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Abstract

®

CrossMark

The paper presents the evaluation of the calibration uncertainty of the British pendulum slip
resistance tester using Monte Carlo simulation method. A mathematical model was produced
which describes pendulum behavior based on its calibration parameters. The Monte Carlo

simulation, programmed in Python, was used for simulating the effect of each of the calibration
parameters adjustment within their tolerance intervals, with uniform and triangular probability
distribution. Four different tolerance limits were compared: limits from a current international
standard, a proposition with reduced limits from recent literature, and two novel propositions,
one with reduced but easily achievable limits, and a second one for best practically achievable

limits. The results of the simulation show a fundamental standard uncertainty contribution of
about 2.8% for pendulum calibration according to current standard limits. Furthermore, they
suggest a possible improvement to 0.5%—0.7% as its best practical direct calibration standard

uncertainty for reduced limits.

Keywords: British pendulum tester, calibration, measurement uncertainty, Monte Carlo

simulation

(Some figures may appear in colour only in the online journal)

1. Introduction

A British pendulum tester is a simple device for determining
slip and skid properties of various surfaces, such as flooring
materials, roads, walkways and airstrips. It measures the fric-
tion of the test surface by sliding a spring loaded rubber slider
mounted at the end of a pendulum arm over a short patch of the
test surface. The final indicated value, called British pendulum
number (BPN) or pendulum test value, is linked to the energy
loss due to the frictional work during the sliding and depends
on the pendulum mechanical properties as well as on the slider
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rubber properties and the test surface itself. The result is indic-
ated on a graduated scale by a drag pointer in contact with the
pendulum arm, as the energy loss reduces the final maximum
angular position of the pendulum arm at the end of the swing
phase, compared to the starting position. Since its development
in the 1950s and 1960s it provides a portable and robust test
solution for wet and dry slip measurements and is currently
included as a standardized device and test procedure in many
national and international standards worldwide dealing with
prevention of slips and skids. The tester can be easily trans-
ported to any location and can be operated by a single person,
and at the same time and provides objective results, making it
a preferred solution to some other slip testing methods [1, 2].

The British pendulum tester is shown in figure 1. It consists
of a stand (A), a rotating pendulum arm (B) with a spring-
loaded rubber slider (C), and a measuring scale (D). The arm
can rotate freely around its axis. For the measurement, the pen-
dulum arm is released from a horizontal position in order to

© 2021 The Author(s). Published by IOP Publishing Ltd  Printed in the UK
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Figure 1. British pendulum tester with stand (A) rotating pendulum
arm (B), spring-loaded rubber slider (C), and measuring scale (D).
Adapted from [3]. © IOP Publishing Ltd. All rights reserved.

swing over the test surface. The rubber slider is attached to the
pendulum arm end via a spring loaded lever mechanism inside
the arm, with the aim to apply an approximately constant force
on the test surface during sliding. The pendulum stand is con-
structed in a way, that it can be easily leveled and the height
of the pendulum rotation axis can be adjusted, so that sliding
distance matches the defined value. A friction ring is installed
at the pendulum axis to adjust the zero BPN reading for a free
swing before each test.

The design of the pendulum is defined in several interna-
tional standards after original design from [4]. Such standards
include British standard series BS 7976 [5-7] European stand-
ard EN 13036-4 [8], American standard ASTM E303-93 [9],
and many others, in which the same device is presented but
there can be slight deviations in parameter definition and cal-
ibration procedures.

The international standards define the necessary mechan-
ical parameters of the pendulum device and their tolerances
to achieve expected performance (informative nominal values
for BS 7976 are given):

o the vertical alignment of the stand (90° £ 0.5°),

o the horizontal alignment of the pendulum arm starting point
(0°£0.5°),

o the length of the pendulum arm from the center of rotation
to the edge of the slider (514 4+ 6 mm),

e the distance from the center of rotation to the center of mass
of the arm (410 4+ 5 mm),

e the slider deflection force (nominal 24.5 4+ 1.0 N with slider
force/deflection curve envelope),

e mass of the pendulum arm (1500 +£ 30 g),

e the scale offset and graduation (10 & 1 mm scale drop, scale
graduation table),
e mass, dimensions and rubber compound of the slider.

