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ARTICLE INFO ABSTRACT
Keywords: A hybrid version of the strong form meshless Radial Basis Function-Finite Difference (RBF-FD) method is
Thermo-mechanical modelling introduced for solving thermo-mechanics. The thermal model is spatially discretised with RBF-FD, where

von Mises small strain plasticity

Hybrid radial basis function generated finite
differences

Polyharmonic splines

trial functions are polyharmonic splines augmented with polynomials. For time discretisation, the explicit
Euler method is employed. An extension of RBF-FD, the hybrid RBF-FD, is introduced for solving mechanical
problems. The model is one-way coupled, where temperature affects displacements. The thermo-elastoplastic
material response is considered where the stress field is generally non-smooth. The hybrid RBF-FD, where the
finite difference method is used to discretise the divergence operator from the balance equation, is shown to
be successful when dealing with such problems. The mechanical model is introduced in a plane strain and in a
generalised plane strain (GPS) assumption. For the first time, this work presents a strong form RBF-FD for GPS
problems subjected to integral form constraints. The proposed method is assessed regarding h-convergence
and accuracy on the benchmark with heating an elastoplastic square. It is proven to be successful at solving
one-way coupled thermo-elastoplastic problems. The proposed novel meshless approach is efficient, accurate,
and robust. Its use in an industrial situation is provided in Part 2 of this paper.

1. Introduction (LRBFCM) [10-12], recently also known as the Radial Basis Function
generated Finite Difference (RBF-FD) method [13]. This type of collo-

Computational modelling of thermo-elasto-plasticity represents a cation method employs a combination of radial basis functions (RBFs)
continuous field of research since the advent of computers. In contrast and monomials to approximate the solution field. The approximation is
to conventional mesh-based discretisation methods like the finite ele- performed on the overlapping local support stencils prescribed to each
ment method (FEM) [1] and finite volume method (FVM) [2], which node. For the discretisation of differential operators, finite-difference-
rely on polygonisation to discretise the domain, meshless methods like weight coefficients are computed by inverting small full systems of

(MMs) [3-5] eliminate the need for this process. Instead, the dis-
cretisation is employed as a cloud of nodes distributed throughout
the domain. This approach offers inherent advantages in terms of
straightforward geometric adaptivity and flexibility, especially when
dealing with intricate geometries and significant distortions [6]. Also,
multi-level techniques can simply be applied [7].

In previous works [8,9], weak-form MMs have been successfully
demonstrated to solve elasto-plastic problems where the polygonisation
of the domain is still needed. This study employs strong-form MM [3],
where PDEs are directly discretised in their differential form, and no
polygonisation is employed.

The solving of partial differential equations on the cloud of the
nodes is based on Local Radial Basis Function Collocation Method

equations proportional to the number of nodes in the support domain.
In this study, polyharmonic splines (PHSs) are used as RBFs. Combined
with polynomials, they guarantee the positive definiteness of a local
interpolant. The polynomial order governs the h-convergence, and the
accuracy is improved with the number of local support nodes [13].
The free parameters of PHSs are explicitly determined for each support
domain and do not require a heuristic search for them as in the case of
Gaussian or Multiquadric RBFs.

The RBF-FD method has been previously applied to various sci-
entific and industrial problems, e.g., convective-diffusive solid-liquid
phase change [14], natural convection [15], turbulent flow during the
process of continuous casting in 2D [16,17] and 3D [18], the influence
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of magnetic field on fluid flow [19,20], simulation of macrosegre-
gation in binary metallic casts [21], reaction—diffusion problems on
surfaces [22], phase field modelling of dendritic solidification [23]
with a space-time adaptive approach [24], micro combustion prob-
lems [25], fluid flow in porous media [26], flow of a non-Newtonian
fluid [27], compressible viscous flow in a tube [28], financial option
valuation [29] to mention a few. A similar type of strong form MM
called the localised radial Trefftz collocation method, where basis
functions are based on the analytical PDE solution, was successfully
applied in steady-state heat conduction (2D and 3D) in functionally
graded materials [30]. A comprehensive overview of local MMs can
be found in [31].

