy <p1—1and0 <r, <p,—1.Forevery p >0, there exists M, := My(p) >0
such that

1o, 51,82, 61,6)| < Ma(1+ 162 +&]?)  inQ x [-p, p]* x RN,

(Hs) There are sub- and supersolutions u,,4; € C1(R) of system (S), respectively, satis-
fying

U+ >u;+8>0 ae inQ. (2.4)

(Hg) There are sub- and supersolutions u,, %, € C!(S2) of system (S), respectively, satis-
fying

Up+8>Uy+8,>0 ae inQ. (2.5)
Via a standard argument, we will prove the following:

Proposition 2.4 Suppose that conditions (Hz), (Ha), (Hs), and (He) are satisfied. Let
(u;v,), (U, v) € Wbl’pl(Q) X Wbl’pz(Q) be pairs of sub- and supersolutions of system (S). Set

u = min{uy, Uy}, u =max{u;, U,},

V= min{vlﬂ_/Z}) v= max{ZpZz}’

and assume thatu <V and u < v Then (u,v), (4, V) is also a pair of sub- and supersolutions
of system (S).
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Proof The proof is inspired by the proof of Motreanu et al. [19, Lemma 3]. Fix € > 0 and
define the truncation function & (s) = max{—¢, min{s, €}} for s € R. By Marcus et al. [13] we

know that

Ec (@ —12)7), 6 ((u, —uy)*) €W,

VE (- 12)7) = &/ (1 — %2)”) V(1 — )™,
and
Vé. ((Zl - 22)+) = gg, ((21 - Zz)+)v(ﬂ1 —uy)"

Now letting ¢ € C(R2) be a test function such that ¢ > 0, we obtain

Vi, | .
<_Ap1ﬂl + u, +151 2Ee ((Zl - u,) )‘P>
< / Fi 1ty wa, Vi, Ve (2 — 11,)" ) i, 2.6)
Q

|V 1

<_Ap1ﬁl + A e ((m —ﬁz)_)€0>

> /Q Fi oo, w, Vi, V) (T — ) ) p (27)

for every wy € WP2(Q) with u, < wy <7, and

Vi 121
<_AP122 + %’ (6 - & ((Zl - EZ)+))§0>
< [ Alswn i Y, Ve (- 1)) 28)
<‘Amﬁ2 + |Vﬁ+2|;l (e =& (@ — ) ))§0>
= /Qfl(x, w1, T, Vw1, Vi) (€ = & (1 = 2)7) ) p dx (2.9)

for every w; € WP1(Q) with u; < wi < u;. Therefore by the monotonicity of the —p-

Laplacian operator we have

|V, |1

A Vit
Cagu, + VA
P1=1 u, +8

yEe ((Zl - ﬂ2)+)¢> + <_AP122 + Uy + 61 ) (6 —& ((Zl - Ez)+))¢>

1

[V, [Pt
4 e —u))od
Qgﬁélg(% u,) ) dx

> / Vi, P2 (Vity, Veo)ane (1 — 1,)") i +
Q

+/ |V, P12 (Vity, Voo n (€ — & (g — 1,)")) dix
Q

+ / Vi (€ =& ((uy — uy)"))pdx (2.10)
Q

Uy + 01
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and
_ Vﬁ 1 _ _ _ Vﬁ P1 _ _
<—Ap1u1 - |ﬁl +1|51 € (a1 — 1) )¢> + <_Ap1u2 + lﬁz +2|51 (€ =& ((m - ) ))<p>
S — Vi |t _
< | IV (Viay, Vo)pnée (1 — ) ) dao + | = (- 1) )pdx
Q Q U1 +6;

" / VIlP (it Voax (€ — & (7 - 7)) d
Q

NMZIs

Q ﬁz+81

(€ = &(@m - m)"))p dr. (211)

