;

Fractional Calculus and Applied Analysis (2024) 27:725-756 ”Z‘Ttrional' calctlus ‘
https://doi.org/10.1007/s13540-024-00246-8 Applied C\nalysis
ORIGINAL PAPER
Check for
updates

On the concentration-compactness principle for anisotropic
variable exponent Sobolev spaces and its applications

Nabil Chems Eddine’ @ - Maria Alessandra Ragusa®3( -

Dusan D. Repovs*56

Received: 13 March 2023 / Revised: 13 January 2024 / Accepted: 15 January 2024 /
Published online: 22 February 2024
© The Author(s) 2024

Abstract

We obtain critical embeddings and the concentration-compactness principle for the
anisotropic variable exponent Sobolev spaces. As an application of these results,we
confirm the existence of and find infinitely many nontrivial solutions for a class
of nonlinear critical anisotropic elliptic equations involving variable exponents and
two real parameters. With the groundwork laid in this work, there is potential for
future extensions, particularly in extending the concentration-compactness principle
to anisotropic fractional order Sobolev spaces with variable exponents in bounded
domains. This extension could find applications in solving the generalized fractional
Brezis—Nirenberg problem.

Keywords Sobolev embeddings - Concentration-compactness principle -
Anisotropic variable exponent Sobolev spaces - 77) (x)-Laplacian - Fractional
Brezis—Nirenberg problem.

B Maria Alessandra Ragusa
maragusa@dmi.unict.it

Nabil Chems Eddine
nabil.chemseddine @um5r.ac.ma

Dusan D. Repovs
dusan.repovs @ guest.arnes.si

Laboratory of Mathematical Analysis and Applications, Department of Mathematics, Faculty of
Sciences, Mohammed V University, Rabat, Morocco

2 Dipartimento di Matematica e Informatica, NANOMED, Research Centre for Nanomedicine and
Pharmaceutical Nanotechnology, Universitd di Catania, Catania, Italy

3 Faculty of Fundamental Science, Industrial University, Ho Chi Minh City, Vietnam

4 Faculty of Education, University of Ljubljana, Ljubljana, Slovenia

3 Faculty of Mathematics and Physics, University of Ljubljana, Ljubljana, Slovenia

6

Institute of Mathematics, Physics and Mechanics, Ljubljana, Slovenia

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s13540-024-00246-8&domain=pdf
https://orcid.org/0000-0001-8503-1305
http://orcid.org/0000-0001-6611-6370
https://orcid.org/0000-0002-6643-1271

726 N. C. Eddine et al.

Mathematics Subject Classification 35B33 - 35D30 - 35J20 - 35J60 - 46E35

1 Introduction

In recent years, increasing attention has been paid to the study of differential and par-
tial differential equations involving the variable exponent in general, and anisotropic
equations with different orders of derivation in different directions in particular. The
main interest in studying such problems has been stimulated by their various applica-
tions in physical and related sciences. Indeed, there are many applications concerning
nonlinear elasticity problems, contact mechanics, electrorheological fluids, robotics,
space technology, image processing, flow in porous media, etc. (for more details see
Antontsev et al. [5], Antontsev and Rodrigues [6], Bear [7], Boureanu et al. [9], Chen
et al. [17], Diening [20], Rddulescu and Repovs [43], Ruzicka [44], Simmonds [47],
Stanway et al. [48], Zhikov [49], and the references therein).

To the best of our knowledge, anisotropic equations with different orders of deriva-
tion in different directions, involving critical variable exponents have never been
studied before. In the subcritical case, we refer the reader to the papers Boureanu
and Udrea [11], Boureanu and Radulescu [10], Fan [24], Ji [34], Mihiilescu et al. [37,
38], and Ourraoui and Ragusa [40].

One of the main points in the study of these equations is the generalization of
the well-known Anisotropic Sobolev Immersion Theorem: If £2 is a subset of RV

and _p> : 2 — RY is the vector function ?(x) = (p1(x), ..., pn(x)) such that
1 < p; = inf p;(x) < p;” := sup p;j(x) < N, foralli € {1,..., N}, then there
xXeNR e

is a continuous embedding (resp. a compact embedding W17 @) (2) < LI (2)),
if the exponent & : 2 — [1, +00) satisfies h(x) < P*(x) for continuous embedding
(resp. h(x) < P*(x), for compact embedding), where P*(x) is the critical Sobolev
exponent.

We mention the most important results on this topics. When 2 ¢ RY(N > 3)
is a bounded domain with smooth boundary, Mihiilescu et al. [37] proved that for
all continuous function £ satisfying 1 < h(x) < P*(x) := max{p,.. P}, Where

_ - L7p
Pmax = Maxi<i<n{p; }, pp, = N/EN, p% -1, 3N, p% > 1, W, P92y
is compactly embeddable in L") (£2). Subsequently, Ji [34] showed also that for
all continuous function h satisfying 1 < h(x) < P*(x) := —NNPI';’,, where p,, =

min;<;<y{p; }, the space Wl'ﬁ(")(()) is compactly embeddable in L") (£2).

is constant exponent, are optimal in the environment of constant exponent Lebesgue
spaces. In the present work, we shall be interested in extending these results, by giving
sufficient conditions for p;, i = 1,2,..., N so that W1’7(x)(9) is embeddable in
L™ (£2), where 2 ¢ RY(N > 2) is a bounded domain with smooth boundary
and P*(x) = Nowlo) i optimal in the environment of variable exponent Lebesgue

T N—pp(x)
spaces. We conclude this paragraph with the following open problem.

Note that the cited results, in which critical exponent max{py,,,. p,,} or

@ Springer



On the concentration-compactness principle... 727

Question 1T What are sufficient conditions for p;,i = 1,2,..., N and 2 C RV,

s0 that W17 0 (2) or Wy 7 ) (2) is embeddable in LF*®)(2), where P*(x) :=
Np) N
N—p(x) and p(x) = m

On the other hand, when p;(x) = p(x) or p is constant for all i € {1,2,..., N},
the class of elliptic equations involving critical growth has received great attention fol-
lowing the seminal work of Brezis and Nirenberg [12] in 1983 for Laplacian equations.
Since then, there have been extensions of [12] in many directions, see e.g., Servadei
and Valdinoci [45, 46].

The principal challenge in solving elliptic problems characterized by critical growth
lies in the absence of compactness when embedding Sobolev spaces into Lebesgue
spaces within the framework of variational methods. To overcome this obstacle, Lions
[36] introduced the concentration-compactness principle (CCP) in 1985 to estab-
lish the precompactness of minimizing sequences or Palais-Smale (PS) sequences.
For bounded domains, a variable exponent adaptation of Lions’ concentration-
compactness principle was independently derived by Bonder and Silva [8], as well
as by Fu [29]. Since then, numerous researchers have applied these findings to tackle
critical elliptic problems involving variable exponents, see e.g., Alves and Ferreira
[3], Alves and Barreiro [1], Chems Eddine and Ragusa [14, 16], Fu and Zhang [30],
Ho and Sim [32], Hurtado et al. [33], and the references therein.

For the fractional p(x)-Laplacian on bounded domains, the CCP was established in
the linear case p = 2 by Palatucci and Pisante [41] and for constant p by Mosconi and
Squassina [39]. The CCP for the fractional Sobolev spaces with variable exponents
was extended by Ho and Kim [31]. Using the concentration-compactness principle,
they provide sufficient conditions for the existence of a nontrivial solution to the gener-
alized fractional Brezis—Nirenberg problem. Notably, E1 Hamidi and Rakotoson [23]
extended the concentration-compactness principle to anisotropic Sobolev spaces with
constant exponents when all p; are constant functions. This extension paved the way
for demonstrating the attainment of a critical best Sobolev constant. Subsequently, var-
ious authors have effectively addressed critical problems involving the 7-Laplacian
operator, as exemplified by the works of Alves and El Hamidi [2] and Figueiredo et
al. [26, 27].

