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Abstract

A connected graph of order n admitting a semiregular automorphism of order n/k
is called a k-multicirculant. Highly symmetric multicirculants of small valency have
been extensively studied, and several classification results exist for cubic vertex- and
arc-transitive multicirculants. In this paper, we study the broader class of cubic vertex-
transitive graphs of order n admitting an automorphism of order n/3 or larger that
may not be semiregular. In particular, we show that any such graph is either a k-
multicirculant for some k < 3, or it belongs to an infinite family of graphs of girth 6.

Mathematics Subject Classification 2020 - 05E18
1 Introduction
Studying the structure of the automorphism groups of highly symmetrical graphs is

one of the classical topics in the area of algebraic graph theory and a very important
part of it aims at proving upper bounds on the order of the automorphism groups in
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terms of a conveniently tame function of the order of the graph (see, for example, the
classical work of Tutte [32] on cubic symmetric graphs). Existence of such bounds
often allows strong group theoretical tools to be applied.

In some applications (such as a construction of a complete list of all graphs of
fixed valence, bounded order and given symmetry type; see for example [7, 23]), a
bound on the order of the automorphism group can be substituted with a weaker result
where the order of individual automorphisms is bounded rather than the order of the
automorphism group itself. It is well known that the order of the automorphism group
of a connected vertex-transitive graph of valence 3 (cubic vertex-transitive graph,
for short) cannot be bounded by any subexponential function of the order (see, for
example, [23]). However, a recent result [27, Theorem 1.6] shows that the order o(g)
of an individual automorphism g of a cubic vertex-transitive graph other than K33
equals the length £(g) of the longest orbit of the cyclic group (g), implying that o(g)
cannot exceed the order of the graph. In other words, if we define

V()]
max{o(g) : g € Aut(I")}’

n() =

then n(I") > 1 holds for every cubic vertex-transitive graph. The aim of this paper
is to investigate how sharp this bound is and under what additional assumptions it
can be improved. More precisely, we obtain a complete classification of cubic vertex-
transitive graphs I for which 1 < n(I") < 3 holds and thus show that n(I") > 3
for every cubic vertex-transitive graph not belonging to a known list of exceptional
families (see Theorem 1.1).

Before stating Theorem 1.1, let us first introduce a few notions appearing in its
statement. A non-trivial automorphism g of a graph is called semiregular provided
that the length of every vertex-orbit of (g) equals o(g), or equivalently, when all the
orbits of (g) have equal size. A graph admitting a semiregular automorphism with k
vertex orbits is called a k-multicirculant; in addition, every graph on n vertices is an
n-multicirculant. Let

k(") ;= min{k : T is a k-multicirciulant}

and observe that n(I") < «(I') < |V(I')| holds for every graph I". What is more, the
well-known polycirculant conjecture [16] (which is known to be true for graphs of
valence 3 [17], as well as many other classes of graphs; see [1]) states that x(I") <
|[V(I")] for every vertex-transitive graph I'. There are numerous classification results
proved about cubic vertex-transitive k-multicirculants of different symmetry types
(see for example [6, 9, 10, 12—15]) and in particular, all cubic vertex-transitive 1-
multicirculants (also called circulants), 2-multicirculant (also called bicirculants) and
3-multicirculants (also called tricirculants) are known [22, 24].

An interesting interplay between the parameters n(I") and «(I") is considered in
Sect. 8. In particular, the question whether the parameter « (I") can be bounded above
in terms of n(I") is discusses there.

Let us now introduce some families of graphs appearing in Theorem 1.1. For a
positive integer n > 3, let Prism(n) denote the prism on 2n vertices, which can also
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be viewed as the generalised Petersen graph GP(n, 1), and let Moeb(n), n > 4 even,
be the Mobius ladder with vertex-set Z,, and edges of the form {x, x 4 s} for x € Z,,
s € {£1, n/2}. Note that x (Moeb(n)) = 1 for every n, while « (Prism(n)) is 1 or 2,
depending on whether n is odd or even, respectively.

Further, for a positive integer n and distinct elements i, j € Z,\{0}, let H(n, i, j)
be the graph with vertex-set Z, x Z, and edges of the form {(x, 0), (x + s, 1)} for
x € Zp and s € {0, i, j}. Note that the graphs H(n, i, j) are bipartite bicirculants and
are also known as cyclic Haar graphs [22]. Clearly, k (H(n, i, j)) < 2 and the values
of n, i, j for which k (H(n, i, j)) = 1 are characterised in Lemma 7.1.

Letus now define two families of tricirculants, first introduced in [24, Definitions 4.1
and 5.1]. For an odd integer k, k > 1, let X(k) be the graph with 6k vertices, labelled u;,
v; and w; fori € Zyi, and the edge-set being the union £ U E, U E3U E4U E5 where:
Ey = {{uj, uirk} 1 i € Zoi}, Ex = {{us, vi} 10 € Zog}, E3 = {{u;, wi} i € Zog},
Es = {{vi, wit1} i € Zy}, and E5 = {{vi, wiy,} 1 i € Zoy}, where r = (k + 3)/2
ifk =1 (mod4)andr = (k+3)/2 + kif k = 3 (mod 4).

Further, for an odd integer k, k > 1, let Y (k) be the graph with 6k vertices, labelled
u;,v; and w; fori € Zyi, and the edge-set being the union £1UE>,UE3UE4UEs where:
Er = {{uj,uip1} 11 € Zog}, Eo = {{u;, vi} 1 i € Zox), E3 = {{vi, wi} 1 i € Zog},
Eq = {{vi, wit2} 1 i € Zy}, and Es = {{w;, wiyk} 10 € Zoi}.

By [24, Theorem 4.3 and Theorem 5.3], k (X(k)) = « (Y (k)) = 3 for k = 3 (mod 6)
while « (X(k)) = k(Y (k)) = 2 for k = 0 (mod 6). More facts about graphs X (k) and
Y (k) can be found in [24, Sects. 4 and 5].

For positive integers m, t > 3,let SDW (m, t) be the cubic graph with the vertex-set
Loy X Lt X 7 and edges of the form {(x, 7, 0), (x,i£1, 1)} and {(x, i, 1), (x+1,1,0)}
for all x € Z,, and i € Z;. (The graphs SDW (m, t) with t = 3 are also known as
split depleted wreath graphs.) Note that a graph SDW (m, t) is a 2¢-multicirculant, as
witnessed by the semiregular automorphism of order m, mapping a vertex (x, i, j) to
the vertex (x + 1, i, j) for every x, i, j. It can be easily seen that x (SDW (m, 3)) <6
and that n(SDW (m, 3)) < 3 unlessm is divisible by 6 (in which case n(SDW (m, 3)) =
6); see Lemma 6.13 for more details.

Finally, Tutte’s 8-cage is the unique cubic arc-transitive graph on 30 vertices, appear-
ing under the name CubicVTgraph(30, 8) in [23], while the truncated tetrahedron
is the graph on 12 vertices obtained by the geometric truncation of the skeleton of the
tetrahedron (it appears under the name CubicVTgraph(12, 2) in [23]).

We can now state the main result of this paper.

Theorem 1.1 Let ' be a finite simple connected vertex-transitive graph of valence 3
and order n. Then, I' admits an automorphism of order at least 5 (or equivalently,
n(I') < 3) if and only if one of the following happens:

(1) k(') =1 and T is isomorphic to

(a) the prism Prism(m) where n = 2m with m > 3, m odd; or
(b) the Mobius ladder Moeb(n) with n > 4;

(2) k(') =2 and T is isomorphic to

(a) the prism Prism(m) where n = 2m with m > 4, m even;
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(b) a generalised Petersen graph GP(m, r) wheren =2m,m > 5,2 <r <m/2,
and
o m >3, r2==l (modm), or
e m=10andr =2;
(c) the cyclic Haar graphs H(m; r,s) where n = 2m withm > 3,1 <r,s <
m — 1, r # s, r divides m, gcd(r, s) = 1, such that m is even or m is odd and
{r, s} is neither {1, m — 1} nor {1, 2}.

(3) k(') =3 and T is isomorphic to one of the following graphs:
(a) X(k) with k = 3 (mod 6);
(b) Y (k) with k = 3 (mod 6);

(c) Tutte’s 8-cage where n = 30;
(d) the truncated tetrahedron where n = 12.

(4) k(') =6andT" = SDW (m, 3) withm = 3 (mod6), m > 9, n = 6m.

Remark 1.2 If I is a graph appearing in one of items (1)—(3), then « (I") = n(I") except
when I' is isomorphic to

the cube graph Q3 = Prism(4) where n(I") = %‘;

the Petersen graph GP(5, 2) where n(I') = %;

the Heawood graph H(7, 1, 3) where n(I") = ZT;

the Moebius—Kantor graph GP(8, 3) where n(I") = %;
the Pappus graph Y (3) = SDW (3, 3) where n(I'") = %

If I is one of the graphs in item (4), then n(I") = 3. The relation between the functions
n and k is further discussed in Sect. 8.

The proof of the above theorem is inevitably rather technical since a certain amount
of case-by-case analysis cannot be avoided. However, we have tried to use as many
theoretical tools as possible in order to shorten and organise the arguments into self-
contained parts.

Our proof relies on two crucial ideas. The first idea is to classify cubic vertex-
transitive graphs I admitting an automorphism g of order at least |V(I")|/3 in terms
of the quotient graphs I"/(g). For this approach to be practical, we need to store enough
information that will allow us to reconstruct the graphs I from their quotients. Here,
a recently developed theory of generalised cyclic covering projections [25], briefly
summarised in Sect. 3, provided the needed theoretical background. The second crucial
fact making this approach feasible follows from the results of [27], from which one
can deduce that a cyclic group of automorphisms of a cubic vertex-transitive graph

I' with order at least Wg_rn can have at most 5 orbits on V(I') (see Lemma 4.1). In

particular, there is only a finite number of possible quotients I'/(g) with o(g) > ng
The rest of the proof is then a careful case-by-case analysis of these possible quotient
graphs. The strategy of proving Theorem 1.1 is laid out in more detail in Sect. 2.3.
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2 Overview and Basic Definitions

The following paragraphs, in which we give some basic formal definitions and we
outline the proof of Theorem 1.1, serve as a more detailed summary of the contents
of this paper.

2.1 Graphs

We would first like to stress that all the graphs in this paper are finite. Even though we
are primarily interested in simple graphs (that can be defined as a finite set of vertices
together with an irreflexive symmetric relation on it), it will be very convenient for us
to adopt a more general definition of a graph that has become standard when quotients
and covers of graphs are considered (see, for example, [18]).