Invoking equations (2.6), (2.8), and (2.10), we obtain

Vu,|Pt 1
Vi —&((uy — uy)~dx
Q U +61 €

1
/ |V, [P172(Vy, V)i gée (g — uy)") dx +
Q

+ / |Vg2|p172(V22, Vo)rn (1 - 156 ((21 - Ezy)) dx
Q €

[V, |

1 +
Q Uy +81 (1- ng((ﬂl - u,)")dx

fLﬁ(x:ﬂ1’w2:vﬂl¢VWZ)%E&((Zl _22)+)(pdx
1
+ Lﬁ(x»ﬂ17 wa, Vi, VW2)<1 - ;’Es ((El _ﬂz)_)>(pdx‘

In a similar manner, invoking equations (2.7), (2.9), and (2.11), we get

1
/Q Vi P17 (Vidy, V)p gée (I -) ) dxe+ | = —&((u1 —up)” dx

. / Vit (Vila, V) (1 e (- ﬁz))) d
Q €

Vi |1

Q Uy +81

1
(1- gfe (1 —)7) dx
— N
2/_fZ(x)WI’MZ:VWhVMZ)_gG((ul_uZ) )wdx
Q €

_ _ 1. _
+ /fz(x, wi, Uy, Vg, VMz)<1 - gfe (@1 - ) ))‘/’ dx.
Q
Letting € — 0 and observing that

%55((51 —U)” = lg < (®), ae.inQase — 0,
Le((uy — uy)" = Liyycup)(®), ace.in Qase — 0,
we see that

Vulp
/IVzlpl’2VzV¢dx+/| ) @dxf/ﬁ(x,zl,Wz,Vzl,Wz)wdx
Q Q U+8; Q
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and

|V _ _
— odx > | filx, %1, w, Vi, Ving)p dx
u+ 81 Q

/ |Vﬁ|p1‘2VEV<pdx+/
Q Q

for every ¢ € C}(R), ¢ > 0 a.e. in Q. By a similar argument we obtain

vaz
/|Vg|p2‘2VyV<pdx+/ Vvl godxf/fz(x,wl,gz,le,ng)godx
Q Q V+3 Q

and

V|p2
/|V17|”2_2VVV<pdx+/ |_ | (pdxz/fz(x,wl,l_/g,le,VT/g)(pdx.
Q Q V+3 Q

Finally, in view of the denseness of C!(£2) in both W#1(Q2) and W'?2(Q2), we deduce that
(#,v), (u,v) is also a pair of sub- and supersolutions of system (S). (]

3 Auxiliary systems

Let, the pairs (u;,u,), (41,42) € C 1(Q) x C}(R) be sub- and supersolutions, respectively,
of system (S) as required in conditions (Hs) and (Hg). Now, for a given (u1,u;) € W, we
define the truncation operators 7; : W7 (Q) — W2i(Q) by

u; whenu, <u,, u, whenu; <u,,
Ti(u1) =y ifu; <uy <u, To(u2) := Yuy  ifu, <uy <y, (3.1)
u; otherwise, uy; otherwise.

Then by Carl et al. [4, Lemma 2.89], 71 and 7, are continuous, monotone, and bounded.

In view of conditions (H3) and (Hy), if p > 0, then

“PSu S Ep, —pSUySHSp. (3.2)
We introduce the Nemitskii operators Ny, and N, generated by the Carathéodory func-
tions fi and f;, respectively, which are well defined for i = 1,2 since the range of 7; and
T, lies within the region [u,,%;]. So by the Rellich—Kondrachov compactness embedding

theorem the maps

Ni o (T1T2) ¢ [y, 1] €W — L) > WHPL(Q), (3.3)

Ny o (T1 T2) : [y, tia] €W —> IP2(Q) > WH2(Q) (3.4)
are bounded and completely continuous. Furthermore, set

F(u) = (N (Timy, Tauo, V(Tiu), V(Tauz), Ny (Tim, Taia, V(Tiun), V(Taus)).
Next, define the cut-off functions b;: Q x R — R, i=1,2, by

by(x,s) = —(u, (x) — s)il_1 +(s— ﬁl(x))il_l for (x,5) € @ x R, (3.5)
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bo(x,5) := —(gz(x) - s){iz_1 + (s - Ez(x))fz_l for (x,5) € Q x R. (3.6)

