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Resolvability and Convexity Properties in
the Sierpinski Product of Graphs
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Abstract. Let G and H be graphs and let f: V(G) — V(H) be a func-
tion. The Sierpiniski product of G and H with respect to f, denoted
by G ®s H, is defined as the graph on the vertex set V(G) x V(H),
consisting of |V (G)| copies of H; for every edge gg’ of G there is an edge
between copies gH and g'H of H associated with the vertices g and ¢’
of G, respectively, of the form (g, f(¢"))(¢’, f(g)). The Sierpiriski metric
dimension and the upper Sierpiriski metric dimension of two graphs are
determined. Closed formulas are determined for Sierpinski products of
trees, and for Sierpinski products of two cycles where the second factor
is a triangle. We also prove that the layers with respect to the second
factor in a Sierpinski product graph are convex.
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1. Introduction

Sierpinski graphs represent a very interesting and widely studied family of
graphs. They were introduced in 1997 in the paper [21], where the pri-
mary motivation for their introduction was the intrinsic link to the Tower
of Hanoi problem, for the latter problem see the book [16]. Intensive research
of Sierpiriski graphs led to a review article [15] in which state of the art up to
2017 is summarized and unified approach to Sierpinski-type graph families is
also proposed. Later research on Sierpiriski graphs includes [3,7-9,19,25,32].
In this paper, we study a recent generalization of Sierpinski graphs
proposed by Kovi¢, Pisanski, Zemlji¢, and Zitnik in [23]. Let G and H be
graphs and let f: V(G) — V(H) be an arbitrary function. The Sierpiriski
product of graphs G and H with respect to f, denoted by G @ H, is defined
as the graph on the vertex set V(G) x V(H) with edges of two types:
o Type-1 edge: (g,h)(g,h') is an edge of G® s H for every vertex g € V(G)
and every edge hh' € E(H),
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o Type-2 edge: (g, f(9"))(g’, f(g)) is an edge of G ®; H for every edge

99’ € E(Q).

We observe that the edges of Type-1 induce n(G) = |V(G)| copies of
the graph H in the Sierpinski product G ® y H. For each vertex g € V(G), we
let gH be the copy of H corresponding to the vertex g. A Type-2 edge joins
vertices from different copies of H in G ®¢ H, and is called a connecting edge
of G ®¢ H. A vertex incident with a connecting edge is called a connecting
vertex. We observe that two different copies of H in G ®¢ H are joined by
at most one edge. We denote by H the family of functions from V(G) to
V(H).

It might be readily observed that the Sierpinski product is closely related
to other graph products. For instance, by considering a constant function f
in the product, we obtain graphs which are indeed the same as the so-called
rooted product graphs (see [12] for its definition). Also, selecting the identity
function id € G¢, the Sierpiniski product G ®;q G is the (first iteration of
the) generalized Sierpiriski graph in the sense of [13]. Moreover, a Sierpinski
product can also be considered as a subgraph of the (Cartesian, strong or
lexicographic) product. Consequently, any contribution to the study of the
Sierpinski product could give some more knowledge on these related products.

In the next two subsections, we give motivation, basic terminology, and
notation concerning the classical metric dimension of graphs, and introduce
the study of the Sierpinski metric dimension and the upper Sierpinski metric
dimension. Thereafter in Sect.2, we determine the upper Sierpinski metric
dimension for Sierpiriski products of arbitrary trees. A general lower bound is
established for the Sierpinski metric dimension for products of two trees, and
an exact formula when the first factor is a path. In Sect. 3, a closed formula
is determined for both dimensions when the first factor in the product is an
arbitrary cycle and the second factor a triangle. In Sect. 4, we prove that the
layers with respect to the second factor in a Sierpinski product graph are
convex. In Sect. 5, we pose several open problems.

1.1. The Metric Dimension of Graphs

The distance between two vertices u and v in a connected graph G, denoted
by da(u,v), is the number of edges in a shortest path from w to v, that is,
de(u,v) is the minimum length of a u, v-path in G. Given an ordered subset
S = {v1,..., v} of vertices in G, the metric S-representation of a vertex v
in G is the k-tuple vector

ra(|S) = (dg(v,v1),...,da(v,v)).