For us, a graph is an ordered 4-tuple (V, D; beg, inv) where D and V # ( are
disjoint finite sets of darts and vertices, respectively,beg: D — V is a mapping which
assigns to each dart x its initial vertex beg x, and inv is an involutory permutation of
D which interchanges every dart x with its inverse dart, also denoted by x~!. The
final vertex of a dart x is beg x ~! and is denoted end x. The neighbourhood of a vertex
v is defined as the set of darts that have v for its initial vertex and the valence of v
is the cardinality of the neighbourhood. If T" is a graph we write V(I") and D(I") to
denote the vertex- and dart-set of I', respectively. Furthermore, we may write begp
and invr, with a subscript, to indicate the beginning and inverse functions of I', to
avoid confusion when more than one graph is involved. We will generally omit the
subscript if there is no possibility of ambiguity.

The orbits of inv are called edges. The edge {x, x '} containing a dart x is called a
semi-edge if x~! = x,aloop if x~! # x while beg (x ') = beg x, and is called a link
otherwise. The endvertices of an edge are the initial vertices of the darts contained in
the edge. If {u, v} is the set of the endvertices of an edge, then we say that # and v
are adjacent and write u ~ v. Two darts x and y are parallel if begx = begy and
begx~! = beg y~!. Two edges are parallel if they have the same endvertices. When
we present a graph as a drawing, the links are drawn in the usual way as a line between
the points representing its endvertices, a loop is drawn as a closed curve at its unique
endvertex and a semi-edge is drawn as a segment attached to its unique endvertex.

A graph without loops, semi-edges and pairs of parallel edges is simple. Note that a
simple graph is completely determined by its vertex-set and the adjacency relation, and
conversely, given a set V and an irreflexive symmetric relation ~ on V, we can define a
graph (V, D; beg, inv) by letting D := {(u, v): u,v € V(I'), u ~ v}, beg(u,v) = u
and inv(u, v) = (v, u). A dart in a simple graph is traditionally called an arc, so we
will use these two terms interchangeably. In this paper, a cubic graph will always stand
for a connected simple graph in which every vertex has valence 3.

Notions such as morphism, isomorphism and automorphism of graphs are obvious
generalisations of those defined in the traditional setting and precise definitions can
be found in [18, 19]. In particular, an automorphism of a graph (V, D; beg, inv) is a
permutation g of V U D preserving each of V and D such that inv(x8) = inv(x)$8
and beg(x8) = beg(x)8 for every x € D. Note that when the graph is simple, an
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Fig. 1 The Mobius ladder on 8 vertices (top left) and K3 3 (top right) above their labelled quotients by
a cyclic group of automorphisms G = (g). For the case on the left, g is the automorphism given by the
permutation (uguupu3)(vovvav3); for the graph on the right g is given by (ugu1)(vovyv2). In the graph
on the lower right, the edge joining u" and UOG has a label next to each of its endvertices: 3 next to u’, and
2 next to vg . These are the labels LG (x) and )L(;(xfl) where x is the dart pointing from ug to vg. This
indicates that every vertex in the fibre of ug (in the graph above) has 3 neighbours in the fibre of vOG while
every vertex in the fibre of UOG has 2 neighbours in the fibre of ug

automorphism is uniquely defined by its adjacency preserving action on the vertex-
set. We shall thus often view automorphism of simple graphs in the usual way, that is,
as adjacency preserving permutations of the vertex-set.

2.2 Labelled Quotients of Graphs

Let I' := (V, D; beg, inv) be a graph admitting a cyclic group of automorphisms
G < Aut('). For v € V, let v9 denote the G-orbit of v and let V /G be the set
of all G-orbits of vertices of I". Similarly, let x9 be the G-orbit of x € D and let
D/G be the set of all G-orbits on darts. We define the G-quotient of I as the graph
I'/G = (V/G,D/G,beg, inv') where beg’ x¢ = (begx)® and inv' x¢ = (inv x)¢
for all x € D(TI).

Let x € D(I") be a dart and let u = beg x. Then, x© is a dart of I'/G with initial
vertex u”. Let Ag(x%) denote the number of darts of I in the orbit x that begin at
any fixed vertex in ¢ (note that this is independent of which vertex of u¢ we choose
and that 16 (x9) = |x%«|). Then, A5 : D(I'/G) — N is a well-defined function and
the pair (I'/G, Ag) is called a labelled quotient (see Fig. 1).

2.3 Strategy

In what follows, we describe our plan to prove Theorem 1.1. We first consult the census
of all cubic vertex-transitive graphs [23] and check that the theorem holds for all the
graphs on at most 20 vertices (this can be easily done with a help of computer and a
computer algebra system such as Sage [31]).
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We may thus concentrate on the class G of all cubic vertex-transitive graphs on at
least n > 20 admitting a cyclic group G < Aut(I") of order at least 5. Let Q be the
set of labelled quotients (I'/G, Lg) where I' € G and G < Aut(I") is cyclic of order
at least w (by [27, Theorem 4.7], the order of G equals the order of the largest
G-orbit on vertices).

Observe that if (I'/G, Ag) € Q, then the graph I'/G is connected but may admit
parallel edges, loops or semi-edges. Since the valence of every vertex in I' is 3, it
follows that the vertices in I'/G have valence at most 3 and that 15 (x) < 3 for every
dart x of I'/G. Moreover, a labelled graph in Q can have at most 5 vertices (see
Lemma 4.1). This shows that the set Q is a subset of the set Q° of all connected
subcubic labelled graphs (Q, 1) on at most 5 vertices with A(x) < 3. The set Q° is
clearly finite, but still consists of an inconveniently large number of labelled graphs.

To determine which of the labelled graph in Q° indeed arise as quotients of the cubic
graphs in G by an appropriate cyclic group G (that is, which of them belong to Q),
we rely on the concept of a cyclic generalised voltage graph, first introduced in [25],
and the associated generalised covering graph construction. Loosely speaking, this
construction takes a labelled graph (A, )), together with an additional information,
called voltage assignment ¢, as an input and constructs a connected graph I' (called
a cover, for short) having (A, 1) as a labelled quotient. It was proved in [25] that as
the voltage assignment ¢ varies this procedure yields all possible connected graphs
having (A, A) as a quotient by a cyclic group.

In Sect. 4, we use the results proved in [25] (and summarised in Sect. 3) to find
a set of necessary conditions (see Theorem 4.2) for a labelled graph in Q° to admit
a connected vertex-transitive generalised cyclic cover belonging to G. In Sect. 5 we
determine, by means of forbidden labelled subgraphs, further necessary conditions for
an element of Q° to admit a cyclic generalised cover in G (see Theorem 5.9). The set of
conditions given in Theorems 4.2 and 5.9 is restrictive enough to allow us to compute,
via a brute-force algorithm, the subset Q* C OQ° of labelled graphs satisfying them.
There are 20 such graphs.

In Sect. 6, we analyse the 20 labelled graphs of Q* in detail, and show that precisely
nine of them admit vertex-transitive cubic cyclic generalised covers belonging to G
(see Fig. 2). These are the nine elements of the set Q. However, due to some overlap in
the families of covering graphs, only seven elements of Q are necessary to reconstruct
G. Finally in Sect. 7, we characterise the elements of G and complete the proof of
Theorem 1.1.

3 Covers

We now formally introduce the concept of a cyclic generalised voltage graph, which
generalises voltage graphs (in the sense of [11]) for cyclic voltage groups, and is a
special case of the wider class of generalised voltage graphs introduced in [26]. The
definitions and results in this section are mostly taken from [25], where cyclic gener-
alised voltage graphs were first defined. Each cyclic generalised voltage graph gives
rise to a unique generalised covering graph (called covering graph for simplicity). By
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1
Fig. 2 The nine labelled graphs in Q, where darts with no label have A-value 1. With the exception of

the right-most graph, these graphs correspond to the 8 possible quotients of a k-multicirculant graph by a
k-multicirculant automorphism, with k£ € {1, 2, 3}

o———oO

the end of the section, we characterise those cyclic generalised voltage graphs whose
covering graphs are cubic (that is, connected, finite, simple 3-valent graphs).

Definition 3.1 Let A be a finite connected graph andlet A: D(A) — N,:: V(A) - N
and ¢ : D(A) — Z be functions such that

A()(begx) = A(x~Hi(begx™h), (3.1
{(x_l) = —¢(x) (modAX(x)i(begx)) (3.2)

for every dart x € D(A). Then, we say that the quadruple (A, A, ¢, ¢) is a cyclic
generalised voltage graph, and we call the functions A, ¢ and ¢ a labelling, an index
function and a voltage assignment, respectively.

Definition 3.2 Let (A, A, ¢, ¢) be a cyclic generalised voltage graph. The cover of
(A, A, t,2),denoted by Cov(A, A, ¢, £) is the graph " := (V’, D/, beg’, inv’) where:

1) V' ={w,i):veV(A),iel0,...,u(v)—1}}

2) D' ={(x,i): x € D(A),i € {0, ..., A(x)t(begx) — 1}};
(3) beg'(x,i) = (begx,i);

@ )=+ ).

Remark 3.3 Since the second coordinate of a vertex (v, i) or a dart (x, i) in the defini-
tion above is an element of {0, ..., t(v) —1}or {0, ..., A(x)c(beg x) — 1}, respectively,
any operation on the second coordinate is to be computed modulo ¢ (v) or A(x)t(beg x)
accordingly. In particular, on the right-hand side of equality (4), the sum i 4 ¢(x) is
to be computed modulo A(x)t(beg x).

Let (A, A, t, {) be a cyclic generalised voltage graph and set I' = Cov(A, A, ¢, ).
For the sake of simplicity, we will write v; instead of (v, i) for a vertex of I, and x;
instead of (x, i) for a dart of I". The natural projection 7 : ' — A that maps every
v; € V(I') to v and every x; € D(I") to x is a graph epimorphism. For each vertex
v € V(A), we call the set 7' (v) = {vi:i € {1,...,1(v)}} the fibre of v and we
denote it fib(v). Similarly, the fibre of a dart x € D(A)isfib(x) =771 (x) = {x;: i €
{0, ..., A(x)t(begx) — 1}}.

Let n = lem{A(x)t(begx): x € D(A)} and observe that the group Z, acts on
D(T") U V(I") by the rule (z;)8 = z;j 44 forall z; € DI") U V(I') and g € Zj, (recall
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3
1 1
3 01 1 2 1]1 2@1
a b c d
1

ta)=1 1(b) =3 t(c) =6 ud)=3

Fig.3 A cyclic generalised voltage graph (bottom) along with its cyclic generalised cover (top)

that the index i + g is computed modulo ¢(z), if z € V(I"), or modulo A(z)t(beg z) if
z € D(I")). The permutation induced by each g € Z, is an automorphism of I" and
the orbit of a dart (or a vertex) z; under this action is precisely fib(z). Furthermore,
the action of Z, is faithful and hence there is an embedding ¢ : Z, — Aut(')
(see [25, Lemma 6.3]). The image ¢ (Z,) is a cyclic group of order n generated by
the automorphism of I' that maps every vertex v; € V(I') to v;4+1 and every dart
x; € D(T') to x;j41. We call this automorphism the canonical covering transformation
of Cov(A, X, t, ¢) and we denote it by p.