Recently, Chaker et al. [13] extended the concentration-compactness principle for
the anisotropic fractional _p)-Laplacian of mixed order to unbounded domains. Com-
bining ideas from the anisotropic case as presented in this paper, from the nonlocal case
asin Ho and Kim [31], and from the anisotropic nonlocal operator in [13], we anticipate
that this combined approach will allow us to extend the concentration-compactness
principle to anisotropic fractional order Sobolev spaces with variable exponents in
bounded domains in the future. Such an extension holds the potential for applications
in solving the anisotropic generalized fractional Brezis—Nirenberg problem.

As mentioned previously, there were no prior results available for nonlinear
anisotropic elliptic equations with variable critical growth until this article. How-
ever, it is worth noting that a subsequent paper by Chems Eddine et al. [15], published
after this article, utilized the results obtained in this work. They applied these findings
to a specific class of critical anisotropic elliptic equations of Schrodinger—Kirchhoff-
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728 N. C. Eddine et al.

type. Although the crucial Sobolev immersion theorem holds for anisotropic Sobolev
with variable exponents, we do not know if there are results for the critical Sobolev
type embedding for the anisotropic variable exponent Sobolev spaces defined on a
bounded domain, see e.g., Ji [34], Fan [24], Mihdilescu et al. [37, 38], and Rddulescu
and Repovs [43]. Because of this, our first aim is to obtain a critical embedding from
anisotropic variable exponent Sobolev spaces into variable exponent Lebesgue spaces.
We give sufficient conditions on the variable exponents, such as the log-Holder type
continuity condition on the minimum function of the exponents, to obtain such critical
embedding (see Theorem 3). Using this critical embedding, we establish the extension
of the Lions concentration-compactness principle for anisotropic variable exponent
Sobolev spaces, inspired by Bonder and Silva [8], Fu [29], Ho and Kim [31], and
Lions [36], which are our second aim (Theorem 6). As an application of these results,
we establish the existence and multiplicity of nontrivial solutions for the following
class of nonhomogeneous anisotropic eigenvalue critical problems

N
= i e, dyu) + Al 2 = 20 4 Bf (x,u) in 2,
i=1

u=0onds2,

(1.1)

where 2 ¢ RV (N > 2) is a bounded domain with a Lipschitz boundary 352, A and
[3 are real parameters such that 3 is positive, functions r, 4 and p;,i = 1,2,..., N
are continuous on £2 and satisfy some conditions to be specified below, and f :
2 x R — R is a Carathéodory function with the potential F(x, &) = foa f(x,t)dt,
that satisfies some conditions which will be specified later. The differential operator

N
Z dy; a; (x, 0y;u) was originally introduced by Boureanu and Rédulescu [10]. This
i=1
operator is a more general type of Laplacian operator. The functions «; (x, £) represent
the continuous derivatives with respect to & of the mapping A; : £2 x R — R, denoted
as A; = Ai(x, &), that is, a; (x, &) = 5 Ai(x, £).
In this paper, we shall assume that the following hypotheses hold forall 1 <i < N:

(A1) There exist cq, > 0 such that |a; (x, £)| < cq, (gi(x) + [E]P71) | forae. x €

£2 and all £ € R, where the nonnegative functions g; belong to L) (£2), with
1

1
e T o T
(A2) There exist positive constants k; such that

KilE)Pi ) < a;(x, E)E < pi(x) Aj(x, &), forae. x € 2 andall § € R.

(A3) The functions a; satisfy (a;(x,&) — a;(x,m))(E — M) > 0, forae. x €
2 andall E,n e R, & #m.

The main feature of this paper is establishing the existence and multiplicity of non-
trivial solutions to problem (1.1) under the critical growth condition {x € £2: h(x) =
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. Npux) : _ : .
P (x)} # 0, where p (x) := N p (D) with p,(x) = 1g}1<nN{p, (x)} (see Theorem

1 for existence and Theorem 2 for multiplicity). The main results of this paper are as
follows (conditions (f;) and (H) will be defined in Section 4).

Theorem 1 Suppose that assumptions (A1)—(A3z), (fi1)—(f3), and (H) hold. Then for
all A € Rand 3 > 0, problem (1.1) has at least one nontrivial weak solution.

The second theorem concerns the case a;(x, &) = |2 for all i €
{1,...,N}.

Theorem 2 Suppose that assumptions (A1)—(A3z), (fi)—(fs), and (H) hold. Then for
all A € Rand > 0, problem (1.1) has infinitely many weak solutions.

We give some examples, interesting from the mathematical point of view and with
a wide range of applications in physics and other fields, that fall within the general
class of equations which we shall study in this paper, with adequate assumptions on
functions q;.
Example 1 Let a;(x, &) := |&|Pi®=2E Then A;(x, £) = p_l(x)|a|l’i<x) and a; satisfy
the assumptions (A1), (A2) and (A3) foralli € {1,..., N}. Hence equation (1.1)
becomes

1.2
u=0onds. (1.2

{_Am(u) A+ Al = (u* 72U 4 B (x,u) in 2,
The operator A=, (1) = Y10, dy, (|axl.u|f”' (x>*2axl.u) is the so-called the 7 (x)-
Laplacian operator, when p; (x) = p(x) foralli = 1, 2, ..., N. The operator A7,> (0l
is the p(x)-Laplacian operator, i.e., A,x)u = div(|Vu|P®~2Vy), which coincides
with the standard p-Laplacian when p(x) = p, and with the Laplacian when p(x) = 2.

pj(x)=2 pi(x)

Example2 Leta;(x, &) := (1+]&|%) " 2 &.Then A; (x, &) = ﬁ((1+|&|2) T —
1) and a; satisfy the assumptions (A1), (A») and (A3) foralli € {1,..., N}. Hence
equation (1.1) becomes

N
— Z dy,; ((1 + |aXiu|2)(Pi(x)—2)/2aXiu> A w92y
= (1.3)

)" =2y + B f(x,u) in £2,
u=0o0nos2.

The operator Y1, 9y, ((1 Fagul?) PO, u) is the so-called anisotropic vari-

able mean curvature operator.

The paper is structured as follows: In Section 2 we give some preliminary prop-
erties of the variable exponent spaces. In Section 3 we establish an extension of the
Lions concentration-compactness principle for anisotropic variable exponent Sobolev
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730 N. C. Eddine et al.

spaces. In Section 4 we study a class of nonlinear anisotropic elliptic equations with
critical growth and establish the existence and multiplicity of solutions. In Section 5
we prove the main results (Theorems 1 and 2).

2 Functional framework

In this section, we establish the notation and compile essential foundational results con-
cerning variable exponent function spaces. These results will be recurrently employed
in subsequent sections of the paper.

Throughout this paper, we assume that §2 is a bounded Lipschitz domain in RY
(N > 2). We introduce the set C(£2), defined as

Ci(2)={p:peC(R),pkx)>1 forae. x € 2}.

We denote by Cfg (£2) the set of functions p € C(£2) that satisfy the log-Holder
continuity condition

_ 1
Sup{lp(x)—p(y)IIOg |:x,y69,0<|x—y|<§}<oo~

lx —y

For any p € C+(£2), we define p™ = sup, ., p(x) and p~ = inf,c p(x). We also
introduce the variable exponent Lebesgue space as

LPY(2) = {u : u is a measurable real-valued function and pp(u) < oo},

where the functional p, : LP™(£2) — R is defined as pp, (1) := [, [u(x)|P©@dx.
We endow the space L™ (£2) with the Luxemburg norm

. [u(x)|
lullppe () = inf {T> 0:,0,,( Er) ) < 1}.

