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Abstract

Direct-co-direct product G ® H of graphs G and H is a graph on the vertex set V(G) x
V(H). Two vertices (g, h) and (¢', ') are adjacent if g¢' € E(G) and hh' € E(H)
or g¢ ¢ E(G) and hh/ ¢ E(H). We show that if at most one factor of G ® H is
connected, then the distance between two vertices of G ® H is bounded by three unless
some small number of exceptions. All the exceptions are completely described which
yields the distance formula.
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1 Introduction

Recently Wilfried Imrich complained (personal communication) that the modular product
is the only associative and commutative graph product (up to their complementary prod-
ucts) for which he was not successful in finding a polynomial time algorithm for prime
factorization with respect to the modular product. His best approach to that can be found
in [6], while polynomial algorithms for factoring the Cartesian product is in [8], for the
strong product in [5] and for the direct product in [7]. The reason for this could be hid-
den in the fact that modular products are often diameter two graphs, see [9]. This means
that any polynomial algorithm for a prime factorization of modular product would yield a
powerful tool how to connect (some) diameter two graphs with two or more smaller graphs
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usually of higher diameter. Namely, the connections between a product and its factors often
give rise to several connections between graph invariants on the products. Let us mention
here just the two most known: the Vizing’s conjecture, see [2], which is still open and the
Hedetniemi’s conjecture that was recently disproved in [13], but had also inspired a broad
palette of innovative results and new approaches.

The direct-co-direct product G ® H of graphs G and H can be viewed as a subgraph
of modular product with important difference, that as a product the direct-co-direct product
is not associative. Much less is known about products that are not associative. Up to the
best of our knowledge, the first use of non-associative products is due to Watkins [14] to
construct certain automorphism groups of graphs. This was later generalized to directed
graphs by Grech et al. in [3]. In between we are aware of only one publication on direct-
co-direct product by Kozen [12] where it is shown that for two graphs GG and H of order n,
the problem of finding a clique of order n in G ® H is equivalent to isomorphism problem
between G and H. We expect that non-associative products hide several pleasant surprises
from many different aspects: structural, algorithmic and to derive connections between
products and their factors.

Recently, in [10], the distance formula was presented for the direct-co-direct product
for the case of connected factors. In this work we continue to study the distance in direct-
co-direct product where at least one factor is not connected. Also here one can observe
some similarities between direct-co-direct and modular product. The distance (when nei-
ther factor is complete) is again limited, usually by three, often even by two, but there are
some exceptions where the distance can be four or even five. For connected factors observe
[10] and the case where at least one factor is not connected is treated in the rest of this

paper.

2 Preliminaries

Let G be a finite, simple and undirected graph and v € V(G). The set Ng(v) is the
open neighborhood of v and contains all vertices adjacent to v in GG. The closed neigh-
borhood Ngv] of v is Ng(v) U {v}. We also use the notation N g |g] for the complement
V(G) — N¢[g] of Nglg]. The cardinality of N¢(v) is the degree of v and is denoted by
dc(v). An isolated vertex of G has dg(v) = 0, a leaf of G has dg(v) = 1 and a uni-
versal vertex of G has dg(v) = |V(G)| — 1. The complement G of G is a graph with
V(G) = V(G) and two vertices are adjacent in G whenever they are not adjacent in G.
The subgraph of G induced by S C V(G) is denoted by G[S]. By G U H we mean the
disjoint union of graphs GG and H. As usual K, is a complete graph on n vertices and K, ,
is a complete bipartite graph with partitions of cardinality p and q.

By a product of two graphs G and H we mean a graph on a vertex set V(G) x V(H).
Different products have then different definitions of their edge set. Two vertices (g, k) and
(¢', ') are adjacent in the direct product G x H if gg € E(G) and hh € E(H). All such
edges are then called the direct edges. The edge set of direct-co-direct product, or DcD
product for short, G ® H can now be expressed as

E(G® H) = E(G x H)UE(G x H). @.1)

In other words, (g,h)(¢',h’) € E(G ® H) if gg € E(G) and hh € E(H) or gg' € E(G)

and hh' € E(H). Direct edges fulfill the first condition while the edges that correspond
to the second condition are called the co-direct edges, because we can see them as the
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edges of direct product of complements of G and H, that is G x H. Notice by (2.1) that
K,®H>~K,x H.

DcD product is clearly commutative because of its symmetric definition. On the other
hand, it is not hard to see that DcD product is not associative, see Introduction section
of [10]. From definition it follows that

GoH>2G®H. (2.2)

Clearly, we have K,, ® H = K,, ® H = K,, x H by (2.2) and (2.1).

2.1 Connectivity

The result about connectivity of DcD product was given already in [10] and it is as follows.
The proof strongly rely on connectivity of direct product due to Wiechsel in [15], see
also [4].

Theorem 2.1 ([10, Theorem 2]). Let G and H be two graphs on at least two vertices.
Direct-co-direct product G ® H is not connected if and only if

* one factor has a universal vertex and the other an isolated vertex, or
* one factor is Ko and the other is bipartite, or

* one factor is K, and the complement of the other is bipartite, or

* one factor is K; and the other is not connected, or

* one factor is K, and the complement of the other is not connected, or
* both factors are disjoint union of two complete graphs, or

* both factors are complete bipartite graphs.

We are interested in disconnected factors. As already mention, totally disconnected
graphs K; can be treated in the same manner as complete graphs. Hence we are left only
with two possible choises from above theorem that needed to be avoid: first and for-last
item.

2.2 Distance

The distance dg(u,v) between vertices u and v in a graph G is the minimum number of
edges on a path between u and v; if there is no such path, then we have dg(u, v) = oco. The
maximum distance between v and any vertex of G is the eccentricity eccg(v) of v in G and
the maximum eccentricity of a vertex in graph G is called the diameter diam(G) od G. By
a distance formula in a graph product we usually describe a rule that completely describe
the distance between two vertices (g, h) and (¢’, h’) in a product. Such formulas are well
known for Cartesian, strong and lexicographic product, see [4]. Here we rely more on the
distance formula in direct product due to its connection with DcD product. This formula
is a bit more complicated and contains odd distance d% (u,v) and even distance d¢ (u,v)
between two vertices u and v in a graph G. More detailed, d(u,v) is the minimum
odd number of edges on a walk between u and v if it exists and oo otherwise. Similarly,
d% (u,v) is the minimum even number of edges on a walk between v and v if it exists
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and oo otherwise. The following distance formula was proven for the direct product by
Kim [11]

dGXH((g’ h)7 (g/’ h/)) = min{max{d%(.% g/)v d}e‘-l(hv h,)}7 max{doG(g’ g/)7 d?—](hv h/)}}

2.3)
and an alternative approach can be found in [1]. By a direct use of this formula we can get
the distance formula for K,, ® H as well as for K,, ® H as observed already in [10]. We
state only the formula for K, ® H because we are interested in connected DcD products
with at least one disconnected factor, see Theorem 2.1. Moreover, we divide this case to
n = 2and ton > 3. For n = 2 we need such a graph H, that H is connected and non-
bipartite to assure connectedness of Ko®H by Theorem 2.1. We have Ko®H~KyxH
and by (2.3) we immediately obtain

do(h,h') /
dﬁz@H((g7 h)a (9/7 h/)) = {dggh h/i . Z f :Z/ . (24)
H\?” . - J

For n > 3 graph H must be such that His connected to assure connectedness of K,®H
by Theorem 2.1. We have K,, ® H =2 K,, X H and by (2.3) we obtain

min{d2(h, 1), max{2,d%,(h. /)}} g # ¢

min{d%(h, h'), max{3,d%(h,h")}} : g=4g" )

Az, on((9.h), (g 1)) = {

Another useful result from [10] is the following that describe all the pairs of vertices
that are at distance two in G ® H. The idea of the proof is to check what happens if both
edges on a shortest path are direct edges, both are co-direct edges or one is a direct and the
other a co-direct edge.

Theorem 2.2 ([10, Theorem 9]). Let G and H be non-complete graphs such that G ® H
is connected. The distance daeu((g,h),(9',h')) = 2 if and only if at least one of the
Jollowing possibilities holds for some ¢"" € V(G) and h'' € V(H)

(1) (path gg"q" is induced in G and hh'h" is Cs in H) or (path hh''h' is induced in H
and gg'g" is C3 in G);

(i) (path gg"g' is induced in G and hW' " is Cs in H) or (path hh''h' is induced in H
and gg'g" is C3 in G);

(iii) (g = ¢’ and g¢9"” € E(G) and hh''h' is a path in H) or (h = h' and hh" € E(H)
and gq" g’ is a path in G);
(iv) (9 = ¢’ and g¢9" € E(G) and hh""}' is a path in H) or (h = h/ and hh" € E(H)

and gq" g’ is a path in G);

(V) (g'gg" is induced in G and hh'h" is induced in H) or (gg'g" is induced in G and
W' is induced in H);

i) (g'gg” is induced in? and hh'h" is induced in H) or (g9'g" is induced in G and
W hh' is induced in H).
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3 Main result

We start with several conditions that describe all the situations when the distance exceeds
three in G ® H. First three conditions are about two components in both factors G and H.

Condition 1. Let G and H be graphs with two components, {X,Y} = {G,H}, X =
XiUXsandY =2 K UK, t > 2, and at most one of X; and X5 is complete. Let x be the
universal vertex of X7, let 2’ be the universal vertex of X and let y = 3’ be the isolated
vertex of Y.