In short, the covering graph I admits a cyclic group of automorphisms of order
n whose orbits on vertices and darts are precisely the fibres of vertices and darts of
(A A, 0, 0).

Conversely, in view of [25, Theorem 5.3] and [25, Theorem 6.2] every graph
admitting a cyclic subgroup of automorphism of order n is the cover of some
cyclic generalised voltage graph (A, A, ¢), and by [25, Lemma 6.1], it follows
that lem{A(x)c(begx): x € D(A)} = n. Moreover, by [25, Theorem 6.6] we can
always assume that ¢ (x) = 0 for all darts x lying on a prescribed spanning tree 7 of
A. A voltage assignment satisfying this condition is said to be 7 -normalised. Let us
summarise these observations in the following theorem:

Theorem 3.4 A graph ' admits a cyclic subgroup of automorphisms G < Aut(I') of
order n if and only if ' = Cov(I'/G, A, t, §) for some functions A, t and { where ¢ is
T -normalised for a spanning tree T of I'/G and n = lcm{)(x)t(begx): x € D(A)}.

Example 3.5 Consider the cyclic generalised voltage graph depicted in the bottom of
Fig. 3. The function X is given in the figure as follows: each link has two numbers
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next to each of its endvertices, corresponding to the A-values of each dart underlying
this link; for instance, if we let x be the dart beginning at a and ending at b, then
A(x) = 3 and A(x~!) = 1. The semi-edge at c has a single label 1 and the loop at d
has two labels, both equal to 1, corresponding to the A-values of the darts underlying
it. The voltage assignment is also given in the figure. The link joining a with b has an
arrowhead directed from a to b with a 1 in boldface written above it. This indicates
that the dart beginning at a and ending at b has voltage 1, while its inverse x ! has
voltage —1. The semi-edge at ¢ has voltage 3, as indicated by the boldface number
above it. One dart underlying the loop at d has voltage 1 while its inverse has voltage
—1. The values of ¢ are written below the graph. The graph at the top of Fig. 3 is then
the cover of the cyclic generalised voltage graph.

Remark 3.6 Let (A, Xx,t,¢) be a cyclic generalised voltage graph and let ' =
Cov(A, x,t,¢). Let x € D(A) and u = begx. Then, the following is straightfor-
ward from the definition of a cyclic generalised voltage graph:

(1) [fib@)| = t(u);

(2) 1fib(x)| = A(x)e(u);

(3) Forevery u; € fib(u), there are exactly A(x) darts in fib(x) that begin at u;;
(4) For every u; € fib(u), deg(u;) = deg, (v), where

deg; (v) = > A(x). (3.3)

xeA(v)

Since cubic graphs are the main object of study of this paper, we would like to focus
precisely on those cyclic generalised voltage graphs whose covers are cubic graphs.
Hence the following definition.

Definition 3.7 A cyclic generalised voltage graph (A, X, ¢, ¢) is called a ccv-graph
whenever Cov(A, A, (, ¢) is a cubic graph.

The following characterisation of ccv-graphs is a consequence of [25, Theorems
6.8 and 6.9].

Lemma 3.8 Let (A, A, 1, &) be a cyclic generalised voltage graph where ¢ is T -
normalised for some spanning tree T of A. Let A = {¢(x): x € D(A)} and
B ={t(v): x € V(A)}. Then, (A, A, t, ) isaccv-graphifand only if all the following
conditions are satisfied:

(1) ged(A(x), A(x~1Y) =1 for all x € D(A);

(2) ¢(x) # ¢(y) (mod ged(t(beg x), t(end x)) for any two paralleldarts x, y € D(A);
(3) ¢(x) # 0 (mod(beg x)) for all darts x in a semi-edge;

(4) gcd(AUB) = 1;

(5) deg; (v) =3 forallv € V(A).

In the lemma above, conditions (1)—(3) are there to guarantee the covering graph
Cov(A, A, t, ¢) is a simple graph, condition (4) that Cov(A, A, ¢, ¢) is connected, and
condition (5), that it is 3-valent.
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3.1 Extendability to ccv-Graphs

Let A be a connected finite graph, and let A : D(A) — N be an arbitrary function.
We call the pair (A, A) a labelled graph. Naturally, we obtain a labelled graph (A, A)
from every cyclic generalised voltage graph (A, A, ¢, ¢) by simply disregarding the
functions ¢ and ¢. In this case, the fact that A comes from a generalised voltage
graph, which by definition satisfies equality (3.1), restricts A to some degree. We
say that a labelled graph (A, )) is extendable if there exist functions ¢ and ¢ such that
(A, A, t, ¢) is acyclic generalised voltage graph. We will be particularly interested in
those extendable labelled graphs that can be extended to a ccv-graph.

A walk of length n is a sequence of darts W = (x1, x2, ..., x,) suchthatbeg x; 1| =
endx; foralli € {1,...,n — 1}. We say W is closed if end x,, = begx{, and we say
it is reduced if x; 1 # xi_l foralli € {1,...,n — 1}. A path is areduced walk where
beg x; # begx; foralli # j and a cycle is a closed path. A cycle of length 7 is also
called an n-cycle. A tree is a connected graph without any cycles.

For a walk W = (x1, x2, ..., x,), we define the inverse of W as the walk w1 =
(x;l,x;_ll,...,xl_l).lfwl = (x1,x2,...,xy) and Wo = (y1, y2, ..., ym) are two
walks such that end x,, = beg y;, then we define the concatenation of W; and W, as

W1W2 = (x17 .. '1xna yls LRI )’m)-
Let (A, A) be a labelled graph. We can extend the labelling A to a function A* that

assigns to each walk of A a rational number. For a walk W = (x1, x2, ..., x,) in A,
we let
Wy = [ 20 (3.4)
i=1 )‘(xfl)
We then have that
AW = (W)~ and AX(W Wa) = AX(W)A*(Wa) (3.5)

for any two walks W and W, for which the concatenation is defined. The following
is a useful characterisation of labelled graphs that are extendable.

Lemma 3.9 [25, Lemma 3.5] A labelled graph (A, )\) is extendable if and only if
A*(C) = 1 for every closed walk C of A.

Naturally, not every extendable labelled graph (A, A) can be extended to a ccv-
graph. However, if (A, 1) does extend to a ccv-graph (A, A, ¢, £), we say (A, A, (, &)
isaccv-extension of (A, A) and we call the covering graph Cov(A, A, ¢, {) accv-cover
of (A, 1).

Lemma 3.10 /25, Proposition7.1] A connected labelled graph (A, )) can be extended
to a ccv-graph if and only if the following holds:

(1) (A, X) is extendable;
(2) Ax) = A(x~Y) implies A(x) = 1;
(3) A(x) = A(y) = 1 for any two parallel darts x and y;
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Fig.4 A Mobius ladder, the cube graph and K3 3 as covers of ccv-graphs (where the voltage is simplified)

(4) X(x) =1 for every dart x underlying a semi-edge;
(5) deg; (v) = 3 for all vertices v € V(A).

Let (A, L) be a labelled graph and let x € D(A) be such that x # x~ ! and
A(x) < A(x~1). We say {x,x"!} is an edge of type [A(x), A(x~1)], or simply a
[A(x), A(x~? )]-edge. From Lemma 3.10, we see that if (A, 1) is extendable to a ccv-
graph, then the edges of A are all of type [1, 1], [1, 2], [1, 3] or [2, 3] (see also [25,
Corollary 7.2]).

Now, suppose A(x) = 1 for all x € D(A). That is, every edge of (A, ) isa[l, 1]-
edge. By Lemmas 3.9 and 3.10, (A, A) admits a ccv-extension of (A, X, ¢, ¢) and a
ccv-cover I' := Cov(A, X, t, ¢). Since A(x) = 1 for all x € D(A), it follows from
formula (3.1) and the connectedness of A that ¢(v) = ¢(u) for any two vertices u and
v of A. Then, the canonical covering transformation p of I' (mapping every vertex
v; € V(I') to vj41) is a semiregular automorphism. Its vertex orbits are precisely the
vertex fibres of I'. Therefore, if A has k vertices, then p has k orbits on vertices and
I' is a k-multicirculant graph (Fig. 4).

3.2 Simplified Voltages

As one would expect, for given a labelled graph (A, A), there may exist different ccv-
extensions (A, A, ¢, ¢) and (A, A, ¢, ¢) such that Cov(A, A, t, ¢) = Cov(A, A, ¢, ).
It would be convenient to take, among all the possible ccv-extensions yielding isomor-
phic covers, one with a voltage assignment that is as ‘nice’ as possible. As was proved
in [25, Lemma 7.4], for every ccv-extension (A, A, ¢, ¢) of a labelled graph (A, A)
there exists a voltage assignment ¢’ that is simplified in the sense of Definition 3.11,
such that Cov(A, A, 1, ¢) = Cov(A, A, t,&').

Definition 3.11 Let (A, A, ¢, ) be a ccv-graph. The voltage ¢ is a simplified voltage
if for all x € D(I") the following holds:
(1) ¢ is 7-normalised for a spanning tree 7 containing all [, j]-edges with i # j;

(2) ¢(x) < ged(e(beg x), t(begx™1));
(3) ¢(x) = t(begx)/2 whenever x underlies a semi-edge;
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(4) 0 < ¢(x) and ¢(x) # t(beg x)/2 whenever x underlies a loop.

Note that if we assume a voltage ¢ satisfies (1) in the definition above, then item (2)
is equivalent to

(2°) ¢(x) < t(begx).

Indeed, clearly, (2) implies (2”). Suppose ¢ satisfies (1) and (2”). If for some x € D(I")
we have ¢ (x) = 0, then ¢ (x) < t(begx). If £(x) # 0O, then by (1) we have ((beg x) =
L(begx’l) and thus gcd(t(beg x), L(begx’l)) = 1(beg x). Then, ¢ (x) < t(begx) =
gcd(t(begx), L(begx_1 )) and (2) holds.

Remark 3.12 One of the advantages of considering ccv-graphs with simplified voltage
assignments is that the adjacency rules for the corresponding covering graphs become
quite straightforward. Indeed, suppose (A, A, ¢, ¢) is accv-graph where ¢ is simplified.
Let x € D(A), let u = begx and v = endx, and let e = {x, x’l}. Then, for all
u; € fib(u) we have:

(1) If u #vand eisall, 1]-edge, then u; ~ viyr(x)s

(2) Ifu #vandeisall, jl-edge, j # 1, then u; 1t vy ~ v;, with0 < k < j;
(3) If u = v and e is aloop, then u; ~ u;yrx) and u; ~ u;_¢(x);

(4) If e is a semi-edge, then u; ~ u; 1 @u)/2)-

Let (A, A, t, ¢) be a ccv-graph. By [25, Proposition 7.4] there exists a simplified
voltage assignment ¢’ for A suchthat Cov(A, A, ¢, ) = Cov(A, A, ¢, ¢"). Thisimplies
that every cubic graph is the cover of a ccv-graph with a simplified voltage assignment.
For this reason, we will henceforth always assume that the voltage of a ccv-graph is
simplified. The following theorem summarises the contents of this section.