In terms of mechanics, the use of RBF-FD was successfully demon-
strated on linear elastic benchmarks [10,11,32], composite plates re-
sponse [33], natural frequencies of beams and plates [34], thermo-
elasticity benchmarks [35,36], stresses and strains in solidified part
during direct-chill casting of aluminium [37], and shape determination
in hot rolling of steel [38-41], where all studies were performed
in 2D with the use of multiquadric RBFs. The use of PHSs was in-
cluded in studies of elastic benchmarks [6], the elastic response of
thoracic diaphragm [42], the elasto-plastic benchmark [43], and the
mechanical slice model of continuous casting of steel [44]. In the
nonlinear mechanical studies [37,44], the Jacobian was determined
numerically, which resulted in slow convergence. In [43], only elastic
material parameters were used for composing Jacobian, resulting in
many nonlinear iterations. Similarly, in [41], where the ideal plastic
model was used, the direct iteration method was employed for solving
the system of equations.

This work solves the thermo-mechanical model as a one-way cou-
pled, where a temperature solution is applied to the mechanical model
as a thermal load. The heat diffusion is solved by the RBF-FD using
augmented PHSs. It was found in [45] that the classical RBF-FD can-
not cope successfully with the elasto-plastic cases since it produces
an oscillatory solution. Spatial discretisation is performed with a hy-
brid RBF-FD that combines the finite difference method (FDM) and
RBF-FD. Stresses and strains are discretised with RBF-FD on finite
difference stencils prescribed to each collocation node where basis
functions are augmented PHSs. Then, the divergence operator in the
balance equation is discretised with the FDM. This method sufficiently
overcomes the problem of differentiation of non-smooth field (stress).
To stabilise Neumann boundary conditions (BCs), a simple shift of
boundary nodes in the opposite direction of the outward-facing nor-
mal is performed when evaluating the gradient operators. A global
system of nonlinear equations is solved with a Newton-Raphson itera-
tion algorithm. The return mapping algorithm (RMA) is employed for
solving rate-independent thermo-elasto-plastic constitutive equations
and computation of consistent tangent operator (CTO). The method is
applied in two dimensions in plane strain (PS) and in generalised plane
strain (GPS) assumptions. In Part 2 of this paper, the method is further
extended and applied to a real-life industrial example.

The main originality of this work represents the derivation, imple-
mentation and validation of a hybrid RBF-FD for solving thermo-elasto-
plastic problems within a plane strain (PS) and a generalised plane
strain (GPS) assumptions. With the GPS, this study, for the first time,
employs RBF-FD that includes integral form constraints.

The present paper is structured in the following order. The gov-
erning equations of the thermal and mechanical models are given in
Section 2. Numerical methods needed for discrete solving of a thermal
model are presented in Section 3, and for a mechanical model in Sec-
tion 4. Validation of the introduced procedure is presented in Section 5,
and lastly, the conclusions are provided in Section 6.

59

Engineering Analysis with Boundary Elements 159 (2024) 58-67
2. Physical model

2.1. Thermal model

Governing equation of the thermal model is expressed by the heat
diffusion
0

Vk - VT + kV>T, (@]

where J# = pc,T is volume-specific enthalpy and p,c,,T, and k stand
for density, specific heat at constant pressure, temperature, and ther-
mal conductivity, respectively. To obtain a unique solution, different
boundary conditions (BSc) are applied at the boundary I' = I'y U I'y

T=T on Ip,

(2)

q'n=qAn on Iy,

where on I', temperature is prescribed as 7' and on I'y heat flux g
in normal direction n is prescribed as §,. Heat flux is defined by the
Fourier’s law ¢ = —kVT. When §, = 0, the boundary is considered to
be thermally insulated. Since the thermal problem is time-dependent,
an initial temperature must be imposed as T(r = 0) = T 0

2.2. Mechanical model

Here the basics of isotropic small-strain von Mises plasticity are
shorty revised. The mechanical equilibrium is posed by the balance law