Notice that if both X; and X5 are complete in above condition, then X ® Y is not
connected by Theorem 2.1.

Condition 2. Let G and H be graphs with two components, {X,Y} = {G,H}, X =
XiUK,, where X; 2 K,andY = K; UK,,t > 2. Let 2 and 2’ be the universal vertices
of X (they can be the same vertex), let y be the isolated vertex of Y and let y’ € V(Ky).

Next condition is just a symmetric version of Condition 2 with respect to y and 3/’

Condition 3. Let G and H be graphs with two components, {X,Y} = {G,H}, X =
X1 UK, where X1 2 K, andY = K, U K1, t > 2. Let z and 2’ be the universal verices
of X (they can be the same vertex), let 3’ be the isolated vertex of Y and lety € V (K}).

We continue with a condition that we need when one factor has at least three compo-
nents and the other is connected.

Condition 4. Let G and H be two graphs such that one has at least two components and
the otheris K14, ¢t > 2, {X, Y} ={G,H}, X =X; UXoU---UX, andY = Ky ;. Let
y = 3’ be a universal vertex of Y and let z and 2’ be vertices of X; such that dx (z,2") = 3
or dx (z,2") = 1 and such that for every x; € Nx(z) it holds that Nx (z’) C Nx(x1).

All the following conditions are needed in the case where one factor is connected and
the other has two components.

Condition 5. Let G and H be two graphs such that one has two components and the other
is connected, {X,Y} = {G,H}, X = Ko UK, t > l,andY = Ko,, p > 1. Let
K5 = xa’ for X and {y, y'} is one of bipartite sets of Y.

Condition 6. Let G and H be two graphs such that one has two components and the other is
connected, {X,Y} ={G,H}, X = Ko UK;. Letx =2’ € V(Ky)andlety,y’ € V(Y)

be such that eccy (y) = 3, dy (y,3’) = 3 and Y [Ny [y]] and Y [Ny [y]] are complete.

Condition 7. Let G and H be two graphs such that one has two components and the other
is connected, {X,Y} = {G,H}, X = K; UKy, t > 2. Letx € V(K;), 2’ is the
component K7 and let y,y’ € V(YY) be such that eccy (y) = 3, ¥’ is a universal vertex
of Y[Ny [y]], ¥/ is adjacent to all vertices that are at distance two to y and every vertex at

distance three to y is a universal vertex of Y [Ny [y]].

For the next condition we need a new notation. A vertex g1 € N¢/(g) is a satellite of g
if Na[g1] € Nglg]. Set Bf contains further all the satellite vertices of g.
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Condition 8. Let G and H be two graphs such that one has two components and the other
is connected, {X,Y} = {G,H}, X = K; UK,, p > 2. Let x = 2’ be component K,
lety € V(Y) be a vertex with eccy (y) = 3 and let ¢y’ € V(Y") be such that dy (y,y') = 2
and ¢ is adjacent to every vertex from V(Y') — (B} U {y,y’}) where Bj contains all the
satellite vertices of y.

Condition 9. Let G and H be two graphs such that one has two components and the other
is connected, {X,Y} = {G,H}, X = K; UK, p > 2. Let x be a component K, let
2’ € V(K,) and lety € V(Y') be such that eccy (y) = 2, Y [Ny [y]] is complete and let ¢’
be a satellite vertex of y such that Ny [y'] = B} U {y} and there exists all edges between
Ny [y] and Ny (y) — B} where B} contains all the satellite vertices of y.

Condition 10. Let G and H be two graphs such that one has two components and the other
is connected, {X,Y} = {G,H}, X = K1 UK,, p > 2. Let x = 2’ be a component K,
lety € V(Y) be a vertex with eccy (y) = 2 and let y’ € V(Y") be such that dy (y,y') = 2
and y’ is adjacent to every vertex from V(Y') — (B} U {y,y’}) where Bj contains all the
satellite vertices of y.

Condition 11. Let G and H be two graphs such that one has two components and the
other is connected, {X,Y} = {G,H}, X = K; U K,,, p > 2. Let & = 2’ be a component
Ki, let y € V(Y) be such that eccy (y) = 2 and let ¥ be adjacent to every vertex of
V(Y) — (By U {y'}) and (there exists a vertex from Ny-[y/] that is not adjacent to some
vertex from B} or Y [Ny [y]] is not complete or there is an edge between Ny [y] and
Ny (y) — B}) where Bj contains all the satellite vertices of y.

The only situation where G or H is not connected and we have distance five between
two vertices of G ® H is described by the following condition, see Theorem 4.5.

Condition 12. Let G and H be two graphs such that one has two components and the
other is connected, { X, Y} = {G,H}, X = K; UK, p > 2. Let x = 2’ be a component
K, lety € V(Y) be such that eccy (y) = 2 and let 3 be adjacent to every vertex of
V(Y)— (B} U{y'}) and every vertex from Ny [y'] is adjacent to every vertex from B} and
Y [Ny|[y]] is complete and there is no edge between Ny [y'] and Ny (y) — B} where B
contains all the satellite vertices of .

The main goal is to prove the distance formula for DcD product under the assumption
that at least one factor of G® H is not connected and that the product is connected according
to Theorem 2.1. The formula is as follows:

g=¢g ANh="H
(9,h)(g', 1) € E(G ® H)
(g,h), (¢', ') fulfills Theorem 2.2

dG®H((ga h)7(g/ah/)) = .
otherwise

3.1

one of Conditions 1 — 11 holds
Condition 12 holds.

T = W N~ O

The proof for this formula follows directly from the adjacency definition of G ® H,
from Theorem 2.2 and from Theorems 4.1 — 4.5 that are stated in the next section. In the
mentioned theorems we bound eccentricity of a vertex (g, h) by five in all different possible



A. Kelenc et al.: Distance formula for direct-co-direct product in the case of disconnected factors 7

cases with respect to the number of components in factors G and H. In particular, we fully
describe all the cases when the eccentricity is five by Condition 12 and when it is four by
Conditions 1 —11.

We end with two simple corollaries about diameter of DcD product. The first one is a
direct consequence of Theorem 4.1 and the second one follows from situations described
in Conditions 1 — 12.

Corollary 3.1. If G and H are both graphs with at least three components, then diam(G ®
H)=2.

Corollary 3.2. Let G and H be graphs different than K ;, K1 U Ky and Ko U Ky, t > 2.
If at least one of G and H is not connected, then diam(G ® H) < 3.

4 Eccentricity of a vertex in DcD product

In this section we bound the eccentricity of a vertex (g, h) in a connected DcD product
G ® H of graphs G and H, where at least one of G and H is disconnected. For this
we use the following notation. Suppose that graph G has r components. We write G =
G1 UGy U---UG,, where G; is a component of graph G forevery i € {1,2,...,r}.

We have to go through all possible numbers of components of factors. Namely, we
study the eccentricity of vertices in DcD products where the numbers of components of
both factors are all integer pairs (a, b), where a > 1 and b > 1, except the pair (1, 1) which
has already been studied in [10]. First we describe the situation, where both factors G and
H have at least three components.

Theorem 4.1. If G and H have at least three components, then eccgen((g,h)) = 2 for
any vertex (g,h) € V(G ® H).

Proof. Without loss of generality suppose that g € V(G1) and h € V(H;). For any vertex
(¢',h"), where ¢’ ¢ V(G1) and b’ ¢ V(H;) we have an edge between (g, h) and (¢', ')
in DcD product G ® H. Next, suppose that ¢' € V(G1) and k' is an arbitrary vertex from
V(H). Let g € V(G2) be an arbitrary vertex. We can choose vertex h’ such that it is not
in the same component as h and 1/, since we have at least three components in H. It follows
that (g, h)(g"”,h"")(¢’, 1) is a path of length two in G® H and dgen((g,h), (¢', 1)) < 2.
One can see that dger((g,h), (¢’,h')) < 2 also in the symmetric situation when h' €
V(H;) and ¢’ is an arbitrary vertex from V(G), since we have at least three components
also in G. The equality follows because (g, h) is not adjacent to (g, k') for b’ # h. O

Next, we study the situation, where one factor has two components and the other at
least three components. We can suppose that the second factor has two components, since
DcD product is commutative.

Theorem 4.2. Let G and H be graphs. If one of them has at least three components and the
other has two components, then ecccem((g,h)) < 3, for any vertex (g,h) € V(G ® H).

Proof. Without loss of generality suppose that G has at least three components and H
has two components. Let ¢ € V(Gy) and h € V(H;). For any vertex (¢, '), where
g’ ¢ V(G1) and b’ € V(H3) we have an edge between (g, h) and (¢', ') in DcD product
G ® H. Next, suppose that b’ € V(H;) and ¢ € V(G) are arbitrary vertices. We
select "' € V(Hs) arbitrarily. We can choose vertex ¢’ such that it is not in the same
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component as g and ¢’, since we have at least three components in G. Tt follows that
(g,R)(g",h")(¢', ') is a path of length two in G ® H and dgen((g,h), (¢, h')) < 2.
It remains to check the vertices (¢’, h’), where ¢ € V(G;) and b’ € V(Hz). Let g2 €
V(G3) and g3 € V(G3). There exists a path (g, h)(g2,h')(g3,h)(¢',h') in G ® H and
deen((g,h),(¢’,h')) < 3. Therefore, eccaeu((g,h)) < 3. O

Now we study the eccentricity of vertices of DcD products where both factors G and H
have two components. Notice that we are not studying cases where one factor is isomorphic
to K, since this was already covered by (2.4). The Conditions 1, 2 and 3 are essential to
describe all the vertices of eccentricity four in this case.