Theorem 3.13 A graph U is cubic and admits a cyclic group of automorphisms of
order n if and only if it is the cover of a cyclic generalised voltage graph (A, A, t, ¢)
where A : D(A) — {1, 2, 3} satisfies conditions (1)—(4) of Lemma 3.10, ¢ is simplified,
gcd{¢(x), t(v): x € D(A),v € V(A)} = 1 and lem{Ar(x)i(begx): x € D(A)} = n.

4 Vertex-Transitive Covers

We have shown in Sect. 3 that if I' is a cubic graph admitting a cyclic group of
automorphisms G, then I' is isomorphic to a ccv-cover of some labelled graph (A, 1),
where the labelling A satisfies conditions (1)—(5) of Lemma 3.10; that is, (A, A) is
extendable, A(x) = 1 for every dart x underlying a loop, a semi-edge or a link that
is parallel to another link, and deg;, (x) = 3 for all darts x € D(A). If in addition we
suppose that I is vertex-transitive and that G has order at least V(I")/3, then further
restrictions are set on the labelled graph (A, A). It was shown in [27] that if T is a
cubic vertex-transitive graph and G < Aut(I") is cyclic, then the number of orbits of
G is bounded by a function of k = |V(I')|/|G]|. This, in turn, bounds the number of
vertices of the quotient I'/G. Furthermore, the ratio between the sizes of the largest
and smallest orbits of G is also bounded, which restricts the labelling A. Let us be
more precise.
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Let I" be a cubic graph of order n > 20 admitting a cyclic subgroup of automor-
phisms G. Then, T is isomorphic to the cover of some ccv-graph (A, A, ¢, ) where
lem{A(x)t(begx): x € D(A)} = |G|. We can slightly abuse the language and identify
I' with Cov(A, X, ¢, £). Suppose I is vertex-transitive and let m = |G|. Then, by [27,
Theorem 4.7], a G-orbit on vertices must have size m /i for some i € {1, 2, 3,4, 6}
and the largest G-orbit has size precisely m. It follows that for any two vertices u# and
v of I', we have

1
—[a¥ < [99] < 61a“.
6
Since the orbits of G on V(I") are identified with the fibres of V(A) we see that
1
gL(u) <t(v) <6-1(u) “.1)

for any two u, v € V(A) (recall that ¢«(«) = |fib(u)| for all u € V(A)). If in addition
we suppose that m > n/3, then there must exist a vertex # € V(A) such that

3oz Y ) =Vl 4.2)

veV(A)

Furthermore, [27, Theorem 1.6] asserts that if I has order n > 20 and u € T is
such that ¥ is of maximal order among all G-orbits, then i has a neighbour v such
that ¢ # 99 but |#¢| = |9]. In particular, since the largest orbit of G has size at
least /3, this implies that at least two thirds of the vertices of I" are contained in only
two orbits (¢ and 79). It is an easy exercise to see that the remaining vertices can be
divided in, at most, 3 different orbits (of size n/9 each, or all three having different
sizes: n/6, n/9 and n/18). Hence, we obtain the following lemma.

Lemma4.1 Let I" be a cubic vertex-transitive graph of order n > 20, and let G <
Aut(T") be a cyclic group with an orbit of size n/3 or greater. Then, G has at most 5
orbits on vertices.

Now, consider the function A* defined with formula (3.4). If W = (x1, x2, ..., X,)
is a uv-walk in A, then by a consecutive application of equality (3.1) to the darts of
W we have

t(v) = A W)e(u). 4.3)

Since u and v are arbitrary vertices, we see that the index function ¢ is completely
determined by the labelling A (as A* depends only on A) and the value of ¢ on a single
vertex. The following theorem sums up the preceding paragraphs.

Theorem 4.2 Let (A, 1) be a labelled graph, let T be a ccv-cover of (A, 1) of order
n > 20 and let T be a spanning tree of A. If T is vertex-transitive and admits an
automorphism of order m > %, then the following holds:
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(1) (A, X) is extendable;

(2) deg, (v) = 3 for all vertices v € V(A);

(3) A(x) = A(x~Y) implies A(x) = 1;

(4) A(x) = A(y) = 1 for any two parallel darts x and y;
(5) M(x) = 1 for every dart x underlying a semi-edge;
(6) A has at most 5 vertices;

moreover, there exists a vertex it € V(A) such that:

(7) i is incident to an edge of type [1, 1];
(8) & < M*(Wy);

9 X W)=
veV(A\ (i)

for every v € V(A) \ {it}, where W, denotes the unique tiv-path in T.

Proof That items (1)—(5) hold follows at once from Lemma 3.10. Item (6) holds by
Lemma 4.1. Now, let u € V(I') be such that |x¢| has maximum cardinality amongst
all the vertex orbits of G. Then, |u®| > 5. Letii = w(u) and letv € V(A)\{it} (recall
that the natural projection 7t maps every vertex v; € fib(v) to v). That & is incident
toa[1, 1]-edge follows from [27, Theorem 4.7], and thus (7) holds. Furthermore, by
(4.1) we have %L(ﬁ) < t(v), but by (4.3) we can replace ¢(v) by A*(W,)t(it). Thus (8)
holds. To see that (9) holds, subtract ¢ (i) on both sides of inequality (4.2) and replace
t(v) by A*(Wy)e(ir). O

5 Artefacts

A labelled subgraph of a labelled graph (A, 1) is a pair (A’, A") where A’ is a subgraph
of A and A’ is the restriction A |p(a/. In this section, we will define a set of ‘forbidden
subgraph’ for a labelled graph, that we call artefacts. An artefact in a labelled graph
(A, 1) is a labelled subgraph of (A, 1) that guaranties the existence of a particular
subgraph (containing a short cycle) in any ccv-cover of (A, ). We will show that a
labelled graph containing certain artefacts cannot admit a vertex-transitive ccv-cover
of order larger than 10. First, we will define the notion of the signature of a graph.
Let T" be a cubic graph, let x be a dart of I and ¢ be a positive integer. Denote by
€.(x) the number of c-cycles (cycles of length c) that pass through x. Let v € V(TI")
and let {xq, x2, x3} be the set of darts beginning at v, ordered in such a way that
€c(x1) < €c(x2) < €.(x3). The triplet (e.(x1), €-(x2), €.(x3)) is then called the c-
signature of v. Informally, the c-signature of v tells us how the cycles of length ¢
passing through v are distributed among the darts incident to v. If all vertices of "
have the same c-signature, we say that I" is c-cycle-regular, and we say the c-signature
of I is the c-signature of any of its vertices. Observe that if " is vertex-transitive, then
I" is c-cycle-regular for all ¢ € N. For cubic graphs of small girth g, the g-signature is
sometimes enough to completely determine the graph. The following lemma is a direct
consequence of the results proved in [28] (or independently in [8]) and [29], where a
g-cycle-regular graph, where g is the girth of the graph, is called girth-regular.
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Lemma 5.1 (See [28, Theorem 1.5] and [29, Theorem 1].) Let I" be a cubic girth-
regular graph of girth g < 6. Then, either the g-signature of T is (0, 1, 1) or one of
the following occurs:

(1) g=3andT = Ky;

(2) g = 4 and one the following occurs

(a) T has signature (1,2, 2) and is isomorphic to a prism or a Mobius ladder;
(b) T is isomorphic to K3 3 or the cube graph Q3;

(3) g =5 andT isisomorphic to the Petersen graph or the dodecahedron GP(10, 2).
(4) g = 6 and one of the following occurs:

(a) T belongs to a finite list of exceptional graphs with at most 20 vertices;
(b) T has signature (1, 1,2), (2,2,2) or (3,4,5);
(c) T has signature (2,3, 3) and is isomorphic either to
e a cyclic Haar graph H(3m; k, m) of order 6m, m > 3, where k = 1 if
m = 0 (mod 3) and k = 3 otherwise;
e a graph SDW (m, 3) of order 6 m, m > 3.

Remark 5.2 The Haar graph H(3m; k, m) featuring in part (c) of the case g = 6
of Lemma 5.1 was defined in [29, Sect. 2.4] as the bipartite Cayley graphs on the
dihedral group D3,, = (p,T | p>™, 72, (pt)?) with respect to the connection set
{z, 7ok, Tp™} and were denoted by A,,. It is, however, clear that such defined graph
A, and the cyclic Haar graph H(3m; k, m) are isomorphic. As was proved there, their
automorphism group has order 6m and thus acts regularly on the vertices.

Similarly, the graph SDW (m, 3) was denoted in [29] as X¥,, and defined as the
Cayley graph on the group D, x Z3 with respect to the connection set § =
{(p1,0), (1, 1), (7, 2)}), where D,, = (p, T | p™, 72, (pr)z) denotes the dihedral
group of order 2m. To prove that %, is indeed isomorphic to SDW (i, 3) one can
check that the mapping (pz/, k) — (i, k, 1 — j) is indeed a graph isomorphism. As
was proved in [29, Proposition 5], the automorphism group of SDW(m, 3), m > 3,
is isomorphic to the group S3 x D,, (where by S3 we denote the symmetric group of
order 6).

Corollary 5.3 If T is a cubic arc-transitive graph of girth smaller than 6, then T is
isomorphic to one of the following: Ka, K33, the three-dimensional cube Q3, the
Petersen graph or the dodecahedron GP(10, 2).

Lemma 5.4 [2], Lemma4.2] IfT is a cubic arc-transitive graph of girth 6, then either
I has 6-signature (2, 2, 2) or it has order n < 20.

Lemmab5.5 Let (A, A,t,¢) be a ccv-graph and suppose I' := Cov(A, A, t,0) is
vertex-transitive. If for some x € D(A) we have M(x) = 3, then U is arc-transitive.

Proof Let u = begx and up € fib(u). Let @ and b be two arbitrary darts of T'.
Since I' is vertex-transitive, there exist automorphisms ¢, ¥ € Aut(I") such that
(bega)?® = ug = (begb)¥. In particular, both a® and b¥ begin at ug. Furthermore,
since A(x) = 3, all three darts beginning at u belong to the same orbit of the cyclic
group of automorphisms of I'" preserving the fibres, and thus there exists y € Aut(I")
such that a®” = bY. Then, ad’V‘V1 = b. We conclude T is arc-transitive. O
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Fig.5 The five artefacts A; withi € {1, 2, 3, 4, 5} (bottom row). Above each, a small subgraph of the cover
of any ccv-graph containing A;

Let Ay, Ao, Az, A4 and As be the 5 labelled graphs depicted in the bottom row of
Fig. 5.

Lemma 5.6 Let (A, A) be alabelled graph and let T be a ccv-cover of (A, A). Suppose
(A, L) contains an artefact Aj for some j € {1,2,3,4,5}. Then:

(1) if j = 1, T contains a 3-cycle;
(2) if j € {2,3}, T contains a 4-cycle;
(3) if j € {4,5}, T contains a copy of K3 ».