Some of the other defined parameters have little effect on
the performance, such as the length (300 mm) and the weight
(max. 85 g) of the pointer, and some are indicative only, such
as the spring preload force (22.2 £+ 0.5 N), as directly set-
ting the actual slider force is much more sensible. The sliding
length is set by a marked ruler at the time of the test (126 +
1 mm). In order to provide reliable results, the device needs to
be regularly inspected, adjusted, and calibrated, to make sure
its operating parameters are within acceptable limits.

The expected standard deviation of the pendulum test res-
ults was shown to be about 5% in recent studies [10], some-
what higher than the 3% from original findings during the
development of the pendulum [4]. This is large for applica-
tions where slip results provide the basis for safety and health
related decisions, as the total expanded uncertainty of the test
results reaches or exceeds half of a slip class range (e.g. where
the range of a slip class is 10 BPN or less [11]). There are
several measurement uncertainty sources influencing the test
results dispersion, such as the properties of the test surface,
the pendulum rubber properties, operator skill, and environ-
mental conditions, but the fundamental source attributed to
the device itself is the the pendulum parameter adjustment.
However, there is no available information about what uncer-
tainty to expect from a British pendulum calibrated according
to parameter limits given in the standards.

The knowledge of the uncertainty contribution based on
the device adjustment is vital to assure long term stability of
an individual device and for device-to-device comparability.
Furthermore, the device calibration uncertainty and the com-
pliance with the parameter limits provide the basis for setting
up the most precise possible pendulum device, which could
be used to define reference BPN test values for various slider-
surface combination. Some standards already define expected
BPN range values for several reference surfaces, such as 3SM™
Lapping Film 261X, 3.0 Micron with a range of +3 BPN at
61 BPN or £3 BPN at 50 BPN (depending on slider rubber
type) [8], to check the overall performance of the pendulum,
but these values are not consistent across standards and have
no appropriate metrological traceability. For comparison, for
a similar working principle pendulum device for ductility test-
ing in metal testing—Charpy pendulum test [12]—the stand-
ard provides requirements for verification of device paramet-
ers (direct calibration) and a requirement for verification of
overall performance by performing a test on a reference mater-
ial (indirect calibration). In this case, the reference value is not
generally defined in the standard but a metrologically trace-
able value is attributed to each set of reference material probes
individually with assigned measurement uncertainty based on
batch test on a reference Charpy device.

There is ongoing research regarding the the British pendu-
lum performance and its applications in various fields, either
for use on different surfaces [13], material characterization
[14, 15], its general performance as a measurement instrument
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[16-18], new procedures for its calibration [3, 19] with cor-
rection of test results for deviant pendulum setups [20-22],
and reference surface value determination [22]. However, the
uncertainty of the pendulum test result is mostly roughly
estimated rather than calculated from the actual pendulum
setup and calibration results, and literature on this subject is
practically non-existent to the best knowledge of the authors.

The characterization of the measurement uncertainty based
on the pendulum model and parameter tolerance limits would
confirm the performance of the device and assure necessary
metrological traceability of test results, providing improved
comparability. The information about the pendulum device
uncertainty is also vital to establishing the reference values for
reference surfaces, as they are not yet available and are being
researched.

In this paper we present the analysis of the measurement
uncertainty of the British pendulum calibration based on a
developed mathematical pendulum model and Monte Carlo
simulation. The uncertainty analysis includes different pendu-
lum parameters constraints, from the estimation of the meas-
urement uncertainty to be expected from established limits in
current international standards, to several proposed optimized
limits sets to exploit the full metrological potential of the pen-
dulum. The analysis is limited to the effects of the pendulum
setup, excluding the effects of slider-surface interaction, other
than sliding length and nominal sliding force.

The aims of the paper:

e to develop a mathematical pendulum model,

e to apply Monte Carlo simulation method for uncertainty
evaluation,

e to investigate the influence of the device parameters errors
on the calibration result,

e to evaluate uncertainty for current parameter limits, based
on current standards,

e to evaluate uncertainty for alternative limits from literature,

e to propose and evaluate new limits, including best practical
realization.