V-o=-f, 3

where o is the stress tensor and f is the body force vector. The
strain tensor is within a small strain approximation defined in terms
of displacement u as

e=1/2(Vu+Vu') = V'u, ©)

where V* represents the symmetric gradient operator. Within the small
strain assumption, the total strain can be additively split into elastic,
plastic and thermal parts as € = £° + £” + £'". Thermal strain is defined
as " = (T — T,,;)I, where « stands for linear expansion coefficient,
T, for the reference temperature and I for the identity tensor. The
relationship between stresses and strains is defined by the Hooke’s law

(5)

6=D°: (-l —¢M),

where D¢ stands for the fourth-order elasticity tensor. It can be defined
in terms of only two independent material properties for isotropic mate-
rial, for example, with Lamé constants (G, 1) or with Young’s modulus
and Poisson ratio (E,v). If the response is totally recoverable, plastic
strain equals zero, and the relation (5) is enough to determine stresses.
Additional conditions and evolution equations must be satisfied if the
plastic strain is nonzero. The first one is the yield criterion. It gives
the critical stress where the material starts yielding. The employed von
Mises yield criterion states that the material yields when von Mises
stress o,,, = 1/3J,(s) exceeds the yield stress o, = ¢,(T, ") obtained
from the uni-axial tensile test. Scalar J, represents the second invariant
of the deviatoric part of the stress tensor s = ¢ — Itr(c)/3. A simple
isotropic hardening is assumed where the evolution of yield stress is
governed only by temperature and accumulated plastic strain £ =
%llel’ ||l. The evolution is specified by a hardening curve which has
a typical form of ¢,(T,&") = 0,((T) + x(T, &") where o, stands for the
initial yield stress and « for a generally nonlinear function. In this work,
the hardening curve is simplified as ¢,(£”) = 0,4+ H&”, where H stands
for the hardening modulus. Next, admissible stress states are compactly
given by a yield function @ that uses the von Mises yield criteria

@(6,0,) = \/3J,(s(0)) — 0, (6)
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where @ < 0 in elastic regime and @ = 0 in plastic regime. The
evolution of plastic strain is given by the plastic flow rule

B

Vo
where y represents the plastic multiplier. It provides the magnitude
of the plastic strain and connects the stress space with the strain
space. The evolution of accumulated plastic strain is equivalent to the
evolution of the plastic multiplier

7

(€))

Finally, a set of Kuhn-Tucker conditions specifies when the evolution
of plastic strain and internal variables may occur

& =y.

D(0,k) <0, 720, P(o,x)7=0. ©

A more in-depth explanation of the described equations can be found
in [1].

2.2.1. Boundary conditions

To obtain a unique solution of the mechanical model in terms of
displacements u(p) where p is the position vector, a set of boundary
conditions (BCs) is applied. Three different mechanical BC types are
introduced at the boundary I = I, U I’y U T

u=1a on I,
c-n=T on [, (10)
{u,, T,} ={0,0} on IF,

where on I, displacement @ is prescribed, on Iy traction vector T is
specified and on the symmetry boundary part I'; displacement in the
direction of the normal u, and traction in a tangential direction 7, = T'-t
is set to zero.

2.2.2. Generalised plane strain model
Within a generalised plane strain assumption, the strain component
perpendicular to the observed (here x-y) plane is set to be of a linear

form
e (x,y)=ax+by+ec. an

With this definition, three new unknowns are introduced (a, b, ¢), solved
from the three additional equations

N, = / 0., dQ,
Q

M, = / 0., ydQ,
Q

My=/azzxd!2,
Q

where N, represents the force in the longitudinal direction, M, momen-
tum around the x-axis, M , momentum around the y-axis, and 2 the do-
main of observation. All values in (12) are set to zero {]\7 - M o M y} =
{0,0,0}.

12)

3. Numerical solution procedure of the thermal model
3.1. Temporal discretisation

Time marching of the heat diffusion equation is performed using
the explicit Euler scheme that is first-order accurate in time step Ar.
The time derivative at ¢, is discretised as

0. %t(ﬁ—At —

ot iy — At ’
A sufficiently small time step should be employed for the scheme to be
stable. In finite difference method for a 2D heat diffusion problem its
maximum time step is 4t,,,, < h?/4D, where h and D define a space
between nodes on regular node arrangement and D = k/pc, thermal
diffusivity, respectively. In this work, the stable time step is defined as
At = ayAt, ., where ay, is the time stability parameter.