This norm results in (L?%)(£2), ||ull Lr()(s2y) being a separable and reflexive Banach
space (see, e.g., Kovacik and Rékosnik [35, Theorem 2.5, Corollary 2.7]). Let us now
revisit some fundamental properties associated with Lebesgue spaces.

Proposition 1 (Kovdcik and Rdkosnik [35, Theorem 2.8]) Consider variable expo-
nents q and h belonging to the class C($2) and satisfying the condition ¢ < h within
the domain 2. Under these conditions, the embedding L"™(2) «— L1%)(82) is
continuous.

Furthermore, the following Holder-type inequality holds for all u € LP™)(£2) and
veLPW(R)

1 1
| /Q )] = (o= + e |2

<2|ul Lro(02) lv] LV @ (2)

2.1
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where L' @ (£2) is the conjugate space (or the topological dual space) of LP™) (£2),
obtained by conjugating the exponent pointwise, that is, ﬁ + % = 1 (see, e.g.,
Kovacik and Rakosnik [35, Theorem 2.1, Corollary 2.7]). Moreover, if u € L? ) (£2)
and p < oo, then we have the following properties (see for example Fan and Zhao

[25, Theorem 1.3, Theorem 1.4]):

||u||Lp(x>(_Q) <1l(=1;>1) ifandonlyif p,(u) <1(=1;>1), (2.2)

. - +
if lullppw gy > 1 then ||u||{pm(m < ppu) < ||u||’L’,,<X)(Q), (2.3)
. + -
if flullLpeogy < 1 then |lull} e o) < pp@) < Ul - 2.4)

As aresult, we get

N
el — 1= pp(@) < ull] oy ) + 1, forallu € LPD(R). (2.5

-
LP™)(£2)

This leads to an important result that norm convergence and modular convergence are
equivalent.

lull Lreo 2y = O (— o0) ifand only if pp(u) — 0 (= 00). (2.6)

Remark 1 The above properties of the modular and norm hold for all Lﬁ(x)(.Q) =

{u : wuis p — measurable real-valued function and / lu(x)|? Wyq p < oo}, where
Q

2 c RV(N > 2) is a bounded open subset, L is a measure on £2, and p € C+(§)
(for more details see, e.g., Diening et al. [21, Chapter 3]).

Now, let us turn our attention to the (isotropic) Sobolev space with a variable
exponent. This space, denoted as W17 (£2), consists of functions u belonging to
LPX)(£2) whose partial derivatives d,u, fori € {1,..., N}, are also in LPX)(£2) in
the weak sense. The norm for this space is given by

lullt,pey = lullwirew @y == lullprw 2y + IVl g o) forall u € whre (),

where Vu represents the gradient of . The Sobolev space with zero boundary values,
denoted as Wol”’ @) (£2), is defined as the closure of the set of smooth functions with
compact support, C;°(£2), within W1P@) (). Its norm is given by

L,
litll ey = 1Vl L pcor () for all u € Wy P (£2).

It is worth noting that both W7 (£2) and WOl P (2) are separable and reflexive
Banach spaces, as established in Kovacik and Rakosnik [35, Theorem 3.1]. Addition-
ally, we introduce the concept of the critical Sobolev exponent, denoted as p*(x),

@ Springer



732 N. C. Eddine et al.

which is defined as follows

Npx)
pH ) = N=p() if p(x) < N
+o00 if p(x) > N.

Now, let us highlight the crucial embeddings of the space W17 (£2).

Proposition 2 (Diening et al. [21, Theorem 8.4.2.], Edmunds and Rakosnik [22,
Theorem 1.1]) Consider p € leg(ﬁ) satisfying pt < N, and h € C(2) with
1 < h(x) < p*x) forall x € 2. Under these conditions, we have a continu-
ous embedding Whr(2) — Lh(x)(.Q). Furthermore, if we additionally assume
1 < h(x) < p*(x) for all x € §2, then this embedding is also compact.

For a comprehensive exploration of the properties of Lebesgue-Sobolev spaces with
variable exponents, we recommend that the reader consult the works of Cruz-Uribe
and Fiorenza [18], Diening et al. [21] and Kovacik and Rakosnik [35].

Now, we expand our discussion to include the anisotropic Sobolev space denoted
as WI’T’)(X)(.Q), where 77) . 2 — RY is a vector function defined as ?(x)
(p1(x), ..., pn(x)), with each component p; € C,(£2) satisfying 1 < p;
pl.+ < N < oo forall i € {l,...,N}. Additionally, we define p,,(x)
min{p1(x), ..., py(x)}, pu(x) = max{p1(x),..., py(X)}, P, = Sup,co Pm(x),

Al

and _{77"4 = sup,co pm(x). The anisotropic variable exponent Sobolev space
WP () (02) consists of functions u € LP¥™¥)(§2) such that d,,u € LPi™ () for
alli € {1,..., N}. This space can also be defined as

1.7 () _ 1 . pi(x) pi(x)
w () ={uel,(2):ueLPi™(R)and d,,u € L") (2)
forall 1 <i < N},

and it is equipped with the norm

N
—
el y1.5 0 g2y 7= Nl ooy + D |9t o Torallu € WhHP O ().

i=1

The space (le(x)(.Q), I - ”W17<X>(Q)) forms a reflexive Banach space, as proven
by Fan [24, Theorems 2.1 and 2.2].
The anisotropic variable exponent Sobolev space with zero boundary values

X
Wol’p(x)(.Q) is defined as the closure of C§°(£2), with the norm [|u 4, =

S s u] o (q2) - Furthermore, the space W, T (£2) allows for the appropriate
treatment of the existence of weak solutions for problem (1.1) and can be considered
a natural generalization of the variable exponent Sobolev space W(} P) (£2). On the
other hand, the space Wé’;)(x)([)) can also be regarded as a natural generalization
of the classical anisotropic Sobolev space Wé 7 (£2), where 7)) is the constant vector
(1,5 PN)-
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In the sequel, we shall present a revised version of the critical Sobolev embedding
theorem tailored to anisotropic variable exponent Sobolev spaces.

Theorem3 Let p; € C4(R2) for all i € {1,...,N}, with p, € leg(ﬁ) such
that p,; < N. Suppose that h € C (R2) satisfies the condition 1 < h(x) <
i (x) forall x € 2. Then, there exists a continuous embedding W1'7’)(")(Q) —
Lh(")(.Q). If in addition, we assume that 1 < h(x) < p;(x) forall x € 2, then this
embedding is also compact.

Proof Letu € WI’T’)(")(.Q). According to Proposition 1, we can conclude that u €
Whrn®)(2). Since h(x) < pi(x) for all x € £2, Proposition 2 guarantees the
existence of a positive constant ¢ > 0 such that

N
Il o2y = € (el pomercay + D 1l Lmen ) @.7)
i=1
Since p,, < p; < py holds foralli € {1, ..., N}, we can again apply Proposition 1

to find positive constants ¢; such that

”“”Lm(-*')(.(z) = CO”’/‘”LPM(X)(_Q) and ||ax,~“||LPm<X)(Q) =< Ci”ax,'u”LPi(x)(_Q)’ (2.8)

for all i € {I,..., N}. By combining (2.7) with (2.8), we obtain [lu|l r (o) =<
cllul| WL 0(2)" Since Proposition 2 establishes that the embedding

Wlapm(x)(g) N Lh(x)(.Q),

is compact if 1 < h(x) < pj (x) for all x € §2, we can conclude that the embedding

WP 0 (2) s L'®(2) is both continuous and compact, thus completing the proof
of Theorem 3. O

Remark 2 (1) The conclusions of Theorem 3 remain valid in a more general context.
Specifically, one can extend theorem’s applicability by replacing the “critical expo-
nent” p* (x) with the function ﬁ;“l’M(x) ={p)(x), pm(x)}.