If every two distinct vertices of G have different metric S-representations,
then the set S is called a resolving set of G (also called a metric genera-
tor). The metric dimension of G, denoted by dim(G), is the cardinality of a
smallest possible resolving set in G. A metric basis of G is a resolving set of
cardinality dim(G). A vertex v in a graph G is said to distinguish (or resolve)
two vertices x and y if dg (v, x) # da(v,y).

The concept of the metric dimension of a graph was birthed indepen-
dently by Harary and Melter [14] in 1976 and by Slater [29] in 1975, and is
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now well studied in graph theory. To date, MathSciNet lists over 380 papers
on metric dimension in graphs, covering a large number of different investi-
gations dealing with theoretical and applied results on such parameter.

According to the structural properties of resolving sets in graphs, they
can easily be used to model several practical situations in which uniquely
recognizing points or locations is required. That was precisely one of the
motivations of the seminal works [14,29], where resolving sets appeared to
be used for the location of intruders in networks. Further on, some other
related models and applications have appeared here and there. Among them,
we remark the recent work [30], where the authors presented a connection
between some metric dimension parameter and the representation of genomic
sequences. Among the theoretical studies on this topic, the literature contains
a wide range of different contributions, some recent and remarkable articles
are for instance [6,11,28]. For more information on investigations on the
classical version, we suggest the fairly complete survey [31].

With respect to the theoretical studies, the metric dimension of graph
products and graph operations has attracted the attention of several inves-
tigations. In this sense, we mention a few interesting contributions related
with this exposition due to the relationship between the Sierpinski prod-
uct and some other products previously mentioned. The metric dimension of
Cartesian product graphs has been considered in several works like [4], for the
general case, and among other ones, in [5,18,20] for some particular examples
of Cartesian products. The lexicographic product of graphs has been studied
with respect to its metric dimension in [17,27], while the strong product has
been considered in [1,26]. On the other hand, the metric dimension of the
rooted product has been dealt with in [10,24].

1.2. Sierpinski Metric Dimension

Let G and H be graphs and H be the family of functions from V(G) to
V(H). We introduce new types of metric dimension, the Sierpiriski metric
dimension, denoted by dimg(G, H), as the minimum over all functions f from
HE of the metric dimension of the Sierpinski product with respect to f, and
upper Sierpiriski metric dimension, denoted by Dimg (G, H), as the maximum
over all functions f € HY of the metric dimension of the Sierpinski product
with respect to f. That is,

dimg (G, H)=: fyéll'll,nG{dim(G ®fH)}

and

Dimg(G, H)=: ;relle?é{dim(G ®f H)}.

We might remark that the classical metric dimension of Sierpinski graphs
was already studied in [22], as well as, that of the generalized Sierpinski
graphs over stars was considered in [2].
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2. Sierpinski Products of Trees

A vertex of degree at least 3 in a tree T is called a branch vertex (also called
a magor vertexr in the literature). A leaf u of T is called a terminal leaf of
a branch vertex v of T if dr(u,v) < dr(u,w) for every other branch vertex
w of T. The terminal degree of a branch vertex v is the number of terminal
leaves associated with v. A branch vertex v of T' is an exterior branch vertex
of T if it has positive terminal degree. The path from a terminal leaf to the
vertex immediately preceding the branch vertex that it is closest to is called
a terminal path. Thus, every vertex on a terminal path in T is either a leaf of
T or has degree 2 in T'. A vertex on a terminal path that has degree 2 in T is
called an internal terminal vertex. Equivalently, every vertex on a terminal
path that is not a terminal leaf, is an internal terminal vertex. Thus, if u is
an internal terminal vertex in 7', then the vertex u is an internal vertex of a
path P that joins a leaf and a branch vertex closest to that leaf in T" where
every internal vertex of P has degree 2 in 7.

Let n1(T') denote the number of leaves of T, and let ex(T") denote the
number of exterior branch vertices of T'. The formula for the metric dimension
of a tree reads as follows.

Theorem 2.1. [14,29] If T is a tree that is not a path, then
dim(T) = ny(T) — ex(T). (1)

It is clear that dim(P,) = 1. Combining this fact with Theorem 2.1
yields the following consequence.

Corollary 2.2. If T is a tree, then dim(T) = 1 if T is a path and dim(T") > 2
if T is not a path.