13)

max>
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Fig. 2. Scheme of a generic domain 2 with boundary I". The solid circles and squares
represent interior and boundary nodes, respectively. The empty circle represent the
centre node ;p of the subdomain ;22 where the minimum distance between nodes is
denoted with h.

3.2. Spatial discretisation

In this work, the RBF-FD method is employed for spatial discreti-
sation. The method generalises the traditional finite difference (FD)
method. It estimates the spatial differential operator (DO) at a collo-
cation node (CN) as a weighted sum of field values. While the standard
FD method only works with regular node arrangements (RNAs), RBF-FD
can easily handle scattered node arrangements (SNAs). This allows for
solutions to problems with complex geometries but comes at the cost of
calculating separate weights for each discretisation node. Fig. 1 illus-
trates an example of both RNA and SNA on the unit square. The corner
nodes are left out to prevent the possible boundary condition mismatch
problem. The procedure of scattered node positioning used here is
based on the node repelling algorithm, initially presented in [46] and
elaborated in [37].

3.2.1. Local interpolation problem

The generic domain Q2 with boundary I', which is discretised into
N nodes, is shown in Fig. 2. To construct a local interpolant, the local
subdomain ;£ centred at the node ;p (/ = 1,..., N) must be defined.
The use of the previously described node-repelling algorithm leads to
a homogeneously isotropic node discretisation, so the selection of ;2
simply includes the centre node ;p and ;N — 1 nearest neighbours.

The RBF-FD method uses radial basis functions (RBFs) for trial
functions at each of the subdomains. In this work, a special type of RBFs
are used — polyharmonic splines (PHSs) [13]. Compared to other RBFs,
such as Gaussian or Multiquadrics, those do not require a complicated
and time-consuming optimal shape parameter determination, making
them attractive to work with. PHS function defined on ;£ and centred
at the ;p;, where i = 1,... N, has a dimensionless form of

m
> , m=13,5,..

where m represents the order of PHS and ;A the average distance from
the central node, defined as

lp =il

T 14

19:(p) = <

IN

)

i=2

Il,p— /Pi||2

N -1 (15)
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It holds for all types of RBFs that the stagnation error does not decrease
under refinement. In [13], it was demonstrated that augmenting the
PHS interpolant with polynomials results in a decrease in the stagnation
error. It was also shown that the order of augmentation p also governs
the order of h—convergence [13]. To obtain pth order of convergence,
it should hold that m < p and ;N 2 2M, where M = ("),

An augmented RBF interpolant inside ;2 of a generaffunction 1Y:(P)
where ¢ =1,...,n, runs over n, space dimensions can be written as

N M [N+M

1Ye(p) ~ 2 19 1 Pi(p) + Z 19 N+ive Pi(P) = z 19 1 P;(p)- (16)
i=1 i=1 i=1

where ;a;¢, i = 1,...,;N + M are the interpolation coefficients, p;(p),

i =1,..., M represents monomials and %;(p) the complete set of basis
functions, either RBFs (i < ;N) or monomials (i > ;N). This local

interpolation problem can be written as a linear system of n,(;N + M)
equations

ng |[N+M

Z 2 1Ajiey 1%, = 1Yje
x=1 i=1

where the interpolation matrix is defined as
¥i(pj)be,

) B pp¥iGpy) i py el ’

" P, nGP)és,  ifj>/Nandi< N
0 otherwise

a7

if ;p;eQ

JA a1s)

and the vector of known values as

ye(p;) if p; €Q
g = bg([p/) if 1Pj el - 19
0 otherwise.
where for the points on the I', the linear boundary condition is imposed
ZE B,:(p))y:(p;) = b,(p)), where B and b are the linear boundary
operator and the boundary value, respectively.