It is easy to see that b;, i = 1,2, are Carathéodory functions fulfilling the following growth

condition:
’bl(x, s)| <@i1(x) +c1|sfP'! forae.xe Qand everys e R, (3.7)
|b2(x, S)| < @a(®) + colsP>t fora.e.x € Qand everys e R, (3.8)

with @1, g3 € L*(2) and ¢3, ¢ > 0. Moreover, we have the following estimates:
/ bi(u)ur dx > Cillug|lf, — Cy  for every u; € WhPL(Q), (3.9)
Q
/ by (-, ug)uy dx > Cilluy |5 — C;  for every u; € W2(Q), (3.10)
Q

where C;, Cy, Cj, C,, are some positive constants (for more detail, see, e.g., Carl et al. [4,
pp- 95-96]). Let > 0 and set

1B(u) = (B (1), 1Bs(us)).

Now we introduce the following auxiliary problem:

~Apyuy + TP, _ o Tuy, T, V(T ), V(T 12)) — by (%, u)  in 2,

T up+81
(Su)  —Apyu + L2 = £, Ty, T, V(T1a1), V(Tt2) = o, ) in 2,
|Vu1|p172% =0= |V1112|m*205,i,72 on 3%,

where (11, u2) € W. Our main result in this section concerning system (S,,) is as follows.

Theorem 3.1 Suppose that conditions (Hs), (Ha), (Hs), and (Hg) are satisfied. Then sys-
tem (S,,) has a pair of weak solutions (uy,u;) € W.

The following estimates will be a key for the proof of Theorem 3.1 in the next section.

Lemma 3.2 Suppose that conditions (Hz) and (Ha) are satisfied. Then there exist constants
ko, ki > 0, depending only on p1, pa, and Q, such that

(19122 + | Vaez 122)

N

/ I (o, T, Tty V(T t), V(T )l de <
Q

Ko (1t Ly + g 122 + 1y 122)
and

(Va1 2} + |V 122)

N =

/ 1 o, T, T, V(T ), V(T ) 12| s <
Q

+ ko (L + lluallp, + N5 + llua |15} )

for every (uy,uz) € W.
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Proof We will only prove the first inequality. The second inequality can be verified simi-
larly. First, by condition (Hz) we have

/ I (o, T, Tty V(T ), V(T ) 112 e
Q
§M1/(1+ |V(Tu)|™ + |V (Tu)|" ) 1| da. (3.11)
Q

Using Young'’s inequality, we get that for any fixed ¢ €]0, ﬁ[ and every u; € W7L(Q),
a ey 2t
|V(’Tu1)| luy| < 8|V(’7'u1)|1’1‘1 +Celup Pt < 8(1 + |V(’Tu1)| ) + Ce|uyp [P (3.12)
Similarly, for every u,; € W#2(Q), we have

’V(7’uz)|r1 lu| < S‘V(Tuz)’% +c | <e(1+ |V(7'u2)’p2) + Uy |72, (3.13)

On the other hand, using equation (3.1), we can see that

/|V(Tu1)|‘”dx:/ |V |71 dx+/ |V, P! dx+/ |V, [P* dx
Q {uy <w1<u1} {u1=m1} {u1=<u;}

5/ |Vu1|”1dx+/ IVgl|p1dx+/ |V [Pt dx
Q Q Q

< IVul5t + (Ve 18 + Va2 1921 (3.14)
Using the same techniques, we get
/ |V(Tup)|” dx < [IVaa |22 + (I Vasy 12 + | VR [122) [R21. (3.15)
Q
Consequently, using equations (3.12)—(3.15), we get

/ (5, T, Tk, V(T ), V(T 0)) 11| iy,
Q

n-t _
<M(1Q1 7 ]l + €]+ Vi 18 + IVELIEL) + €l VaullB! + cellun |15}

+€lQI(1+ Vi 122 + I VEIIE) + €|V [152 + cc [l |152)

< S (VB + 1 Ve |152) + ko (1 + e llpy + Naa 5} + Nlua 152) (3.16)

N =

for a suitable ky > 0. The proof of the lemma is thus completed. d

The following useful estimates can be verified in a similar way as in Moussaoui et al. [20,
Lemma 2.2].