Let T be a tree that is not a path, and let vy,...,v; be the exterior
branch vertices in 7' that have terminal degree at least 2. If the exterior
branch vertex v; has terminal degree ¢; > 2 and if L; is a set consisting of
all terminal leaves but one associated with v; for all ¢ € [k] = {1,...,k},
then (1) can be equivalently stated as:

k
dim(T) =Y (4; - 1),
i=1
and the set
k
B(T) =] L
=1

is a metric basis of T (of cardinality dim(T")). We call the basis B(T) a
standard metric basis of T. Thus, every vertex in a standard metric basis of
a tree T is a leaf, and such a basis contains all but one selected fixed leaf
associated with the exterior branch vertex of terminal degree at least 2 in 7.
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2.1. Upper Sierpinski Metric Dimension in Trees

In this section, we determine the upper Sierpinski metric dimension of the
Sierpinski product of trees. Notice that for arbitrary trees 77 and T and any
function f € H®, the Sierpinski product T} ®y Ty is a tree.

Theorem 2.3. If T and Ty are trees with n(Ty) > 3, then
Dims (Tl, Tg) = TL(Tl) dlm(Tg)

Proof. Let w be a branch vertex of Ty, and let f,,: V(T1) — V(T») be the
constant function defined by f,,(v) = w for every vertex v € V(T1). The
exterior branch vertices in T1 ® ¢, T3 are precisely the exterior branch vertices
in each of the copies of T, and so ex(T1 ®y, Tb) = n(T1)ex(T>). Moreover,
the leaves in 77 ®y, 1> are precisely the leaves in each of the copies of T,
and so n1(T1 @y, To) = n(T1)n1(T). Therefore, as T1 ®, T» is a tree, by (1)
we have

dim(T1 D fu Tg) Tll(Tl D fu TQ) — ex(T1 D fu TQ)

n(Tl)nl (TQ) — n(Tl)ex(Tg)
(T1)(n1 (1) — ex(T3))

(T1) dim(73),

n
n

implying that
Dims (Tl,TQ) Z dlm(T1 ®fw Tg) = H(Tl) dlm(TQ) (2)

We next show that Dimg(71,7%) < n(71)dim(7z). Let f: V(T1) —
V(T%) be an arbitrary function. It suffices for us to show that

d1m(T1 ®f Tz) S n(Tl) dlm(Tz)

Let us first consider that T5 is a path P, with n > 3. Hence, we here indeed
need to prove that dim(7y ®; P,) < n(T}) since dim(P,) = 1. Suppose to
the contrary that dim(Th ®; P,) > n(T1). Thus, from (1), we have that
ni(T1 @y P,) —ex(Th ®5 Pp,) = dim(Th @ P,) > n(T1). Hence,

ex(Th @5 Pp) <ni(Th ®¢ Pp) —n(Ty) < 2n(Th) — n(Ty) = n(Th),

which means there is a positive integer k such that ex(T} ®¢ P,) = n(T1) — k.
Now, notice that if 71 ®; P, has n(T1) — k exterior branch vertices, then
there must be at least k copies of P, in T1 ® P, not containing any exterior
branch vertex. This situation can only happen when the connecting edges
of Ty ®5 P, in such copies of P, are incident with at least one leaf of each
of these copies. Consequently, we deduce that ni(Ty ®¢ P,) < 2n(Ty) — k.
Therefore, by (1), we have

d1m(T1 ®f Pn) = nl(Tl ®f Pn) — ex(T1 ®f Pn)
< 27(1(T)1) —k—(n(Ty) — k)
= n(Ty )

which is a contradiction with our assumption, and so dim(7} ® P,,) < n(T1)
as required.