Theorem 4.3. If G and H are graphs with two components different than Ko such that

G ® H is connected, then eccgeu((g,h)) < 4. Moreover, we have eccaem((g,h)) =
deen((g,h), (¢, 1)) = 4 if and only if Conditions 1 or 2 or 3 are fulfilled.

Proof. Let G = G1 U Go and H = H; U Hs. Without loss of generality suppose
that g € V(G1) and h € V(H;). For any vertex (¢’,h'), where ¢’ € V(G>) and
h' € V(Hs) we have an edge between (g, h) and (¢’,h’) in DcD product G ® H. Next,
suppose that A’ € V(H;) and ¢’ € V(G;) are arbitrary vertices, where (g, h) # (¢, h').
There exists a path (g, h)(¢”, h")(¢’,h’) such that ¢ € V(G2) and b € V(Hj) and
deen((g,h), (¢’ ,h')) < 2. Therefore, daeu((g,h),(¢’,h')) < 2 for any (¢',h') €
(V(G1) x V(Hy)) U (V(G2) x V(Hs)). Hence we deal in the remaining of the proof
with vertices from (V(G1) x V(H3)) U (V(G2) x V(Hy)). Suppose that vertex g is not a
universal vertex of G such that gg1 ¢ E(G1), g1 € V(G1). For any vertex (¢', h'), where
g € V(Gsz) and b/ € V(H,), there exists a path (g, h)(g1, h2)(¢’, #') for hy € V(Ha).
It follows that dgem ((g, h), (¢',h")) < 2. For any vertex (¢', h'), where ¢’ € V(G1) and
h' € V(Hay), there exists a walk (g, h)(g1,h")(g2,h)(g', k') for go € V(G2). It follows
that deem ((9,h), (¢', h')) < 3. With similar construction we can bound the distance from
(g, h) to the vertices of (V(G1) x V(Hz)) U (V(G2) x V(Hy)) in the case when vertex h
is not a universal vertex of H;. Therefore, we can assume that both g and h are universal
vertices in their components.

In the rest of the proof we split cases according to the fact whether some components
of factors are complete graphs or not. First we go through situations where at least two (out
of four) components are not complete graphs and then we analyse cases where exactly one
connected component is not a complete graph. Recall, from Theorem 2.1, that if all four
components are complete graphs, then the DcD product is not connected.

Suppose first that G; and H; are not complete graphs, so there are g197 ¢ E(G1)
and hih] ¢ E(H;). For each vertex (¢',h') € V(G1) x V(Hz) there exists a path
(9:h) (g1, h1)(g2, hy)(g', W) for g2 € V(G2) and deen((g,h), (9", h')) < 3. Similarly
for (¢',h') € V(G2) x V(Hy) there exists a path (g, h)(g1, h1)(g1, h2)(g’, h') for hy €
V(Hs) and dasr (9, ), (g', 1)) < 3.

Next suppose that G; and Ho are not complete graphs, therefore, there exist non-edges
9191 ¢ E(G1) and haohl, ¢ E(H,). For each vertex (¢, h') € V(G2) x V(H;) there exists
apath (g,h)(g’, h2)(g,h5) (¢, ') and deer((g,h), (¢',h')) < 3. Let (¢’, h’) be an arbi-
trary vertex from V(G1) x V (Hs). If b’ € V(Hz) is not a universal vertex of Hy, then there
is a non-edge h'h" ¢ F(Hs). It follows that there exists a path (g, h)(g2, h”)(g’, h') for
g2 € V(G2) and dgeu((g,h), (¢',h')) = 2. Otherwise, b’ € V(Hz) is a universal vertex
of Hy. If ¢’ # g, then there exists a path (g, h)(g2, h2)(g, h5)(g', h') for g2 € V(G2) and
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deen((g,h),(¢',h')) < 3.1f ¢ = g, then there exists a path (g, h)(g2, ha)(g1, h5)(g', 1)
for go € V(G2) and again deen ((g,h), (¢', k")) < 3. Notice that the case where G and
H; are not complete graphs is symmetric to the case where G; and H» are not complete
graphs, so we can derive the same conclusions.

Now suppose that G and H» are not complete graphs, therefore, there exist non-edges
9295 ¢ E(Gs2) and hohl, ¢ E(Hs). Foreach vertex (¢', h') € V(G2) x V(H;) there exists
a path (g, h)(g2, h2)(g, h5)(g’, k') and it holds that dgem ((g, h), (¢', k")) < 3. Symmet-
rically we consider the case when (¢', h') € V(G1) x V(Ha).

The last case where at least two components are not complete graphs is the case
where GG; and G4 are not complete graphs. Notice that the case where H; and Hy are
not complete graphs is symmetrical. Therefore, there exist non-edges g1g7 ¢ E(G1)
and go2g5 ¢ E(Gs). For each vertex (¢',h') € V(G1) x V(H,) there exists a path
(9,h)(g2, 1) (g5, h)(¢', 1) and dgemu((g,h), (¢',h')) < 3. Let (¢',h’) be an arbitrary
vertex from V(Gs2) x V(Hy). If ¢ € V(G3) is not a universal vertex of G2, then there
is a non-edge ¢'g” ¢ E(G2). It follows that there exists a path (g, h)(g”, ha)(g’, h'), for
he € V(Hs), and dgeu ((g, ), (¢', h’)) = 2. Otherwise, ¢’ € V(G>) is a universal vertex
of GG5. Suppose that there are at least two vertices h and hy in Hy. If i’ # h, then there
exists a path (g, h)(gz, ha) (g5, h)(g', h') for he € V(Hs) and dgen((g,h), (¢',h')) < 3.
If A’ = h, then there exists a path (g, h)(ge, hao)(g5, h1)(¢’, k') for hy € V(Hj) and
again deen((g,h),(¢’,h')) < 3. Suppose now that there is only one vertex in Hj,
namely H; = K;. If Hs is not isomorphic to a complete graph, then there exists a
non-edge hoh!, ¢ E(H) and there is a path (g, h)(ge, ha)(g, h)(g', h'). Tt follows that
deen((g,h), (¢, h')) < 3. Otherwise, Hy = K, t > 2 and Condition 1 is fulfilled for
the pair of vertices (g, k) and (¢’, h"). With the path (g, 1) (g2, h2) (g5, h)(g, h2)(¢’, h") for
hy € V(Hz) we getdaen((g,h), (9, 1)) < 4.

It remains to study the cases where exactly one component is not a complete graph.
Suppose first that only G2 is not a complete graph. Therefore, there exists a non-edge
9295 ¢ E(G2). We can make the same construction of the paths and we get the same
conclusions as in the previous case where G; and G5 were not complete graphs, since
there were no usage of vertices g1 and g} in the proof. The only difference is that there is
no possibility that Hy is not isomorphic to a complete graph. Notice that also Condition |
is fulfilled since it requires that one connected component has to be non-isomorphic to a
complete graph. The case where only Hs is not a complete graph is symmetric.

Suppose that only (1 is not a complete graph. There exists a non-edge g1 97 ¢ E(G1).
Suppose that |V (H;)| > 2 and |V (Hz)| > 2. For each vertex (¢',h') € V(G2) x V(H;)
there exists a path (g,h)(g1, h1)(g}, h2)(g', ') for hy € Npy,(h) and hy € V(Ha).
It follows that dgem((g,h),(9’,h')) < 3. Let (¢’,h’) be an arbitrary vertex from
V(Gy) x V(Hs). If ¢’ is not a universal vertex of Gi, then there is a non-edge
g'g" ¢ E(Gy). It follows that there exists a path (g, h)(¢”,h1)(g’,h’) for hy € Ny, (h)
and dgen((g,h), (¢’,h'")) < 2. Otherwise, ¢’ is a universal vertex of G;. There ex-
ists a path (g,h)(g1,h1)(g}, h2)(g’,h') for hy € Ny, (h) and he € Ng,(h'). Again
deen((g9,h),(g,n')) < 3. Suppose now that H; = K;. It follows that Hy = K,
t > 2. For (g,h) and (¢', h') € V(G2) x V(H;) the Condition 1 is fulfilled. With the path
(9:h)(g' h2) (91, B) (g}, ha) (g, 1) for ha € V(Hy) we get that daorr (9 h), (g', 1)) <
4. Let (¢/, h') be an arbitrary vertex from V(G1) x V(Hs). If ¢’ is not a universal ver-
tex of Gy, then there is a non-edge ¢'g”’ ¢ E(Gi). It follows that there exists a path
(9,h)(92,0)(¢",h)(¢', 1) for go € V(G2) and we have dger((g,h), (¢',h')) < 3. Oth-
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erwise, ¢’ is a universal vertex of G and the Condition 2 is fulfilled for (g, k) and (¢’, h').
With the path (g, ) (g2, h") (g1, h) (g}, h2)(g’, h') for go € V(G2) and he € Ny, (h') we
get that dgem ((9,h), (¢',h’')) < 4. Finally suppose that Hy = K; = hy. It follows
that H; = Ky, t > 2. For each vertex (¢',h') € V(G3) x V(H;) there exists a path
(g9,h)(g1,h1)(gy, h2) (g, 1) for hy € Ny, (h). It follows that dgen ((g, ), (¢', 1)) < 3.
Let (¢’,h') be an arbitrary vertex from V(G1) x V(Hs). If ¢’ is not a universal ver-
tex of Gy, then there is a non-edge g'g” ¢ E(Gi). It follows that there exists a path
(g,h)(g",h1)(g', 1) for hy € Ng,(h) and dger((g,h),(g',h')) < 2. Otherwise, ¢’ is
a universal vertex of G and the Condition 3 is fulfilled for (g, k) and (¢’, h’). With the
path (g,h)(g1, h1)(97, 1) (g2, h) (g’ h') for hy € Np,(h) and g2 € V(G3) we get that
deen((g,h), (¢',h')) < 4. The case where only H; is not a complete graph is symmetric.