(2) It is worth noting that when pi(x) = p2(x) = --- = py(x) = p(x) and
p(x) < N holds for all x € £2, the “critical exponent” Py (x) in Theorem 3 coincides
with the “critical exponent” p*(x) for W17®)(£2), as can be seen in Proposition 2.

(3) Ji [34] conducted a study of anisotropic equations in the subcritical case, using
the “critical exponent” (PZ)*, where P~ = inf{p], p,,..., py}. Our Theorem 3

3
improves upon the results obtained in Ji [34] by replacing the critical exponent (P:)
with p (x).

Definition1 Let £ : X — R be a C! function defined on a real Banach space X. A
sequence {u,} is termed a Palais-Smale sequence (abbreviated as (PS)-sequence) on

X if it satisfies the following conditions:
1. E(uy) is bounded.
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734 N. C. Eddine et al.

2. E'(uy) — 0 in the dual space X'.

If, in addition to the above conditions, E (u,) converges to a finite value ¢ € R as
n tends to infinity, then the (PS)-sequence is referred to as a (P S).-sequence.

Furthermore, if every (P .S).-sequence for the function E possesses a subsequence
that converges strongly in X, then we say that E satisfies the Palais-Smale condition
atlevel ¢ (or E is (PS)., for brevity).

We shall conclude this section by presenting two classical theorems: the Mountain
Pass Theorem and its Rabinowitz Z,-symmetric version. These theorems will play a
crucial role in proving our main results in Section 4. The theorems are summarized
below.

Theorem 4 (Ambrosetti and Rabinowitz [4, Theorem 2.1]) Consider a real infinite-
dimensional Banach space X and let E : X — R be a C' function satisfying the
(PS). condition with E(Ox) = 0. Assume the following conditions :

(Z1) There exist positive constants R and p such that E(u) > R for allu € X with
lullx = p.
(Z,) There exists an element u € X such that ||i||x > p and E (@) < O.

Then. E has a critical value ¢ > R, which can be characterized as

= inf max E(d(t)),
¢ bel te[0,1] (d)( ))

where
r'={¢€C([0,11,X): $0) =0x, E($(1)) < 0}.

This theorem provides conditions under which a function E has a critical value c,
and it characterizes c as the infimum of a certain set of functions ¢ in X.

Theorem 5 (Rabinowitz [42, Theorem 9.12]) Let X be a real infinite-dimensional
Banach space and let E : X — R be even and of class C', satisfying (PS). and
E(0x) = 0. Suppose that assumption (L) holds in addition to condition (I}): For all
finite-dimensional subspaces X| C X, the set S| := {u € X : E(u) > 0} is bounded
in X. Then E has has an unbounded sequence of critical values.

This theorem provides conditions under which a function E has an unbounded
sequence of critical values, where critical values are defined with respect to the (P S).
condition.

Notations. In our discussions, we shall use the following notations: Strong (resp.

weak, weak-*) convergence is denoted by — (resp., —, —*\), constants: C;, le ,C¢j,and
c represent positive constants, which may vary from one line of the text to another
and can be determined under specific conditions. X* denotes the dual space of X, &y,
represents the Dirac mass at the point x;. For any p > 0 and x € §2, B(x, p) denotes
the open ball of radius p centered at x, the characteristic function of a set B is denoted

by xB.
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3 An extension of the Lions concentration-compactness principle

In this section, we shall establish the extension of the concentration-compactness
principle to the anisotropic variable exponent Sobolev spaces, which is one of the
main results in this paper.

In what follows, we shall denote by M (£2) the class of nonnegative Borel measures

of finite total mass, and a sequence un—*\u in M(£2) if and only if / ¢ (x)dw, —
2

/ ¢ (x)du for every test function p € C*(£2)NC (£2). Note that by Theorem 3, we
Q

have

lluell—
Sy = inf LW, (3.1)

ueWolv_ﬁ(x)(_Q)\{O} el prcor (29

We now state the main result of this section, that is, a concentration-compactness
principle for the anisotropic variable exponent Sobolev spaces.

Theorem 6 Consider continuous functions p; and h on §2 such that 1 < inf cp p;(x)
< sup,co pi(x) < Nforalli € {1,2,...,N}and 1 < h(x) < p}(x) in §2, where
Pm € C}fg(ﬁ). Let {u,}pen be a weakly convergent sequence in Wol’ P (x)(.Q) with
weak limit u, and such that |3, un|P' > in M(82) and Juy|"™ v in M(S2).
Also, suppose that the set A = {x € §2: h(x) = p} (x)} is nonempty. Then there exist
{xj}jes C Aofdistinct points and {\1;}jer, {vj}jes C (0, 00), where J is countable
index set, such that

v = |u"® 4 Zv,-c‘ixj, (3.2)
jeJ
N
w> Z|axl'”|pi(x) +Zuj5xj" (3.3)
i=1 jeJ
1
i 1/p}; 1P
Nlip’t’Shvjpm( i < max {(uj) M, (uj) } Vjeld. (3.4)

n
where 8y, is the Dirac mass at xj and L = Z L.
i=1

Before we give the proof of Theorem 6, we recall some auxiliary results obtained
by Bonder and Silva [8].

Lemma1 (Bonder and Silva [8, Lemma 3.1]) Let v, {vy}neny € M(2) be such
that vn—*\v in M(R2). Then for all ¢ € C4(2), we have |||

||1/f||L(3(.\->(9) asn — oo, forall y € C®(R).

N
LI (2)
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736 N. C. Eddine et al.

Lemma2 (Bonder and Silva [8, Lemma 3.2]) Let w, v € M(82) be such that there is
some positive constant c, such that

11560 gy = €IVl g0 -

for some p,h € C(82) satisfying infxe_q(h(x)_— p(x)) > 0. Then there is an at
most countable set {x;} ey of distinct points in §2 and {v;}jej C (0, 00), such that

V= Zvj(ij.

jeJ

The following lemma is an extension of the Brezis—Lieb Lemma to Lebesgue spaces
with variable exponents.

Lemma 3 (Bonder and Silva [29, Lemma 2.1]) Consider a bounded sequence {uy},eN
in L") (§2) and let u(x) be such that u,(x) converges to u(x) in L") (82) for a.e.
x € $2. Then the following holds:

lim (/ |un|h(x)dx—/ |u—un|h(x)dx> =/ " dx.
n—0oo Q Q Q

Proof of Theorem 6 We start by establishing relation (3.2). To this end, we put v, =
u, — u. Then we have up to a subsequence, that

v, —0 in Wé’p(x)(.Q), and v, (x) — 0, forae.x € Q2. (3.5)

So, by the Brezis-Lieb Lemma 3, we can see that lim,,_, o, fQ ‘|un ")y, [P —

|u|h(X)

dx = 0. Thus, from the last equality and relation (3.5), we can deduce that

1imy, > o (f91p|u,,|h<x) - fﬂtﬁlvn|h(x)dx> = [ ¥lul"@dx, forally e C(2),
that is,

[ [P 5 ) — "™ = 5 in M($2). (3.6)

n

Obviously, [ Z |0y, ity |7 ) } is bounded in L' (£2). So up to a subsequence, we have
—

asn — 400 l

n n
> 18| P fiin M(82) for some fL = Y i € M(2). (3.7)
i=1

i=1

Clearly, yv € Wy 7 (2) forall ¢ € C®(2) and v € W, " (). Then by
applying relation (3.1), for all v € C*(£2), we obtain
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M=

Sh ”an”Lh(n(g) = [|9x; (wvn)“LPi(x)(Q)

(lll/faxl Un ”LP,(Y)(_Q) + [[vn 0, ¥ ”LP, (X)(Q))

'MZ

I
—_

(waaxl Un ”LP;(Y)(_Q) + 10, ¥ I Lo (2) lvn “LP;(\’)(_Q))

'MZ

I
—_

=
Since v,—0 in Wé’ 7™ (2) (according to relation (3.5)), we can infer that v, — 0
in Lp"(x)(.Q), foralli € {1,2,..., N}, in view of Theorem 3. By Lemma 1, we get

N

< Z ) — < N max () —

Shlll/fllegm(Q) =2 ”w"b’éf,.(”@) =N max ”w”Lﬁ‘i(”(ﬂ)’
=

for all ¥ € C*(£2). Hence by applying Lemma 2, we obtain = Z v;dy;, for
jel

some at most countable set J, a family of {x;};c; C §2 and a family ojf nonnegative

numbers{v;} jes. That is, we have thus obtained relation (3.2).