We next consider the case when T is not a path. Let E. = {ej,ea,...,
em(Tl)} be the set of connecting edges in T ® ¢ T5. We order these connecting
edges and define e; as the ith connecting edge of Ty @ T for i € [m(T1)]. We
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next define forests Xo, X1,..., Xy (1) as follows. Let X be obtained from
the tree 71 ®; 1> by removing the connecting edges in .. We note that
Xy is the disjoint union of n(7}) copies of the tree T5. Applying (1) to each
component of the forest Xg, we have

dlm(Xo) = nl(Xo) - eX(Xo)
= TL(Tl)nl(Tg) — ’I’L(Tl)eX(TQ)
=n(T)(n1(T2) — ex(T2))
We now define the forests X1,..., X,,(p,) as follows. For i € [m(T})],

let X; be the forest obtained from X;_; by adding the ith connecting edge,
that is, X; = X;_1 U {e;}. We note that

Ty @p Ty = Xpn(ry)-
Applying (1) to each component of the forest X;, we have
dim(X;) = nq(X;) — ex(X;)
for all i € {0,1,...,m(T1)}. Let
D1 (X;) = n1(Xi—1) — na(Xa),
which represents the number of vertices of degree 1 in X;_; which are of
degree at least 2 in X;. Roughly speaking, ®;(X;) is the number of degree 1

vertices in X;_1 “destroyed” by adding the ith connecting edges e; to X;_1
when constructing X;. Set further

Do(X;) = —[ex(X;-1) — ex(X;)],

where ex(X;_1) — ex(X;) is the difference between the number of exterior
branch vertices in X;_; and the number of exterior branch vertices in Xj;.
We note that
dlm(Xl) = nl(Xz) — ex(Xl-)
= (m(Xi—1) = ©1(X;)) — (P2(Xi) + ex(X;-1))
= dim(Xifl) — (@1(X¢) + $5(X3))

for all i € [m(T7)]. We would like to show that
P1(X;) + P2(Xi) =20 (3)

for alli € [m(Ty)], which would imply that dim(X;) < dim(X;_1) < dim(Xy) =
n(Ty) dim(T3), from which we deduce that

Hence, to prove the theorem, it remains to show that (3) holds. For this
purpose, let the ith connecting edge e; joins two vertices x; and y; in X;_1
when constructing X;.

Suppose that x; is neither an internal terminal vertex nor a leaf in X; .
In this case, the vertex x; contributes 0 to both terms @ (X;) and ®o(X;).

Suppose that x; is an internal terminal vertex in X;_ 1. Let w; be the
exterior branch vertex associated with the vertex x; in X;_1. In this case,
when e; is added to X;_1, the vertex z; becomes an exterior branch vertex in
X, while the vertex w; may no longer be an exterior branch vertex, implying
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that the vertex x; contributes 0 to the term ®;(X;), and contributes at
least 1 —1 = 0 to the term ®5(X;).

Suppose that x; is a leaf in X;_1. As before, let w; be the exterior
branch vertex associated with the vertex x; in X; 1. In this case, when e;
is added to X;_1, the leaf z; in X;_1 is not a leaf in X;, and therefore the
vertex x; contributes 1 to the term ®;(X;). Moreover, the effect of adding e;
is that the vertex w; may no longer be an exterior branch vertex, implying
that the vertex z; contributes at least —1 to the term ®5(X;). In all of the
above three cases, the contribution of z; to ®1(X;) + ®2(X;) is at least 0.
Analogous arguments hold for the vertex y;, showing that the contribution
of y; to ®1(X;) + Po(X;) is at least 0. Therefore, (3) holds. This completes
the proof of Theorem 2.3. O

2.2. Sierpinski Metric Dimension in Trees

In this section, we study the Sierpinski metric dimension of the Sierpiriski
product of trees. The Sierpinski metric dimension of two paths is given by
the following result.

Proposition 2.4. If T; and T are both paths, then dimg(T1,Ts) = 1.

Proof. Let Ty = P, and let T, = P,,. If n=1o0or m =1, then 71 ®; 15 is a
path, and so by Corollary 2.2, dimg(77,72) = 1. Hence, we may assume that
n > 2 and m > 2, for otherwise the result is immediate. Let the path Ty be
an x,y-path that starts at vertex x and ends at vertex gy, and let 77 be the
path vivs...v,. Let f: V(T1) — V(Ts) be the function defined by

o) = {x; i(mod 4) € {1, 2},

y; otherwise.
for all i € [n]. In this case, the Sierpiriski product 71 ®¢ T5 is a path Py,
and so by Corollary 2.2, dimg(7},75) < dim(7) ®f T>) = 1. Consequently,
dims(Tl,TQ) =1. ]

In view of Proposition 2.4, it is only of interest to study the Sierpinski
product of two trees which at least one of them is not a path. In this case, we
shall establish the following lower bound on the Sierpiniski metric dimension,
where we use the notation dr(v) to represent the degree of a vertex v in T.