For the equivalence notice from this proof until now, that if Conditions 1 or 2 or 3
are not fulfilled, then eccgen((g,h)) < 3 # 4, which proves one implication of the
equivalence. For the other implication, suppose that Conditions 1 or 2 or 3 are fulfilled
for (g,h) and (¢’,h'). By the symmetry we may assume that H = K; U K;, t > 2.
Suppose first that Condition 1 holds. We will show that dge i ((g,h), (¢’,h’')) > 4. The
neighborhood of (g, h) in DcD product G ® H is V(G2) x V(Hj), since H; = K and g
is a universal vertex of G1. Similarly, the neighborhood of (¢, ") in DcD product G @ H
is V(G1) x V(Hs), since H; = K, and ¢’ is a universal vertex of Go. There are no
edges between vertex sets V(G1) x V(Hz) and V(G2) x V(Hs), since Hy = K;. Hence
deen((g,h),(g',h')) > 4 and it follows that eccaeu ((g,h)) = deeu((g,h), (¢, 1)) =
4. Next, suppose that Condition 2 holds. Again, we will show that dger ((g, h), (¢', b)) >
4. The neighborhood of (g, &) in DcD product G ® H is V(G2) x V(Has), since Hy = K,
and ¢ is a universal vertex of G1. The neighborhood of (¢’, ") in DcD product G ® H is
a subset of (V(G1) x V(H3)) U (V(G2) x V(Hy)), since Hy = K; and ¢’ is a universal
vertex of G1. There are no edges between sets V' (G2) x V(Hs) and (V(G1) x V(Haz)) U
(V(G2) x V(Hy)), since G2 = K, and Hy = K;. Hence dgeu((g,h), (¢, ') > 4
and it follows that eccaem((g,h)) = deen((g,h),(¢’,h’)) = 4. Finally, suppose that
Condition 3 holds. We will show that dger((g,h), (¢',h’")) > 4. The neighborhood of
(g, h) in DcD product G ® H is a subset of (V(G1) x V(H;))U (V(G2) x V(Hs)), since
H; = K and g is a universal vertex of G;. The neighborhood of (¢’, 4’) in DcD product
G® HisV(Gy) x V(Hy), since Hy = K and ¢’ is a universal vertex of G. There are no
edges between vertex sets (V(G1) x V(H;)) U (V(Gz) x V(Hz)) and V(G2) x V(Hy),
since Go & K, and H; = K. Hence dgeu((g,h), (¢',h')) > 4 and eccaen((g,h)) =
deen((g,h), (g, h')) = 4 follows. O

Next we study the eccentricity of the vertices of DcD products where one factor is
connected and the other has at least three components. We are not studying cases where
one factor is isomorphic to K ,,, n > 3, since this is already covered by (2.5). In this case
Condition 4 describes the only situation where the distance exceeds three.

Theorem 4.4. Let G and H be graphs such that G ® H is connected. If one of them has at
least three components but is not isomorphic to K ,,,n > 3, and the other is connected, then

eccgon((g,h)) < 4. Moreover, we have eccaon((9,h)) = deeu((g,h), (¢’ 1)) =4 if
and only if Condition 4 is fulfilled.
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Proof. Without loss of generality suppose that H is connected, G = G; UG2 U - - - U Gy,
k > 3,and g € V(G1). In the first part of the proof we split two main cases regarding the
neighborhood of the vertex h.

Case 1. Vertex h € V(H) is not a universal vertex.

For any vertex (g’, k'), where ¢’ € V(G) — V(G1) and ' € N g[h] we have an edge
between (g, h) and (¢’, h') in DcD product G ® H. Next, suppose that b’ = h and ¢’ is
an arbitrary vertex from V(G) different than g. We select h” € N g [h] arbitrarily. We can
choose vertex ¢’ such that it is not in the same connected component as g and ¢’, since
we have at least three components in G. It follows that (g, k)(g”,h"”)(g’, k') is a path
of length two in G ® H and dgen((g,h), (¢',h")) = 2. For any vertex (¢, h’), where
g € V(G1) and b/ € N [h] there exists a path (g, h)(g", k') (¢"', h)(g’, 1), for arbitrary
vertices ¢’ € V(G2) and ¢ € V(G3). Hence, dgeu((g,h), (¢, h')) < 3.

It remains to check the vertices (¢', ') where b’ € Ng(h) and ¢’ is an arbitrary vertex
from V(G). If A’ is not adjacent with at least one vertex h” from the set N g [h], then there
exists a path (g, h)(g”,h")(g’, h'), where ¢g" is a vertex from different component than ¢
and ¢’. Otherwise, h’ is adjacent with all the vertices from N g[h]. If ¢’ is not an isolated
vertex in graph G, then there exists ¢’ € V(G), such that ¢’'¢” € E(G). If ¢’ is addition-
ally not from V(G1), then there exists a path (g, h)(g”, " )(g¢’, 1), for an arbitrary vertex
h" € Nyh]. Otherwise, ¢’ € V(G1) and there exists a walk (g, h)(ga, B )(g”, h)(g', 1),
where go € V(G) — V(G) and "' € Ng[h]. So let ¢’ be an isolated vertex. In this
case I’ is not a universal vertex by the fact that G ® H is a connected graph. Therefore,
there exists i/ € Ny (h) such that K’'h” ¢ E(H). Recall also that G 2 K, and there
exist g” and ¢" such that ¢”"¢"”" € FE(G). Suppose that ¢’ = g. If Kb € E(H),
for some 1" € Npglh], then there exists a path (g, h)(g"”,h"")(go,h"")(g’, h') where
go is from different component than ¢’. Otherwise, A" is not adjacent to h"’ for ev-
ery vertex h'' € Npy[h] and there exists a path (g, h)(g., ") (9", h")(g', h'), where
g € V(G) is neither from connected component that contains g” nor from G;. Sup-
pose that ¢’ # g. If "B ¢ E(H), for some h'/ € Npylh], then there exists a
path (g,h)(g’, K")(g",h")(¢g', ). Otherwise, h” is adjacent to every K" € N y[h]. If
9" ¢ Nglg], then there exists a path (g, h)(g"”,h"")(g", K" ) (¢, 1'). Tf ¢ € Ng(g),
then there exists a path (g,h)(¢"”’,h")(¢',h'). If ¢ = g, then there exists a path
(g,h)(g",h")(g',h"). Therefore, for all vertices (¢’,h’), where b’ € Ng(h) and ¢ is
an arbitrary vertex from V(G), it holds that deer ((g, h), (¢', 1')) < 3.

Case 2. Vertex h is a universal vertex.