Let us now prove that the points x; actually belong to the critical set A. Assume
to the contrary, that there exist some x; € in £2\A. Let p be a positive number such
that B(x;,2p) C RN\ A, noting the closedness of .A4. We put 2p; = B(x;,8) N 2,
and get .QB C .Q\.A and hence, h(x) < p}(x) — ¢, for some ¢ > 0 in (23 Since
1 < h(x) < pi(x) —eforeach x € .QBj N 2, we can get h e CL(R2) sﬁch that
hlgiBj = hand h(x) < p} (x) — e for all x € §2. Therefore by Theorem 3, we find

U, — uin Lﬁ(x)(.Q). Equivalently, / lu, — u|i’(x)dx — 0. Thus, by applying
25,

the Brezis—Lieb Lemma 3, we find / lun "D dx — [u]"®dx. Hence, from
QB' QB'
J J

this and the fact that v(.QBj) < liminf / |un|h(x)dx (see Fonseca and Leoni [28,
n—0o0o Q

Bj

Proposition 1.203]), we get v(£2p;) < / |u|h(x)dx. It follows from relation (3.2)
QB-
that v(2g;) > [o [u"®dx +v; > Jas. |u|" ™) dx, which is a contradiction, hence
J J
{.xj‘ }]ej C ./4. v
Next, to obtain relation (3.3), consider ¥y € C2°(R™) such that x B(O.}) <y <

XB(0,1)- Suppose that J # ¢ and fix j € J. Consider ¢; > 0 to be arbitrary for

alli € {1,2,..., N}. Set ¥ (x) —Kﬁ( x]l’”"XN—xj,N)
&1 EN

. By again using
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relation (3.1) to v ju,, we have
N
Sullrjunll oy < D (W0t ll o ) + 1n 0, 1l v (29)
z;l
i=1

= (”d’j 8)c,'l'tn ”LPi ™) (£2) + ”uaxi W] ”LI’:‘(X)(Q)

+ 10, ¥l Loy llun — ulle(n(m)-

Then by using (3.5) and Theorem 3 and taking n — o0 in the last estimate, we obtain
N N

Sulvjllreo gy = DIV i ) + D M0 Wil gy B8)
i=1 ! i=1

On the one hand, by using relations (2.3), (2.4) and Remark 1, we have

1l o gy
1 1

> min {( / it an) e ([ [ Oav) e }
B(xj, Max &;) B(xj, max &;)
1<i<N 1<i<N

where

+ . - . :
hj’5 = sup h(x) and hj78 = inf h(x).
) . B(x;, max &
B("-”l‘;}af’ﬁvg’) "<isn !

Since

/ |1/fj|h(x)d‘) = / max ¢; II//jlh(x)dv > v({x;}) =vj,
B(x;, max &) . 151571\/)
1<i<N i

1
nt hy
heo e e
v (82) |

above inequality and using the fact x; € A and the continuity of h, we get

it follows that ||/ ||L > min {v } When letting 1r<nl_a<)§V g; — 07 in the

1

)

il preo gy Z v 7 (3.9)

On the other hand, by relations (2.3), (2.4) and using Jensen’s inequality on the convex
function ¢ : Rt — RY, q(t) = tPnM p,y > 1, we see that
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Pm,M

N
12 Yimt Wil o o) N
7o) =N 1 ZHW ”PM
NPmM 1 N o J Lﬁ,l(t)(g)

N N

pz . l() .
Z |W/||Lplm o < Z;/Q Tz
i=1 =

(3.10)

where p, vy = p;r,l if ||¢fj||7]>(x) < land ppym = p,, if ||1//j||7,>(x) > 1. Since
w;’i(x) < ¥, we have

lim /wf Pi®dy; < lim / Ve, jd 1,
Z B(xj,lmast,) !

max & — 07 max & — 0
1<i<N 1<i<N

where L = Zl W < lim g g — 0 H(B(xj, 1max ¢;)) = W;. From this and
1<i<N

relation (3.10), we get
n

1/p - 1/pm
an,u 1y = max NP () TN () T @
i=1

N
Next, we shall prove that Z [|220y, wj||Lp,-<x)<9) — 0, as max &; — 0T. Indeed,
i=1 I<i<N

applying the Holder inequality, we obtain

/Qluaxil/,ﬂl’z(wdx :/ |u|1?i(x)|8Xi1//j|p,-(x)dx

< |||u|"l‘x>|| 113, ;171
:<‘> (B(xj,£)) LPi 7 (B(x; &)

Moreover, by relation (2.5) and using

1 X1 —Xiq XN —Xi N
s Jjs
3xi1ﬂj = ;8xil// g e e ey N
1

€1 EN

we obtain the following

. p;
135, 9,179 sl+f 1o, 071
LPi™ (B(x},&)) B(xj.&i)

1
51+/ |0y |V — dx
B(x]-,s,-) o

1

< 1+/ s v )Y dy.
B(0,1)
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so we can conclude from the last two estimates that

/ |uax,.1pj|1’i(x) dx — 0 as max & — 07 — 0,
2

I<i<N
hence, from relation (2.6), we get

N

Z; B, ¥rjll i () — O as max e — ot. (3.12)
1=

Letting lm.a%\, g — 0% in (3.8) and taking into consideration (3.9), (3.11) and (3.12),

=is<
we get

1
= 1/p}; 1/pp
Nl—p,J\r,,Sth{m( ) < max {(Mj) M’ (H./) }

This shows that {x;};c; are all atomic points of p. Finally, to obtain relation

(3.3), we notice that for each ¢ € C(£2) with v > 0, the functional u
N

/ V(x) ( Z |9, 1| PP >>dx is convex and differentiable on WOl 70 () Therefore
2 i=1
it is weakly lower semicontinuous and we obtain

N N
/ IP(X)(ZIi%c,-btlp"(’”)dx < liminf/ W(x)<2|8xiun|17i(x)>dx
2 n—oo o =

i=1
= /71/fdu.
2

N
Hence p > Z |0y, u| Pl S Extracting p to its atoms, we get relation (3.3) and the

i=1
proof of Theorem 6 is complete. O

4 A class of nonlinear anisotropic elliptic equations with critical
growth

In this section, we shall establish the existence and multiplicity of nontrivial solutions
for problem (1.1). Throughout this paper, we assume that f satisfies the following
conditions:

(f1) There exist a positive function £ € C(£2) and a positive constant C # such that
|f(x, &) < Cp(1 + [E[*@=), forall (x, &) € 2 x R, where p}; < £(x) <
h(x) < pi(x) forall x € £2.

(f,) There exist R > 0 and 6y > rT (resp. Ox < r~ )if A > 0 (resp. A < 0), such
that for all £ with |&£] > Rand x € £2, wehave 0 < O f(x, &) < &f(x, &).
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(f3) f(x,8) = o(|E|PM) as & — 0 and uniformly for all x € £2.
(f4) fisoddin &, thatis, f(x, —&) = —f(x, &), forall (x, &) € 2 xR,
(H) pi, <r(x) <h(x) < pi(x)and A = {x € 2: h(x) = p’(x)} # 0.