Lemma 2.5. If T7 and Ty are trees, where Ty is not a path, then

dimg(Ty,T5) > Y max{0,dim(T}) — dr, (v)}.
veV (Th)

Proof. Let f: V(T1) — V(T») be an arbitrary function. Recall that for each
vertex v € V(T1), vT> denotes the copy of the tree Ty in Ty ®f T5 corre-
sponding to the vertex v. We let ), be the set of vertices in vT5 that are
connecting vertices in 77 ®f T5. Thus, each vertex in (), is incident with a
connecting edge in T} ® ¢ T3 that joins that vertex to a vertex in a copy of 15
different from v7T5. We note that

|Co| < dr, (v)
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since every edge incident with v in the tree T3 is associated with a connecting
edge in Th ® T3 that is incident with a vertex in v75. Let B be a standard
metric basis of T1 ® 5 T, and so dim(T} ® f T) = | B| and the basis B contains
all but one leaf associated with the exterior branch vertices of degree at least 2
in 71 ®¢ 1. Let B, be the restriction of B to v13, that is,

B, =Bn V(UTQ)

for every vertex v € V(T}). The set B, UC, is a resolving set in the tree vT5,
and so

dim(Ty) = dm(vTy) < [By| + |Gyl < |By| + dr, (0),
and so |B,| > dim(Tz) — dp, (v). As clearly |B,| > 0, we get
|B,| > max{0, dim(7%) — dr, (v)}
for every vertex v € V(T1). Therefore,
dims(T1,To) = [Bl= 3 B> 3 max{0,dim(Ty) - dr, (v)}.
veV (Ty) veV (Ty)

This establishes the desired lower bound in the statement of the theorem.
O

Using Lemma 2.5, we have the following result.

Theorem 2.6. Forn > 2, if Ty = P, and T3 is a tree that is not a path, then
dims(Tl, Tg) = n(dlm(Tg) - 2) + 2.

Proof. Let T} = P,, and let T, be a tree that is not a path. By Corollary 2.2,
dim(7%) > 2. By Lemma 2.5,

dims(Tl, TQ) Z n(dlm(Tg> — 2) + 2

noting that T contains two vertices of degree 1 and n — 2 vertices of degree 2.
Hence, it suffices for us to show that

dims(Tl, TQ) S n(dlm(Tz) — 2) + 2.

By assumption, 75 is not a path. Hence, T5 contains at least one exterior
branch vertex with terminal degree at least 2. If T5 contains two distinct
exterior branch vertices both with terminal degree at least 2, then let u; and
us be two selected (terminal) leaves associated with these two exterior branch
vertices. If T, contains only one exterior branch vertex, then 75 is a star or
a subdivided star with terminal degree at least 3. In this case, let u; and us
be two arbitrary leaves in Ty. Let T} be the path vyvs ... v,, and define the
function f: V(Ty) — V(Ts) by

f(vi)Z{

for all ¢ € [n]. For notational simplicity, instead of v;Ty we simply write iT5
for the copy of 75 in the Sierpinski product 77 ®¢ 75 that corresponds to the
vertex v; for all i € [n]. We note that the copy 175 and nTs both contain one

u1; i (mod 4) € {1, 2},
ug; otherwise.
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less leaf in the product 17 ® T», while every copy iT» where i € [n — 1]\{1}
contains two fewer leaves in the product 71 ® Ty, implying that

nl(Tl ®f Tg) = n(Tl)(nl(Tg) — 2) +2= n(nl(Tg) — 2) + 2.

On the other hand, by our choice of the vertices u; and ug, the number
of exterior branch vertices in each copy T where i € [n] remains unchanged
in the product 171 ®y T3, that is,

ex(Th ®f Ts) = n(Th)ex(Tz) = n x ex(T).
Therefore,

dim(Ty @y Tz) = n1(Ty @y Tp) — ex(Th @5 T3)
= (nn1(Tz) —2) +2) —n x ex(Tr)
= ’I'L(’I'Ll (TQ) — eX(TQ) - 2) + 2
— n(dim(T) —2) + 2,

completing the proof of Theorem 2.6. O

3. Sierpinski Products of Cycles

In this section, we study the Sierpinski metric dimension of the Sierpiriski
product of cycles, and proved closed formulas for the cases in which at least
one of the factors is a triangle.