3.2.2. Discretisation of differential operators
Applying a differential operator £ on the interpolant results in

ng |[N+M

Z Z 1%, Ly 1 YD),

x=1 i=1

g
Ly =D Loy 1y, ()~ (20)
x=1
where one can see that the operator is acting only on the basis func-
tions. Expressing the interpolation coefficients from Egs. (17)-(19), it
can be written in the following form

ng |[N+M ng [N+M
L@~ Y X e X X 145 Lo HiP)
(=1 j=1 y=1 i=l
ng [N+M (21)

“2 Z IVj,gl%,gg(P)-
==l

where the operator’s action on a function is now expressed as a
weighted sum of known values ,y; . and operator coefficients ;%; .. (p).
The similarity with the FD method is evident here, where the operator
coefficients are pre-determined. In RBF-FD, these coefficients have to be
calculated for each node initially, but they remain constant throughout
the simulation.

The introduced procedure is utilised to discretise the gradient and
Laplace operator of scalar fields present in the governing equation (1).

4. Numerical solution procedure of the mechanical model
4.1. Incremental solution

Since the mechanical problem is history-dependent, it is solved in-
crementally. This means that the external load is applied in increments.
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Fig. 3. Flowchart of the mechanical model.

For a (n + 1)th load increment, the governing Eq. (3) can be written as
L™ i1 = Fpp1 = rw,,,) = 0, where f™ represents internal force
defined as f" = V - 6(V’u), f° external load and r the residual that
should be zero. Due to a nonlinear relationship between stresses and
strains, the residual is linearised as

i—1
V. (DV?) ;Héu = (22)

where K; = V - (DV¥) represents stiffness matrix with D = do/0e.
Eq. (22) is iteratively (index i) solved for su. Then, the displacement
increment is updated as Au' = Au'~! + Su, and strain increment Aé’
is determined by Eq. (4). This is then inserted into the integration
model, where all other state variables are computed by solving Egs.
(5)-(9). For the integration of the constitutive relations, the Return
Mapping Algorithm (RMA) is used here, where integration is performed
implicitly [1]. From the result of stress, the internal force and the
residual is calculated. If the condition |||} lI/ILf et all < eﬁ IR, where
e{;’IR represents equilibrium convergence tolerance, is satisfied, the
displacement is updated as u,,,; = u, +4u’ (and similarly all other state
variables.)

Since only thermal load is applied here, the external force is
defined in terms of a temperature difference as ff;’jrl = V- -((@B1+
2G)eM)|,41 = V - (B4 +2G)adTD)|,,,, where AT = T, — T,. The
flowchart of the described procedure is shown in Fig. 3.

4.2. Spatial discretisation

Governing equation (22) is discretised with a hybrid RBF-FD
method. Here the term (DV?®) is not evaluated in CN but on a regular
finite difference stencil prescribed to each CN. 2" order FD stencils
used here are shown in Fig. 4 (crosses). The divergence operator in
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Fig. 4. Discretisation of the domain £ section used for the mechanical model.

CN is then expressed with the FDM. As shown in the figure, the
distance between CN and a node on the FD stencil is defined as the
product of an FD stencil size parameter «j, and inter-nodal spacing A.
The discretisation of the divergence operator in f¢* is also performed
via the FDM. Due to that, the temperature difference field, which
is calculated in the CNs, must be interpolated on the FD stencils.
Compared to the classical RBF-FD, the downside of the hybrid RBF-FD
is that material iteration, where stresses are computed, is executed in
4 times more nodes, i.e. in each FD node on an FD stencil assigned to
each CN.

As opposed to the thermal model where BCs are included inside the
local interpolation (Egs. (18), and (19)), it was found that the intro-
duced mechanical model performs better when BCs are not included
inside local interpolation but as a part of the global system of equations.
All nodes are treated as inner nodes when computing the coefficients.
For the boundary conditions to be stabilised, a simple stabilisation
technique is employed where coefficients are not evaluated in boundary
CNs but on virtually shifted nodes inside the domain, shown in Fig. 4
with empty squares. These nodes are positioned in the opposite side of
the outward-facing normal vectors for a distance of ag i, where ag is
called the boundary stabilisation parameter.