Lemma 3.3 Suppose that conditions (Hs), (Hy), (Hs), and (Hg) are satisfied. Then for every
u = (uy,uy) € W, there exist constants ky; and ky, independent of uy and u,, respectively,
such that

V(T uy) ! | € L(Q) and IV(Tuy) !

dx <k (1 , 3.17
T+ 6 O T 16, | dw < Ky (1 + [l ) (3.17)

Page 9 of 19
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VT ey ana [ TP

—_ dx < k(1 + . 3.18
Tty + 5 Ty 1 6, lua] dxx < ko (1 + |2 ) (3.18)

4 Proof of Theorem 3.1

First, by the growth conditions (3.7) and (3.8) we know that the Nemytskii operators
B;: W7i(Q) — W‘l'p;‘(Q) given by Bu;(x) = b(-,u;) are well defined, continuous, and
bounded for i = 1, 2. Also, the operator B(u) = (B1(u1), By (u2)) is well defined. Moreover,
using the compact embedding W'#i(Q) «— L”i(R2), we have that the operator B is com-
pletely continuous. Next, using conditions (H.3) and (H.4), we can introduce the functions
Tyt (=8i,+00) x RN — R, i = 1,2, defined by

|&:1P:
Si +8l’

TTp;8; (Si’ gl) =
having the growth

’np,’,tsl' (Si7 Sl) ‘ < 80|'§>:i |17i
for all s; > —8; and & € RN, where 8, > 0 is a constant such that 7; + §; > u; +8; > 8 a.e. in
Qfori=1,2.

By Motreanu et al. [18, Theorem 2.76] and Gasinski et al. [8, Theorem 3.4.4]) we know

that the corresponding Nemytskii operators

My, : [, ) © WHPHQ) — LN(Q) € WHH(Q)
are bounded and continuous for i = 1,2. By virtue of the compact embedding of W?(Q)
into L¥($2), we know that IT,5(z2) = (I, 5, (1), I, 5, (42)) is completely continuous. Fi-
nally, A(u) = (A1 (u1), A2(u3)), where A : W — W* is defined in equation (2.1), is well de-

fined, bounded, continuous, strictly monotone, and of type (S,). Therefore, for every u
and ¢ € W, we have the following representations:

A(u), go Z/ |V |Pi=2Vu; Ve, dx,
( pg(u) (,0 Z/ ibi (I/ll, u, VMMVMZ)@z dxr
(B(u), Z/ Bi(u1, uz, Vuy, Vus)g; dx,

(F0, 0}y Z [ X5, T, 9 o), ¥ Ty

Now for every u and ¢ € W, system (P,) can be given in the form
(A(u) + uBu + Hp,g(u),ng)W = (F(u),(p)w. (4.1)
Set

X = Aw) + uBu + 5 (1) — F(u).
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First, by conditions (H.1) and (H.2), x,, is well defined, continuous, and bounded. The next
step in the proof is showing that the operator ¥, is pseudo-monotone. To this end, using
the (S).-property of A, in view of the compactness of the operators I, s, B, 7, we can use
Gambera et al. [7, Lemma 2.2] to deduce that the operator x,, also has the (S),-property.
Furthermore, we can apply Zeidler [26, Proposition 26.2] to see that the operator x, is
pseudo-monotone.

Let us show that the operator x, : W — W* is coercive. To this end, using equation
(4.1), we get

IV (Tu)P
Pi MR Rt A N
(xu(u) u / [Vu;[Pidx + E /b (%, ) u; dox + E s u; dx

i=1

2
_Zfﬁ(x,Tul,Tug,V(Tul),V(Tuz))uidx
i=1 V9

>Z/ |Vul|1’zdx+,u2/ bi(x, u;)u; dx — Z/ |Z,(Z:L:)8|pl u; dx
2
_Z/in(x,’Tul,Tuz,V(Tul),V(Tuz))u,»dx. (4.2)
-1

Now using equation (4.2) and combining equations (3.9) and (3.10) with Lemmas 3.2 and
3.3, we obtain