Theorem 3.1. If n > 3, then Dimg(C,,Cs3) = n.

Proof. Let H = C3 and G = C,,. Let V(H) = [3], and let the vertices of the
cycle G be ¢1,¢2,. .., 9gn in the natural order of adjacencies. Let f : V(G) —
V(H) be an arbitrary function and consider G @y H.

For notational simplicity, let ¢H denote g;H for all i € [n], that is,
1H is the ith copy of H corresponding to the vertex g; of G. Let x;y;11 be
the connecting edge between iH and (¢ + 1)H, i € [n], where the sum is
made mod n. Thus, z; = (g;, f(gi+1)) and yir1 = (gi+1, f(g:)). Set further
w; be a vertex in ¢H different from x; and y;. Note that if x; # y;, then
V(iH) = {zi,yi,w;}. In case x; = y;, then let w, be the third vertex of
V(iH), that is, in this case we have V(iH) = {x;, w;, w}}.

Let Z = {z1,22,...,2n} € V(G ®5 H) be defined as follows. Consider
an arbitrary ¢H, i € [n]. If z; # y;, then let z; = y;, and if x; = y;, then let
z; = w;. Since the vertices z; are pairwise different, |Z| = n. We claim that
Z is a resolving set of G ®y H.

Consider first two vertices from a given iH. If z; = w;, then the vertices
x; and w; are distinguished by all the vertices of Z\{z;}. If z; = y;, then
d(w;, zir1) = d(xi,2:01) + 1 and, therefore, z; and w; are distinguished.
Consider now two vertices v € V(iH) and v € V(jH), where i # j. Assume
first that z; = w;. Then, d(u,z) < 1 while d(v,2;) > 1 and so u and v
are distinguished by z;. The case when z; = wj is treated exactly the same.
Hence, it remains to consider the case when z; = y; and z; = y;. If [i—j| > 1,
then as before d(u, z;) < d(v,z;). Assume finally that j = ¢ + 1. But then
d(v, z;) > d(u, z;) and so again u and v are distinguished.
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We have thus proved that Z is a resolving set and hence Dimg(C,,, C3) <
|Z] = n. To prove that Dimg(C,,,C3) > n, consider the constant function
f1(gi) = 1 for every i € [n]. Then, in every iH, the vertices corresponding to
2 and 3 are twins and hence at least one of them must be included in every
resolving set. Then, dim(G ®f, H) > n and, therefore, Dimg(C,,,C5) > n.

O

We remark that, in the proof above, the situation in which we consider
the constant function fi(g;) = 1 for every ¢ € [n], leads to a graph which
indeed represents a rooted product graph, and so, the value of its metric
dimension can be also deduced from results appearing in [10,24].

For a given integer k > 3, let F), be the graph obtained as follows. We
begin with a cycle vovy ... v2r_1v9 and do all computations modulo 2k. Next,
we add k isolated vertices ug, ug, U4, - . ., ug(r—1) and the edges uz;v2;—1, u2;v2;
for every 0 <i <k — 1.

Lemma 3.2. If k > 3, then dim(Fy) = 2.

Proof. We claim that the set S = {ug, us([x/21-1)} is a metric basis for Fj.
Let z,y be any two distinct vertices of Fj, with z,y ¢ S (if x € Sor y € S,
then they are clearly identified by S). If d(x,ug) = d(y,u), then we have
either one of the following situations.