The integrals, in additional equations for GPS, are discretised simi-
larly as in a midpoint rule, where [ y(p)dA ~ leil ¥(p;)AA;. Given the
domain area A, an area error index is computed as a, = A/ Zﬁ | A4
where an approximation for the differential area is AA; = h;/60 on inner
nodes and 44; = h;/(26) on boundary nodes. Then 4A; ~ a,AA;, for
i € [1,N]. The geometric factor # = 1 for RNA and 0 = \/2/\/5 for
SNA. Domain area A is computed as the area of the polygon defined by
all boundary nodes. The discrete values of y(p;) are evaluated in CNs.

5. Numerical results
5.1. Problem definition

The proposed method is tested with a simple square benchmark with
a side length of L, shown in Fig. 5. On the left and bottom sides of
the square, the symmetry BCs are imposed, specifying zero heat fluxes
and free-slip BCs. On the other two boundaries, constant heat flux is
posed with material free to move — zero traction vector. At time zero,
constant temperature is prescribed over the region, and no stresses or
strains are present.

The problem is first solved in terms of temperature up to time
t..q- Then, the solution is applied as a load on the mechanical model
where plane strain and generalised plane strain descriptions with linear
hardening are assumed. The parameters used are listed in Table 1.
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Fig. 5. Scheme of the thermo-mechanical benchmark with geometry and initial and
boundary conditions.
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Fig. 6. SNA results of a temperature over line y = 0.25 m (a) with corresponding
absolute errors (b).

Table 1

Benchmark parameters.
Computational domain Unit Value
Size of the domain (L) m 1
Thermal problem
Density (p) kg/m’ 1
Specific heat (c,) J/kg K 1
Thermal conductivity (k) W/m K 1
Initial temperature (f"o) °C 0
Prescribed heat flux (4) W/m? -1
Observed time (¢,,,) s 0.5
Mechanical problem
Young’s modulus (E) Pa 1
Poisson’s ratio (v) / 0.3
Linear expansion coefficient (a) K! 0.5
Initial yield stress (0}0) Pa 0.1
Hardening modulus (H) Pa 0.1
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Fig. 8. SNA results of u, over line y = 0.25 m (a) with corresponding absolute errors
(b) for a plane strain case.

5.2. Simulation procedure

The problem is investigated on RNAs and SNAs. Different node
arrangement densities are applied with node spacings of #; = 0.1/2~!
m, i € {1,..., 5}, where the example with h, can be seen in Fig. 1.
Numerical parameters specific to the thermal and mechanical model
are listed in Table 2. To avoid problems with the evaluation of the 21d
order derivatives in the thermal model (Laplacian operator in Eq. (1)),
the order of PHS is m = 5. In the mechanical model, only 1%t order
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Convergence of the thermal model. (a): h-convergence for RNA and SNA with fixed time step defined for reference case with hs. (b): convergence in a,,. The solution is
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Fig. 9. SNA results of o__ over line y =0.25 m (a) with corresponding absolute errors
(b) for a plane strain case.

derivatives are discretised, so m = 3 is chosen. Generally speaking, it
was proven in [13] that the order of PHS has practically no effect on
accuracy and stability. We observed that the maximum value of the
time stability parameter a4, should be 0.5 for the Euler scheme to be
stable. The temperature difference applied as an external load on the
een = Tiwar,,., — Ti» where 4t /100.

The reference solution (RS) was obtained with a finite element
code [47]. Linear quadrilateral elements were used with 4 integration
nodes within each element. The size of the element edge hp,, was

mechanical model is AT}, 4, mech = tend
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Table 2
Numerical parameters.

Thermal problem

PHS power (m) 5
augmentation order(p) 2
number of nodes in the support domain (;N) 13

time stability parameter (ay,) 0.5
Mechanical problem

PHS power (m) 3
augmentation order(p) 2
number of nodes in the support domain (;N) 13
FD stencil size parameter (a,) 0.5
boundary stabilisation parameter (ag) 0.1
N-R convergence tolerance (e%) 1077
max number of N-R iterations (NRI,,,.) 50

specified as hpp, = hs, where hs represents the finest node spacing.
The same geometry (Fig. 4), material parameters (Table 1), time step-
ping (a4, = 0.5) and load stepping (4t,,,., = t.nqa/100) were used as in
our solution on RNA with hs.