Throughout this article, for simplicity, we denote the anisotropic variable exponent
space Wol’ P (x)(.Q) by X.

Definition 2 We say that u € X is a weak solution of problem (1.1) if

N
[Zai(x,axiu)axivdx+7\/ |u|r(x)_2uvdx=/ |u|" )20 dx
2 =1 2 $2

+ 6/9 f(x,u)vdx,

“.1)

forall v € X.

The energy functional associated with problem (1.1) is defined by E) g : X — R,
where

N
A 1
E = A;(x, 3y.u)d r() g4 _/ h(x) 4
rp ) /QZZ.:] i B ”/m(x)'”' S Tt

—[3/ F(x,u)dx.
Q

4.2)

By astandard calculation, one canseethat Ex g € C 1 (X, R) and the Fréchet derivative
is

N
<E’m<u),v>=f Zamx,ax,.u)ax,-vdxﬂf Jul "™ 2uv dx
’ 2 2 (4.3)

—/ |u|h(x)_2uvdx—(3/ f(x, u)vdx
2 2

for all u, v € X. Hence, the weak solutions of (1.1) coincide with the critical points
of Ex .

To prove Theorem 1, we shall apply the Mountain Pass Theorem 4. We shall begin
with the following lemmas.

Lemma 4 If assumptions (Az) and (f )—(f,) are satisfied, and {u,},cN is a (PS)-
sequence for the functional Ex g, then for all N € R, the sequence {u,}n € N is
bounded.

Proof Let {u,},en C X be a (PS)-sequence. This implies that
Ex p(uy) = Cxp +0,(1) and (E%’B(un), v) =o0,(1) forallve X. (4.4)
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742 N. C. Eddine et al.

Now, by using (f,), we get for a sufficiently large n
1
Ca.p +on(1) = Ex p(un) — (E;\ g (n), up)
| N
z/Q;Ai(x,ax,.un)dx—afg;ai(x,ax,-un)ax,.undx
1 1 1 1
AL L e g / RN T
A=) [l e [ (G = =l as
u
+ (5/ (F(x, un) = f(x, un)—”) d
2 Or

N
1
= :/ﬂ [A,»(x,axiun) - gai(x,axiun)ax,.un]dx
i=1

where 7 := rTif A > O and 7 := r~ if A < 0. By using assumption (A5), for
all x € 2 andi € {1,..., N} we obtain a; (x, Oy, u,) 0y, un < pi(x)A;(x, Oy uy) <

-
Py Ai (x, u,), which implies —gka; (x, 0y, )y, 0 > — 5L A; (x, Oy, 145).
Therefore,

C)\[3+0,,(1)> — =M Z/ A (x, Oy, up)dx. (4.5)

By using again assumption (A,), we have for all x € §£2 and alli € {1, ..., N}, that
Ai(x, 0;ttn) = 55 101 P10 > |y un| P, Then we get
! M

1
Crp +o,(1) = (p—+ - 9— Z/ [Ox; Un |Pidx. (4.6)
M

For any n € N, we denote by B,,, and B, the indices sets

By =1{i €{l,2,..., N} : |0y un|p;x) < 1},
and

Bu, ={i €{1,2,..., N} : [0y unlp;x) > 1}.

Applying relations (2.3), (2.4) and inequality (4.6), we find
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1 _
C?\,[S + On(l) > <_+ - 9—)( E ” 3xl Up HLI’ (X)(_Q) + E ”axiun ||inpli(x)(9))
Py .

zeB,l] ieB,,
~(-5-3) Z 00| o
PM LPi™) ()
_ Z (Haxiun Z’gi(x)(g) ||3x,14n ||Lpl(h)(g))}

i€By,

11 "
(- ) (S Dl =)

By relation (3.10), we get

RN LN 3
Crp +on(l) > (p_+ - a)(% _ N).
M m

Hence, {1, },en is bounded in X. This completes the proof Lemma 4. O

Lemma5 Let {u,},en C X be a (PS)-sequence with energy level C g. If

0 PGPy
1 1 PG =Py,
Cap < (———)mln inf | ( min k)”MN1 ”MS e
O hy jel \Ul<i<N
Pjn(xj)IJy;

1 % oy p
lnf (( mln k)p';Nl pMS )Pm( j) Pm}’

jeJ \ I<i<N

where Sy, is defined in relation (3.1), h;l = inf e 4 h(x) and the sets A and J are
given in Theorem 6, then there exists a strongly convergent subsequence in X.

Proof We can divide the proof into two claims.

Claim 1. u,, — u strongly in L"® () as n — oo.

By applying Lemma 4, we know that {u,},cn is bounded in X. We can pass to a
subsequence, still labeled {u, },en, which converges weakly in X. Consequently, there
exist positive bounded measures p;, v € §2 such that

N N
D U PO == "y and fuy "=, 4.7)
i=1 i=1

@ Springer



744 N. C. Eddine et al.

Hence, according to Theorem 6, if J = (4, then u,, — u in Lh(x)(.Q). Let us show that
if

| | N p:z(xj)p,fzr
pin(xj)—p
Crp <(———)mm inf { ( min k)PMN1 PMS mereM
O h jeJ \Ul<i<N
A
1 P;kn(xj)Pzz
. . — 1-pt P ) =pm
inf ( ( min k;)rm N ~Pu S, ! ,
jed \U1<i<N

and {u, },en is a (PS)-sequence with energy level Cy g, then J = ¢. In fact, we assume
that J # (J, and let x; € A be a singular point of the measures p; and v.
We consider ¢ € C(()’O(RN), such that 0 < ¥ (x) < 1, ¥ (0) = 1, suppy C B(0, 1)

and ||[V{|loo < 2.Forany j € J ande > 0, we define the function ¥ , := w(ﬁ

= ) Js Py s

forall x € RV. Notice that ¥/; . € CCRN, [0, 11), [V elloc < %and

I, x € B(x;,¢),

Vjelx) = {0’ x e RN \ B(xj, 2¢).

Due to the boundedness of {u,},en in X, the sequence {¥; 1, }nen is also bounded
in X. Therefore, we have (E;\ B (un)(Vj.eutn)) = 0, (1), In other words,

N
> [ st gty s+ [y, s

N
= —Z/ Un@i (X, Ox;Un)Ox; Ve dx+/ " ¢ dx
i=17% 2
+B/Qf(x,un)t/fj,eun dx + 0,(1). (4.8)

Now, we proceed to prove the following

N
1im [lim sup’Z/ U@ (X, D, 1), w,,gdxu —0. (4.9)
2

e—0 n— 00 1
1=

It is worth noting that, thanks to the hypotheses (A1), we only need to establish

hm [hmsup ‘ Z/ Ca; 8i (X)Up Oy, Vj, gdx” =0, (4.10)
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and

N

lim [lim sup‘Z/ C“"“”’axi“nwx)_laxn/fj,edxu —0. 4.11)
~ Jo
i=1

e=>0| nooo

First, we apply the Holder inequality and the boundedness of {u, },en in X, to obtain

‘/ un|3x,leln|pi(X)_28Xiun8xilﬁj,gdx) f/
2 2

(x)—1
<2 H [014,| 7" 0 ” Pi(x) “ XV j eln ”Lp,'(x)(g)
LPiM=T ()

pi(x)—1

ax; Un

updx;\j el dx

1
<Cmax / |itn |P1(X)|ax Ve |P1(X) / |t |Pz(x)|ax1/, |P1(X)> +}

Now, by applying Lebesgue’s Dominated Convergence Theorem, we have

‘/ un}axiun

1L
<Cmax f|u|py(x)|3xw |P1(X) /|M|P1(X)|axw |Pz(x)) +}

”"(x)’zax,»unax,»wj,g dx‘

Furthermore, by the Holder inequality

/ |M|Pi(x)|axl.1/,j’8|l7i(x) dx
2

< CH|M|P,'(X) N

LN=Pi) (B(x;,2¢))