Proof The proof consists in repeatedly applying Remark 3.12 for each of the five
possible cases. For instance, suppose I' = Cov(A, A, , ) where (A, A,(,¢) is a
ccv-extension of (A, A) and that (A, A) contains a subgraph isomorphic to A; for

some j € {1,...,5}. Recall that we may assume that [a, b]-edges with a # b have
trivial voltage and that the voltage of a semi-edge x is ¢t(beg x)/2. Assume the notation
of Fig. 5.

First suppose j = 1. Then, t(u) = 2 - t(v) = 2m for some m € N and since uv is
a[l1, 2]-edge, it follows from Remark 3.12 that each v; € fib(v) is adjacent to u; and
uj+m. Furthermore, since u is incident to a semi-edge, u; is incident to u;1,, (again,
by Remark 3.12). Then, (u;, #j4m, v;) isa3-cycleof I" foralli € {0,...,m — 1}.

Now, suppose j = 2. Since uw and uv are [1, 2]-edges, t(#) = 2m for some m,
and by Remark 3.12, each v; € fib(v) and w; € fib(w) is adjacent to both u; and
Ujym. It follows that (u;, w;i, Uj4m, vi) is ad-cycleof I' foralli € {0, ..., m — 1}.

If j = 3, then «(u) = 2m for some m since u is incident to a semi-edge. Moreover,
sinceuvisall, 1]-edge we have ((#) = ¢(v), and the dart x, beginning at # and ending
at v, may have non-trivial voltage ¢ (x). By Remark 3.12, each u; € fib(u) is adjacent
0 Vj1¢(x)- Since both u and v are adjacent to a semi-edge, we have that u; ~ u;

and v; ~ vjyy, foralli € {0, ..., m — 1}. Therefore, (u;, Vit¢(x)s Vidmsc(x)s Uitm)
isa4-cyclein I'.
The two remaining cases follow in a similar way from Remark 3.12. O
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Fig. 6 The two artefacts Ag and A7 (bottom row). Above each, a small subgraph of the cover of any
ccv-graph containing it

Corollary 5.7 Let (A, L) be labelled graph containing an artefact A; with i €
{1,2,3,4,5} and a dart x such that A(x) = 3. If " is a vertex-transitive ccv-cover of
(I, 1), then T is isomorphic to Ka, K33 or Q3.

Proof By Lemma 5.5 T is arc-transitive and since it contains an artefact A; with
i €{l1,2,3,4,5}ithas girth 3 or 4. It follows from Corollary 5.3 that I" is isomorphic
to K4, K33 or Q3. |

Let Ag and A7 be the labelled graphs depicted in the bottom row of Fig. 6.

Lemma 5.8 If (A, A) is a labelled graph containing Ae or A7, then no ccv-cover of
(A, A) is vertex-transitive.

Proof Let (A, A, t, ) be a ccv-extension of (A, A) such that ' = Cov(A, A, ¢, ¢).
Suppose, on the contrary, that I' is vertex-transitive and (A, A) contains a copy of A;
for some j € {6, 7}.

Now, suppose j = 7. Let a, b, c and d be the vertices of A7, as they are labelled
in Fig. 6. There are two edges connecting b to a. Without loss of generality, we may
assume the darts on one of these edges have trivial voltage, as necessarily one of these
edges must lie on a spanning tree of A and (we can assume) the voltage assignment ¢
is simplified. As for the other edge, let r # 0 be the voltage of the dart underlying it
and beginning at b (and thus, its inverse, beginning at a, has voltage —r). Lett(c) = m
sothatit(b) = t(a) = 2m. Observe that (co, bo, ag, am, b;y) and (co, bo, ar, am+tr, bm)
are 5-cycles of I (note that this is true even if » = m). Then, every dart beginning at
bo lies on a 5-cycle. Since dc is a [1, i]-edge of (A, 1), we see that dj is adjacent to
co in I'. Furthermore, since I' is vertex-transitive, the dart beginning at dy and ending
at co lies on a 5-cycle C := (dp, co, u, v, w), for some u, v, w € V(I'). Clearly,
u € {bg, by} and v € {ay, ar, ay,, am+,}, since both fib(c) and fib(d) are independent
sets. Then, w € fib(a) U fib(b) which leads us to a contradiction, since no vertex in
fib(a) U fib(b) is adjacent to a vertex in fib(d). Therefore, there is no 5-cycle tracing
the edge docp and thus T is not vertex-transitive.

@ Springer



Cubic Vertex-Transitive Graphs Admitting... Page 190f33 133
Fig.7 Elements of Q* with at most 3 vertices

Finally, suppose j = 6 and assume the notation in Fig. 6. Then, ¢(d) = m for some
m € N. By Lemma 5.6, I" contains a 3-cycle and thus the vertex dy € fib(d) must
lie on a 3-cycle C. Since dp has two neighbours in fib(c), one vertex of C must be
in fib(c). Without loss of generality, let ¢ be that vertex. Then, the third vertex in C
must be a common neighbour of dy and cg, but the other two neighbours of ¢ are by

and by,,, none of which si adjacent to dy. Therefore, dy does not lie on a 3-cycle, and
I' is not vertex-transitive. O

o—-0

The following theorem, which is a consequence of Corollary 5.7 and Lemma 5.8,
summarises the contents of this section.

Theorem 5.9 Let (A, X) be a labelled graph and let T be a ccv-cover of (A, \) with
more than 20 vertices. If I is vertex-transitive, then one of the following holds:

(1) (A, LX) does not contain an artefact A; withi € {1,2,3,4,5} and a dart x such
that M(x) = 3;
(2) (A, L) does not contain an artefact A; withi € {6, 7}.

6 The Set O

Recall that G is the set of all vertex-transitive cubic graphs I" of order n > 20 admitting
an automorphism g of order n/3 or greater, and that Q is the set of all labelled quotients
I'/{g). As a step towards proving Theorem 1.1, we must determine the set Q. Then,
we can reconstruct G by considering all vertex-transitive ccv-covers of elements of Q.
Observe that Q is a subset of the set Q* of all labelled graphs satisfying the conditions
stated in Theorems 4.2 and 5.9. These conditions are restrictive enough to allow us to
quickly compute Q* by means of a brute-force algorithm. As it transpires, Q* consist
of 20 labelled graphs. To determine Q it suffices to determine which of these graphs
admit a vertex-transitive ccv-cover with more than 20 vertices.

The eight elements of Q* having less than four vertices, shown in Fig. 7, correspond
to the eight possible quotients of a cubic graph by a (k, £)-semiregular automorphism
with k € {1, 2, 3}.

Each of these eight graphs admits at least one vertex-transitive ccv-cover with more
than 20 vertices (see [25, Theorem 1.1] or [22] and [24] for details). Therefore, the
eight graphs of Fig. 7 are elements of Q.
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2
d
Aq

Fig.8 Elements of Q* with more than 3 vertices

The remaining 12 labelled graphs of Q* are shown in Fig. 8. We will show that,
with the exception of Aj,, none of these graphs admit a vertex-transitive ccv-cover
of order larger than 20. The graph A, will be studied in detail in Sect. 6.1.

Now consider a labelled graph A; from Fig. 8 and suppose (A, A, ¢, ¢) is a ccv-
extension of A;. We may assume that ¢ is a simplified voltage assignment and agrees
with Fig. 8, where we adopt the same notation convention as in Example 3.5, which we
revisit here for convenience. For a symbol @ € {r, s}, an edge with an arrow oriented
from, say, u to v, with the letter o next to it, indicates that the dart x underlying this
edge and beginning at u has voltage «, for some 0 < @ < t(v). A loop with the letter
o next to it, indicates that one of the underlying darts, say x, has voltage « for some
integer 0 < o < t(begx). For a semi-edge x, ¢{(x) = t(begx)/2. All other darts
belong to a spanning 7 and have trivial voltage. The vertices of each A; are named
in Fig. 8, but we refrain from naming the darts in the figure so as not to overburden it.
Since parallel darts in a ccv-graph need to have distinct voltages, every dart in A; is
completely determined by its endpoints along with its voltage. Hence, we will denote
adart x of A; beginning at u and ending at v by (uv)¢(x); its inverse is then (vu) _¢ ().
As every cover of a ccv-graph is a simple graph, the darts in the fibre of (uv),(y) are
denoted by u;v;y, fori € {0, ..., t(u) — 1} (like arc or directed edges are usually
denoted).

Let (A, A) be a labelled graph, I" be a ccv-cover of (A, X)) andletw : ' — A be
the corresponding projection. If W is a uv-walk in A, then a /ift of W based at a vertex
u; € fib(u) is a walk W= (x1,x2, ..., Xx,) beginning at u; such that the projection
(W) := ((x1), m(x2), ..., w(x,)) is equal to W. We denote by L(W) the set of all
lifts of W based at uy.

We say W is A-reduced if x; 11 # xf] whenever )»(xf]) =1, and x, # xf]
whenever A(x1) = 1. Clearly, every reduced walk is A-reduced.
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Let (A, A,t,¢) be a ccv-graph and set n = lem{A(x)t(begx): x € D(A)}. Let
W = (x1,x2,...,xr) be awalk in A and let d = gcd{t(begx;): x; € W}. We define
the endset of W as

k
end(W) = Z((xi) + {d),
i=0

where (d) denotes the subgroup of Z generated by d, and where the addition is com-
puted modulo ¢(end xy).

Lemma 6.1 [26, Lemma 30] Let (A, A, t, &) beaccv-graphandl' = Cov(A, A, , {).
Let W be a uv-walk for some u,v € V(A). If W € L(W), then the final vertex of W
is vj for some j € end(W). Conversely, for every j € end(W) there exists a lift of W
beginning at ug and ending at v;.

Lemma 6.2 Let (A, A, t, ) be a ccv-graph and ' = Cov(A, A, t,¢). If C is a cycle
in I, then w(C) is a A-reduced closed walk in A and 0 € end(7(C)).

Proof Let C be a cycle in I'. Clearly, C is a u,u,-walk for some vertex u, € fib(u)
and some u € V(A). Let x be a dart visited by 7 (C) and suppose that 7 (C) traces
x~! immediately after x. We will show that A(x~!) # 1. Observe that since 77 (C)
traces x and x~! one after the other, there must exist a dart x; € fib(x) and a dart
(x_l)j € fib(x~!) such that C traces x; and (x_l)j consecutively. Since C is a cycle,
it is a reduced walk by definition, and thus (x~h j#F (xi)~'. However, both (x~1) j
and (x;)~! belong to fib(x~1). Moreover, since x; and (x~!) j are two consecutive
darts of a walk, we have beg(x_l)j =endx; = beg(x,-)_l. That is, there are two
distinct darts in fib(x 1) beginning at the same vertex. This implies that Ax~h > 2.