2
(), 0) = Y IVl + w(Cullna 7} = C2) + 1(Chllua2 - Cy)

i=1
=S k(1 lwally) = (Vo[22 + Ve 122)

= ko(1+ lmallpy + lloea 15 + ey 122)
— ko (1 + llwallpy + N2 llZ2 + 2151

> (IVu |22+ Ve 22) + e Ci (a2 + ez 122) = 1 (Co + C5)

2
= k(L illpy) = K (1 + el + aan 122 + 12y 122), (4.3)

where k¢ := max{ko, ky} and C} := min{C;, C}}. Then invoking Moussaoui and Saoudi [20
Lemma 2.2], we can deduce that

||V(”i]l€zi<ui<ﬁi])”pi <C; forsomeC;>0 independent of u;,i = 1,2.

Furthermore, for sufficiently large p > 0 such that . Cj — kj > 0 and for every sequence
(¢4n)n in W, inequality (4.3) implies

(X (n), n) > +00  as luyllyw — +00.

Therefore, since y,, is continuous, bounded, coercive, and pseudomonotone, invoking the
pseudo-monotone operator theorem (see, e.g., Carl et al. [4, Theorem 2.99]), we get the
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existence of # € WV such that

(X (1, 12), (01,92)) =0 for every (p1,¢2) € W. (4.4)

Moreover, using Casas et al. [6, Theorem 3], we have

0

0
! ot =0 ondQ.
an

|Vu1|f’1—23— =0= V|22
n

Therefore we conclude that u = (43, uy) € W is a weak solution of (S,,). This completes the
proof of the theorem.

5 Subsupersolutions

The aim of this section is to construct pairs of sub- and supersolutions of system (S).

Theorem 5.1 Assume that conditions (Hz), (Ha), (Hs), and (He) are satisfied. Then sys-
tem (S) has a solution u = (uy, u) € CY7 () x CY (Q) N [uy, 1] X [u,, Uy forsome y € (0,1).

Proof of Theorem 5.1 First, using Theorem 3.1, we can fix u > 0 sufficiently large such
that system (S,) admits a pair of weak solutions u = (1, u3) € W. It remains to verify that
u = (u1,uy) € [uy,u1] x [u,,us]. Here we give just the proof for u; € [u;,u4;]. A similar
reasoning yields the second inequality. To this end, we set (¢1,¢2) = (41 — %1)+,0). By
Lemma 3.3 and condition (Hs), combined with equation (4.4), we obtain

up —up), dx

IV(Tul)I”l(

Vu L2V, Vu, - dx+/
f9| PV -, des [ ST

= /Qf(x’T“hT”Z:V(Tul),V(Tuz))(ul —u1)s dx—/i/szb(xyul)(ul —uy),dx

= /f(x,ﬁluTuz, Viiy, V(T u)) (w1 — 1), dx — / (w1 —up )M dx
Q Q

|V |1

Q ﬂ1+81

< f |Vt P12V V(ug — 1), dx + (u1 —u1), dx — M/ (u1 — )}t dx.
Q

Q

Now, according to equation (3.1),

VTwl o e [ TR
Q TM1+81 ! el QM1+51

(1 — t1), dx,
so it follows that
f (V12 Vauy = |V P72V ) V(i = 10), de < - / (i —u)tdx<0.  (5.1)
Q Q

Hence it follows from equation (5.1), combined with the monotonicity of Ay, that u; <u;.
In the same way, to see that u; < u;, we set (¢1,¢2) = ((#; — %1)+,0). So, u = (U1, uy) €
[uy, 1] x [u,,U>]. Moreover, according to Miyajima et al. [15, Remark 8], we obtain that
u = (u,uy) € CY(Q) x C17(Q) for some y € (0,1) and % = Bdinz = 0 on 9K2. Therefore
we have shown that u = (11, uy) € C7 (Q) x C(R) is a solution of the system (S) within