103wy, @]
LPi <X> (B(x; 28))

From 1096 |N dx = / 19x;%;.1Y dx, we derive
B(x;,2¢) B

)

1

S
N
N §max{</ |axi1/,j,€|Ndx)(p,-(x>)
LPi® (B(x},2¢)) B(x;,2¢)

1
L
x(f |axn/f,~,s|Ndx)(pf<X>) }sc,
B()Cj,zé‘)

for some positive constant C, which is independent of ¢. Therefore,

|xi0.617

lim sup ’ f ”n|ax;”n|p"(")_23xiunaxi1ﬁs dx)
2

n—o00

H|M|P,(X)

< C max { H |u|Pi )

LN=pi (‘>(B(x 2¢)) LN- Pz(”)(B(x 28))}
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However,

N

H |u|Pi (x)
LN=Pi®¥) (B(x;,2¢))

1 1
S T S B
< max {(/ Iulp?(x)dx) (v=) : (/ Iulpf(x)dx) (v }
B(xj,2¢) B(x;,2¢)

so it follows that

lim limsup‘/ ”"|3xf”n|pi(x)718xiwj,gdx‘ =0.
Q

e~>0 p—oo

Similarly, we can check (4.10). Hence, we have completed the proof of (4.9).
On the other hand, by using assumption (f), Theorem 3, and Lebesgue’s Domi-
nated Convergence Theorem, we see that

lim / f(x,un)u,,wj,gdx:/ fO,wuy; e dx

(4.12)
and lim f |un|’(x>1/fj,gdx=/ u|" 4y o dx.
n—>oo Q Q
Thus, when ¢ — 0, we get
limf f(x, wup,dx =0 and limf | dx = 0. (4.13)
e—=0J0 e—0 Jo

On the other hand,

1im/ Vi edu; =y (0) and lim/ Yjedv = vy (0).
e—0 Jo e=0Jp0

Since ¥ . has compact support, by taking the limitn — oo and ¢ — 01in (4.8), from
relations (4.9), (4.12) and (4.13), we get

N
slii% |:1imsup(2/:2 Ve (X, Ox;Up)Ox; Uy dx)j| =vj.
1=

n—-+00

By assumption (A7), we have

N
lim |:lim SUP(Z/ ki | Oy 1 |PF ) dx)] <vj, (4.14)
i=1 752

=0 n—s4o0
hence

in kjpn; <vjforall jeJ. 4.15
ieqn kipj < v forall j (4.15)
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Therefore, by invoking relation (3.4), we can deduce that

' p&(q)p,t,
. . ot P =Py,
v; > min{ | ( min ki)t N'=Pu s, )M
1<i<N
Pin X)) Pm

e T
<( min kl‘)p'; Nl_p?‘—’ISh> I’m(«"}) Pm

1<i<N

}forallj eJ.

Consequently,

/|un|h(x)dx—>/ dv
2 2
P;%(Xj)P,J‘r,I

1
i : ot o 1—pt e x—pi
Z/ |u|h(x)dx—|—m1n{((lmm k,')p?l—/l Nl pMSh)p (x) PM’
2

<i<N
an(xj)lh;
— + () —pm
. — — P i)
( min k;j)rm N'=Pmg, )"0 E Sy
I<i<N /

jeJ
PGP

P x j)*]ﬁt]

1
zf |u|h(x)dx+min{<( min k,-)ﬂLNl—PESh) ,
Q 1<i<N

Pin (x J )Pm
Pin )= Pm

1
(( min k;)rm NP Sh>

}Card].
1<i<N

If Card(J) = oo, we get a contradiction. On the other hand, by assumptions (A7) and
(f,), we have

1
E?\,[S(un) - a(Eé\,ﬁ(un): Up)
N
1 1 /
> (= - — o, 1
(;,;; eh); Q‘ e

1 1 h(x) Un
+/Q (5 = =) unl" @ ax + 6/9 (F(x, un) = f(x, un)a) dx

1 1
> (5= ) [l o
O h~ Q

Now, setting A; = U,c A(B(x, 1)N2) = {x € 2 : dist(x, A) < t},whenn — +o0,
we find
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1 1
C z(———)([ ul"™@dx 4+ ;s )
M=oy Iy, o S

jelJ
* ooyt
1 1 1 n lim(("_/))l’z\;[_
. . . + _ i)—
> (— — —) min { inf ( ( min k)" N'=Pus, |
O h;‘ jeJ \ 1<i<N
T
Pin (<)) P
. . e N T Y
inf ( ( min k;)rm N'~Pu S, !
jeJ \l<i<N
Since T > 0 and arbitrary, and 4 is continuous, we obtain
* ooyt
Lo & it \rhrer
. . . + _ i)—p
CABZ(———)mm inf ( ( min k;)?m N'=Pus, |
’ O h;‘ jeJ \ 1<i<N
: [7;kn(xj)l7/;
. . — Tt PG )= pm
inf ( (- min k;)rm N17Pus, )
jed \U1<i<N
Therefore, if the condition
.
11 TR - -
. . . + _ i)—
Cap < (— - —) min { inf ( ( min k;)"m N'=Pu s, )"
’ O h4 jeJ \'I<i<N
1 an(xj)li,;
. . - _pt P ) —pm
inf ( ( min k;)rm N'7Pus, )L
jeJ \UI<i<N

holds, then the index set J is empty, and consequently, pp (u,) — pp(u) asn — oo.
Thus, by applying Lemma 3 and relation (2.6), we can conclude that u,, — u strongly
in L"®)(§2) as n — +o00. This completes the proof of Claim 1.
Claim 2. u,, — u strongly in X as n — +o0.
Since, {1, },en is bounded in X and X is a reflexive space, there exists a subse-
quence, still denoted by {u,},en and u € X such that
u,—u weakly in X. (4.16)

By Theorem 3, we know that X is compactly embedded in Lh(x)(.Q), where 1 <
h(x) < p; (x). Therefore, since u,—u in the Banach space X, we can infer that

up — uin L' Q). (4.17)
Using (4.4) and (4.16) and the fact that
WEN. g (n)s un — u)| < INEY g un)llx+ llun — ullx,
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we see that lim [(E) g (Un), ty — u)| = 0, that is,
n—oo ’

N
lim |:/ Zai(x, ax,.u,,)(ax,.un — 8xiu) dx + ?\/ |un|r(x)72un(un —u)dx
n—oo
?i=1 ? (4.18)

- / " 20 g — ) dx — B f ) (= u)dx} =0.
2 2
Hence, by applying the Holder inequality, we get

| /Q " 210ty = ) x| = 2 lea 7 s gy 0 = (4.19)

L™ (@)