2. Materials and methods

2.1. Mathematical model of the apparatus

2.1.1 Model development.  The schematic representation of
the pendulum working principle is shown in figure 2. Pendu-
lum arm with the length L from the axis to the slider edge,
and its center of mass at distance L. from the axis, is released
from a horizontal position at height /|, shown on the right side,
and follows the trajectory shown as a dashed arc on the sketch.
When hitting the test surface, the slider has to deflect, reducing
Ly, to prevent the pendulum arm from coming to a stop, and
instead sliding over the surface. The slider deflects for approx-
imately 4.2 mm, and the spring loaded mechanism within the
pendulum arm is designed in a way to provide a preload force
Fg on the slider in the direction of the pendulum arm. The
force F rises steeply with the start of deflection and quickly
reaches the approximately constant maximum calibrated force
F¢, producing a frictional force Fy for the duration of the slide

Figure 2. Schematic representation of the British pendulum. Start
position (right of center) and end position (left of center) of
pendulum arm are shown, and the point of contact with the test
surface (middle position). Sketch is not in scale and the angles are
exaggerated for clarity.

across the test surface over a distance D. Due to the energy loss
from friction between rubber slider edge and the test surface,
the center of mass of the pendulum arm can not reach the same
height A as at the start of the swing, but a lower final height
h,, depending on the amount of friction. The angular position
0 reached by the pendulum at the end of the swing is indicated
on an angular scale by a drag pointer.

In constant friction force Fy approximation, the loss of the
potential energy W, depends on the friction force Fy and the
sliding distance D, therefore the friction coefficient p can be
expressed as:

Fr _ AW, _ mg(hy — hy)
F DF DF

p= (1)
where m is the mass of the pendulum arm, g is the gravitational
acceleration, D is the sliding distance, F'; is the normal force
of the slider on the test surface, and /&, and A, are initial and
final position of the center of gravity, respectively. Results of
the pendulum measurements are expressed as a BPN. The BPN
scale was originally designed to be approximately 100 times
the expected friction coefficient y [4], based on equation (1),
and is given in some standards, e.g. [8].

The pendulum motion model can be obtained from literat-
ure [23] as described by equation (2):

160 + ML, sinf = F Lg(sin® + pcos6) (2)

where [ is the moment of inertia, M is the mass of the pendu-
lum arm, L is the distance between arm center of gravity and
axis of rotation, Lg is the distance between axis of rotation and
the slider edge, F', is the normal force on the slider edge, and
0 is the angular displacement of the pendulum arm.

If the torque of the friction ring M, is included in equation
(2), we get equation (3).

Ié+mgLCsin0fFLLS(sin0+uCOSG) -M.=0. (3
In [23] approximation for small angles is used, where the

force of spring preloaded slider Fi is equal to ', . In a gen-
eral case, the normal force on the test surface depends on the
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Figure 3. Slider force/deflection profile according to BS 7976-3,
with shaded expected envelope. For Monte Carlo Method, profile
with constant force between ‘Simulation lower limit” and Upper
limit was used. Measurement 1, 2 and 3 are examples of real
force-deflection profiles from [3].

angle of the pendulum arm during sliding (@ between +13°)
resulting in equation (4).

sin26

I§+mch sinf — LgFg < —F,ucos2 9) —M,=0. 4

The force Fg from equation (4) differs from O only when
the slider is in contact with the test surface. In an ideal pen-
dulum, the Fg increases from zero to nominal slider force F¢
immediately upon contact, equation (5).

Fo(0) {Oc |1 arcsm( )/ ) s
else.