[Zpﬁl] X [ZZ’EZ]' O

Page 12 of 19



Saoudi et al. Boundary Value Problems (2024) 2024:4 Page 13 of 19

6 Nodal solutions

The objective of this section is to show the existence of nodal solutions of system (S). The
proofis mostly based on finding pairs of sub- and supersolutions of system (S). To this end,
first, recall from Candito et al. [3, Lemma 2] that z; € C*"(R), i = 1,2, for some y € (0,1)

are the unique solutions of the homogeneous Dirichlet problem

-Apu=1 inQ,
(6.1)
u=0 on 9€2,
which satisfies
lzilloty@ <L and [|Vzile <L, (6.2)
. 0z;
ldx) <z; <Ld(x) in £, an <0 onog, (6.3)
n

for certain constants i, [, and L. Moreover, by the Minty—Browder theorem (see Brezis
[1]), combined with the Lieberman regularity Theorem [12], we know that the Dirichlet
problem

1 ifxeQ\Q,
-Apju= u=0 onadg, (6.4)
-1 otherwise,

has a unique solution, denoted by z;, € C* () for a given 0 < T < diam(£2), satisfying

Zir =z in €2, (65)
0z; 10z 1
2z < iad) <0 ondR, and z;,,>-z inQ. (6.6)
an  20n 2

Now for a given t > 0, we define

1 1
U=tz -1, Uy i=tP250 - T, (6.7)
U= t’plzlal -1, Uy = r‘p2z§2 -, (6.8)
where
w;—1 1 w;—1
d > > with w; > w; > 1 (6.9)
w;  pi—1 w;
and
max{o;, B;
5,-<1+p,»<1—M). (6.10)
pi—1

According to equations (6.2)—(6.3), we have

u < TP (Ld)?1, Uy < TP (Ld)®? (6.11)
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IVt lloo < TP Ly, ||Vl < T2, (6.12)

with L; := @;L® for i = 1,2. Furthermore, on 9S2, we have

0 _ - 9EY) i mi-lin

== P11 - =Py z =1 =0,

an an 1 an

o 3(z22) @219 (6.13)
Uy _ -p2 %2 ) _ L-prgs @271 022

oy = T 5 =T Pz, 5 =0,

since z; is a solution of the Dirichlet problem (6.1) for w;, w; > 1,i=1,2.

Now we will prove the following result.
Lemma 6.1 For a sufficiently small T >0, we have u, <u, and u, <u,.

Proof First, we show that u; <, in Q. By a direct computation we obtain

Bx) -1, () = (e P2 1) = (tPT 20— 7)
> P10 - rl’ilz‘l”l =z (t“”‘z‘fr‘”1 - tl’lfl)
> 2 (e (cd (@) — 177) > 0,

since w; > wp and z;,; < z; for every small enough t < diam(2). Therefore u;, <u; in Q.

Finally, using a similar argument, we can obtain that u, <%, in Q. g

7 Proofs of main results

Proof of Theorem 1.1 First, we claim that equation (2.3) is satisfied by the pair of functions
(u1,1,) given by equation (6.8). To see this, pick (u1,u;) € WP1(Q) x WLP2(Q) within
[uy, 1] X [u,, Us] such that u, < uy < Uy, u; < u; <u;. Now, in view of condition (H,),
combined with equations (6.11) and (6.12), we have
i (T, un, Vi, V)| < Ma(1+ (7] (1 + |V |
<M;(1+ (' Ld)™)™)(1+ (t’pli)ﬁl)
< 2M;(Cy Cz)alﬁlr—Pl max{ai,B1}

< Crprmaxlanpy) (7.1)

where C := 2M,(C;C,)*#1, and 1 > 0 is small enough. Using the same argument as in

equation (7.1), we obtain
le('; ui, ﬁZ! VMI’VEZ)‘ E C/t—PZ max{orz,f2) (72)

for some constant C’ > 0 and for 7 > 0 small enough. Now, in view of equations (6.8) and
(6.9), we have

Vi, |21 - VP
~Ap, Uy + [Via| :r‘Pl(pl‘l)(—AmZ(fl L VA |l>. (7.3)

up + 81 lfl
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On the other hand, by a direct computation we get

& VZ(DI Pl _ VZ o1 — _
—Aplzll + 7| le7)1| = p1 1(1— 1 —1)(101 —1)| 1| ) 2 10y
1

(@1-1p1
n % |Vz |
+ 0t —m——

)
2!