In this case none of the components of G is an isolated vertex by Theorem 2.1, since
graph G ® H is connected. Let ¢ € V(G) — V(G;1). If A/ is not a universal ver-
tex in graph H, then there exists a path (g,h)(g1,h1)(¢’,h’), where g1 € Ng(g) and
hih' ¢ E(H). If ' is a universal vertex in H (it can also be h), then there exists a
path (g, h)(g1, h1)(g", h2)(g', 1), where g1 € Ng(g), hihs ¢ E(H) and ¢” € Ng(g').
Notice that such h; and h exist, since H is not a complete graph by Theorem 2.1 as
G ® H is connected. Next, let ¢’ € V(Gy). If A/ is not a universal vertex in H, then
there exists a walk (g, h)(g1,”')(g2,h1)(¢’,h'), where g1 € Ng(g), g2 € V(G2) and
hih' ¢ E(H). If b’ is a universal vertex in H different than h, then there can ap-
pear five different options with respect to g’. First, if ¢ = g, then there exists a path
(9,h)(g1,h1)(g’,h'), where g1 € N¢(g) and hy an arbitrary vertex different that / and
h'. Second, if ¢ € Ng(g), then (g, k) and (¢’, h') are adjacent. Third, if dg(g,9’) = 2,
then there exists a path (g, h)(g1,h1)(g’, '), where g1 € Ng(g) N Ng(¢') and hy an
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arbitrary vertex different that h and h’. Fourth, if dg(g,g’) = 3, then there exists a
path (g, h)(g1,%")(g2,h)(¢', h'), where g1 € Ne(g) and g2 € Na(9'), 9192 € E(G),
are two mid-vertices from some shortest path between g and ¢'. Fifth, if dg(g,9") > 4,
then there exists a path (g, h)(g1,h1)(g2, ha)(g’, h'), where g1 € Ng(g), hihe ¢ E(H)
and g2 € Ng(¢') (notice that g1go ¢ FE(G)). Therefore, for all vertices (¢, h') €
V(G ® H) — (V(Gy) x {h}) it holds that dgemr((g,h),(¢',h")) < 3. It remains to
check the vertices (¢', k'), where ¢ € V(G;1) and b’ = h. If there exists an edge
hzhy € E(H), where hy, # h and h, # h (with this H 2 K;;,t > 2), then there
can appear four different options with respect to ¢’. First, if ¢ € Ng(g), then there
exists a path (g, h)(¢’, he)(g, hy) (g, '). Second, if da(g,¢’) = 2, then there exists a
path (g,h)(g1,hs)(g’, h'), where g1 € Ng(g) N Ng(g'). Third, if dg(g,¢’) = 3, then
there exists a path (g, h)(g1, hs)(g2, hy)(g', h'), where g1 € Ng(g) and g2 € Ng(9'),
9192 € E(G), are two mid-vertices from some shortest path between ¢ and ¢’. Fourth, if
de(g,9") > 4, then there exists a path (g, h)(g1, h1)(g2, h2)(g’, #'), where g1 € Ng(g),
hihe ¢ E(H) (recall that H 2 K, as G ® H is connected) and g € Ng(g'). Again,
for all vertices (¢, h') it holds that deer ((g,h), (¢',h')) < 3. We are left with the case
that H = K; 4,t > 2. If dg(g,9') = 2 or dg(g,¢’) > 4, then we can construct the same
paths than before, since they are not dependent on the edge h,h,. Let ¢’ € V(Gy), such
that dg(g,¢') = 3 ordg(g, g’') = 1. If there exists a vertex g1 € N¢(g) such that g; 9" ¢
E(G), for some g"” € Ng(g'), then there exists a path (g, h)(g1, h1)(g”, ha)(g’, h'), where
hi and hg are different leaves of H, and dgew((g,h), (¢',h')) < 3. Otherwise, for ev-
ery g1 € Ng(g) it holds that Nz (g') € Ng(g1) and the Condition 4 is fulfilled. There
exists a path (g, h)(g1,h1)(g2, h2)(g”, h1)(g’, 1), where hy and hy are different leaves
of the star graph H, g1 € Ng(g), g2 € V(G2) and ¢” € Ng(¢'). It follows that
daemr((g,h),(g’,h'")) < 4 and Case 2 is completed.

For the equivalence notice from this proof until now, that if Condition 4 is not fulfilled,
then eccgem((g,h)) < 3 # 4, which proves one implication of the equivalence. For the
other implication, suppose that Condition 4 is fulfilled for (g, k) and (¢’, h’). By the sym-
metry we may assume that H = K 4, t > 2. We will show that dgeu ((g, h), (¢, ")) > 4.
The neighborhood of (g, &) in DcD product G ® H is Ng(g) x (V(H) — {h}), since h is
a universal vertex in H. Similarly, the neighborhood of (¢’, &) in DcD product G ® H is
Nea(g') x (V(H) — {h}), since h’ is a universal vertex in H. There are no edges between
sets Ng(g) x (V(H) — {h}) and Ng(¢') x (V(H) — {h}), since all vertices g1 € Ng(g)
are adjacent to all neighbors g”’ of the vertex ¢’ in the graph G and there are no edges be-
tween vertices from (V(H) — {h}) in H. Hence dgeu ((g,h), (¢', k")) > 4 and it follows

that eccaer ((9,h)) = daeu((g,h), (¢', 1)) = 4. =

By a careful reading of Case 2 from the above proof, one can observe that we did not
use three or more components of G when constructing the desired paths in G ® H. A fact
that will come handy in the proof of the next theorem.

Theorem 4.5. Let G and H be graphs not isomorphic to Ko nor to Ko and such that
G ® H is connected. If one of them has two components and the other is connected, then
ecceon((g,h)) < 5. Moreover, we have eccaau((g,h)) = daeu((g,h), (¢, k) =
5 if and only if Condition 12 holds. Furthermore, we have eccgem((g,h)) =
deen((g,h),(g’,h')) = 4 if and only if Condition 4 or 5 or 6 or 7 or 8 or 9 or 10 or 11
holds.
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Proof. We may assume that G' has two components G; and G2 and that H is connected.
Let g € V(G) and h € V(H) be arbitrary. By symmetry we may further assume that g €
V(G1). We split the proof into three parts with respect weather G or G5 are isomorphic
to K7 or not. Notice that the case G; = K7 and G2 = K, yields a contradiction with the
assumption.

Case 1. G1 % K1 and G2 % Kl.

This is the only case when H can have a universal vertex, say that h is such. As it is
mentioned in a comment before this theorem, we can use the same proof as in Case 2
of Theorem 4.4 including Condition 4. Hence we may assume that % is not universal
and with this N z[h] is not an empty set. Vertices from A; = Ng(g) x Ng(h), from
Az = Ng,[g9] x Ny[h] and from Az = V(G2) x N y[h] are adjacent to (g, h). Notice,
that A, can be empty when g is a universal vertex of G;. So, assume first that g is not
a universal vertex of G;. Vertices from Ay = V(G2) x {h} are adjacent to all vertices
of Ay by co-direct edges and we have dgen((g,h), (a,h)) = 2 for every a € V(Ga).
Every vertex a from V' (G5) has a neighbor a’ in G5 because G5 2 K. But then we have
a direct edge (a,b)(a’, h) for any b € Ny (h). Hence, we have dgeu((g,h), (a,b)) <3
for any (a,b) € V(G2) x Ny (h) and we are done with vertices from V(G3) x V(H).
Further every vertex (c,b') € Ng[g] x Ng[h] is adjacent to every vertex of A4, which
gives dgem ((g, h), (¢, b)) < 3. Vertices from A5 = (V(G1) — {g}) x {h} are adjacent
to all vertices of A3 by co-direct edges and we have dger((g,h), (¢, h)) = 2 for any
(¢',h) € As. Every vertex ¢’ € N¢[g] has a neighbor ¢/ € V(G1) — {g}, say that ¢’ is a
neighbor of ¢’ on a shortest path between g and ¢’. But then (¢, b)(c/, h) is a direct edge
for any b € Ny (h) where (¢/, h) € As. This means that dge ((g, h), (¢, b)) < 3 for any
(¢",b) € Nglg] x Ny (h). Finally, a vertex (g,b), b € Ny (h), is adjacent to every vertex
from N¢(g) x {h} C As by a direct edge. Again we have dger((g,h), (g,b)) < 3 for
any (g,b) € {g} x Ng(h) and we are done when g is not universal in G.

Let now g be a universal vertex of G and with this Ay = (). Every vertex from A3 is
adjacent to every vertex (g1, h) € N¢, (g) x {h} and we have dgeu ((g,h), (91, h)) = 2.
Further, (g1, h) € Ng,(g) x {h} is adjacent to every vertex from (g, h1) € {g} X Ng(h)
and dgemr((g,h),(g,h1)) < 3. In what follows we need the following notation. Let
Ny (h) = B} U BY where Bj contains all satellite vertices of h and Bf = Ny (h) — Bj.
Notice that vertices from B’ have no neighbors in N [h] and can be empty set while
B{ # (0 since h is not universal in H. Also let By = {z € V(H) : dg(h,z) = 2}
and B3 = {z € V(H) : dg(h,x) > 3}. Let hy € B{ be a common neighbor of
he € By and h. For ¢ € V(G2) we have dgeu((g,h),(¢’,h1)) = 2 by the path
(g,h)(g2, h2)(g’, h1) where ¢'gs € E(G2) and we are done with V(G3) x BY. Fur-
ther, we have dgen((g,h), (¢',h)) < 3 by the path (g, h)(¢’, h2)(g2, h1)(¢’, h) where
again g'go € F(G3) and we are done with V(G2) x {h}. For (g1,h3) € V(G1) x Bs
a path (g,h)(g2, h2)(gs, h1)(g1, hs) yields deen((g;h), (g91,h3)) < 3 where gags €
E(G3). Let hg € Bg and let hy be a common neighbor of h and hy. A path P =
(g9,h)(g1,h1)(g, h2), g1 € V(G1) shows that dger ((g, k), (g, h2)) = 2 and we are done
with {g} x By. We can extend P to a vertex (g2, h’) € V(G2)x Bj by a co-direct edge since
vertices from B} have no neighbors in By. Hence, dger ((g, ), (91, ")) < 3 and this con-
cludes V(G2) x Bj. We are left with the vertices from N¢,(g) X B2. If g1 € Ng,(9)
has a neighbor g4 € N¢, (g), then we have a path (g, h)(ga, h1)(g1, h2) where hhqhg is a
shortest path in H and daeu((g,h), (91, he)) = 2 follows for (g1, h2) € Ng, (9) x Ba.
So, we may assume that g is the only neighbor of g1 € Ng, (g9). If [V(G1)| > 2,
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then we have a path (g, h)(gz, h2)(ga, h)(g1, h2) for he € By, g2 € V(G2) and g4 €
V(G1) — {9,091} Therefore, dgou((g,h), (g1,h2)) < 3 for (g1,h2) € Ng,(g) x Ba.
So, let finally |V(G1)| = 2 and with this G; & Ky = gg;. If there exists two non-
adjacent vertices g3, g4 € V(G2), then (g, h)(gs, h2)(ga, h)(g1, h2) is a path and we have
deen((g,h), (g1, h2)) < 3. So, we may further assume that Gy = K, for some ¢ > 2. If
there exists hg € Bs, then a path (g, h)(g2, h3)(g, h1)(g1, h2) where go € V(G) and hy is
a common neighbor of h and hy € B assures that dgem ((g, ), (91, h2)) < 3. So, we may
assume that B3 = () and with this eccyy(h) = 2. Further, if there exist h, € By — {ha},
then (g, h)(g1,h1)(g, h%)(g1, h2) is a path when hoh), € E(H) where hy is a common
neighbor of h and hh. Thus, deeu((g,h), (g1,h2)) < 3 again. If hohl, ¢ E(H),
then the path (g, h) (g2, h%)(g1, ha), for go € V(Ga), forces daeu ((g,h), (91, h2)) = 2.
So, let By = {hs2} and every vertex from B is adjacent to ho. If some hy € B is
adjacent to by € Ng(h) — {h1}, then (g,h)(g1,})(g, h1)(g1, h2) is a path and we
have dgem((g,h), (g1,h2)) < 3 again. So, we are left with a situation where there
are no edges between vertices from B} and B{ and no edges in H[BY]. If there exist
hy € Bi, then hih} ¢ E(H) for hy € BY and (g, h)(g1,h1)(92, 1) (g1, ha) is a path
for g € V(G2). This means that dgemr((g, ), (g1,h2)) < 3. We end with assump-
tion that B} = (. But then H = K, for some p > 1 and Condition 5 is fulfilled for
(x,y) = (g,h) and (', y") = (g1, ha). We have dgem((g,h), (g1, h2)) < 4 by the path
(9,7)(g2, h2) (g1, h)(g, h1)(g1, he) where g2 € V(G2) and hy € BY.