2.1.2. Limitation and constraints of the force model.  In real-
ity, Fg is a function of slider deflection. The force/deflection
relation was already studied through experimental analysis and
its effects presented in [3]. Examples of real world force/de-
flection profiles from this work are shown in figure 3, where
three measured force profiles are shown, with the shaded part
of the envelope according to BS 7976-3. Measurement 1 cor-
responds to an optimal real world force profile, Measurement
2 is an example of force profile outside of the BS 7976 envel-
ope, and Measurement 3 corresponds to a force profile com-
pliant with the BS 7976 limits and the stricter EN 13036-4
standard. Commercially available pendulum testers in good
working order are able to reliably reproduce the profile shown
as Measurement 1, reaching the required force plateau within
the first 0.5 mm of deflection. Other force profiles, even if
inside the envelope, are not representative and are not included
within this study—the design of the pendulum expects an
approximately constant sliding force throughout the slider
deflection.

Furthermore, during the actual pendulum test, the dynamic
slider contact force does not exactly follow the static force pro-
file during calibration. Force oscilation and stick-slip phenom-
ena can occur during the sliding [24] with a detailed analysis
of the sliding motion using finite element modeling presented
in [25, 26]. These dynamic loading effects are not included in
the presented uncertainty simulation model as they are not a
part of the calibration process.

The original pendulum design should give a linear relation
between BPN and coefficient of friction, but it was reported
soon after original development in [27] that the actual relation
between friction coefficient i and the experimental BPN res-
ults deviates from linear relation as shown in equation (6),

BPN = 330 ©6)

3+u

and a slider contact force dependency on indicated BPN results
was later presented in [28]. As the slider-surface interaction
is out of scope of this work, and is therefore not included in
the uncertainty model, the uncertainty simulation results were
basically linear for BPN-y relation, as originally intended,
even for different slider deflection/force curves from figure 3.
Equation (6) can be used to correct the actual expected test
result for slider-surface effects inclusion.

For the Monte Carlo simulation, the slider force F was
chosen as a constant force between ‘Simulation lower limit’
and ‘Upper limit’, corresponding to BS 7976 limits in the con-
stant part of the envelope (24.5 £ 1 N). The piecewise defined
function in equation (5) was replaced with a more precise force
profile for the simulation of actual measured slider force/de-
flection characteristic for the validation of the model.

2.2. Experimental setup

Equation of motion equation (4) was solved in combination
with equation (5), and the solution was compared to the beha-
vior of a real pendulum. A Python function odeint from
package scipy.integrate with 10° steps and 1.7 x 10* s
time interval was used. The numerical solution for 6(¢) was
calculated for a given set of input parameters for pendulum
arm mass m, position of center of gravity L¢, arm length
Lg, gravitational acceleration g, sliding distance D, friction
coefficient y, and initial position of pendulum arm. The zero
BPN value was numerically calibrated to determine the needed
torque M, by increasing M, in steps of 0.02 Nm until the read-
ing of the pendulum was zero within 0.25 BPN. As there is no
tolerance limit for the zero reading defined in the standard BS
7976, the interval +0.25 BPN was chosen within the indica-
tion resolution of the scale.

The output of the developed model was compared to a real
pendulum measurement. A high speed 3D camera system with
500 frames per second (Photron Fastcam 1M with GOM Cor-
relate Professional 2016 evaluation software) was used to film
the pendulum swing over the reference surface (3M pink lap-
ping film). Points on the pendulum arm and stand were marked
with reference marks with three reference points on the pen-
dulum arm, three on the pendulum stand, and one for the pen-
dulum axis, figure 4. Average position of the reference points
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Figure 4. Experimental setup: test swing performed over 3M pink
lapping film recorded with 3D camera. Reference points marked
with stickers are shown.
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Figure 5. Fitted numerical solution of the equation of motion and
results of the actual measurement.

on the pendulum arm relative to the reference points on the
pendulum stand were used to determine 6(¢).

Model prediction was then fitted to the data with respect to
friction coefficient 1 using least squares method and compared
to the real measurement, figure 5. The unknown parameters
of actual rubber-surface friction coefficient and the dynamic
behavior of the sliding force prevent a quantitative assess-
ment of the fit, but it suggests a good agreement within some
BPN. Procedure and results were similar to those obtained by
[23], although we did not use small angles approximation in
equation (4).