The simulation procedure is numerically implemented in the For-
tran 2018 programming language and compiled with Intel Fortran
Compilers Classic 2021.1.1. Computation was carried out on a per-
sonal computer equipped with an Intel(R) Core(TM) i7-8750H CPU
containing six cores with a maximum clock speed of 4.10 GHz.

5.3. Thermal response

In Fig. 6, the SNA solution of a temperature along the x-axis at
y = 0.25 m is shown. For a better distinction, an absolute error e, (x) =
‘TF em(x)=T(h;,x)| is added. It can be seen that the solution converges
with the decrease in A.

To test the convergence of the method, we employ a relative L,

norm e, as

(23)

64

Von Misses stress solution for PS. (a): SNA with hs. (b): reference solution obtained with FEM. (c): Absolute difference between solutions.

where T represents the exact solution and index i runs over all nodes
N.

For the h-convergence study, we assume T = T (hs) where all other
solutions T'(h;),i € {l,... 4} are computed with a fixed time step as
defined for T'(hs). In Fig. 7 (a), the relative error is plotted as a function
of node spacing 4. One can see that the second-order convergence is
obtained as expected when the second-order polynomial augmentation
is used. A slight difference can be observed between SNA and RNA.

The convergence regarding the time step is investigated in a case
with h;. Values of the time stability parameter are chosen as ay,; =
0.5/2-! where i € {1,... 5}. The exact solution is assumed to be 7" =
T(ay, 5)- In Fig. 7 (b), a relative error is plotted as a function of the time
stability parameter. No noticeable change in error between RNA and
SNA is observed. As expected, the first-order convergence is obtained.

5.4. Mechanical solution

5.4.1. Plane strain solution

The results of displacement in x direction u, are shown in Fig. 8, and
stress in the direction perpendicular to the x-y plane o, in Fig. 9. Sim-
ilarly, as in the previous section, an absolute error e, (x) = |ypgp () —

y(h;,x)|, where y is u, or o,, is added, and the results on /, are omitted.

It is evident from the results that the solution is converging to the
RS. The error in u, has zero value at x = 0 m since the Dirichlet
condition is exactly satisfied and then smoothly increases with x. One
order larger difference is observed in o,,. It is mostly constant, and
oscillations increase near x = 1 m. These oscillations result from
the discontinuous AT (p) used in the mechanical model. Values are
discontinuous because the actual solution from the thermal model of
T(p)lr is applied on shifted boundary nodes in the mechanical model.

Figs. 10 and 11 show accumulated plastic strain and von Mises stress
over the field, respectively. Solutions are plotted for a hybrid RBF-FD
case with SNA and hs, and an RS case with hpg,, = hs. The absolute
value of the difference between the solutions is additionally shown. It
can be seen that, in terms of £”, the maximum difference is ~ 2% and
in terms of o, it is ~ 0.2%.
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Fig. 12. h-convergence in u, and o, with RNA and SNA for plane strain case.

The convergence behaviour is studied similarly to the thermal
model, where the relative error is defined with Eq. (23). Again, the
exact solution is assumed to be obtained with h5. The temperature
values in Eq. (23) are replaced with u, and o_,. In [45] it was found
that if ag > 0.25, the maximum first order of convergence is expected
to be obtained. Since the 2"? order of augmentation is used, the second
order of convergence is expected to be observed if g = 0. In Fig. 12, it
can be seen that since ag > 0, the order of convergence is not the same
as the order of augmentation, but it is also not one order less because
ag < 0.25 is used. The convergence order is similar in u, and o,,. No
significant change can be seen between RNA and SNA solutions.

5.4.2. Generalised plane strain solution

As in the previous case, the solutions computed on SNAs are shown
over the line y = 0.25 m for u, in Fig. 13 and for ¢, in Fig. 14. Similar
behaviour can be seen in terms of u,. The shape of ¢, is now different
where also tensile stresses are present in the longitudinal direction.
Similar oscillatory behaviour in the error of ¢,, near x = 1 m can be
seen. As opposed to the PS case, the error in stress stays in the same
range as the error in displacement. Since the material is now free to
move in the longitudinal direction, lower values of displacement and
stress are obtained, as in the PS case.