\Y% _1)(py—
=Pl <1— wl—l)(p1—1)| i1| ) 1‘”1 D(p1-1)

1
27 vz
zfl

_ c7)1171—1 [1 'y (1 (@ - 12(191 - 1)> |Vz |1 }z(f’l_l)(pl_l). (7.4)

+ &)11912(15)1—1)(191—1)

w1 Al

Invoking equations (7.3) and (7.4), it follows that

_ T_m(pl_l)(:ﬁlA [1 ‘i <1 B (01 - 1_)(191 - 1)) |Vzy |2 ]2(1@11)(;;11)

w1 Z1

(16)1_1)([71_1) in Q\ﬁ‘[}

@1(1 - @FED) gz i,
Moreover, using equation (6.10) and decreasing t if necessary, we have
‘E_p1@1_1)5)f17125@171)@1’1) > T—Pl(m—l)@m—l(C—ld(x))(c?)l—l)(m—l)
> f—Pl(m—l)a—)ll’l—l(C—lr)(c?)fl)(prl)

- .L.(511*1*171)(101*1)5)11’1‘1C*(lbrl)(m*l)

> pimalenfl) iy O\ QL. (7.5)

Finally, combining equations (7.1) and (7.5), we obtain

zﬁ('rﬁlr Uy, Vﬁl; vu2) in Q\ﬁt (76)

Now pick any x € Q.. By equations (6.3) and (6.9) we can find a constant 8 > 0 such that

(1 - M)WZH >B inQ,.

w1

By equations (6.3) and (6.9) we have

TP <1 (@ - 12(101 - 1))Z(1¢:)11)(p11)1lvzl i

w1

> T’Pl(Plfl)a)Ifl (Ld(x))(f;)l—l)(Pl—l)—lllp



Saoudi et al. Boundary Value Problems (2024) 2024:4 Page 16 of 19

> T—pl(m—l)@II’I (LT)(cT)l—l)(m—l)—lﬂpl

> 7Pl max{e1,f1}  jn Q..

Therefore, for v > 0 sufficiently small, we obtain

[V, [

M1+51

_Aplﬁl + Zﬁ('¢ﬁlxM21 Vu, Vuz) in Q. (77)

Combining equations (7.6) and (7.7), we get

[V, [

-A ﬁ1+
7 U +51

Zﬁ('¢ﬁlr U, Vﬁl,VI’tZ) in . (78)

A similar argument yields

NMZS
ﬁz + 52

AV R > fo-,u1, Uz, Vuy, Virp)  in Q. (7.9)

Now test equation (7.8), equation (7.9) with (g1, ¢,) € W;’PI(Q) X Wbl’m(ﬂ), ¢ >0a.e.in
2, and equation (6.13) yield

9 |V, [Pt u
/|Vu1|1’1 IV Vo dx + — ! @1dx —{ ——, y0(e1)
Q Q U1 +01 a’?pl I
> / FiCo 0ty VT, Vit d
Q
e |V, |P2 u
/‘|V142|p2 2Vu2V<p2dx+/ — o dx —{ ——, vo(p2)
Q Q Uz +6 a’?pz PYe)
> / By, Ty Vi, Vo d,
Q
where y is the trace operator on 9€2,
ow 0w 1 15
— = |Vwffi*— foreverywe WP(Q) N C (), (7.10)
Ay, an

and (-, -)yq is the duality brackets for the pair
(WYPPi(aQ), WPl (52)).

The proof of the claim is now completed.
Next, we show that equation (2.2) is satisfied by the pair of functions (x,,u,) given by
equation (6.7). A direct computation yields

W |VZ]-’ rwl |P1 1-1 |vzl,‘f |P1 (w1-1)(p1-1)
S+ T T (1= () - 1) (py - 1) T )
1,7 Zl,r
(01-1)p1
P Eat; [Vzy . [P
1 1
Zl,z'

_ -1 -1 v LE B _
o 1[1+w1<1—(w1 )1 )>| Z1,] ]Z(ul Dip1-1)

w1 Z1,c
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in Q\ Q.. Similarly, it follows that

Vzi L P! _ w -1 —1)\ |Vzy |P?
—Aplz(flr+| Z1| (1)}171 1|:_1+w1<1_( 1 C)U(pl )>| 1,1:| :|Z(16:)rl

1,7 21,0

in ©;. In fact, by equations (6.7) and (6.9) we have

|Vu, [Pt a o | V([P
—Ap Uy + =t =Ap 2y, + 72

w1
1,7

T il (o-D(pi-1) —
! z(lwt1 =D i O\,

0 in Q.