2.3. Monte Carlo simulation

To conduct the Monte Carlo uncertainty estimation, all import-
ant parameters which affect the measurement have to be
determined, the physical model has to be produced and the
probability density functions (PDFs) of the input parameters
need be estimated. Then the Monte Carlo calculations are per-
formed for input parameter values drawn based on their PDFs

using an appropriate pseudo-random number generator and the
output probability distribution is analyzed.

JCGM 101 method [29] was used with practical applica-
tions described in [30]. The simulation was written as a func-
tion f of multiple input variables, which returns the theoretic-
ally predicted result of the measurement in BPN as the output
variable Y, equation (7), with the input variables presented in
table 1.

Y:f(maLCaD7LSaF57h7a76787/~‘6)' (7)

The next step is the determination of the PDF for every
variable in the function (7). While according to JCGM 101,
a uniform distribution should be used when only lower and
upper limit of input quantities are know, a triangular probab-
ility distribution would take into account the adjustment not
only within the tolerance interval but as close to nominal val-
ues as possible during the calibration process. The uncertainty
of the pendulum calibration was determined for uniform and
triangular probability distribution functions.

Limits for the input variable probability distribution were
taken from the tolerance interval limits defined in the standard
BS 7976, and also for three different narrower sets of toler-
ance intervals. One set of narrower tolerances was proposed
in [22] (Strautins) and two new sets of tolerance intervals are
proposed by the authors for the evaluation: one set of more pre-
cise, but also easily achievable tolerance intervals (Proposition
A), and a second set with even narrower limits (Proposition B).
The latter represent an example of practical limits of real world
calibration results, with tolerances about three times the refer-
ence equipment calibration uncertainty. The alternative toler-
ance sets are meant to be used for comparison to standard BS
7976 tolerances to determine the order of magnitude for which
the uncertainty could be reduced. Table 1 shows the tolerance
interval sets under investigation. For frame levelness, pendu-
lum arm zero position, and scale height, not defined in [22],
tolerance intervals from BS 7976 were presumed. The sliding
distance D is an integral part of the model, although it can not
be adjusted during calibration. A ruler is calibrated and used
for setting the sliding length, and the main uncertainty effect
arises during measurement set-up.

Random values from within the tolerance interval were
drafted. For this, Wichmann-Hill algorithm is proposed in
JCGM 101, but we used a more modern Mersenne Twister
[31]. We used Python 3.7.4 [32] with the scipy 1.3.1
library [33] for numerical integration and random sampling
random module, which offers sampling of both uniform and
triangular probability distributions. Python was chosen as it
is freely available and allows both calculation and data pro-
cessing. However, Monte Carlo method could also be done by
other software tools such as Matlab [34] or Microsoft Office
Excel [35].

104In [30] it is estimated, that Monte Carlo should use M >

> samples, for a coverage probability p, leading to M >

200000 for p = 95%. Due to the long computational time, a
lower value was selected as M = 5000, and justified according
to JCGM 101 for smaller M by comparing the simulation res-
ults for M =500, M = 5000 and M = 100000 and presuming
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Table 1. Tolerance intervals for which the uncertainty was determined.

Tolerance interval limits

Parameter Nominal value BS 7976 Proposition A Proposition B Strautins
Pendulum mass m 1500 g +30¢g +5¢g +1g +10g
Center of gravity position L¢ 410 mm +5 mm +2 mm +1 mm 43 mm
Sliding distance D 126 mm +1 mm +1 mm +1 mm +1 mm
Pendulum length Lg 514 mm +6 mm +1 mm +1 mm +1 mm
Nominal slider force Fg 245N +1.0N +0.25 N +0.1N +0.3N
Scale height i —10 mm +1 mm +1 mm +1 mm +1 mm?
Stand tilt v 90° +0.5° +0.5° +0.2° +0.5%*
Initial position tilt 3 0° +0.5° +0.5° +0.2° +0.5°*
2 Data from BS 7976.
M =500 M = 5000 M = 100 000
:
4000

20
o . - Draw samples from PDF for input parameters
J15 g g 3000
g g [ (m, Lc, D, Ls, Fs, h, o, B, g)

E 10 § E 2000 R —— } _____________________________ .
1 i

5 1000 : Friction ring torque set to zero :