A smaller amount of accumulated plastic strain is also induced
where most of the area stays in the elastic region, as shown in Fig. 15.
Also, smaller values of von Mises stress are obtained, as shown in
Fig. 16. It can be seen that in terms of £’ the maximum difference is
~0.19% and in terms of o, it is ~ 0.12%.

In Fig. 17, the h-convergence is presented. For the case of RNAs,
the convergence behaviour is similar to the PS case. For SNAs, the
precision in u, is a bit lower than for RNA. The difference between
RNAs and SNAs is clearly seen in terms of stress. With SNAs, the order
of convergence is reduced and gets close to the first order. This might
result from lower accuracy when computing the integral equations
where area differentials are not computed as accurately as in the RNA.

6. Conclusions

This work presents the RBF-FD and the modified hybrid RBF-FD
methods for solving one-way coupled thermo-mechanics for the first
time. The hybrid RBF-FD method is modified to be capable of solving
thermo-elasto-plastic models. The generalised plane strain state is for
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Fig. 13. SNA results of u, over line y =0.25 m (a) with corresponding absolute errors
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x1072 x1073
4 7
4 ha
h3
6 Hi{=-=ha
_____ h
9 4 5
5 -
0 - a4
= <
£ &
N 3
N S 34
72 -
\
\
\ ]
—— hrEM "
74 -
h \ 1
h3 \ n
n
- h4 ::~-‘__~‘- Ayl
ed hs R RN
T T T T T T
0.0 0.5 1.0 0.0 0.5 1.0
 [m]  [m]

(a) (b)
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(b) for a generalised plane strain case.

the first time implemented within the hybrid RBF-FD method, where
integral form constraints are included within RBF-FD for the first time.

The introduced solver is successfully validated on a simple bench-
mark where a reference solution was prepared with commercial FEM
software.

The thermal solver was found to perform with the same accuracy
on RNAs and SNAs where, as expected from previous studies [13],
the h-convergence is governed by the augmentation order. No special
treatment of the Neumann boundary conditions is needed. In [23],
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Fig. 17. h-convergence in u, and o,, with RNA and SNA for the generalised plane
strain case.

the heat diffusion equation was solved in a decoupled way with the
nonlinear phase-field parabolic partial differential equation, where it
was found that for the Euler scheme to be stable a4, < 0.3. In this work,
the same RBF-FD method was employed, and it was found that for only
the heat diffusion equation, the time stability parameter can be larger
ay < 0.5, where convergence in the time step is of the first order.

The mechanical solver was found to reproduce the reference so-
lution successfully. At Neumann BCs, the non-smoothness in stress
values is observed. This happens because temperature boundary values,
computed in collocation nodes in the thermal model, are enforced on
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shifted boundary nodes (empty squares in Fig. 4) in the mechanical
model. This procedure enables evaluation of the exact temperature
solution on the boundary but results in the non-smooth solution. If
temperature values would be interpolated on shifted boundary nodes,
then no jump in solution should be expected, but also, not the actual
boundary values would be applied. The challenge of applying accurate
boundary values while maintaining stability for Neumann BCs remains
an open research question. The introduced non-smoothness decreases
with increasing node arrangement density (and vanishes if no stabili-
sation is present). For the investigated cases, a stabilisation parameter
ag = 0.25 was enough for the method to be stable. This also affected
the h-convergence, where, except for the GPS cases with SNAs, it was
found to be between the first and second orders. In GPS cases with
SNAs, the convergence order is slightly reduced but not below the first
order. The reason is that the area differentials needed in discretised
integral equations are approximated with lower accuracy in the SNAs
than in the RNAs, where they are exact.

As demonstrated, the one-way coupled thermo-elasto-plasticity can
be successfully modelled using the proposed novel method. An example
of its industrial application is provided in Part 2 of this publication for
simulating the cooling of steel bars on a cooling bed in metallurgical
processing.
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