Case 1: v,y € Ay = {vo,v1,...,vp—1} U{uo, uz, ..., usris21}-
In such situation, it must happen that (w.l.g.) x = vg; and y = ug; for some
i€ {1,2,...,[k/2]}. f i = [k/2] — 1, then y € S and the conclusion is
clear. In all the other cases we notice that vg; belongs to the ua;, us([x/21-1)-
geodesic, which means usy(f/21-1) identifies x = vo; and y = ua;.
Case 2: z,y € As = V(F)\A4;.
A similar conclusion as in Case 1 can be deduced, but taking into account
that = ve;—1 and y = ug; for some i € {[k/2] +1,...,k —1}.
Case 3: x € Ay and y € As.
Hence, * = u; or ¢ = v;, and y = vop_;_1 Or Yy = Usgk_4, for some i €
{0,1,...,k—1}, where if x = u;, then ¢ is even. We consider now the distances
between x,y and ug (1 21-1)- That is:

d(vi, ug(re/21-1)) = 2([k/2] = 1) =i =2[k/2] —i -2,

(s, uz( gz 1)) = 2([k/2] = 1) =i+ 1= 2[k/2] —i — 1,

d(vak—i—1,u2(k/21-1)) = 2k —i — 2([k/2] = 1) = 2|k/2] —i+2,

d(u2k_i,u2([k/2],1)) =2k—i—2([k/2] — 1)+ 1=2|k/2] —i+ 3.
Consequently, we now obtain a contradiction from each situation in which
we would suppose that d(z,ua(rr/21-1)) = d(y, ua(fk/21-1)), for any possible
assumption taken for x,y as considered before. Therefore, x,y are identified
by ua(rk/21-1), and so, S is a resolving set. Since Fj, is not a path, then S it
is indeed a metric basis, as claimed. O

Theorem 3.3. If n > 3, then dimg(C,,,C3) = 2.

Proof. Clearly, dimg(C,,,C3) > 2, hence we only need to prove that dimg
(Ch,C3) < 2. We use the notation from the first two paragraphs of the proof
of Theorem 3.1. In particular, G = C}, and H = C5.
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Figure 1. C5 ®y, C3, where f5 = (1,2,3,3,1)

For each n > 3 we define a function f, : V(G) — V(H) as follows.
To do so, let us represent a function f : V(G) — V(H) as the vector
(f(gl)7f(92)v o 7f(gn)) Then, set fd = (17273) and f4 = (17 17272)' Let
then n > 5.
Case 1: n is odd.
Let B be the sequence 3,1,2,3. Let f,, be defined as follows.
e Ifn=4(k+1)+1, k>0, then f, = (1,2,3,B,...,B,3,1), where B
appears k times.
o Ifn=4(k+1)+3,k >0, then f, = (1,2,3, B, ..., B), where B appears
k + 1 times.

Case 2: n is even.
Let C be the sequence 2,2,3,3. Let f,, be defined as follows.
e Ifn=4(k+1), k>0, then f,, =(1,1,C,...,C,2,2), where C appears
k times.
e Ifn=4(k+1)+2, k>0, then f, =(1,1,C,...,C), where C appears
k + 1 times.

It is straightforward to verify that for every n > 3, the Sierpinski prod-
uct G ®y, H has the following structure. For each ¢ we have z; # y;, and
hence w; is the third vertex from V (iH ), see Fig. 1 where G®y, H is drawn in
two different ways. It is now clear that G ®y, H = F;, and hence Lemma 3.2
completes the argument. O

4. Convexity Property of Sierpinski Products

In this section, we establish a distance convex property of the Sierpinski
product of two graphs. Recall that a subgraph H of a graph G is convex
if whenever u,v € V(H) and P is a shortest u,v-path in G, then P lies
completely in H.

Theorem 4.1. If G and H be connected graphs, f: V(G) — V(H), and g €
V(Q), then gH is a convex subgraph of G & H.
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(glvf(gQ)) (g37f(92))
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\ ': gk‘?f(.qk—l)
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|
[¢] o—1
h ]
H
G 42 ] o o

Figure 2. The shape of P

Proof. Throughout the proof, let X = G ®¢ H. Suppose on the contrary
that there exists vertices u,v € V(gH) such that dx (u,v) < dgm(u,v). Note
that this does not happen in trees, hence, in the rest, we may assume that
G contains cycles. Suppose now that u, v, and gH are selected such that
dx(u,v) is as small as possible among all such counterexamples. Let u =
(g,h), v=_(g,h'), and let P be a shortest u,v-path in X. Set further g; = g.