Now suppose x and x ~! are the first and the last darts traced by 77 (C). Let x; € fib(x)
and (x~1) j € fib(x~!) be the first and last darts traced by C, respectively. By an
argument analogous to the one used in the previous case, we have that (x 1) jFEX !

but beg(x_l)j = beg xi_l, and thus A(x) > 2. This shows that 7 (C) is A-reduced.
To show that 0 € end(7r(C)), recall that I" admits an automorphism p that maps
every dart x; to x; ;1. Then, p~¢ maps the vertex u,, to 1o, and thus p~%(C) is areduced
closed walk beginning and ending at ug. Moreover, p~*(C) € L(x(C)). Since the
final vertex of p~%(C) is ug, it follows from Lemma 6.1 that 0 € end (7 (W)). O

Throughout the rest of the section, we will assume that (A, X) = A; for some
i € {l,...,11}, that " is the cover of a ccv-extension (A, A, ¢, ¢) of A;, and that
mw : ' — A is the covering projection. Note that I' is completely determined by
the values of the voltages r and s, and m := gcd{t(u): u € V(A)}. Indeed, T is
uniquely determined by the quadruple (A, A, ¢, ¢). Recall that the index function ¢ is
determined by its value on a single vertex along with the labelling A, which is given.
Letu € V(A) be any vertex and for each v € V(A)\{u} chose (arbitrarily) a uv-walk
W,. By equality (4.3), we have t(v) = A*(Wy)u(u) forall v € V(A) \ {u}. Let ¢ be the
smallest positive integer such that ¢ - A*(W,) is an integer for all v € V(A)\{u}. Then,
t(u) = c-m. Note that ¢ depends only on A and our choice of u. Then, ¢ is completely
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determined by A and m. Finally, since we can assume ¢ to be simplified, we know
that every dart x underlying a semi-edge has voltage ¢(begx)/2, and any other dart
not labelled » or s has voltage 0. The values of r and s, along with the function ¢, thus
completely determine ¢.

We are now ready to analyse the labelled graphs A;. The technique employed in the
following pages relies mainly in finding a closed walk W of length n in A; such that
L(W) contains a cycle of length n, regardless of the specific values of the voltages r
and s. Such a walk can often be found by finding an artefact A; in A;. If we suppose
that I is vertex-transitive, then for every vertex v; of I, at least one dart incident to
v; must lie on an n-cycle. Then, by Corollary 6.2, this will imply that for every vertex
v € V(A) a specific dart incident to v lies on a closed walk W’ of length n such that
0 € end(W’). Since every element of end(W’) can be seen as a linear combination of
m, r and s, 0 € end(W’) implies a relation between m, r and s, which along with the
fact that gcd(m, r, s) = 1 (see item (5) of Lemma 3.8), is often enough to completely
determine their values (up to a few options). This, in turn, determines the graph I'.

Lemma 6.3 If T is a vertex-transitive ccv-cover of A1, then T is a bicirculant graph
of order 12.

Proof Let (A, A, t, ) be a ccv-extension of Ay such that ' = Cov(A, A, ¢, ). Let
t(c) = m and note that ((d) = m as ¢ and d are connected through a [1, 1]-edge.
Similarly ((a) = ¢(b) = 2m. Let W = ((ac)o, (ca)o, (ad)o, (da)o) and note that
every reduced walk in £(W) is a cycle of length 4, as the darts traced by W induce
the artefact A, (see Lemma 5.6). Then, every dart in the fibre of (ac)g or (ad)q lies on
a 4-cycle. Since I is vertex-transitive, every dart in the fibre of (bb); (or of (bb)_;)
must lie on a 4-cycle. Suppose C is a 4-cycle (in I') through bgby. Then, 7 (C) is a A-
reduced walk of length 4 through (bb),. Clearly, w(C) = ((bb)s, (bb)s, (bb)s, (bb);)
and end(r (C)) = {4s}. By Lemma 6.2, 0 € end(;r(C)) and thus 45 = 0 (mod 2m).
Since 0 < s < m, we have 25 = m. This shows that (bg, by, bas, aszs, cas, A25+m) 1S a
6-cycle in I since as s+, = ag and ag ~ bg. Then, the 6-signature of I' is (€1, €2, €3)
where €; > 0. That is, every dart of I" lies in at least one 6-cycle. In particular, there
is a 6-cycle C’ through cod_,. Then, w(C’) is a A-reduced walk of length 6 through
(cd)—,. By inspecting Fig. 8, one can easily find all closed walks of length 6 whose
first and second vertices are ¢ and d, respectively, in the graph A of Fig. 8. The reader
can easily and quickly verify that 7 (C") must be one of

Wi = ((cd) -y, (da)o, (ac)o, (cd)—,, (da)o, (ac)o),
W2 = ((Cd)—rs (da)()s (ab)01 (bb)51 (ba)()v (aC)O),
W3 = ((cd)—r, (da)o, (ab)o, (bb) s, (ba)o, (ac)o).

Now, end(W;) = {-2r}, end(W;) = {s — r} and end(W3) = {—s — r}. Since
0 € end(W;) for some i € {1, 2, 3}, we see that one of the following holds modulo m,

—2r=0,
s—r=0,
—s—r=0
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Since 0 < r < m and 25 = m, we see that either r = 0 or s = r. However,
gcd(m,r,s) = 1 by Lemma 3.8. Therefore, r = s = 1 and m = 2. That is, the
functions ¢ and ¢ are completely determined and so is I'. It can be verified that T is
a bicirculant isomorphic to the Franklin graph (see page 244 of [4] for definition and
properties). O

Lemma 6.4 If T is a ccv-cover of A;, i € {2, 3, 11}, then I is not vertex-transitive.

Proof Let (A, A,t, ¢) be a ccv-extension of A and suppose I' := Cov(A, A, (,¢) is
vertex-transitive.

First, suppose j = 2. Let «(d) = 2m and for k € {0,1} let W, =
((da)o, (ab)kr, (bc)o, (cb)o, (ba)—i,, (ad)p). Observe that every edge incident to ag
lies on a 6-cycle belonging to £L(Wp) U L(W}). Then, dod,, must lie on a 6-cycle C
of I and w (C) is a A-reduced closed walk of length 6. It is straightforward to see that
no A-reduced closed walk of length 6 in A; traces the dart (dd),,, a contradiction.
Therefore, I is not vertex-transitive.

Now, suppose j = 3.Lett(d) =2m and W = ((da)o, (ab),, (ba)o, (ad)o, (da)o,
(ab)o, (ba)—,, (ad)p). Observe that every edge incident to ag lies on an 8-cycle of
L(W), which implies the existence of an 8-cycle C through dod,,, since I is vertex-
transitive. Then, 7 (C) is a A-reduced closed walk of length 8 through (dd),,. Once
more, one can verify that no such walk exists in A3. We conclude I" is not vertex-
transitive.

Finally, suppose j = 11. Let ¢«(d) = m and note that since the voltage assignment
is simplified, the darts incident to a or b have voltage m and those incident to ¢ or d
have voltage m /2. Since I is connected, gcd(m /2, m) = 1, which implies that m = 2.
Note that the functions ¢ and ¢ are thus completely determined, and so is the graph I'.
One can simply verify that I is a non-vertex-transitive graph of order 12. O

Lemma 6.5 If I' is a vertex-transitive ccv-cover of Aj, with j € {4,5}, then I' has
less than 20 vertices.

Proof Suppose I' = Cov(A, A, ¢, £) is vertex-transitive where (A, A, ¢, ¢) is a ccv-
extension of A4 and lett(a) = m. Since A4 has a[l, 3]-edge, I' must be arc-transitive
by Lemma 5.5. Now, if r = 0 (mod m), then (dy, ag, ¢, am) is a 4-cycle of I' and by
Corollary 5.3, I" has less than 20 vertices. Suppose that r £ 0 (mod m). Fori € {0, 1},
let

Wi = ((da)o, (ab)ir, (bc)o, (cb)o, (ba)—ir, (ad)o).

Observe that every dart in the fibre of (da)g lies on 4 distinct 6-cycle in L(Wo)U L(W7)
(see Fig. 9, left). Then, by Lemma 5.4 I" has less than 20 vertices.

Now, suppose I' := Cov(A, A, (, ) is vertex-transitive where (A, X, ¢,¢) is a
ccv-extension of As and consider the walk

W = ((ec)o, (ca)o, (ad)o, (da)o, (ac)o, (ce)o).

Observe that every dart in epcg lies on 4 distinct 6-cycle in L(W) (see Fig. 9, right)
and by Lemma 5.4, " has less than 20 vertices. O
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b2m+r

Fig.9 For each of the two cases in the proof of Lemma 6.5, a subgraph of I" containing 4 distinct 6-cycles
through the dart dyaq (left) and through the dart egcq (right), respectively

Lemma 6.6 IfT is a vertex-transitive ccv-cover of Ag, then I is a tricirculant of order
18.

Proof Suppose I' := Cov(A, A, , ¢) is vertex-transitive where (A, A, ¢, {) is a ccv-
extension of Ag. Then, for some m € Z we have ((c) = «(d) = m and ((a) = 1(b) =
2m. Let W = ((aa)n,, (ad)o, (da)o) and observe that every reduced walk in L(W)
is a 3-cycle (see Lemma 5.6). Then, every dart in the fibre of (aa),, or (ad)g lies on
a 3-cycle. Since I is vertex-transitive, it must be 3-cycle-regular. In particular, every
dart in the fibre of (bb), lies on a 3-cycle and so, in I', there is a 3-cycle C through
the edge bob,. Then, 7(C) is a A-reduced closed walk of length 3 that traces (bb),. It
is straightforward to see that necessarily 7 (C) = ((bb),, (bb),, (bb),). Moreover, by
Lemma 6.2, 0 € end(w(C)) = {3r} and so

3r=0 (mod2m). 6.1)

Now, every dart in the fibre of (cc); must also lie on a 3-cycle, and by an analogous
argument,

3s =0 (modm). (6.2)

Since I is connected, by Lemma 3.8 we see that gcd(m, r, s) = 1 and by (6.1) and
(6.2), we see that the only possibility is thatm = 3,7 = 2 and s = 1. One can readily
verify that I is isomorphic to the truncation of K33, and thus is a vertex-transitive
tricirculant of order 18. O

Lemma 6.7 IfT is a vertex-transitive ccv-cover of Az, then T is a bicirculant of order
12.

Proof Suppose I' = Cov(A, A, ¢, £) is vertex-transitive where (A, A, ¢, ¢) is a ccv-
extension of A7. Then, ((c) = t(a) = 2m and ((b) = 1(d) = m for some m € Z. Let
W = ((ad)o, (da)o, (ab)o, (ba)p) and observe that every reduced walk in L(W) is a
4-cycle. In particular, apbg and apdp lie on a 4-cycle, and thus, the vertex-transitivity
of I' implies that there is a 4-cycle C through coc,. It follows that w(C) is a A-
reduced closed walk of length 4 through the dart (cc),. It is plain to see that 7 (C) =
((co)y, (cc)y, (cc)y, (cc)y) and thus end (7 (C)) = {4r}. Then, 4r = 0 (mod 2 m) and
ged(m,r) = 1. Since 0 < r < m, we see that » = 1 and m = 2. Then, I" is a cubic
bicirculant of order 12 and is in fact isomorphic to the Franklin graph. O
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Lemma 6.8 If T is a vertex-transitive ccv-cover of Ag, then T is the triangular prism
GP(3, 1).