! Mr=0 H

1 1

57.5 60.0 62.5 57.5 60.0 625 57.5 60.0 62.5 : :

Result in BPN Result in BPN Result in BPN 1 ™ 1

1 i

1 L 1

Figure 6. Distributions of output variable for different numbers of 1 Solve differential equation for p=0 — i
i Increment friction 1

samples. 5000 samples per p were chosen as the smallest number, 1 ring torque !
where the quantity of samples was not affecting measured o. Output i l !
PDF was found out to be normal using Kolmogorov—Smirnov test : - - Mr I

. —6 I Determine BPN from max. amplitude 7y 1

with p =9.9 x 107". ! !
i i
' :
a normal output distribution. As shown in figure 6, higher i !
values of M produced more coherent distribution, but the ! s Eriction rine adiustmant .

. . . n nrn men
difference between M =5000 and higher values of M did R
not affect the standard deviation significantly. The output
PDF for M =5000 was additional confirmed to be normal Solve differential equation for
by Kolmogorov—Smirnov test of the fitted normal distribu-
tion with p = 9.9 x 1075, Test was made with Python library l Repeat
scipy.stats. | Determine BPN from max. amplitude N=5000

Monte Carlo method was used to assess uncertainty for

chosen p in the range from O to 1.5 in 0.05 steps. The sim-
ulation procedure is presented in figure 7. For a selected p,
random samples are first drawn for input parameters from
their defined PDFs. The pendulum differential equation is then
solved for ;1 = 0 within a loop with varying M, until the output
value of the simulation result is 0 BPN (within £0.25 BPN) to
set the friction ring effect for zero indication. This is followed
by the actual calculation of the differential equation output for
the selected p, with the calculation of the BPN result from the
maximum amplitude of the pendulum angle. This procedure is
repeated N = 5000 times for each input u. After the comple-
tion of Monte Carlo calculations, the standard deviation of the
output is calculated as the uncertainty estimate.

The computational time for the simulation was approxim-
ately 55 h on Intel Core i7 processor (7th generation) laptop,
mostly due to the inefficient friction ring adjustment routine
taking approximately 90% of the computational time. The

\d

| Determine standard deviation ‘

Figure 7. Flowchart for the Monte Carlo simulation.

friction ring adjustment, however, is key to correct simula-
tion results, as most influence parameters depend on reliable
zero BPN adjustment. The procedure could be improved in the
future to reduce the computational time for example by inter-
polation of the input friction ring values.

2.4. GUM uncertainty evaluation

The mathematical model of the pendulum also gave the
possibility to estimate the sensitivity of the result to each
parameter deviation. Each parameter was set to maximum
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Figure 8. The impact of changing one variable, when the others are
fixed to nominal value. Graph is plotted for = 0.6. The relative
deviation of variable from nominal value as Ax/Axgs7976, Where
Axps7976 is width of tolerance interval form table 1 is plotted on
x-axis for BS 7976 tolerance limits.

N 29.3 BPN
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=3 91.2 BPN

=

Max. deviation from nominal result in %

Figure 9. Maximum deviation for result ¥ for one parameter at
maximum limit and other parameters at nominal values. Results for
p1=0.3, £ =0.6, £ =0.9 shown in BPN. BS 7976 tolerance limits.

allowed deviation with all other parameters fixed at nominal
values. Figure 8 shows the result for . = 0.6 for each of the cal-
ibrated parameters within BS 7976 limits. It can be observed,
that the input variables have different effects on the output
result, with the most critical being the slider force, followed
by pendulum arm mass, pendulum arm center of gravity pos-
ition, and the sliding distance. It can also be seen that most
parameters seem to have a quite linear relation, which would
justify the use of LPU to calculate uncertainty, if partial deriv-
atives of function in equation (7) would be numerically calcu-
lated. Figure 9 shows maximum expected deviations for result
Y based on each parameter contribution for p=0.3, u=0.6,
and ;= 0.9 friction coefficients.