Claim. The shape of the path P is as follows. Let g1,...,9%, kK > 2, be the
vertices of G ordered such that P passes through g1 H, ..., g H in that order.
Then P starts with the connecting edge (g1, f(g2))(g2, f(g1)), proceeds with a
geodesic Py in go H between (g2, f(g1)) and (g2, f(g3)), then continuing with
the connecting edge (g2, f(93))(93, f(g2)), and so on. Finally, P arrives at
grH, proceeds along a geodesic in G, between (g, f(g9x—1)) and (gk, f(91)),
and ends with the connecting edge (g, f(91))(91, f(gr)), where f(gx) = I'.
See Fig. 2.

Note first that & > 3 because kK = 2 would imply that there are two
connecting edges between gy H and goH.

We next show that the vertices g1,..., g are pairwise different. Sup-
pose on the contrary that there exist ¢ and j, such that 2 < i < j < k and
gj+1 = gi- Let P’ be the subpath of P between the vertices v’ = (g;, f(gi+1))
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and v' = (gj+1,f(95)) = (i, f(gj)). As P is a geodesic in X, Bellman’s
principle of optimality implies that P’ is also a geodesic. In addition to its
connecting edges, P’ contains geodesics P;, Pit1, ..., P;, which are, respec-
tively, projected onto H, geodesics

e between f(g;—1) and f(gi11),
e between f(g;) and f(git2),

e between f(g;_2) and f(g;), and
e between f(g;—1) and f(g;).
Suppose first that j — i is odd. Then, we have
|P'| > dr(f(gi-1),
> du(f(gi-1),

=dg,u(u 0.

F(9ir1)) + du(f(git1), f(girs)) + -+ + du((g5-2), f(95))
f(95))

This is a contradiction with the selection of u and v as a minimal counterex-
ample. Suppose second that j — i is even. Then, we have

\P'| > [du (f(gi-1), f(gi+1)) + du(f(gis1), f(givs)) + - +dua((gi-1), f(g:))]
+[du(f(9:), [(9ir2)) + du(f(gi+2), f(giva)) + -+ du((gj-2), f(9;))]
> dp(f(9i-1), f(9:)) +du(f(9:), f(95))
> du(f(gi-1), f(95))

=dg (U, v').

Hence, we get the same contradiction as in the previous case.

We have thus proved that the vertices ¢y, ..., g, are pairwise different.
To complete the proof of the claim, we need to verify that P starts and
ends with a connecting edge. Suppose on the contrary that P starts with a
subpath in g1 H from u to w and then proceed along the connecting edge
between g1 H and g2 H. By the minimality assumption on v and v, we have
dx (u,w) = dg, u(u, w). We now have:

dx (u,w) + dx (w,v) = dx (u,v)
< dg, 1 (u,v)
< dg,u(u,w) + dg, u(w,v)
=dx(u,w) +dg, m(w,v)

which yields dx (w,v) < dg, #(w, v). This contradiction proves that P indeed
starts with a connecting edge. A parallel argument yields that P also ends
with a connecting edge. This proves the claim.

To conclude the proof, let Ps, P3, ..., Py be the sections of P restricted
to goH,g3H, ..., g H, respectively. Then, we proceed similarly as we did for
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the subpath P’ above. More precisely, if kK — 1 is odd, then

|P| > du(f(92), f(9a)) +du(f(ga), f(g6)) + -+ du((gr—2), f(gk))
> du(f(92), f(gx))
=dg, m(u,v).
And if k£ — 1 is even, then

|P'| > [de(f(91), f(g3)) +du(f(g3), f(g5)) + -+ du((gr—2), f(gx))]
+[du(f(92), f(94)) + du(f(94), f(96)) + -+ + du((gk-1), f(91))]
= du(f(91), f(gr)) + du(f(g2), f(g1))
> du(f(92), f(gr))
=dg, m(u,v).

This final contradiction proves the theorem. O

5. Concluding Remarks

In Theorem 2.6, we determined dimg(P,,T) where T is an arbitrary tree
different from a path. It remains to determine dimg(7”,T) where 7" and T
are arbitrary trees.

In Theorems 3.1 and 3.3, we determined Dimg(C),, C3) and dimg(C,,, C)
for all n > 3. It remains to determine Dimg(C),, Cy,) and dimg(C,,, C,,) for
all n > 3 and m > 4.

It would be interesting to determine Dimg(G, H) and dimg(G, H) for
other classes of graphs G and H.
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