Proof Let I' = Cov(A, A, t, ) be vertex-transitive where (A, A,t,¢) is a ccv-
extension of Ag. Let t(¢) = m so that ((a) = 1(b) = 2m. Consider the walk
W = ((aa)m, (ab)o, (bb),, (ba)o) and see that both apa,, and agbg lie on a 4-cycle
in L(W). Since I is vertex-transitive, then one of dyag or dopa,, must lie on a 4-cycle
C. Then, 7 (C) is a A-reduced closed walk of length 4 through the dart (da)g. Clearly
7 (C) = ((da)o, (ab)g, (bc)g, (cd)—,) and end(7(C)) = {—r}. Then, by Lemma 6.2
we have r = 0 (modm). Since gcd(m,r) = 1 and r < m, we see that m = 1 and
r = 0. Then, I" can be seen to be isomorphic to the triangular prism. O

Lemma 6.9 If T is a ccv-cover of Ay, then I is not vertex-transitive.

Proof LetI' = Cov(A, X, t, ¢) where (A, A, t, ) is a ccv-extension of Ag. Observe
that t(a) = 2 - 1(b) = 3 - 1(d). Moreover, ¢(b) is even as b is incident to a semi-edge.
Then, ¢(a) is divisible by 12. That is, for some m € Z we have t(a) = t(c) = 12m,
t(b) = 6m, 1(d) = 4m and the order of I" is 34m. Suppose I is vertex-transitive and
consider the walk

W = ((da)o, (ab)o, (ba)o, (ad)o, (da)o, (ab)o, (ba)o, (ad)o).

Observe that every dart beginning at dy lies on an 8-cycle belonging to £(W). This
implies the existence of a A-reduced walk W’ of length 8 through the dart (bb)3y,.
Observe that then W’ must be one (or the inverse) of the following 6 walks, where
ie{-1,1}

Wi = ((bD)3m, (ba)o, (ac)o, (cc)ir, (cC)ir, (cC)ir, (ca)o, (ab)o),
Wi = ((bb)3n, (ba)o, (ac), (cc)ir, (ca)o, (ad)o, (da)o, (ab)o),
W3 = ((bb)3m, (ba)o, (ad)o, (da)o, (ac)o, (cc)ir, (ca)o, (ab)o).

Let WV be the set containing the six walks W; ;, j € {1,2,3}and i € {1, 1}, along
with their inverses. Denote by end (V) the union of endsets over the elements of WV .
A tedious but straightforward computation shows that

endW) = {£2m, +(m +r), £(m —r), £Bm +r), =Bm + 3r)}.

Then, z = 0 (mod 6 m) for some z € end(WW). This implies that m = 1 and r = km
for some k € {1, 3, 5}. Then, I' is one of three possible graphs of order 34 (observe
that I" is completely defined by the values of  and m). One can check that in neither
one of the three possible cases is I" vertex-transitive. O

Lemma 6.10 If T is a ccv-cover of Ao, then T is not vertex-transitive.

Proof LetT" = Cov(A, A, t, ¢) where (A, A, t, {) is a ccv-extension of Ajg. Suppose
I" is vertex-transitive. Since Ao has a[l, 3]-edge, I is arc-transitive. For some m € Z
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b4m+r Com+tr b4m+T Aam+tr

Fig. 10 The 8 distinct 8-cycles through the dart dyag in the proof of Lemma 6.10

we have t(e) = m, t(c) = 3m, t(a) = 1(b) = 6 m and «(d) = 2 m. Observe that the
order of I' is 18m. As one can verify with the census of cubic vertex-transitive graphs
[23], no ccv-cover of Aqg is vertex-transitive if m € {1, 2}. Thus assume that m > 2.
Furthermore, r % 0 (mod m), for otherwise m = 1 (since ged(m, r) = 1). Now, for
i,j €{0,1}and k € {2, 4} consider the walks in I":

Wi ; = (do, ao, bir, Cir, eir, Cjym+ir» ba—2jym+ir» @@—2jym» do),
W/ = (do. ao. ba—iyr» aq—2iyr» d(1-2iyr» Gkmt-(1—2iyr» Pm+-(1—iyr» Gkm).-

Note that each of these 8 walks is an 8-cycle through aogdy (see Fig. 10). Since I' is
arc-transitive, there must be 8 distinct 8-cycles through cobg. Now, consider the walks

Wi = ((cb)o, (ba)o, (ad)o, (da)o, (ab)o, (bc)o, (cd)o, (dc)o),
W2 = ((cb)o, (ba)—r, (ad)o, (da)o, (ab),, (bc)o, (cd)o, (dc)o),
W3 = ((cd)o, (ba)o, (ab),, (bc)o, (cb)o, (ba)—r, (ab)o, (bc)o),
Wy = ((cd)o, (ba) -, (ab)o, (bc)o, (cb)o, (ba)o, (ab),, (bc)o)

(see Fig. 11). Observe that for all i € {1, 2, 3, 4}, all lifts of W; that trace the dart cobg
are 8-cycles. There are exactly 6 such cycles. It follows that there are an additional two
8-cycles through coby that do not project to any of the four walks W;, i € {1, 2, 3, 4}.
Each of these two cycles projects to a A-reduced closed walk of length 8 based at ¢
and visiting the dart (c¢b)o. Moreover, such projections must be different than W; with
i €{l,2,3,4}. LetWbe the set of all A-reduced closed walks of length 8 based at ¢ and
visiting the dart (cb)g, that are distinct from W; withi € {1, 2, 3, 4}. Letend(VV) be the
union of the endsets of all the elements of V. A computer assisted calculation shows
thatendW) = {£(2 m+r), £(m+2r), =(m+r), £(r), £2r), £(3r), £2m+2r)}.
Then, z = 0 (mod3m) for some z € end V. This implies that m = 1 and r €
{1,2,3,4,5} orm = 2 and r € {5, 7}, a contradiction. We conclude that I" is not
vertex-transitive. O

Up to this point we have shown that none of the labelled graphs A; with i €
{1, ..., 11} admit a vertex-transitive ccv-covers with more than 20 vertices. Since the
graphs in Fig. 7 all admit vertex-transitive ccv-covers with more than 20 vertices, it
follows that the set Q consists of these eight graphs and possibly the graph Ay, (it
will be shown in Sect. 6.1 that A, does in fact admit infinitely many vertex-transitive
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A3m—r b3m —r

Fig. 11 Two subgraphs of I" in the proof of Lemma 6.10. On the left, a subgraph containing all lifts of W
that visit ¢g (8-cycles through cgbg shown in bold edges). On the right, a subgraph containing all lifts of
W3 and Wy that visit ¢

r
u v
1 1
0 0
2 2
a s b

Fig. 12 The voltage assignment giving rise to the graph I'1p(m, r, s)

ccv-covers and thus belongs to Q). Since the graphs in Fig. 7 have at most 3 vertices
and all of their edges are of type [1, 1], we see that their generalised cyclic covers are
k-multicirculants for some £ < 3. The following proposition summarises the contents
of this section.

Proposition 6.11 Let " be a cubic vertex-transitive graph of order n > 20 admitting
an automorphism of order n/3 or greater. Then, either k(I') € {1,2,3} or T is a
ccv-cover of Aqa.

6.1 The Graph A,

Let m be a positive integer, and let » and s be two distinct elements of Z. Let
A12(m, r, s) be the ccv-extension of A, shown in Fig. 12, where voltages are shown
in bold characters next to each edge and ¢(a) = m. It follows from equality (3.1) that
t(u) = t(v) =2mand (a) = t(b) = m. As the final step in the proof of Theorem 1.1,
we need to prove the following:

Theorem 6.12 Letm, r, s, m > 3, be positive integers. If the cyclic generalised cover
I' = T1o(m, r, s) arising from A12(m, r, s) is connected and vertex-transitive, then m
is odd and T' = SDW (m, 3). Conversely, if m is odd, then SDW (m, 3) is isomorphic
to I'12(m, 1,2), is connected and vertex-transitive and admits an automorphism of
order 2m.

Proof Recall that I'j(m, r, s) admits an automorphism p of order 2m whose orbits
on vertices and darts are precisely the fibres of vertices and darts. Moreover, the
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automorphism p™ fixes the 2m vertices in the fibres fib(a) and fib(b); in particular,
I'12(m, r, s) admits a non-trivial automorphism that fixes one third of the vertices of
the graph.

Suppose first that the girth of I' is less then 6. Then, by Lemma 5.1 (see also
[28, Theorem 1.5]) and the fact that I" has at least 24 vertices, it follows that I is
isomorphic to the Mobius ladder Moeb(6m) or to the prism Prism(3m). However,
every non-trivial automorphism of these graphs fixes at most 4 vertices, yielding
a contradiction. Hence, the girth of T" is at least 6. Now observe that I" contains
two 6-cycles C1 := (ug, ag, Um, Vm, bm, vo) and Ca := (ug, aog, Um, Vm+r, bm+r, Vr),
implying that its girth is 6.

Let (o, B,y), « < B < y, be the 6-signature of I". Note that the edge {ug, ap}
lies on both of the cycles C and C,, while each of the remaining two edges incident
with ug lies on precisely one of them. This shows that o, 8 > 1 and y > 2. Similarly,
since both Cy and C; pass through the edges {ao, uo} and agp, u,,}, incident with ay,
we see that 8, y > 2. Moreover, since o > 1, there must a third 6-cycle C3 passing
through the edge {ag, bs}. Since C3 also passes through one of the edges {ag, up},
{ao, u,}, it follows that y > 3. Finally, since I admits the automorphism p"* (where
p is the canonical covering transformation) of order 2 fixing a vertex and swapping
two of its neighbours, we see that two of the parameters «, 8, y must be equal. By
Lemma 5.1 (see also [29, Theorem 1]), it follows that I' = SDW (m, 3). Finally, as
mentioned in Remark 5.2 (and proved in [29, Proposition 5]), the automorphism group
of SDW(m, 3), m # 3, equals S3 x D,, and thus contains an element of order 2m if
and only if m is odd.