Case 2. G1 % K1 and GQ = Kl.

Let G2 = a. The proof of this case is in the beginning very similar as the first paragraph
of the previous case with two exceptions. Firstly, h is not a universal vertex now by Theo-
rem 2.1 and we can ignore the first part of first paragraph of Case 1. Secondly, when g is
not a universal vertex of 1 is the sentence: “Every vertex a from V(G2) has a neighbor
a’ in G because G5 2 K;”. Now such an a’ does not exists and we need to take care of
all vertices from V(G2) x Ny (h). Since there are no universal vertices in H there exists
b’ for every b € Ny (h) such that b’ is not adjacent to b. Now (a, b) is adjacent to (¢, b’) by
a co-direct edge, where ¢ € Ng(g) when b’ € Ny (h) or c € Ng[g] when b’ € N y[h]. In
first option (c, b) belongs to A; and in the second option it belongs to A (as defined in the
previous case). Hence, dgen((g,h), (a,b)) = 2 and we are done if g is not universal in
Gi.

There are more differences when ¢ is a universal vertex of G; and we write all
the details. Sets Ay, As, Bj, B{, B> and Bs have the same meaning as in the Case
1. Every vertex from Aj is adjacent to every vertex (g1,h) € Ng, (g9) x {h} and we
have dgemn((g,h), (91,h)) = 2. Further, (g1,h) € Ng,(g) x {h} is adjacent to ev-
ery vertex from (g,h1) € {9} x Ng(h) and dgen((g,h),(g,h1)) < 3. If g1,92 €
V(G1) are non-adjacent, then (g,h)(a, ha)(g2,h)(g1,h2) is a path for hy € Ngl[h]
and deen((g,h), (91, h2)) < 3 follows. In particular, if hy € Bs we have a path
(g9, h)(g2,h1)(g1, ha) for hy € Ny (h) and we have dger ((g, h), (91, h2)) = 2. Last path
can be extended to any vertex (a, hy) for h; € Bf and we have dgen ((g, h), (a,h1)) < 3
for every (a,h;) € {a} x B{ when G; is not complete and By # (. If By = 0,
then every vertex hy € BY is non-adjacent to some h) because H has no universal
vertices. If b} € Ng(h), then the path (g,h)(g1,h})(a, h1) for g1 € Ng(g) gives
deen((g,h), (a,h1)) = 2. If hy € Nylh], then we have dgeu((g,h), (a,h1)) < 3
by the path (g, h)(g1,hY)(g, ki) (a, h1) for g1 € Ng(g) and hY is a common neighbor of
h and h. Hence, vertices from {a} x B{ remains open only when G; is complete and
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B3 # (). Let ¢’ be a universal vertex of G and let g; be a neighbor of ¢’. Notice that ¢’
can be equal to g. For hy € By we have a path P = (g, h)(g1, h1)(g’, he) for a common
neighbor h; of h and he which gives dger((g, k), (¢', ha)) = 2 for every universal vertex
g’ of Gy when |V(G1)| > 2 and only for g when G; = K5. Path P can be extended to
(9,h)(g1,h1)(g’, h2)(a,h’) for b’ € {h} U B} and we have dgeu((g,h), (a,h")) < 3.
For hs € Bz with a neighbor hy € Bs we have a path (g,h)(¢’, h1)(g1,h2)(d’, h3)
where hp is a common neighbor of i and hy. Notice that if G; = Ko, then g1 = g
and vertex (g, h3) is still open. Hence, dgem ((g,h), (¢', hs)) < 3 for every vertex hg at
distance three from h and every universal vertex ¢’ of G, with the exception of g when
Gy = Ky. If dg(h,hy) > 4, then we have a path (g, h)(a, h2)(g’, hs) where hy € Bs.
This gives dgeu ((g,h), (¢, ha)) = 2 for every universal vertex ¢’ of G; and hy € B3
with dyr(h, hy) > 4.

At this stage we still need to check the vertices from {a} x B} when Bs # () and
G1 = K, for some ¢ > 2 and in addition when G; = Ky = gg’ we need to take
care also for (g, hs) and (¢’, ha) where dgy(h,hs) = 3 and ha € Bs. Suppose first
that there exist hy € Bs with dg(h, hs) > 4. The path (g, h)(a, hq)(g’, h2) shows that
deen((g,h), (¢', h2)) = 2 for every ha € Bs. Last path can be extended to (g, h3) and
we have dger((g,h), (g, hs)) < 3 for every hy € Bz with di(h, hs) = 3 since h3 has a
neighbor in Bs. In addition we have a path (g, h)(a, h2)(g, h4)(a, hy) for every hy € BY
where hy € By and dggmn((g,h), (a, h1)) < 3 follows. Therefore, we may assume in the
rest of this case that all vertices from Bj are at distance three to h.

First we concentrate on vertices from {¢g’} x By when G; = K, = gg'. If there
exist hy € Bs, then we have a path (g,h)(a, h3)(g,h1)(g’, ha) where hy € Bf is a
neighbor of hy € Bs and dgen((g,h),(¢',ha)) < 3 follows. So, we may assume
that B3 = (. Let ho,hl, € B, be different vertices. If they are non-adjacent, then
the path (g, h)(a, hy)(g', he) yields deon((g,h), (9’ h2)) = 2. If hohy € E(H),
then the path (g,h)(¢’,h1)(g,h5)(g’, h2), where hy is a common neighbor of h and
h%, shows that dgemr((g,h),(¢',h2)) < 3. It remains that B, = {hs}. Since
G ® H is connected, H contains no universal vertices by Theorem 2.1. If hy € Bj
is not adjacent to h} € Npg(h), then we have dgen((g,h), (¢', he)) < 3 by the path
(g,h) (g, h))(a,h1)(g', ha) where h1hy ¢ E(H) as hy € Bj. Hence, next hy € Bj is
adjacent to all the vertices in Ny (h) and with this also to a neighbor hy € BY of hs.
This means that dger((g,h), (¢', h2)) < 3 by the path (g, h)(¢’, h1)(g, h%)(g’, ha). Fi-
nally, we may assume that B] = (. If there exists h1h} € E(H[BY]), then the path
(g,h)(¢’, h1)(g, h})(g’, ha) shows that dgem ((g9,h), (¢, he)) < 3. If H[BY] is without
edges, then H = K ,,, p > 1, and Condition 5 holds. We have dger ((9, h), (¢', h2)) < 4
by the path (g, h)(a, h2)(g’, h)(g, h1)(g', he) for hy € BY.

Next we deal with an arbitrary vertex (g, hs) from {g} x B3 when G = K; =
gg’. If there exist two non-adjacent vertices hy,h] from Ng(h), then we have the
path (g, h)(¢’, h1)(a, h))(g, hs) and deen((g9,h), (9, hs)) < 3 holds. So, we may as-
sume that H[Ng[h]] is a complete subgraph. If hs is non-adjacent with some hf €
Ny [h] —{h3}, then dger((g,h), (g, hs)) = 2 follows from the path (g, h)(a, h})(g, h3).
Therefore, we suppose that hz is a universal vertex of H[Ng[h]]. If h}, hY are
non-adjacent vertices of N [h], then the path (g,h)(a,h})(g’,h%)(g, hs) ensures that
deen((g9,h),(g,h3)) < 3. Hence, we can also assume that H[N y[h]] is a complete
subgraph of H. With this Condition 6 holds and we have dge  ((g, 1), (g, h3)) < 4 by the
path (g, h)(a, hs)(g, h1)(g’, h2)(g, hs) for ha € Bs and his neighbor hy € By.
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We end with vertices from {a} x By when B3 # (§ G; = K, for some ¢t > 2. Let
(a,h1) € {a} x B{ and let g; be a neighbor of ¢ in G1. If hy is non-adjacent to some
hy € Ng(h)—{hi},thendgen((g,h), (a, h1)) = 2 by the path (g, h)(g1, h})(a, h1). So,
we may assume that h; is a universal vertex of H[Ng[h]]. If hy is non-adjacent to some
ha € Ba, then for a common neighbor b} of h and hs the path (g, h)(g1, h})(g, h2)(a, k1)
gives dgem ((g, h), (a, h1)) < 3. Hence, we may suppose that h; is adjacent to all vertices
of B,. (Notice that B3 # () because otherwise hy is a universal vertex of H which is not
possible.) If there exists h3 € Bj that is not a universal vertex of H[N g[h]], that is h3
is non-adjacent to hy € N [h] — {h3}, then we have a path (g, h)(a, h2)(g, h3)(a, h1)
and deemn((g,h), (a,h1)) < 3 follows. Finally, if every vertex from Bj is a universal
vertex in N g[h], then Condition 7 is fulfilled and we have dger((g,h), (a,h1)) < 4 by
the path (g, h)(g1, h1)(g, ho)(g1, hs)(a, h1) where hhqhohs is a shortest path between h
and hs € B3 in the graph H.