Based on the data from figures 8 and 9, the contribu-
tion for each uncertainty component can be estimated as a

standard uncertainty from its maximum influence and expec-
ted probability distributions, and a combined standard uncer-
tainty can be expressed as given by equation (8):

+u(Ly)* + u(Fy)* 4+ u(h)?
+u(p)’. ®)

uC(Y)Z = u(m)2 + u(LC)2 + u(D)2
+u(a)® +u(B)* +u(g)* +

3. Results and discussion

The results of the Monte Carlo simulation based on the pen-
dulum model for limit sets from table 1 are shown in table 2.
Uncertainty for u in the range from 0 to 1.6 with 0.05 step was
determined for uniform and triangular probability distribution
for each limit set. Results are shown for BPN values for the
range 20-160 BPN with uncertainties expressed in units of
BPN as expanded uncertainties (for k =2). As expected, the
uncertainty decreases with reduced limits and it is increasing
with the result of the test.

When expressed as relative uncertainty U/Y, the result is
shown in figure 10 for uniform probability distribution and
in figure 11 for triangular probability distribution. Relative
uncertainty increases sharply with low BPN values below 30
and there is a slow increase for higher BPN values. The rel-
ative uncertainty is high for small BPN values mostly due to
high impact of the friction ring setting resolution.

For a pendulum calibrated according to BS 7976, the uncer-
tainty determined with the Monte Carlo simulation with uni-
form probability distribution of input parameters has a min-
imum at about 30 BPN, where the expanded uncertainty is
about 5.2%. As can be seen in the figure 10, the expan-
ded uncertainty is under 5.5% for BPN values in the range
from about 15 BPN-75 BPN. Expanded uncertainty is within
6.5% for the whole range. This value is lower than the value
reported in practical comparisons of pendulum test results
[10], where additional uncertainty contributions are included
(slider-surface interactions, operator skill, etc).

Limit set Strautins assures expanded uncertainties between
2.0% and 3.0% for BPN values above 10. Limit set Proposi-
tion A results in expanded uncertainty between 1.7% and 2.5%
while Proposition B results in expanded uncertainty values
between 1.2% and 2.0% for most of the range. All three pro-
positions significantly improve the performance of the pendu-
lum compared to the limits from BS 7976 standard.

These results agree quite good with the expanded uncer-
tainty calculated according to GUM following equation (8),
with results for u=0.6 giving U =5.6% for BS 7976, U =
1.7% for Proposition A, U= 1.2% for Proposition B, and
U = 2.1% for limit set Strautins.

Expanded uncertainty determined by Monte Carlo simula-
tion with triangular probability distribution of input paramet-
ers further lowered the uncertainty as shown in figure 11. The
BS 7976 limits result in expanded uncertainty of about 4.0%
for the critical range from 20 BPN to 100 BPN and mostly
below 5.0% for the whole range. Proposition Strautins results
in expanded uncertainty below 2.0% for the most part of the
range. Proposition A results in expanded uncertainty slightly
lower than proposition Strautins and is below 1.5% from 20
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Table 2. Expanded calibration uncertainty U (k = 2) determined for different BPN results for four different sets of tolerance intervals for

uniform and triangular PDFs.

BPN Value 19.8 39.5 60.2 80.7 104.4 129.1 157.2

BS 7976-3 Uniform PDF 1.02 2.04 441 4.36 5.89 7.72 10.01
Triangular PDF 0.78 1.54 2.40 3.23 4.38 5.66 7.47

Proposition A Uniform PDF 0.37 0.67 1.05 1.49 2.00 2.67 3.47
Triangular PDF 0.29 0.51 0.76 1.06 1.53 1.90 2.61

Proposition B Uniform PDF 0.28 0.47 0.69 0.97 1.29 1.72 2.36
Triangular PDF 0.23 0.36 0.51 0.70 0.92 1.21 1.66

Strautins Uniform PDF 0.44 0.85 1.3 1.83 2.43 3.32 4.51
Triangular PDF 0.34 0.61 0.95 1.29 1.73 2.34 3.14

X 71 —e— BS7976-3 X 71 —e— BS7976-3

£ -a- Proposition A £ -a- Proposition A
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Figure 10. Uncertainty of British pendulum calibration when
uniform probability distribution function is presumed for all input
variables. Relative expanded uncertainty is shown.