In view of equations (6.2)—(6.5), choosing an appropriate constant m1; in (Hj), we have

1
my > Th a)‘f L@ Ve for ¢ 5 0 small enough.

Combining equations (7.11) and (7.12), we arrive at

[V, [

Ay U+
Pt s

ffl('»ﬂlr U, Vﬂl, Vuy).

Using a similar argument, we obtain

[V, P2

u+2

_Ap2z2 <f2 ulrﬂz’vul;ﬂz)~

Finally, by test equations (7.13) and (7.14) with (¢1,¢,) € W/hl’pl(Q) X Whl’m(Q), where

@1,92 > 0 a.e. in , equation (6.13), and the Green formula [6] we obtain

/|Vul|p1 2Vu1V<p1dx+f v

@1 ax
M1+81

0 Vu.|P1
<[ |Vzllpl-2wlwldx_<aﬂl,VO(¢1)> L [Vl
Q

U s Jo U+
|V, [Pt
= A, U, + —— dx
./s;( 121 Zl‘"‘sl $1

S/ﬁ('rﬂp’/tZ’Vervuz)gpl dx,

/|Vu [P~ ZVu2V<p2dx+/| 1y @y dx
Uy + 0

u Vu,|P?
< / |w2|"2-2w2w2dx—< —2,yo<<p2)> L [ Yl
Q 01y o Ja Uyt

|V142|p2
= A, Uy + —— dx
L( pr iy + 8 2

< /fz(', U, Vi, Vis,)p, dx,
Q

@ dx

-1(p1-1)

(7.11)

(7.12)

(7.13)

(7.14)

Page 17 of 19
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since vo(¢1), Yo(@2) > 0 whenever (g1, @;) € WP1(Q) x WP2(Q) (for more detail, see Carl
etal. [4, p. 35]).

Consequently, (,,u,) and (i, u,) satisfy equations (2.4) and (2.5). Therefore we can
apply Theorem 5.1 to obtain the existence of a solution (uo, u)) € C7(Q) x C*(Q) of
system (S) satisfying

u, < up <u, U, < Uy <. (7.15)

Furthermore, (i, u;) is a nodal solution. Indeed, combining equations (6.3), (6.7), and
(6.8), we arrive at

U=tP <P (Ld(ac))w1 -1,

Uy =117 7 <772 (Ld(x))62 -1,

which implies that

pit+l

max{ﬂl(x),ﬁz(x)} <0, provided that d(x) <L 't @ (7.16)

for i = 1,2. Combining equations (6.3), (6.7), and (6.8) yields

S|

L (ld(x))” -7,

1
= 7P g
U =tz ~T2T

1
= 1P2 7
Uy=TP2Zy7 —T 2T

S

2 (la,’(x))w2 -1,
and hence
%
min{g1 (x),gz(x)} >0 whend(x)> It “%i (7.17)

for i = 1,2. The conclusion now follows from equations (7.16) and (7.17). This completes
the proof of Theorem 1.1. d

Proof of Theorem 1.2 First, using the same notation as in equations (6.7) and (6.8) and
applying the same argument as in the proof of Theorem 1.1, we can ensure that (u,,u")
and (u,,u") satisfy equations (2.4) and (2.5). Therefore, invoking Theorem 5.1, we obtain
the existence of a solution (u,,u*) € C1(Q) x C1” () with the following properties:

up<u,<u, and u,>0 ong,

up<u*<u* and u*>0 onQ.

Finally, using equation (6.8), we can easily deduce that u, (x) and u™ (x) are zero as d(x) — O.
This completes the proof of Theorem 1.2. d
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