Case 3. G1 = K1 and Gg 7'\4 Kl.

If there exists a universal vertex of H, then G® H is not connected by Theorem 2.1. Hence
H is without universal vertices and in particular eccyr (h) > 2. We partition V' (H) into sets
By = Ng(h), By ={x € V(H) : dg(h,z) =2}, By = {x € V(H) : dg(h,z) = 3},
By = {x € V(H) : dy(h,z) > 4} and {h}. Further we partition By into Bj that
contains all vertices that have no neighbor in Ba, that is Bj contains all satellite vertices
of h, and BY = B; — Bj. Clearly, B} can be empty, but Bf is non-empty because
ecci(h) > 2. For any vertex hy € By with d(hyg, h) = 4 (f it exists) let hhyhohghy
be a shortest h, hy-path in H. Clearly that h; € B; for i € {1,2,3,4} (if it exists for
1€ {3,4}) Notice that NG@H((Q, h)) = V(Gg) X (B2 U B3 U B4). Let g192 € E(Gg)
which exists since G2 2 K. Every vertex (g1, h1) € V(G3) x By is at distance two to
(g, h) since (g2, ha)(g1, h1) is a direct edge. Hence daeu((g,h), (g1, h1)) = 2 for any
(91,h1) € V(G2) x Bf. In addition there is a path (g, h)(g1, ha)(gz2, h1)(g1, h) which
means that dgem ((g, h), (g1, h)) < 3 for any (g1,h) € V(G2) x {h}. Also every vertex
(g, ho), hg € B is adjacent to (g1, ha) by a co-direct edge and dgeu ((g,h), (9, ho)) = 2
for any (g, ho) € {g} x B}. A path (g, h)(g2, h2)(g1, h1)(g, h*) for any h* € B3 U By (if
it exists) implies that dge ((g, h), (9, h*)) < 3forany (g, h*) € {g} x (B3 U By). So, in
what follows we only need to consider vertices from V(G2) x Bf and {g} x (B{ U Ba).

To end this case we need further to distinguish the options when G2 is complete or
not. Suppose first that G 2 K, and let g3 and g4 be non-adjacent vertices of G'>. There
exist a path (g, h)(gs, h2)(ga, h)(g, h2) and for any vertex (g, h2) € {g} x Bz we have
daen((g,h),(g,h2)) < 3. Let next hg € Bj. A path (g,h)(gs, h2)(ga, ho) assures that
deen((g,h), (94, ho)) < 2 for any (g4, ho) € V(G2) x Bj where g4 is not a universal
vertex of Go. If g5 is a universal vertex of G5, then we have dger((g, h), (g5, ho)) < 3
by the path (g, h)(gs, h2)(g4, 1) (g5, ho) where the last edge is a direct one since gs is
universal and hy is adjacent to h. To end with G2 2 K, let h; € B{. As mentioned
before, H is without universal vertices and also hi is not universal. If Bs # (), then
daem((g,h), (g, h1)) = 2 by the path (g,h)(g1, h")(g, h1) for any h* € Bs. If B3 = 0,
then R is not adjacent to some h), € Bs or to some h} € Bj, since it is not universal
vertex in graph H. For the first option we have a path (g, h)(g1, h5)(g, h1) and for the
second option there exists a path (g, h)(g1, h5)(g2, 1)) (g, h1) when b € BY and hfy € By
is a neighbor of h} or a path (g, h)(gs, h2)(gs4, h})(g, h1) when b} € Bj. In all cases we
have dgem ((g,h), (g, h1)) < 3 and we are done when G Z K.
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We continue with Go = K,, p > 2. If there exists hy € By, then we have
a path (g,h)(g1,ha)(g,h*) for any g1 € V(G2) and h* € B{ U By, which means
that deen ((9,h), (9, h*)) = 2 and we are done with vertices from {g} x (B{ U Ba).
Similar there exists a path (g,h)(g1,h2)(g,h4a)(g1,ho) that consist only of co-direct
edges and where g; € V(G2) and hy € Bj are arbitrary and hy € B,. Hence,
deon((9:h), (91, ho)) < 3forany (g1, ho) € V(G2) x Bi.

Next we may assume that By = () and with this 2 < eccy(h) < 3 because
h is not universal in H. Let first eccy(h) = 3 and there exists h3 € Bs. For
(g,h1) € {g} x By we have a path (g, h)(g1,h3)(g,h1) for g1 € V(G2) and we have
deon((g;h), (g,h1)) = 2 for any (g, h1) € {g} x By. Letnow (g,h2) € {g} x Bs. If
hs is not adjacent to some hg € Bs U Bs, hg # ha, then a path (g, h)(g1, ho)(g, ha)
where g1 € V/(Gs2) implies dgeu((g,h), (g, h2)) = 2. Furthermore, last path can
be extended to (g, h)(g1,ho)(g,h2)(¢’,h’) where (¢',h') € V(G2) x B} and we have
deen((g,h),(¢’,h')) < 3 forany (¢',h') € V(G2) x B} when H[By U Bs] is not
a complete graph. Therefore we may assume that ho is adjacent to all vertices from
(B2 U B3) — {ha}. Moreover, if hy is not adjacent to ] € BY/, then we have a path
(9,h)(g1,h5) (g2, h1)(g, ho) where g1g2 € E(G2), hy € Bs and hihy € E(H) ex-
ists because h} € Bf. This means that deem((g, k), (g9, h2)) < 3. Finally, let ho be
adjacent to every vertex from (B} U By U B3) — {ha}. Notice that for ¢ = g¢ and
h' = hg Condition 8 is fulfilled and we have dggn((g,h), (¢',h')) < 4 by the path
(g,h) (g1, h2)(g2, h1)(g1, h)(¢', ') where g1g2 € E(G2) and h; is a common neighbor of
h and hs in H. We still need to take care of vertices in V(G3) x Bj when H[Bs U Bs)
is a complete graph. Let (¢’,h’) be arbitrary vertex from V(G2) x Bf. If h’ is not
adjacent to h” € By — {h'}, then we have a path (g,h)(g1,h3)(g,h")(¢’,h") where
g1 € V(G2) and hg € Bs and clearly dger((g, k), (¢',h")) < 3. So, we may assume also
that 1’ is adjacent to every other vertex from Bj or in other words Ng[h'] = Ng[h].
We have dgem((g,h),(¢’,h')) < 3 by the path (g,h)(¢’,h2)(g1,h1)(9’,h’) where
g1 € V(G2) — {¢'} and hhyhs is a shortest path in H (notice that hy is adjacent also
to h' as Ny[h'] = Nglh]).

We end this case with eccpr(h) = 2 and with this By = (). If ho, h}, € By are not adja-
cent, then a path (g, h)(g1, h%)(g, ha) where g1 € V(G2) yields dgeu((g,h), (g, h2)) =
2. Last path can be extended to (g, h)(g1, h5)(g, h2)(¢’, h’) for any (¢', h’) € V(G2) x B}
and we have dgemu((g9,h),(¢’,h')) < 3. Hence we are done with V(G2) x Bj when
H|[Bs)] is not complete. So let H[Bs] be complete. Suppose that 4’ is adjacent to some
Ry € BY. We have dgen((g,h),(¢’,h')) < 3 by the path (g,h)(¢’, h%)(g91,h}) (g’ h')
where ¢'g1 € E(G2) and h}, € By is a neighbor of k. Therefore, we can assume that 2’ is
not adjacent to any vertex from BY. Further suppose that 4} € By is not adjacent to some
hs € Bs. A path (g, h)(g1, he)(g,h})(g’, ') shows that dee g ((g, h), (¢, b)) < 3 again.
Assume now that 4’ is not adjacent to b} € B} —{h'}. We have dgeu((g,h), (¢’,h')) <3
by the path (g, h)(¢’, h2)(g, h})(¢’, h') where ho € By. We are left with 1’ is a satellite
of h that is adjacent to all the satellites of h, that is Ny [h'/] = Bf U {h}, H[B2] is a com-
plete subgraph and there exist all edges between B’ and By. But then Condition 9 holds
for (g, h) and (¢’, k') and we have a path (g, h)(g1, h2)(¢’, h1)(g1,h)(g’, h') where g1 €
V(G2) — {4’} and hhyhs is a shortest path in H. Therefore, deen((g,h), (¢',h')) < 4
and we are done with vertices from V(G2) x Bj. To end with vertices from {g} x Bo
recall that we need to consider only those (g,ha) where hs is adjacent to all vertices
from By — {ha}. If such a vertex hy is not adjacent to h} € BY, then we have a
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path (g, h)(g1,h5)(g2, h1)(g, ha) wWhere g1g2 € E(G2) and b}, € Bs is a neighbor of
hj. This path forces dgem((g,h),(g,h2)) < 3. Hence, we may assume further that
Ny[h'] = BY U By for some b’/ € By. But then Condition 10 is fulfilled for ¢’ = g and
we have dger ((g,h), (¢, h')) < 4 by the path (g, h)(g1, ') (g2, h")(g1, h)(g, h') where
h' e NH(h) n NH(h/) and g1 92 € E(Gg)