BPN to 100 BPN. Proposition B further reduces the uncer-
tainty to mostly to 1.2% and below.

The presented results can be directly employed for evalu-
ation of measurement uncertainty of British pendulum test res-
ults if the Pendulum meets the requirements of the evaluated
limit sets. In these cases, the British pendulum test result stand-
ard uncertainty u can be calculated following equation (9),
where the uncertainty contribution from the pendulum design
calculated by Monte Carlo simulation uy,¢, is combined [36]
with the zero setting resolution ;. ..., indication resolution
of the pendulum device u,.; jng, and the standard deviation due
to repeatability of the test ugey .

— 2 2 2 2
U= \/<MMC + uresfzero + uresjnd + ustdev> . (9)

For a surface-slider combination indicating 60 BPN and a
good repeatability of the test (uyy., = 0 at indication resolu-
tion of 1 BPN and 0.5 BPN zero setting resolution), the expec-
ted best expanded uncertainty of a general pendulum device
within the standard limits (BS 7976) would be about 5.7%
or 3.7 BPN. For a carefully adjusted pendulum and following
the limits from proposition B this would be reduced to about
1.28% or 0.84 BPN.

0+ T T T T T T T T
0 20 40 60 80 100 120 140 160

Test result in BPN

Figure 11. Uncertainty of British pendulum calibration when
triangular probability distribution function is presumed for all input
variables. Relative expanded uncertainty is shown.

Proposition B would in this case allow characterization of
a reference surface with values of around 60 BPN, such as the
3M lapping film, with expanded uncertainty around 0.9 BPN.
This could in turn lead to indirect calibration of the British pen-
dulum tester with the expanded uncertainty of about 1.1 BPN.

Following the analogy with international standards for
Charpy pendulum [12], standards defining the British pendu-
lum and test method could be revised to include direct and
indirect calibration methods and provide reference values for
standard slider-surface combinations. This would lead to the
significant improvement of the comparability of the British
pendulum devices and their test results.

4. Conclusion

The paper presented the evaluation of the British pendulum
calibration measurement uncertainty using Monte Carlo sim-
ulation for standard tolerance limits and additional optimized
limits. A mathematical model of the British pendulum was
proposed and Monte Carlo simulation was successfully per-
formed in Python scripting language. The results give the
estimation of the fundamental calibration uncertainty stem-
ming from the calibration parameter tolerances.
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Based on the pendulum model, the parameters with the
major effect on the final measurement uncertainty of the cal-
ibration were identified. Care should be taken to reduce the
deviation of these parameters during calibration and also dur-
ing each test set-up.

The simulation for the calibration uncertainty evaluation
included four different tolerance sets for the calibrated para-
meters, including two newly proposed tighter limit sets, with
uniform and triangular probability distribution of input para-
meters for comparison. The expected standard uncertainty of
a pendulum calibration according to current standard limits
amounts to about 2.8% from the calibration tolerances alone.
These results are directly applicable to evaluation of pendulum
test uncertainty as they providing the fundamental uncertainty
contribution.

The results of all three alternative calibration limit sets sug-
gest a possible improvement of the pendulum performance
by at a factor of 3-5. The two newly proposed limits would
improve the standard uncertainty of the British pendulum cal-
ibration to values below 0.7% in the critical range, with the
possibility of reaching values below 0.5%.

For British pendulum testers calibrated within the para-
meter limits discussed in the paper, the users can work with
the presented calibration uncertainty and expand it by includ-
ing additional components specific to their test setup, e.g. for-
ce/deflection curve deviation contribution, and slider rubber
and test surface properties contributions. Pendulum testers cal-
ibrated to tighter tolerance limits can furthermore provide a
reference standard for characterization of reference surfaces,
in the next step allowing an indirect calibration of typical pen-
dulum testers of end-users by these newly defined reference
surfaces values. The result offer a possibility to amend the
international standard across the application field of the British
pendulum for improved performance of the test method.
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