Assume to the contrary, that H 1y |FO—1 |
obtain

L2y > 09 and using relation (2.6), we

/ (Iunlr(")_l)r,(x) dx — 400 if and only if/ (lun|"®) dx — +o0,
2 2

which, in turn, implies [|up || ;- (o) — +00. However, we know that

||”n||Lr(x)(Q) - ||”||Lr()c>(9),

so we get a contradiction. Therefore, by relation (4.19) and Theorem 3, we obtain

im | (unl™2u, (g — u)dx = 0. (4.20)

n—o00

Moreover, given assumption (f,) and the Holder inequality, we derive

[ s, = x|

2

< [ 1w~ ulds
2

< cf/ |y —u|dx+cf/ i 1“0 Ny — u) dx
2 2

< Cyllun — ullpiggy + 2C Nt oo ) ltn — el pecor ),

s0, by relations (4.17) and (2.6), we get as above

lim fx,up)(uy, —u)dx =0, 4.21)
2

n— oo
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hence, by combining relations (4.18), (4.20) and (4.21), we find

n—o0

N
lim / Zai (x, By, tn) (g t4n — Byu) dx = 0. (4.22)
2o

By assumption (A,), we obtain

n—oo

N
lim / D 1851l PO 720 10 (3, un — D,u) dx = 0, (4.23)
2 =1

and since u,—u in X, we have

n—00

N
lim / Z 19,117 720, u (D, — ) dx = 0. (4.24)
2

By combining relations (4.23) and (4.24), we can infer that

n—oo

N
lim > / (|axl.un P20, u,, — |ax,.u|ﬂf<x>—23x,.u) (0, 1tn — dyu) dx = 0.
, Q
i=1
(4.25)
Hence, by employing elementary inequalities (see, e.g., Di Benedetto [19, Chapter I]),

for any 'y > 1, there exists a positive constant C, such that the following inequalities
hold

CylE—plY ify>2
(EY 26— Y %p, £~ p) = 2 (4.26)
Cy b (6.0) #(0,0) ifl <y <2

for all &, o € R. So, by relation (4.25) and inequalities (4.26), we see that

N
lim Z/
n—oo l_:] 0

Therefore, we can conclude that u,, — u strongly in X. This completes the proof of
Lemma 5. o

pi(x)
dx = 0. 4.27)

Oy Up — Oy, U

1

5 Proofs of Theorems 1 and 2

Proof of Theorem 1 The proof is a direct consequence of the Mountain Pass Theorem,
along with Lemma 4 and Lemma 5. More precisely, it suffices to verify that £ g has
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the mountain pass geometry and that Ex g(tu) < O for some t > 0. According to
assumption (f,), there exist R > 0 and 0, such that F(x, &) > C}-|E,|97\, forall x €

2,1&| > R. So, foru € X and any ¢ > 1, we have

N '
|3x-(lM)|p’(X))
Z M 1g; 0y 4+ = |d
e = i=1 /:zc ’('g @ies @) pi(x) }

1 1
+)\/ ——Jtu) ™ dx — —/ [ru"™) dx
2 rix) ht Jo

— [3/ Crltul™ dx
{xef2:lu(x)|>R}

-B meas(.Q)inf{F(x, E):xef, & < R}
N

<20 max o ) lgill yrco (mnax,unm,@(m
i=1

+7\sz o )|u|’<X> dr — — / u|"™) dx
er

— Cyt A/ lu|™ dx — B meas(.Q)inf{F(x, £):x €2, |E <R},
2

with 7 = rTif A > O and 7 = r~ if A < 0. So, by assumptions (H) and (f,), we
have, for all A € R, that E g (tu) — —ooast — +o0.

On the other hand, based on the assumptions (f,) and (f3), it follows that for any
& > 0, there exists a constant C (&) such that

|F(x, £)] < el&)Ph + C(e)|E]™ forae. x € £2 andall £ € R. (5.1

Therefore, we find

. N
minj<;<p k; pi(x) LERIeS)
Expu) > —==071 / Oy, U dx +A [ ——Ju|"" dx
B pl-‘tl Z o | x | o r)

1
- —,/ ") dx — B/ (elul?¥ + C(e)lul™) d
h=Ja 2

min1<'<Nk P |)\|
> = D 2 )
Py N"m Q

(5.2)

P
1

___/ |u|h(x)dx— B/ g|u|p7\;[ dx_B/ C(8)|u|e(x)dx,
h= Jo o o
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Consider 0 < |lu ||7,>(x> < 1. By using relations (2.3), (2.4) and Theorem 3, we have

minlsist
Em(u)zwu 12— 0 ma [ i |
/ I
— Gl )~ BeCII — BCEChIulG .
minlSiSNk,- , Pt (l
E(W—Bscz)ﬂ 12— P max [l

/

C)
Al ) = BC@Cul’ .

min; <; <y {ki}

Sete = - +— and
2BCypf NP
inj<;j<n{ki AlC - Ci - -
d(1) = mmlflsli{ l}tl’f& _ I max {t’+, t } — L _Bee) it
zp;;leMfl r- h—

Since p;{l < min{r—, £~} < h™, we see that there exists p > 0 such that maé(cb(t) =
>

@ (p). Hence, by (5.3), there exists p > 0 such that Ex g(u) > R >0 as_llull = p.
This yields the existence of an element % of X such that £ g (&) < 0. Consequently,
the critical value is

= inf E
Cx.p Jnf max A (d(0),

where I' = {¢ € C([0, 1], X) : $(0) = 0, ¢(1) = i}. This concludes the proof of
Theorem 1. ]

In the sequel, we shall prove under some symmetry condition on the function f that
(1.1) possesses infinitely many nontrivial solutions in the case a; (x, &) := [E|? 0)-2g
foralli e {1,..., N}.

Proof of Theorem 2 We shall use the Z,-symmetric version of the Mountain Pass The-
orem 5, to get the proof of Theorem 2. By assumption (f ), the function f is even, the
functional E g is even, too. It suffices to check the condition (Ié). In fact, by using
condition (f,), we have F(x, &) > C1|E,|9?\ — C», forall (x, &) € £2 x R. Then there
exist positive constants C{, C and Cj such that

c Y
Em(u)s—iZf |0,
m- 2

h(x) /

pi(x)dx_'_é/\ |u|r(x)dx
rle
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with 7 = r’ if A > 0and 7 = r1 if A < 0. On the other hand, we have the following

o,
inequality Z || ax,u| 10 (")(!2) < (Z ||ax,u ||Lpl(x)(9)> , with C a positive con-

i=1
stant. So, by using the last 1nequa11ty above and Theorem 3, we obtain, in the case

when A > 0, that

c’ c 1 p
Enp(u) < —||u|| —lull ) - +[9|u|h“"dx—C§||u||_;>(x)+Cé-

P(X)
Let u € X be arbitrary but fixed. We put
2. ={xe€82:ulx)| <1} and 2> = 2\S2-.

Then we have

Cy

Emm)< || ||a() ~||u||ﬁ(x) /|u|h<x>dx Callul%,,, + C3
< || 1% || 1% |u|h’dx—C’||u||9* +C;
= D P(X) F Tt 2005 () 3

1 —

h~ h
< _|| wl ~|| 1% h+/ | dx+h+/ Jul" dx

C2||u|| +C3

Since there exists le > 0 such that h%, f_Q< lul" dx < C}, forallu € X, we get,
+ S u)

c 1 h~ _ 0N ’
Exp(u) < - " fu || P p(x) . — 7 Jo lul" dx C2||u||7’>(x) + CL, for all
u € X. On the other hand, cons1der the functional |.|,- : X — R, which is defined as

follows
_ 1/h~
luly- = (/ Jue|" dx) .
2

This functional defines a norm on X. Let X be a fixed finite-dimensional subspace
of X. So, |.|;- and |||, are equivalent norms, implying the existence of a positive

constant Cs = C(X) such that ||u||h Z ) =
we have established the existence of a positive constant C¢ such that

<Cs |u|h, , forall u € X;. Consequently,

y:169) D (x)

0<Exp) = i||M||
DPm

Giventhat6y > rtand h™ > p;,, we can conclude that S is bounded in X. Hence,

by invoking Theorem 3, it follows that Ej g possesses an unbounded sequence of

critical values, which in turn, implies that problem (1.1) has infinitely many weak

solutions in X. The proof of Theorem 2 is thus complete. O
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