We finish with the vertices from {g} x BY. Let (¢’,h’) be an arbitrary vertex from
{g} x BY. If I/ is not adjacent to some hy € Bs, then dgeu((g,h),(¢’,h')) = 2 by
the path (g,h)(g1,h2)(¢’, ') for g1 € V(G2). Similar, if A’ is not adjacent to some
hy € BY —{h'}, then dcen((g, h), (¢, h')) < 3 by the path (g, h)(g1, h2)(g2, h1)(g', 1)
where g1go € E(G3) and hy € Bs is a neighbor of hy. Therefore we may as-
sume that h’ is adjacent to all vertices from (By U Bf) — {h’}. If this happens,
notice that there exists hy € Bj that is non-adjacent to h’ because H has no uni-
versal vertices by Theorem 2.1. In particular, hg € Ng[h'] C Bj. Hence the
only edges with end-vertex (¢’,h’) are now edges (g;,ho)(¢’, ') for g; € V(Ga).
If hy is not adjacent to some h{, € DBj, then Condition 11 holds and we have
dG®H((gv h’)ﬂ (glv h,)) <4 by the pathi(gv h)(gh h2)(ga hé)(glv ho)(g/, h/) where g1 €
V(G2) and hy € Bs. Similar, if H[N g[h]] is not complete, that is he, hy € Bo are
not adjacent, then Condition 11 holds again and we have dgemr((g,h), (¢',h')) < 4 by
the path (g, h)(g1, h2)(g, %) (91, ho)(g’, h') where g1 € V(G2). Suppose now that there
exists an edge between between N y[h'] and B) = Ng(h) — B}, say hshy € E(H)
is such where hy € BY and hy € Ny[h'/]. Again Condition 11 if fulfilled and we
have deeu((g,h), (¢, h')) < 4 by the path (g,h)(g1, h2)(g2, h3) (g1, ha)(g’, h') where
9192 € E(G2) and hy € By is a neighbor of hs. Further, if Condition 12 holds, then we
have dG®H((g’ h)’ (g/v hl)) < 5 by the path (gv h) (927 h2)(917 hl)(g2’ h)(gla ho)(g/, h/)
where g1g2 € F(G3) and hhyhs is a shortest path in H. With this Case 3 is concluded.

For the first equivalence, notice that if Condition 12 does not hold, then
deen((g,h),(g',h')) < 4 by the proof so far, which gives one implication. For the sec-
ond implication assume that Condition 12 holds for G = X, H = Y, (g,h) = (x,y) and
(9',1') = (&',y'). Clearly Ngen((g,h)) = V(G2) x B2 = D and Neeu((g9',h')) =
V(G2) x Ng[W] = D" C V(Gs) x Bj. Clearly there are no edges between vertices of D
and vertices of D’ because G5 is complete and there are no edges between B{ and By in H.
Vertices from D have their neighbors in {g} x B} and in V(G3) x BY. In particular, there
is no edge between D and {g} x By because H|[Bsy] = H[N g [h]] is a complete subgraph
of H. Also any vertex from D’ has no neighbor in V(G2) x BY because there is no edge
between N g[h'] and By = Ny (h) — Bj and because G is complete. Finally, there are
no edges between any vertex from {g} x B} and D’ because every vertex from Ny [y/']
is adjacent to every vertex from Bj. All together we have dgem ((g,h), (¢',h')) > 5 and
equality follows which settles the first equivalence.

For the second equivalence, notice that the proof until now shows that when Condition 4
does not hold and Condition 5 does not hold and Condition 6 does not hold and Condition 7
does not hold and Condition 8 does not hold and Condition 9 does not hold and Condi-
tion 10 does not hold and Condition 11 does not hold, then dger ((g,h), (¢', 7)) < 3 or
deen((g,h),(g',h')) = 5 and we are done with one implication. For the second implica-
tion assume first that Condition 4 holds. We can use the same arguments as in the proof of
Theorem 4.4.
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Suppose now that Condition 5 holds for G = X, H =Y, (g,h) = (z,y) and (¢', h') =
(2',y'). We know already that dgemr((g,h), (¢',h')) < 4. Clearly Ngeu((g,h)) =
(V(G2) x {h'})U({g'} x N (h)) = D and Neeon((g',h')) = (V(G2) x {h}) U ({g} x
B{') = D’. There are no edges between vertices from V(G2) x {h'} and D’ because G4
is complete or because A’ is adjacent to all vertices from Bj. Also, there are no edges
between vertices from {g’} X Ny (h) and D’ because all vertices of B}’ are adjacent to h or
because there are no edges in H[BY]. Hence, dgem((g,h), (¢’,h’')) > 4 and the equality
follows.

If Condition 6 holds for G = X, H =Y, (g,h) = (z,y) and (¢, #') = (2',y’), then
we have dge ((g,h), (¢, 1)) < 4 by the proof until now. For Ky = gg; and K1 = a we
have Nowrr((9.h) = (o1} x Nu(h) U ({a} x Ny[h]) = D and Neen((g', 1)) =
({a} x Ng[h)) U {g1} x (Ng[h] — {W'})) = D’. Vertices from D’ are not adjacent to
{91} x Npg(h) because Ng[h] is complete or because they have the same first coordinate
g1. Similar, vertices from D’ are not adjacent to {a} x Ny [h] because they have the same
first coordinate a or because N [h] is complete. Therefore, dge i ((g,h), (¢',h')) > 4
and the equality follows.

Let now Condition 7 be true for G = X, H =Y, (g,h) = (x,y) and (¢', h') = (2, y').
As usual dgem((g,h),(¢',h")) < 4 by the proof until now. We have Nggu((g,h)) =
(No, (9) x Nut(h)) U ({g'} x Nuh]) = D and Noon((g', ) = V(G1) x By = D',
Vertices from D’ are not adjacent to N, (g) X Ny (h) because G is complete and vertices
of B3 are not adjacent with vertices from Ny (h). Similar, vertices from D’ are not adjacent
to {g’} x Ng[h] because every vertex from Bs is a universal vertex of H[N g[h]] and ¢’
is not adjacent to vertices of G. Again dgeu((g,h), (¢',h’)) > 4 and equality follows.

Next we assume that Condition 8 holds for G = X,H = Y,(g,h) = (z,y)
and (¢’,h') = (2/,y'). We know already that deen((g,h),(¢’,h')) < 4. Clearly
Neeu((g,h)) = V(G2) x (B2 UBs) = D and Ngeu((¢', 1)) = V(G2) x Ny (k') =
D' CV(Gs3) x ({h} U By). Itis easy to see that there is no edge between a vertex from D
and a vertex from D’ because G is complete and there is no edge between By U B3 and
{h} U B} in H. Hence, dgeu((g,h), (¢',h’)) > 4 and equality follows.

Next we assume that Condition 9 holds for G = X,H = Y,(g,h) = (z,y)
and (¢’,h') = (2',y'). We know already that dgem((g,h),(¢’,h')) < 4. Clearly
Neen((g:h)) = V(Gs) x By = D and Neeu((9',h')) = (V(G2) - {g'}) x
Ny (b)) U ({g} x (BY U By)). There is no edge between D and a vertex in {g} x Bs
because H|[Bs] = H[Nglh]] is complete. Similar, there is no edge between D and a
vertex in {g} x B/ because there are all possible edges between By = Ny (h) and
B{ = Npglh] — By in H. Finally, there are no edges between vertices from D and from
(V(G2) —{g'}) x Ng(h') because G5 is complete and there are no edges between By and
{h} U B} in H. Therefore, dgeu((g,h), (¢, h’)) > 4 and equality follows.

Next we assume that Condition 10 holds for G = X,H = Y,(g,h) = (x,y)
and (¢',h') = (2/,y'). We know already that dgewu((g,h), (¢',h')) < 4. Clearly
Neen((g,h)) = V(G2) x By = D and Ngeu((¢',1')) = V(Gs) x (B{U{h}) = D'
There is no edge between D and a vertex in D’ because G5 is complete and there are no
edges between By and B} U {h} in H. Therefore, dgem ((g,h), (¢’,h')) > 4 and equality
follows.

We end when Condition 11 holds for G = X, H =Y, (g,h) = (z,y) and (¢',h’) =
(2',y'). We know already that dgemr((g,h), (¢',h')) < 4. Clearly Ngeu((g,h)) =
V(Gg) X By = D and NG®H(<g/,h/)) = V(Gz) X WH[h/] =D - V(Gg) X Bi
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There are no edges between vertices of D and vertices of D’ because Go is complete
and there are no edges between vertices of By and vertices of Bj in H. Therefore,
deen((g,h),(g’,h’)) > 4 and equality follows and the proof is completed. O
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