To conclude the proof of the theorem, assume that m is odd, m > 3, and consider
the mapping ¢: V(I'12(m, 1,2)) — V(SDW (m, 3)) given by

@(i,0,0) = bj11;
0(,0,1) = a;;
PG, 1,0 = e
TNRIES SR b
02,0 = o
0.2, = (o e
foralli € {0, 1, ..., m — 1}, where the indices at b;’s and a;’s are computed modulo

m, while those at u;’s and v;’s are computed modulo 2m. The isomorphism ¢ is
depicted in Fig. 13 where each vertex of SDW (m, 3) is labelled with its ¢-image.
It is obvious that ¢ is a graph isomorphism. O

By [29, Proposition 5] (see also Remark 5.2), the automorphism group of
SDW (m, 3) is isomorphic to S3 x Dy,, unless m = 3, in which case SDW (m, 3) is the
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Uo Um+1 Um+1 V2 U2 Um+3

by ap by aj b3 a2

Fig. 13 A section of I'12(m, 1,2) withm > 3

unique cubic arc-transitive graph on 18 vertices, also called the Pappus graph. From
this, it is easy to deduce the parameter « and n for the split wreath graph SDW (m, 3):

Lemma 6.13 Let I = SDW (m, 3) for some integer m > 3. Then, one of the following
holds:

m is not divisible by 3 and n(T') = «(I") = 2;

m =0 (mod6), and n(I') = k(") = 6;

m = 3 (mod 6), m # 3, and n(SDW (m, 3)) = 3 while k (SDW (m, 3)) = 6,

m = 3, I is isomorphic to the Pappus graph and k (I') = 3 while n(I') = 3/2.

7 Proof of Theorem 1.1

Using the results proved in the previous sections, it is now not difficult to prove Theo-
rem 1.1. Before we proceed to the proof, we will need the lemma below, characterising
those cyclic Haar graphs that are circulant graphs.

Lemma 7.1 For an integer m > 5, a connected cyclic Haar graph H(m, x, y) is a
circulant if and only if m is odd and {x, y} = {a, 2a} or {x, y} = {a, —a} for some
a € Z such that gcd(m, a) = 1.

Proof Suppose that A = H(m, x, y), ged(m, x, y) = 1, is a circulant. For i € Z,,,
we let u; and v; denote the vertices (i, 0) and (i, 1), respectively, and recall that the
neighbours of u; in A are v;, vy, and v;1y.

Since A is a circulant, it is isomorphic to a prism or to a Mdbius ladder. In both
cases, the girth of I is 4 and at every vertex there is an edge belonging to two 4-cycles,
none of these 4-cycles sharing a 2-path (recall that we are assuming that m > 5
and thus the order of A is at least 10). Observe also that exactly one of the graphs A,
H(m, —x, y—x)and H(m, x —y, —y), isomorphic to A, is such that the edge incident
with the vertex (0, 0) belonging to two 4-cycles is eg = {ug, vo}. Denote this graph
H(m, a, b) (thatis, (a, b) is one of (x, y), (—x, y —x) or (x —y, —y), or equivalently,
(x, y) isone of (a, b), (—a, b —a) or (a — b, —b)).

One of the two 4-cycles passing through ep passes also through the edge e; =
{uo, v,}, while the other passes through ez = {ug, vp}. Since the neighbours of vy
are ug, u—q and u_p, for these two edges to form a 4-cycle together with the edge e,
either u_, is adjacent to v, and u_j to vp, or u_p is adjacent to v, and u_, to vp.
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In the first case, both 2a and 2b belong to the set {0, a, b}, while in the second case,
a+ b € {0, a, b}, which forces a + b = 0 (since a # 0 # b).

Let us consider the first case. Observe that 2a # a and 2b # b.If 2a = 0, thenm is
even,a = m/2 and 2b = a. Since gcd(m, a, b) = 1, this forces m = 4, contradicting
our assumption that A has at least 10 vertices. A similar contradiction is obtained if
2b = 0. This leaves us with the possibility that2a = b and 2b = a. Butthena+b = 0,
and we find ourselves in the second case.

Therefore, the second case occurs, that is, a + b = 0. Since ged(m, a, b) = 1, this
implies that gcd(m, a) = 1 and b = —a. But then (x, y) is one of the pairs (a, —a),
(—a, —2a) or 2a, a).

To summarise, if a connected cubic cyclic Haar graph H(m, x, y) with m > 5
is a circulant, then {x, y} = {a,2a} or {x, y} = {a, —a} for some a € Z, with
gcd(m, a) = 1. Furthermore, the graphs H(m, a, 2a) and H(m, a, —a) are isomorphic
to the prism Prism(m) whenever m is even, and thus cannot be circulants. It follows
that m must be odd, as required.

For the converse, let m, a € Z be such that m > 5, m is odd and gcd(m, a) = 1. If
A = H(m, a, —a), then the mapping given by u; — v;4, and v; — u;, is a circulant
automorphism of A. On the other hand if A = H(m, a, 2a) then the mapping given
by u; +— v; and v; > u;_», is a circulant automorphism of A. O

We are now ready to prove Theorem 1.1. As mentioned in Sect. 2.3, the validity of
the theorem for graphs on at most 20 vertices can easily be checked by consulting the
census of cubic vertex-transitive graphs [23].

Now, as in the statement of Theorem 1.1, let I" be a cubic vertex-transitive graph
of order n, n > 20, admitting an automorphism of order at least % We need to show
that then one of the claims (1) — (4) of Theorem 1.1 holds.

Observe first that by combining Proposition 6.11 with Theorem 6.12, «(I') €
{1,2,3} or I' is isomorphic to SDW (m, 3) with m odd (and m # 3 since we are
assuming that I has more than 20 vertices). In the latter case, by Lemma 6.13, we see
that «(I') < 3 or m = 3 (mod 6) (in which case x(I") = 6).

To summarise, either « (I") € {1, 2, 3} or claim (4) of Theorem 1.1 holds.

Suppose now that «(I') € {1,2,3}. If " is a circulant, then, by definition,
I' = Cay(Zop; S), where S = {r, —r, m} for some r € Zy,,, r # 0. By connec-
tivity of I', we may assume that gcd(r, m) = 1, implying that there exists s € Z,,
gcd(s,2m) = 1, such that rs = 1, or r is even, m is odd and rs = 2 in Zj,,. Note
that I" is then isomorphic to Cay(Zy ,; {1, —1, m}) = Moeb(2 m) (in the first case) or
to Cay(Za m; {2, —2, m}) = Prism(m) (in the second case). In particular, claim (1) of
Theorem 1.1 holds in this case.

If I' is a bicirculant, then it can be deduced from [22, Propositions 3 and 4] and
[3, Theorem 7 and Corollay 8] (see also [25, Theorem 1.1 and Remark 1.2]) that I
is isomorphic either to a prism Prism(m), or to a Mobius ladder Moeb(n), or to one
of the vertex-transitive generalised Petersen graphs GP(m,r) with 2 < r < m/2,
r2 = 41 (mod m), or to a cyclic Haar graph H(m, r, s) with gcd(m, r, s) = 1.

If T is a prism or a M&bius ladder, then it is not a circulant only if it is isomorphic
to a prism Prism(72) with m even (and then claim (2a) of Theorem 1.1 holds). Further,
since the girth of a generalised Petersen graph GP(m, r) is at least 5 unless m < 4 or
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r = 1, we see that a generalised Petersen graph GP(m, r) is a circulant if and only if
r = 1 and m is odd (in which case it is a prism). In particular, if T" is a generalised
Petersen graph which is not a circulant, then claim (2b) of Theorem 1.1 holds.

If T is a connected cyclic Haar graph, that is I' = H(m, r, s) with m > 10 and
ged(m, r,s) = 1, then by applying the permutation ¢, ¢ for an appropriate «, we
may assume that r divides m (where r is represented as a positive integer smaller than
m), and thus that gcd(r, s) = 1. Under this assumption, by Lemma 7.1 I" is then a
circulant if and only if m is odd and {r, s} = {1, 2} or {r, s} = (I, m — 1). We have
thus shown that the claim (2¢) of Theorem 1.1 holds in this case.

If " is a tricirculant but not a bicirculant, then by [24, Theorems 1.1,4.3 and 5.3], "
is either the Tutte’s 8-cage (on 30 vertices), the truncated tetrahedron (on 12 vertices)
or isomorphic to one of the graphs X(m) or Y(m) with m = 3 (mod 6). Note that
claims (3) of Theorem 1.1 holds in this case.

For the converse, it is clear that the circulants, bicirculants and tricirculant appearing
in parts (1), (2) and (3) of Theorem 1.1 all admit an automorphism of order at least one
third of the order of the graph. The graph SDW (i, 3) with m = 3 (mod 6) has order
6m and admits, by construction, an automorphism with two orbits of size 2m, namely,
the canonical covering transformation p. This completes the proof of Theorem 1.1.

8 Relationship Between x(I') and 77(I') and Open Problems

Let us conclude the paper with a discussion on the interplay between the parameters
«(I") and n(I"). First, note that none of the functions n(I") and « (I") can be bounded
above by a constant, even when restricted to the class of cubic vertex-transitive graphs.
Namely, if there were a constant C such that n(I") < C holds for all graphs I', then
max{o(g) : g € Aut(I")} > |[V(I")|/C, or in other words, the parameter meo(I") :=
max{o(g) : g € Aut(I")} is bounded below by a linear function of [V (I")|. However, it
was shown in [27] that there exists an infinite family {I"; };cn of cubic vertex-transitive
graphs with meo(I';) growing slower than any logarithmic function of |V(I';)|. This
implies that there is no constant C such that n(I") < C for all cubic vertex-transitive
graph I'". Since n(I") < «(I") holds for all I, this implies that there is no upper bound
on « (I').

Let us mention at this point that a somewhat similar problem was raised in [5],
where it was conjectured that the value

V()]
k()

m(n) := min{

: I' a cubic vertex-transitive graph on at most n vertices}

tends to co as n grows to 0o, or in other words, for every integer n, there is a constant
cn such that every cubic vertex-transitive graph on more than n vertices admits a
semiregular element of order at least ¢,,. However, in [30], an infinite family of cubic
vertex-transitive graphs was constructed in which every semiregular automorphism
has order at most 6, proving this conjecture wrong in general (but proved to be correct
when restricted to arc-transitive or Cayley graphs [20]). On the other hand, it was
proved recently in [2] that m(n) > 6 for n sufficiently large.
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While « (I') can take an arbitrary large value, a question arises whether the parameter
k (I') can be bounded above in terms of n(I") where I" ranges through the class of cubic
vertex-transitive graphs. More precisely, we are interested in the following:

Question 8.1 For which positive integers r does there exist an integer k, such that
k(') < k; for all but finitely many cubic vertex-transitive graphs satisfying n(I') < r?

If for some r an integer k, as above exists, then let f(r) be the smallest such
integer k,. A direct consequence of Theorem 1.1 is that f(r) can be defined at least
for r € {1,2,3} and that (1) = 1, f(2) = 2 and f(3) = 6. Let us conclude this
paper by posing the following:

Question 8.2 [fthe function f(r) is defined for all v, what is its asymptotic behaviour
asr — o00? Is f(r) unbounded? If so, can it be bounded by a linear and/or polynomial
function of r?
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